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A Dirichlet series F (s) = ehs +

∞∑
k=2

fke
sλk with the exponents 0 < h <

λk ↑ +∞ and the abscissa of absolute convergence σa[F ] ≥ 0 is said to be
pseudostarlike of order α ∈ [0, h) in Π0 = {s : Re s < 0} if Re{F ′(s)/F (s)} >
α for all s ∈ Π0. Similarly, the function F is said to be pseudoconvex of order
α ∈ [0, h) if Re{F ′′(s)/F ′(s)} > α for all s ∈ Π0.

The equation
dnw

dsn
+

(
n∑
j=0

γje
hjs

)
w = aehs is considered, where n ≥ 3, h > 0

and a 6= 0. It is proved that if hn + γ0 > 0 then this equation has a solution

F (s) =
a

hn + γ0
esh +

∞∑
k=2

fke
skh, where fk = − 1

(hk)n + γ0

min{k−1,n}∑
j=1

γjfk−j

for k ≥ 2 (Lemma 1). For n = 3, a = h3 + γ0 conditions on parameters γj ,
under which the function F is pseudostarlike (Theorem 1) or pseudoconvex of
order α ∈ [0, h) (Theorem 2) are found.

Key words: di�erential equation, Dirichlet series, pseudostarlikeness,
pseudoconvexity.

1. Introduction

Let S be the class of functions

(1) f(z) = z +

∞∑
n=2

fnz
n

analytic univalent in D = {z : |z| < 1}. A function f ∈ S is said to be convex if
f(D) is a convex domain and is said to be starlike if f(D) is starlike domain regarding
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the origin. It is well known [1, p. 203] that the condition Re {1 + zf ′′(z)/f ′(z)} > 0
(z ∈ D) is necessary and su�cient for the convexity of f , and [1, p. 202] that the condition
Re {zf ′(z)/f(z)} > 0 (z ∈ D) is necessary and su�cient for the starlikeness of f ∈ S. By
W. Kaplan [2] a function f ∈ S is said to be close-to-convex (see also [1, p. 583]) if there
exists a convex in D function Φ such that Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). We remark that
every starlike function is close-to-convex. A. W. Goodman [3] (see also [4, p. 9]) proved

that if

∞∑
n=2

n|fn| ≤ 1 then function f ∈ S is starlike, and if

∞∑
n=2

n2|fn| ≤ 1 then function

f ∈ S is convex in D. The concept of the starlikeness of function f ∈ S got the series
of generalizations. I. S. Jack [5] studied starlike functions of order α ∈ [0, 1), i. e. such
functions f ∈ S, for which Re {zf ′(z)/f(z)} > α (z ∈ D). It is proved [5], [4, p. 13] that

if

∞∑
n=2

(n− α)|fn| ≤ 1− α then function f ∈ S is starlike function of order α.

Let h > 0, (λk) be an increasing to +∞ sequence of positive numbers (λ2 > h) and
Dirichlet series

(2) F (s) = esh +

∞∑
k=2

fk exp{sλk} (s = σ + it)

absolutely convergent in a half-plane Π0 = {s : Re s < 0}. It is known [6], [4, p. 135]

that each such function F is non-univalent in Π0, but if

∞∑
k=2

λk|fk| ≤ h then function F

is conformal at every point of Π0. A conformal at every point of Π0 function F is said to
be pseudostarlike if Re{F ′(s)/F (s)} > 0 (s ∈ Π0). In [6] (see also [4, p. 139]) it is proved

that if

∞∑
k=2

λk|fk| ≤ h then function F is pseudostarlike. A conformal at every point of

Π0 function F is said to be pseudostarlike of the order α ∈ [0, h) if Re{F ′(s)/F (s)} > α
for all s ∈ Π0. In [7] it is proved that if

(3)

∞∑
k=2

(λk − α)|fk| ≤ h− α

for some α ∈ [0, h), then F is pseudostarlike of the order α.
We remark that if in the de�nition of the pseudostarlikeness instead of F ′/F we put

F ′′/F ′ then we get ([6], [4, p. 139]) the de�nition of the pseudoconvexity of F .
S. M. Shah [8] indicated conditions on real parameters γ0, γ1, γ2 of the di�erential

equation

z2
d2w

dz2
+ z

dw

dz
+ (γ0z

2 + γ1z + γ2)w = 0,

under which there exists an entire transcendental solution (1) such that f and all its
derivatives are close-to-convex in D. The convexity of solutions of the Shah equation has
been studied in [9, 10]. Substituting z = es we obtain the di�erential equation

d2w

ds2
+ (γ0e

2s + γ1e
s + γ2)w = 0.
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In [4, p. 147-153] the pseudoconvexity and the pseudostarlikeness of solutions has been
studied for the equation

d2w

ds2
+ (γ0e

2hs + γ1e
hs + γ2)w = 0.

Here we consider a more general di�erential equation

(4)
dnw

dsn
+

 n∑
j=0

γje
hjs

w = aehs,

where n ≥ 3, h > 0 and a 6= 0. We will �nd the solution of the equation (4) in the form

(5) w = F (s) =

∞∑
k=1

fke
sλk , s = σ + it,

where 0 < λk ↑ +∞ as k → ∞, we �nd recurrent formulas for fk and λk, and in the
case of n = 3 we study the conditions under which this solution is pseudostarlike or
pseudoconvex.

2. Recurrent formulas

Putting (5) into (4) we have

∞∑
k=1

(λnk+γ0)fke
sλk+γ1

∞∑
k=1

fke
s(λk+h)+γ2

∞∑
k=1

fke
s(λk+2h)+. . .+γn

∞∑
k=1

fke
s(λk+nh) ≡ aehs,

i.e.

(λn1 +γ0)f1e
sλ1 +

∞∑
k=2

(λnk +γ0)fke
sλk +γ1

∞∑
k=1

fke
s(λk+h) + . . .+γn

∞∑
k=1

fke
s(λk+nh) ≡ aehs,

whence as σ → −∞ we get

(λn1 + γ0)f1e
sλ1(1 + o(1)) = aehs(1 + o(1))

and, thus, since a 6= 0, we have λn1 + γ0 6= 0 and

λ1 = h, f1 =
a

λn1 + γ0
=

a

hn + γ0

and
∞∑
k=2

(λnk + γ0)fke
sλk + γ1

∞∑
k=1

fke
s(λk+h) + γ2

∞∑
k=1

fke
s(λk+2h)+

+ . . .+ γn

∞∑
k=1

fke
s(λk+nh) ≡ 0.

(6)

In the future, we will assume that hn + γ0 = λn1 + γ0 > 0, whence (kh)n + γ0 > 0 for all
k ≥ 1.
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Writing the identity (6) in the form

(λn2 + γ0)f2e
sλ2 +

∞∑
k=3

(λnk + γ0)fke
sλk + γ1f1e

2hs + γ1

∞∑
k=2

fke
s(λk+h)+

+γ2

∞∑
k=1

fke
s(λk+2h) + . . .+ γn

∞∑
k=1

fke
s(λk+nh) ≡ 0,

we obtain, as above,

λ2 = 2h, f2 = − γ1f1
λn2 + γ0

= − γ1f1
(2h)2 + γ0

and
∞∑
k=3

(λnk +γ0)fke
sλk +γ1

∞∑
k=2

fke
s(λk+h) +γ2

∞∑
k=1

fke
s(λk+2h) + . . .+γn

∞∑
k=1

fke
s(λk+nh) ≡ 0,

i.e.,

(λn3 + γ0)f3e
sλ3 +

∞∑
k=4

(λnk + γ0)fke
sλk + γ1f2e

3hs + γ1

∞∑
k=3

fke
s(λk+h)+

+γ2f1e
3hs + γ2

∞∑
k=2

fke
s(λk+2h) + . . .+ γn

∞∑
k=1

fke
s(λk+nh) ≡ 0,

whence, as above, we obtain

λ3 = 3h, f3 = −γ1f2 + γ2f1
(3h)n + γ0

and
∞∑
k=4

(λnk + γ0)fke
sλk + γ1

∞∑
k=3

fke
s(λk+h) + γ2

∞∑
k=2

fke
4hs + γ3

∞∑
k=1

fke
s(λk+3h)+

+γ4

∞∑
k=1

fke
s(λk+4h) + . . .+ γn

∞∑
k=1

fke
s(λk+nh) ≡ 0.

Continuing this process, we have for 4 ≤ m ≤ n− 1

λm = mh, fm = −γ1fm−1 + γ2fm−2 + . . .+ γm−1f1
(mh)n + γ0

and
∞∑

k=m+1

(λnk + γ0)fke
sλk + γ1

∞∑
k=m

fke
s(λk+h) + . . .+ γj

∞∑
k=m+1−j

fke
(λk+jh) + . . .+

+γm

∞∑
k=1

fke
(λk+mh) + . . .+ γn

∞∑
k=1

fke
s(λk+nh) ≡ 0.

Choosing m = n− 1, hence we get

λn−1 = (n− 1)h, fn−1 = −γ1fn−2 + γ2fn−3 + . . .+ γn−2f1
((n− 1)h)n + γ0
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and
∞∑
k=n

(λnk + γ0)fke
sλk + γ1

∞∑
k=n−1

fke
s(λk+h) + . . .+

+γn−1

∞∑
k=1

fke
(λk+(n−1)h) + γn

∞∑
k=1

fke
s(λk+nh) ≡ 0,

i.e.,

(λnn + γ0)fne
sλn +

∞∑
k=n+1

(λnk + γ0)fke
sλk + γ1fn−1e

s(λn−1+h) + γ1

∞∑
k=n

fke
s(λk+h) + . . .+

+γn−1f1e
(λ1+(n−1)h) + γn−1

∞∑
k=2

fke
(λk+(n−1)h) + γn

∞∑
k=1

fke
s(λk+nh) ≡ 0,

whence

λn = nh, fn = −γ1fn−1 + γ2fn−2 + . . .+ γn−1f1
(nh)n + γ0

and
∞∑

k=n+1

(λnk + γ0)fke
sλk + γ1

∞∑
k=n

fke
s(λk+h) + . . .+

+γn−1

∞∑
k=2

fke
(λk+(n−1)h) + γn

∞∑
k=1

fke
s(λk+nh) ≡ 0.

(7)

Since (7) implies

(λnn+1 + γ0)fn+1e
sλn+1 +

∞∑
k=n+2

(λnk + γ0)fke
sλk + γ1fne

s(n+1)h + γ1

∞∑
k=n+1

fke
s(λk+h)+

+ . . .+ γn−1f2e
s(n+1)h + γn−1

∞∑
k=3

fke
(λk+(n−1)h) + γnf1e

s(n+1)h+

+ γn

∞∑
k=2

fke
s(λk+nh) ≡ 0,

we have

λn+1 = (n+ 1)h, fn+1 = −γ1fn + γ2fn−1 + . . .+ γn−1f2 + γnf1
((n+ 1)h)n + γ0

and
∞∑

k=n+2

(λnk + γ0)fke
sλk + γ1

∞∑
k=n+1

fke
s(λk+h) + . . .+

+γn−1

∞∑
k=3

fke
(λk+(n−1)h) + γn

∞∑
k=2

fke
s(λk+nh) ≡ 0,
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whence, as above, we get

λn+2 = (n+ 2)h, fn+2 = −γ1fn+1 + γ2fn + . . .+ γn−1f3 + γnf2
((n+ 2)h)n + γ0

and
∞∑

k=n+3

(λnk + γ0)fke
sλk + γ1

∞∑
k=n+2

fke
s(λk+h) + . . .+

+γn−1

∞∑
k=4

+fke
s(λk+(n−1)h) + γn

∞∑
k=3

fke
s(λk+nh) ≡ 0.

Continuing the process, we will come to the formulas

λn+j = (n+ j)h, fn+j = −γ1fn+j−1 + γ2fn+j−2 + . . .+ γn−1fj+1 + γnfj
((n+ j)h)n + γ0

.

So, we proved that λk = kh for all k ≥ 1, f1 =
a

hn + γ0
,

fk = − 1

(hk)n + γ0

k−1∑
j=1

γjfk−j

for 2 ≤ k ≤ n and

fk = − 1

(hk)n + γ0

n∑
j=1

γjfk−j

for k > n.
Thus, the following statement is true.

Lemma 1. If hn + γ0 > 0 then di�erential equation (4) has a solution

(8) F (s) =
a

hn + γ0
esh +

∞∑
k=2

fke
skh,

where fk = − 1

(hk)n + γ0

min{k−1,n}∑
j=1

γjfk−j for k ≥ 2.

3. Pseudostarlikeness

Using Lemma 1, we can �nd the conditions under which solution (5) of the equation
(4) will be pseudostarlike or pseudoconvex. We will limit ourselves to considering the
case n = 3. We assume also that a = h3 + γ0 > 0. Then solution (5) of equation (4) has
the form (8),

f1 = 1, f2 = − γ1f1
(2h)3 + γ0

, f3 = −γ1f2 + γ2f1
(3h)3 + γ0

and for k ≥ 4

fk = −γ1fk−1 + γ2fk−2 + γ3fk−3
(hk)3 + γ0

.
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Therefore,

∞∑
k=2

(kh− α)|fk| = (2h− α)|f2|+ (3h− α)|f3|+

+

∞∑
k=4

(kh− α)|fk| ≤ (2h− α)|f2|+ (3h− α)|f3|+

+

∞∑
k=3

h(k + 1)− α
(h(k + 1))3 + γ0

|γ1||fk|+
∞∑
k=2

(k + 2)h− α
(h(k + 2))3 + γ0

|γ2||fk|+

+

∞∑
k=1

(k + 3)h− α
(h(k + 3))3 + γ0

|γ3||fk| =

= (2h− α)|f2|+ (3h− α)|f3|+
4h− α

(4h)3 + γ0
|γ1||f3|+

+

3∑
k=2

(k + 2)h− α
(h(k + 2))3 + γ0

|γ2||fk|+
3∑
k=1

(k + 3)h− α
(h(k + 3))3 + γ0

|γ3||fk|+

+

∞∑
k=4

(
h(k + 1)− α

(h(k + 1))3 + γ0
|γ1|+

(k + 2)h− α
(h(k + 2))3 + γ0

|γ2|+
(k + 3)h− α

(h(k + 3))3 + γ0
|γ3|
)
|fk| =

=

∞∑
k=2

(
h(k + 1)− α

(h(k + 1))3 + γ0
|γ1|+

(k + 2)h− α
(h(k + 2))3 + γ0

|γ2|+
(k + 3)h− α

(h(k + 3))3 + γ0
|γ3|
)
|fk|−

−
(

3h− α
(3h)3 + γ0

|γ1|+
4h− α

(4h)3 + γ0
|γ2|+

5h− α
(5h)3 + γ0

|γ3|
)
|f2|−

−
(

4h− α
(4h)3 + γ0

|γ1|+
5h− α

(5h)3 + γ0
|γ2|+

6h− α
(6h)3 + γ0

|γ3|
)
|f3|+

+ (2h− α)|f2|+ (3h− α)|f3|+
4h− α

(4h)3 + γ0
|γ1||f3|+

+
4h− α

(4h)3 + γ0
|γ2||f2|+

5h− α
(5h)3 + γ0

|γ2||f3|+
4h− α

(4h)3 + γ0
|γ3||f1|+

+
5h− α

(5h)3 + γ0
|γ3||f2|+

6h− α
(6h)3 + γ0

|γ3||f3| =

=

∞∑
k=2

Ak(kh− α)|fk|+B,

(9)

where

Ak =
(h(k + 1)− α)|γ1|

(hk − α)((h(k + 1))3 + γ0)
+

+
((k + 2)h− α)|γ2|

(hk − α)((h(k + 2))3 + γ0)
+

+
((k + 3)h− α)|γ3|

(hk − α)((h(k + 3))3 + γ0)
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and

B =
4h− α

(4h)3 + γ0
|γ3||f1|+ (2h− α)|f2|+

4h− α
(4h)3 + γ0

|γ2||f2|+
5h− α

(5h)3 + γ0
|γ3||f2|−

−
(

3h− α
(3h)3 + γ0

|γ1|+
4h− α

(4h)3 + γ0
|γ2|+

5h− α
(5h)3 + γ0

|γ3|
)
|f2|+ (3h− α)|f3|+

+
4h− α

(4h)3 + γ0
|γ1||f3|+

5h− α
(5h)3 + γ0

|γ2||f3|+
6h− α

(6h)3 + γ0
|γ3||f3|−

−
(

4h− α
(4h)3 + γ0

|γ1|+
5h− α

(5h)3 + γ0
|γ2|+

6h− α
(6h)3 + γ0

|γ3|
)
|f3| =

4h− α
(4h)3 + γ0

|γ3||f1|+ (2h− α)|f2| −
3h− α

(3h)3 + γ0
|γ1||f2|+ (3h− α)|f3| ≤

≤ 4h− α
(4h)3 + γ0

|γ3||f1|+ (2h− α)|f2| −
3h− α

(3h)3 + γ0
|γ1||f2|+

+(3h− α)

(
|γ1||f2|

(3h)3 + γ0
+
|γ2||f1|

(3h)3 + γ0

)
=

= Q :=
(4h− α)|γ3|
(4h)3 + γ0

+
(3h− α)|γ2|
(3h)3 + γ0

+
(2h− α)|γ1|
(2h)3 + γ0

.

Since α < h, for k ≥ 2 and 1 ≤ j ≤ 3 we have
h(k + j)− α
hk − α

≤ 1 + j. Therefore,

Ak ≤ A :=
2|γ1|

(3h)3 + γ0
|+ 3|γ2|

(4h)3 + γ0
+

4|γ3|
(5h)3 + γ0

.

Suppose that A < 1. Then (9) implies

∞∑
k=2

(kh− α)|fk| ≤ A
∞∑
k=2

(kh− α)|fk|+Q,

whence

(10)

∞∑
k=2

(kh− α)|fk| ≤
Q

1−A

In view of (3) and (10) function (8) is pseudostarlike if Q ≤ (1 − A)(h − α). Therefore,
the following theorem is true.

Theorem 1. Let n = 3, a = h3 + γ0, h+ γ0 > 0 and

(4h− α)|γ3|
(4h)3 + γ0

+
(3h− α)|γ2|
(3h)3 + γ0

+
(2h− α)|γ1|
(2h)3 + γ0

≤

≤
(

1− 2|γ1|
(3h)3 + γ0

+
3|γ2|

(4h)3 + γ0
+

4|γ3|
(5h)3 + γ0

)
(h− α).

Then di�erential equation (4) has solution (8) pseudostarlike of the order α ∈ [0, h).
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4. Pseudoconvexity

In [7] it is proved that if
∞∑
k=2

λk(λk − α)|fk| ≤ h(h− α)

then function (8) is pseudoconvex of the order α ∈ [0, h). Now, as above, we have
∞∑
k=2

λk(λk − α)|fk| =
∞∑
k=2

kh(kh− α)|fk| =

= 2h(2h− α)|f2|+ 3h(3h− α)|f3|+
∞∑
k=4

kh(kh− α)|fk| ≤

≤
∞∑
k=2

(
h(k + 1)(h(k + 1)− α)

(h(k + 1))3 + γ0
|γ1|+

h(k + 2)((k + 2)h− α)

(h(k + 2))3 + γ0
|γ2|+

+
h(k + 3)((k + 3)h− α)

(h(k + 3))3 + γ0
|γ3|
)
|fk|+

4h(4h− α)|γ3|
(4h)3 + γ0

+

+
3h(3h− α)|γ2|

(3h)3 + γ0
+

2h(2h− α)|γ1|
(2h)3 + γ0

=

=

∞∑
k=2

A∗kλk(λk − α)|fk|+Q∗,

(11)

where

A∗k =
h(k + 1)(h(k + 1)− α)

(hk − α)((h(k + 1))3 + γ0)
|γ1|+

+
h(k + 2)((k + 2)h− α)

(hk − α)((h(k + 2))3 + γ0)
|γ2|+

+
h(k + 3)((k + 3)h− α)

(hk − α)((h(k + 3))3 + γ0)
|γ3|

and

Q∗ =
4h(4h− α)|γ3|

(4h)3 + γ0
+

3h(3h− α)|γ2|
(3h)3 + γ0

+
2h(2h− α)|γ1|

(2h)3 + γ0
.

Since
h(k + j)− α
hk − α

≤ 1 + j and

h(k + j)

(h(k + j))3 + γ0
≤ h(k + j)

(h(k + j))3 − h
≤ h(2 + j)

(h(2 + j))3 − h
,

we get

A∗k ≤ A∗ =
6h

(3h)3 − h
|γ1|+

12h

(4h)3 − h
|γ2|+

20h

(5h)3 − h
|γ3|

If A∗ < 1 then (11) implies

(1−A∗)
∞∑
k=2

kh(kh− α)|fk| ≤ Q∗,
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i.e., if Q∗ ≤ (1− A∗)h(h− α) then function (2) is pseudoconvex of the order α ∈ [0, h).
Therefore, the following theorem is true.

Theorem 2. Let n = 3, a = h3 + γ0, h+ γ0 > 0 and

4h(4h− α)|γ3|
(4h)3 + γ0

+
3h(3h− α)|γ2|

(3h)3 + γ0
+

2h(2h− α)|γ1|
(2h)3 + γ0

≤

≤
(

1− 6h

(3h)3 − h
|γ1|+

12h

(4h)3 − h
|γ2|+

20h

(5h)3 − h
|γ3|
)
h(h− α).

Then di�erential equation (4) has solution (8) pseudoconvex of the order α ∈ [0, h).
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Ðÿä Äiðiõëå F (s) = ehs +

∞∑
k=2

fke
sλk ç ïîêàçíèêàìè 0 < h < λk ↑ +∞

i àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi σa[F ] ≥ 0 íàçèâà¹òüñÿ ïñåâäîçiðêîâèì
ïîðÿäêó α ∈ [0, h) â Π0 = {s : Re s < 0}, ÿêùî Re{F ′(s)/F (s)} > α
äëÿ âñiõ s ∈ Π0. Ïîäiáíî, ôóíêöiÿ F íàçèâà¹òüñÿ ïñåâäîîïóêëîþ ïîðÿäêó
α ∈ [0, h), ÿêùî Re{F ′′(s)/F ′(s)} > α äëÿ âñiõ s ∈ Π0.

Ðîçãëÿäà¹òüñÿ ðiâíÿííÿ
dnw

dsn
+

(
n∑
j=0

γje
hjs

)
w = aehs, äå n ≥ 3, h > 0 i

a 6= 0. Äîâåäåíî òàêå: ÿêùî hn + γ0 > 0, òî öå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê

F (s) =
a

hn + γ0
esh +

∞∑
k=2

fke
skh, äå fk = − 1

(hk)n + γ0

min{k−1,n}∑
j=1

γjfk−j äëÿ

k ≥ 2 (Lemma 1). Äëÿ n = 3, a = h3 + γ0 çíàéäåíî óìîâè íà ïàðàìåòðè
γj , çà ÿêèõ ôóíêöiÿ F ¹ ïñåâäîçiðêîâîþ (Theorem 1) àáî ïñåâäîîïóêëîþ
ïîðÿäêó α ∈ [0, h) (Theorem 2).

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå ðiâíÿííÿ, ðÿä Äiðiõëå, ïñåâäîçiðêî-
âiñòü, ïñåâäîîïóêëiñòü.


