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A Dirichlet series F(s) = e"* + kaeSA"‘ with the exponents 0 < h <
k=2

A T +oo and the abscissa of absolute convergence oq[F] > 0 is said to be
pseudostarlike of order a € [0, h) in ITp = {s: Res < 0} if Re{F'(s)/F(s)} >
a for all s € IIp. Similarly, the function F' is said to be pseudoconvex of order
a €0, h) if Re{F"(s)/F'(s)} > « for all s € Il,.

. d"w - is . .
The equation Ton + E *yjehj‘ w = ae” is considered, where n > 3, h > 0
Sn
=0

and a # 0. It is proved that if A™ 4+ o > 0 then this equation has a solution
oo min{k—1,n}

a sh skh 1

e + e where f = ———— i fro—j
hn + o ;fk ) fr (hk)n+’YO Jzz:l Yi fe J
for k > 2 (Lemma 1). For n = 3, a = h® 4 40 conditions on parameters ~;,
under which the function F' is pseudostarlike (Theorem 1) or pseudoconvex of
order a € [0, h) (Theorem 2) are found.

F(s) =

Key words: differential equation, Dirichlet series, pseudostarlikeness,
pseudoconvexity.

1. INTRODUCTION

Let S be the class of functions
(1) f)=z+) fn2"
n=2

analytic univalent in D = {z : |z| < 1}. A function f € S is said to be convex if
f(D) is a convex domain and is said to be starlike if f(D) is starlike domain regarding

2020 Mathematics Subject Classification: 35B08, 30B50, 30D45
© Sheremeta, M., Trukhan, Yu., 2022



Myroslav SHEREMETA, Yuriy TRUKHAN
98 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2022. Bunyck 93

the origin. It is well known [1, p. 203] that the condition Re {1 + zf"(2)/f'(z)} > 0
(z € D) is necessary and sufficient for the convexity of f, and [1, p. 202] that the condition
Re{zf'(2)/f(2)} > 0 (2 € D) is necessary and sufficient for the starlikeness of f € S. By
W. Kaplan [2] a function f € S is said to be close-to-convex (see also [1, p. 583]) if there
exists a convex in D function ® such that Re (f/'(2)/®'(z)) > 0(z € D). We remark that
every starhke function is close-to-convex. A. W. Goodman [3] (see also [4, p. 9]) proved

that if Z n|fn| < 1 then function f € S is starlike, and if Z n?|fn| <1 then function
n=2 n=2

f € S is convex in D. The concept of the starlikeness of function f € S got the series

of generalizations. I. S. Jack [5] studied starlike functions of order « € [0, 1), i. e. such

functions f € S, for which Re{zf'(2)/f(2)} > a (z € D). It is proved [5], [4, p. 13] that

if Z(n — a)|fn] €1 — « then function f € S is starlike function of order a.
n=2
Let h > 0, (Ax) be an increasing to +o0o sequence of positive numbers (A > h) and
Dirichlet series

(2) F(s)=e™" + Z frexp{sAs} (s = o + it)

k=2
absolutely convergent in a half-plane IIp = {s : Res < 0}. It is known [6], [4, p. 135]

that each such function F' is non-univalent in Ily, but if Z Ak|fr] < h then function F
k=2
is conformal at every point of ITy. A conformal at every point of Iy function F' is said to

be pseudostarlike if Re{F’(s)/F(s)} > 0(s € Ilp). In [6] (see also [4, p. 139]) it is proved

that if Z Ak|frx] < h then function F' is pseudostarlike. A conformal at every point of
k=2

IIj function F is said to be pseudostarlike of the order o € [0, h) if Re{F'(s)/F(s)} > «

for all s € TIy. In [7] it is proved that if

o0

(3) Sk —a)fl <h—a

k=2

for some « € [0, h), then F is pseudostarlike of the order a.

We remark that if in the definition of the pseudostarlikeness instead of F’/F we put
F"/F’ then we get ([6], |4, p. 139]) the definition of the pseudoconvexity of F.

S. M. Shah [8] indicated conditions on real parameters o, 71, 2 of the differential
equation

200
C(lj 7tz Céw + (102* + 112 + y2)w =0,

under which there exists an entire transcendental solution (1) such that f and all its

derivatives are close-to-convex in . The convexity of solutions of the Shah equation has
been studied in [9, 10]. Substituting z = e® we obtain the differential equation

Pw

-z (70€™* + 71€° + 72)w = 0.
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In [4, p. 147-153] the pseudoconvexity and the pseudostarlikeness of solutions has been
studied for the equation

d*w s
d 2 + (7062’1

Here we consider a more general differential equation

+ ’Ylehs + ’}/2)11) =0.

_ hs
(4) ds” Z’YJ w=ae -,

where n > 3, h > 0 and a # 0. We will find the solution of the equation (4) in the form

oo

(5) w:F(s):kaes’\’“, s =0 +it,

k=1

where 0 < A\p T +00 as k — oo, we find recurrent formulas for f; and Mg, and in the
case of n = 3 we study the conditions under which this solution is pseudostarlike or
pseudoconvex.

2. RECURRENT FORMULAS

Putting (5) into (4) we have

(o)
2 (Ni+70) fre® kﬂlszes(A”h +72 kae Met2h) 4 +%ka€s(“+"h) :
=t k=1 k=1 k=1

i.e.

(AT +70) fre*M +Z(AZ +90) fee® M +71 Z fre® PR 4y, Z fresGutnh) = gehs,
k=2 k=1 k=1
whence as 0 — —o0 we get
(AT +70) fre* (1 4+ 0(1)) = ae" (1 + o(1))
and, thus, since a # 0, we have A} + 79 # 0 and

a a
)\ == ]’L7 = =

P RS T

and
Z )‘k + 70 fke Ak +v kaes(Ak-‘rh +,y22fkee(Ak+2h)+
(6) = = k=t
4+ Y Z fkes()\k-i-nh) =0.
k=1

In the future, we will assume that "™ + vo = A} + 70 > 0, whence (kh)™ + 7o > 0 for all
k>1.
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Writing the identity (6) in the form

(A5 +90) 26" + > (R +70) fee™ +nfre® + Y fretPrth 4

k=3 k=2
+74 Z fkes(/\k+2h) o Y Z fkes()\k-‘rnh) =0,

k=1 k=1

we obtain, as above,
7.f1 7.f1
Ao = 2h, = - = -
2 f2 AZ 470 (2h) + 7o

and
D OF+r0)fee™ > fret O 4qn 3 et ey N ettt =
k=3 k=2 k=1 k=1
ie.,

(oo} oo
(A5 +70)f3e% + > (AR +70) fre*™ + 1 fae®* 471 Y fre®Pwth4
k=4 k=3

+'Y2f1€3hs + o Z flces(Ak-FQh) + it Z fkes()\k-&-nh) =0,
k=2 k=1

whence, as above, we obtain

Yife +72f1

Ao = 3h,  fa=—
3=3h, f3 3h)" +

and

S0 S B 7 7y S
b= k=3 k=2 k=1

e Y et gy N et =,
k=1 k=1

Continuing this process, we have for 4 <m <n —1
Nfm—1+Y2fm—2+ . . +Ym-1f1

Am =mh,  fm =—
(mh)™ + 7o
and
Z (AR +70) fre*™ +m Z FretQuth) Z frePetih) 4y
k=m+1 k=m k=m+1—j
+Ym Z fke(’\k+mh) +.oi T Z fkes(’\””h) =0.
k=1 k=1

Choosing m = n — 1, hence we get

Yfn—2+V2fn-3+ ...+ Vm_2f1
((n=1Dh)"+7

An—1 = (TL - ].)h, fnfl = -
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and
oo o0
DO+l fue F e Y fret O
k=n k=n—1
oo o0
by 30 e o S s =,
k=1 k=1
ie.,

X2+ 30)fae™ 3 A + 900 fre™ + 1 fumre o) gy 3 fesut) 4y

k=n-+1 k=n
+'Yn—1f16()\1+(n71)h) + Y1 Z fke(Ak+(n71)h) + Y Z fkes()\k+nh) =0,
k=2 k=1
whence
A = nh f :_’Ylfnfl +'72fn72+...—|—’yn,1f1
o (nh)" + 0
and
D A0 fee™ Y fre™ 4t
(7) ke =
+Yn—1 Z FreQut=Dh) Z fresutnh) =
k=2 k=1

Since (7) implies

Argr +90) far1e 7+ > (R +90) fre™ + 1 foe? M 4y D fresethly
k=n+2 k=n-+1

Fo ot Yo o gy N freQet TR g fes(nt Ry
k=3

+ Z fresPetnh) =
k=2
we have

it oot mh
((n+1Dh)" +70

Nt = (M4 Db, fues =

and
D OF o) fre oy Y fret
k=n+2 k=n+1

+Yn—1 Z fke()\k+(n—1)h) + Y Z fkes()\k-i-nh) =0,
k=3 k=2
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whence, as above, we get

et efat A fs o
((n+2)h)™ + o

An+2 = (TL"‘ 2)h7 fYL+2 =

and
Z (AR +70) fre*™ +m Z fee®Orth) 4y
k=n+3 k=n-+2
Y1 Z +fkes(>\k+(n—1)h) + Y Z fkes(/\k-‘rnh) —0.

k=4 k=3
Continuing the process, we will come to the formulas

_Nfariatrefarjet A i fie Ay
((n43)h)™ + 0

/\n-i-j = (’I’L +.])ha fn+j =

So, we proved that A, = kh for all k > 1, f = —
h™ + 9
; 1 k—1 ;
k= T n L ViJk—j
(hE)™ + 0 =
for 2 < k <n and
1 n
Jo= =0T D Vifk—
(hk)™ + 70 =

for k > n.
Thus, the following statement is true.

Lemma 1. If k™ 4+ vy > 0 then differential equation (4) has a solution

o)
a
8 F _ sh skh,
(8) ()= e +kz::2fke
1 min{k—1,n}
where fk = —m Z ’-ijk—j fOT‘ k Z 2.

Jj=1

3. PSEUDOSTARLIKENESS

Using Lemma 1, we can find the conditions under which solution (5) of the equation
(4) will be pseudostarlike or pseudoconvex. We will limit ourselves to considering the
case n = 3. We assume also that a = h3 + 9 > 0. Then solution (5) of equation (4) has
the form (8),

7 f1 mfa + 72 f1
= 1’ = — _I2de | el
=t R= G PTG
and for k > 4
fo = ~fr—1 + 2 fe—2 + y8Sk-3

(hk)® + 70



ON THE SOLUTIONS OF SOME GENERALIZATION OF THE SHAH-TYPE ...

ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2022. Bumyck 93

103

Therefore,
Y (kh = a)lfsl = 2h = a)|fol + (3h — )| f5 |+
k=2
+ Y (kh— )|l < (2h —a)|fa] + (3h — )| f]+
k=4
= h(k+1) S (k+2h—a
+;le||fk\+ZWWz|\fk|+
> (k+3)h _
+;W| Ysll fxl =
= (h—a)lfa + (3h = )lfol + =l
3 3
(k +2)h (k+3)h—a
+;m|72||fk\+ZW\%ka|+
=/ hk+1) (k+2)h—a (k+3)h —
9) +;((h(k+1))3+70|%| e+ 27+ 2 T G+
o~ hk+1) -« (k+2)h—a (k+3)h —
‘,;(<h<k+1>>3+%'“' <h<k+2>>3+vo‘”2' Bk +3)) +
3h — « 4h — « h
4h —a 5h — 6h —
~ (el + ol + s |%|) 1+
+ (2= o)l fal + B = )l + elullfol+
+ i hellal + s hallfal+ s hallfil+
+(5?Z;|73|f2+(6(2};|73||f3|—

= ZAk<kh—a>\fk| + B,

k=2
where
~ (h(k+ D) — Q)]
"7 (k= a)((h(k +1))3 + 70)
((k+2)h — a)|ye]
(hk — a)((h(k +2))® + )
((k+3)h — a)|ys]
(hk — a)((A(k +3))® + o)

V\./\_/\_/

(0]
|73|) il =
Yo

- 3|) el
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and
4h — a 4h h
B=——% 2h — e 0o
3h — 4h — 5h7
((3h> Il el + e bl ) £ + (35 = )l
4h — 5h — 6h —
JrW|’Y1||f3| + W\Wﬂfﬂ + Wﬁsws\
_ 4}‘7_0‘| |+ L‘ |+L| ) 1fa] =
T D R DT A
4h — 3h —
WWBH]QH‘ (2h — a)|f2| — W|71||f2|+(3h—0‘)\f3|<
4h 3h —
—_— + (2h — - -
Iv1llf2l 12|l f1] )
3h — =
FEh=a) <<3h>3 Fo "B 0
. o)l | Bh—a)ha| | (2h—a)n|
(4h)? + 70 (3h)3 + 0 (2h)* + 70
Since a < h, for k> 2 and 1 < j < 3 we have % < 1+ j. Therefore,
2|m| 3|2 47s|
A, < A= .
) E N ET e ET e

Suppose that A < 1. Then (9) implies
> (kh—a)|fx] <AZ (kh — a)|fil + Q,
k=2

whence

(10) So(kh— )l < 2
k=2

In view of (3) and (10) function (8) is pseudostarlike if @ < (1 — A)(h — «). Therefore,
the following theorem is true.

Theorem 1. Letn =3, a = h®+ 7y, h +7 > 0 and

(4h —a)lys| | Bh —a)|y2| | (2h — )|y <
(4h)? + 70 (3h)3 + 0 (2h)3 + 70

2|7 | 3|72| 4|ys] >
<(1- + + h—a).
—< B+ 70 @R+ TGP ) Y

Then differential equation (4) has solution (8) pseudostarlike of the order o € [0, h).
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4. PSEUDOCONVEXITY

In [7] it is proved that if

S Al — )il < h(h - a)

k=2
then function (8) is pseudoconvex of the order « € [0, h). Now, as above, we have

D Mk =)l fil =Y kh(kh — a)|fi] =

= 2h(2h — a)|fa| + 3h(3h — )| fs| + Y _ kh(kh — a)| fi| <
k=4
h(k +2)((k 4 2)h — )
(h(k +2))* + 70
4h(4h — a)|ys]
(4h)3 +

S;<h(k+1)(h(k+1)—a)|%|+ 2|+

(11) - (h(k +1))% + 70
h(k+3)((k+3)h —a)

3h(3h —a)lye| | 2h(2h —a)[n| _

(3h)% + 0 (2h)3 +7

= Ak — a)lfil + Q7

k=2

where
. h(k+ 1)(h(k+1) —a)
A=k —a) (k5 )P 40y
Bk + 2)((k + 2h — )
() (27 +
o) (b 5 B+ )

Y2 |+
%)

LR

(

4h(4h — a)|vs|
(4h)® + 0

and
3h(3h — )|

(8h)% + 0

2h(2h — a)|m|

v (R + 70

h(k + ) —
(k+g)=a 14 i and

Since

hk — «
h(k + )

h(k + 7) h(2+7)

(h(k+3))* + 7 ~

we get

gi<ar— O

(h(k+35)° —h = (M2+4))* = b’

12h 20h

If A* <1 then (11) implies

(B3h)® — I

7l + El

anr —n 2t GE o

(1 =A%) kh(kh—a)lful < Q"
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ie., if Q* < (1 — A*)h(h — «) then function (2) is pseudoconvex of the order « € [0, h).
Therefore, the following theorem is true.

Theorem 2. Let n =3, a = h®+7y, h+7 >0 and
4h(4h — a)lys] | 3h(3h — a)lye| | 2R(2h — a)|yi]
(4h)? + 70 (3h)% + 0 (2h)* + 0
6h 12h 20h
<[1- h(h — a).
= ( (3h)3 — hh/l‘ + (4h)3 — h|72‘ + (5h)3 — h|73|) ( Ol)

Then differential equation (4) has solution (8) pseudoconvex of the order o € [0, h).
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Psax [ipixae F(s) = e + kaeSA’“ 3 mokas3HmkamMu 0 < h < Ap T 400
k=2

i abcuucoro abcomorHol 361KHOCTI 06[F] > 0 Ha3suBA€THCH ICEBAO3IPKOBUM
mopaaky o € [0, h) B Ilp = {s : Res < 0}, akmo Re{F'(s)/F(s)} > «
anst Beix s € Ilg. Iloxibmo, dyukiis F' HA3MBAETHCS IICEBIOOILYKIIOK HOPSIKY
a € [0, h), axuwo Re{F"(s)/F'(s)} > a nua seix s € .

. d"w - ; .
Posrngmaerbes piBHAHHS Ton Z’yjehjs w=ae" men>3 h>0i
s
=0
a # 0. Hoseuneno rtake: gaxino h™ + o > 0, 10 ue piBHAHHSI Ma€ PO3B 430K
oo 1 min{k—1,n}
a ; skh
F(s) = et 4 we’ ", e fr = — i fre—j Iuist
) = i, kzﬂf 7€ fi =~ e Z:j % fis

k > 2 (Lemma 1). ma n = 3, a = h® 4 7o 3HalizeHo yMOBH Ha IapaMeTpu
v, 3a axkux dyHkuis F e ncesnosipkosoo (Theorem 1) aGo mcesmoomykiiown
nopsaky o € [0, h) (Theorem 2).

Karwoei caosa: mudepenmianbue piBusHHS, psarn lipixse, mnceBmo3ipko-
BICTD, MICEBIOOIYKIIICTD.



