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ÍåõàéAp(G) � êëàñ àíàëiòè÷íèõ ôóíêöié f ó ïîâíié îáëàñòi Ðåéíãàðäòà
G ⊂ Cp, ÿêi ìîæíà ïîäàòè ó âèãëÿäi ñòåïåíåâîãî ðÿäó
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1. Âñòóï

Íåõàé p ∈ N, Cp � p-âèìiðíèé êîìïëåêñíèé âåêòîðíèé ïðîñòið, à G ⊂ Cp �
îáëàñòü Ðåéíãàðäòà ç öåíòðîì ó òî÷öi z = 0 ∈ Cp, òîáòî, òàêà îáëàñòü, ùî:

a) z = (z1, . . . , zp) ∈ G =⇒ (∀R = (R1, . . . , Rp) ∈ [0, 1]p) : Rz = (R1z1, . . . , Rpzp) ∈
G (ïîâíà îáëàñòü);

b) (z1, . . . , zp) ∈ G =⇒ (∀(θ1, . . . , θp) ∈ Rp) : (z1e
iθ1 , . . . , zpe

iθp) ∈ G (êðàòíî-
êðóãîâà îáëàñòü).

Çàçíà÷èìî, ùî ó âèïàäêó p = 1 îáëàñòü Ðåéíãàðäòà � öå àáî êðóã ç öåíòðîì ó
ïî÷àòêó êîîðäèíàò, àáî æ âñÿ êîìïëåêñíà ïëîùèíà C.

×åðåç Ap0(G), p ∈ N, ïîçíà÷èìî êëàñ àíàëiòè÷íèõ ôóíêöié f ó ïîâíié îáëàñòi
Ðåéíãàðäòà G ⊂ Cp, ÿêi ìîæíà ïîäàòè ó âèãëÿäi ñòåïåíåâîãî ðÿäó

(1) f(z) = f(z1, . . . , zp) =

+∞∑
‖n‖=0

anz
n,

ç îáëàñòþ çáiæíîñòi G, äå

zn = zn1
1 . . . znpp , z = (z1, . . . , zp) ∈ G, n = (n1, . . . , np) ∈ Zp+, ‖n‖ =

p∑
j=1

nj .

×åðåç Ap(G) ïîçíà÷èìî ïiäêëàñ, â ÿêèé âõîäÿòü ôóíêöi¨ f ∈ Ap0(G) òàêi, ùî iñíó¹
n ∈ Np : an 6= 0.

Äëÿ ôóíêöi¨ f ∈ Ap0(G) âèãëÿäó (1) ç îáëàñòþ çáiæíîñòi G i

r = (r1, · · · , rp) ∈ |G| := {r = (r1, . . . , rp) : rj = |zj |, z = (z1, . . . , zp) ∈ G}
ïîçíà÷èìî

∆r0 = {t ∈ |G| : tj > r0
j , j ∈ {1, · · · , p}}, µf (r) = max{|an|rn1

1 · · · rnpp : n ∈ Zp+},

Mf (r) = max{|f(z)| : |z1| = r1, · · · , |zp| = rp}, Mf (r) =

+∞∑
‖n‖=0

|an|rn.

Âiäîìî, ùî êîæíó àíàëiòè÷íó ôóíêöiþ f ó ïîâíié îáëàñòi Ðåéíãàðäòà G ç öåíò-
ðîì ó òî÷öi z = 0 ìîæíà çîáðàçèòè â G ó âèãëÿäi ðÿäó (1). Ç iíøîãî áîêó, îáëàñòü
çáiæíîñòi êîæíîãî ðÿäó âèãëÿäó (1) ¹ ëîãàðèôìi÷íî-îïóêëîþ ïîâíîþ îáëàñòþ Ðåéí-
ãàðäòà ç öåíòðîì ó òî÷öi z = 0.

Äëÿ ôóíêöi¨ f ∈ Ap0(G) âèãëÿäó (1) i r = (r1, · · · , rp) ∈ |G| ïîçíà÷èìî
∆r0 = {t ∈ |G| : tj > r0

j , j ∈ {1, · · · , p}}, µf (r) = max{|an|rn1
1 · · · rnpp : n ∈ Zp+},

Mf (r) = max{|f(z)| : |z1| = r1, · · · , |zp| = rp}, Mf (r) =

+∞∑
‖n‖=0

|an|rn.

Äîáðå âiäîìî (íàïðèêëàä, äèâ. [1, 2, 3, 4, 6, 7]), ùî çà êëàñè÷íîþ òåîðåìîþ À. Âi-
ìàíà i Æ. Âàëiðîíà äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f ∈ A1(C) i äëÿ êîæíîãî ε > 0 iñíó¹

ìíîæèíà E = Ef (ε) ⊂ [1; +∞) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè (òîáòî,
∫
E

d ln r < +∞)

òàêà, ùî íåðiâíiñòü (íåðiâíiñòü Âiìàíà)
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Mf (r) 6 µf (r) ln1/2+δ µf (r)

âèêîíó¹òüñÿ äëÿ âñiõ r ∈ (1,+∞) \ Ef (ε).
Íåõàé (Ω,A, P ) � éìîâiðíiñíèé ïðîñòið Øòåéíãàóçà, òîáòî Ω = [0, 1], P � ìi-

ðà Ëåáåãà âèçíà÷åíà íà σ-àëãåáði A âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí [0, 1]. Íåõàé
X = (Xn(t)) � ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí íà öüîìó ïðîñòîði. Äëÿ ôóíêöi¨
f ∈ Ap0 âèãëÿäó (1) ÷åðåç K(f,X) ïîçíà÷èìî êëàñ âèïàäêîâèõ ñòåïåíåâèõ ðÿäiâ âè-
ãëÿäó

(2) f(z, t) =

+∞∑
‖n‖=0

anXn(t)zn.

Ïiä �ìàéæå íàïåâíî� (ì.í.) ðîçóìiòèìåìî, ùî äåÿêà âëàñòèâiñòü âèêîíó¹òüñÿ ìàéæå
ñêðiçü çà ìiðîþ Ëåáåãà P . Ãîâîðèòèìåìî, ùî òàêå ñïiââiäíîøåííÿ âèêîíó¹òüñÿ ìàé-
æå íàïåâíî ó êëàñi K(f,X), ÿêùî âîíî âèêîíó¹òüñÿ äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f(z, t)
âèãëÿäó (2) ì. í. çà t. Äëÿ ôóíêöi¨ f âèãëÿäó (2) i t ∈ [0, 1] òàêîæ ïîçíà÷èìî

Mf (r, t) = max{|f(z, t)| : |z1| = r1, · · · , |zp| = rp}.
Ïîñëiäîâíiñòü X = (Xn(t)), n ∈ Zp+, âèïàäêîâèõ âåëè÷èí Xn(t) íàçèâà¹ìî ìóëü-

òèïëiêàòèâíîþ ñèñòåìîþ (ÌÑ), ÿêùî

(∀k ∈ N)(∀(nj), nj ∈ Zp+, nj 6= ns(s 6= j) : M(Xn1Xn2 · · ·Xnk) = 0,

äå Mξ � ìàòåìàòè÷íå ñïîäiâàííÿ âèïàäêîâî¨ âåëè÷èíè ξ.
Ó âèïàäêó, êîëè X = R = (Rn(t)) ¹ ïîñëiäîâíiñòþ Ðàäåìàõåðà, òîáòî Rn(t) =

sign sin(2nπt), n > 0, â [8] Ï. Ëåâi äîâiâ (åôåêò Ëåâi), ùî äëÿ êîæíî¨ öiëî¨ ôóíêöi¨
f ∈ A1(C), çà äåÿêèõ äîäàòêîâèõ ïðèïóùåíü ùîäî ðåãóëÿðíîñòi çðîñòàííÿ lnMf (r),
äëÿ êîæíî¨ ôóíêöi¨ f(z, t) ∈ K(f,R) íåðiâíiñòü lnMf (r, t) 6 µf (r) ln1/4+ε µf (r) âèêî-
íó¹òüñÿ ì.í. ïðè r → +∞ çîâíi äåÿêî¨ âèíÿòêîâî¨ ìíîæèíè ñêií÷åííî¨ ëîãàðèôìi÷íî¨
ìiðè. Çàóâàæèìî, ùî R = (Rn(t)) � ïîñëiäîâíiñòü íåçàëåæíèõ îäíàêîâî ðîçïîäiëå-
íèõ âèïàäêîâèõ âåëè÷èí òàêèõ, ùî P{t : Rn(t) = ±1} = 1/2. Ïiçíiøå Ï. Åðäåø
i À. Ðåíü¨ [19] äîâåëè öåé ðåçóëüòàò áåç äîäàòêîâèõ óìîâ íà ðåãóëÿðíiñòü çðîñòà-
ííÿ lnMf (r) i çàóâàæèëè, ùî ¨õíié ðåçóëüòàò òàêîæ ïðàâèëüíèé ó êëàñi K(f,H),

äå H = (e2πiωn(t)) ïîñëiäîâíiñòü Øòåéíãàóçà, òîáòî (ωn(t)) � ïîñëiäîâíiñòü íåçà-
ëåæíèõ ðiâíîìiðíî ðîçïîäiëåíèõ íà [0, 1] âèïàäêîâèõ âåëè÷èí ωn(t) : [0, 1] → R. Öå
òâåðäæåíííÿ òàêîæ ïðàâèëüíå äëÿ êëàñó K(f,X), äå X = (Xn(t)) ¹ ìóëüòèïëiêàòèâ-
íîþ ñèñòåìîþ (ÌÑ) êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ ââåëè÷èí ðiâíîìiðíî îáìåæå-
íîþ ÷èñëîì 1 ([20, 21]), òîáòî, |Xn(t)| 6 1 äëÿ âñiõ n ∈ N ì.í. çà t ∈ [0, 1]. Ì. Ñòië [5]
äîâiâ ïîäiáíi òâåðäæåííÿ ó âèïàäêó X = (e2πiθnt), äå (θn) � ïîñëiäîâíiñòü Àäàìàðà,
òîáòî òàêà ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë, ùî θn+1/θn > q > 1 (n > 0). Çàóâà-
æèìî, ùî ó âèïàäêó q > 2 ïîñëiäîâíiñòü X = (e2πiθnt) óòâîðþ¹ êîìïëåêñíîçíà÷íó
ÌÑ, áî ó öüîìó âèïàäêó (cos θnt), (sin θnt) ¹ ÌÑ, àëå ó âèïàäêó q > 1 ïîñëiäîâíiñòü
âèïàäêîâèõ âåëè÷èí (cos θnt)n∈Zp+ ìîæå íå áóòè ÌÑ (íàïðèêëàä, äèâ. [25]).

Ïðîô. É. Â. Îñòðîâñüêèé (1995) ñôîðìóëþâàâ òàêå ïèòàííÿ: ÿêèé íàéêðàùèé
îïèñ âåëè÷èíè âèíÿòêîâî¨ ìíîæèíè E ó íåðiâíîñòi Âiìàíà? Öå æ ïèòàííÿ áóëî
ðîçãëÿíóòî â áàãàòüîõ ñòàòòÿõ (íàïðèêëàä, äèâ. [9, 6, 4, 10, 11, 12, 13, 14, 15, 16])
ñòîñîâíî âåëè÷èí âèíÿòêîâèõ ìíîæèí ó áàãàòüîõ iíøèõ ñïiââiäíîøåííÿõ, ùî ðîç-
ãëÿäàþòüñÿ ó òåîði¨ Âiìàíà-Âàëiðîíà. Ó [6, 4, 7] îòðèìàíî àíàëîã íåðiâíîñòi Âiìàíà,
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ùî âèêîíó¹òüñÿ çîâíi âèíÿòêîâî¨ ìíîæèíè E ñêií÷åííî¨ h-ëîãàðèôìi÷íî¨ ìiðè. Ó [7]
äîâåäåíî, ùî äëÿ êîæíî¨ àíàëiòè÷íî¨ ôóíêöi¨ f ∈ A1(DR) ó êðóçi DR = {z : |z| < R},
0 < R 6 +∞ i äëÿ êîæíî¨ äîäàòíî¨ íåñïàäíî¨ íà (0, R) ôóíêöi¨ h(r) òàêî¨, ùî h(r) > 2
(r ∈ (0, R)) íåðiâíiñòü

(3) Mf (r) 6 h(r)µf (r)
(

lnh(r) ln(h(r)µf (r))
)1/2+δ

âèêîíó¹òüñÿ äëÿ r ∈ (r0, R) çîâíi âèíÿòêîâî¨ ìíîæèíè E = Ef (ε, h) ñêií÷åííî¨ h-ëî-

ãàðèôìi÷íî¨ ìiðè, òîáòî
∫

E∩(r0,R)

h(r)d ln r < +∞. Ðàíiøå ó [6] äîâåäåíî, ùî îöiíêà

∫
E

ln1/2 µf (r)

r
dr < +∞

âåëè÷èíè âèíÿòêîâî¨ ìíîæèíè E ó íåðiâíîñòi Âiìàíà äëÿ öiëèõ ôóíêöié âèêîíó¹òüñÿ
ìàéæå íàïåâíî ó äåÿêîìó éìîâiðíiñíîìó ñåíñi; çðîçóìiëî, ùî òóò h(r) = ln1/2 µf (r).
Ç iíøîãî áîêó, îïèñ âèíÿòêîâî¨ ìíîæèíè ó öüîìó òâåðäæåííi äëÿ êîíêðåòíî¨ öiëî¨
ôóíêöi¨ f íå ìîæíà iñòîòíî ïîêðàùèòè. À ñàìå ([4, 6]), äëÿ êîæíîãî ε > 0 iñíó¹ öiëà
ôóíêöiÿ f i ìíîæèíà E ⊂ [1,+∞) òàêi, ùî äëÿ âñiõ r ∈ E

Mf (r) ≥ µf (r)(lnµf (r))1/2+ε i
∫
E

(lnµf (r))1/2+ε

r
dr = +∞.

Ó âèïàäêó àíàëiòè÷íèõ ôóíêöié ó êðóçi D1 i h(r) = 1/(1 − r), ç íåðiâíîñòi (3)
âèïëèâà¹ àíàëîã Êåâàði íåðiâíîñòi Âiìàíà (äèâ. [17, 18]). Ó [22, 23, 24] âñòàíîâëåíî
íàÿâíiñòü åôåêòó Ëåâi ó âèïàäêó íåðiâíîñòi Âiìàíà é àíàëîãiâ Êåâàði íåðiâíîñòi Âi-
ìàíà äëÿ ðiçíèõ êëàñiâ âèïàäêîâèõ öiëèõ i àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi ôóíêöié
âiä îäíi¹¨ çìiííî¨, âiäïîâiäíî.

Ó 1996 ð. ïiä ÷àñ äîïîâiäi Ï. Â. Ôiëåâè÷à íà Ëüâiâñüêîìó ñåìiíàði ç òåîði¨ àíà-
ëiòè÷íèõ ôóíêöié ïðîôåñîðè À. À. Ãîëüäáåðã i Ì. Ì. Øåðåìåòà ïîñòàâèëè òàêå
ïèòàííÿ (äèâ. [25, 27]): ÷è âèêîíó¹òüñÿ åôåêò Ëåâi äëÿ àíàëîãiâ íåðiâíîñòi Âiìàíà
äëÿ ôóíêöié âiä áàãàòüîõ êîìïëåêñíèõ çìiííèõ? Ó [25] îòðèìàíî ïîçèòèâíó âiäïî-
âiäü íà öå ïèòàííÿ ó âèïàäêó íåðiâíîñòi Ôåíòîíà [26] äëÿ öiëèõ ôóíêöié âiä äâîõ
êîìïëåêñíèõ çìiííèõ. Ó [27] îòðèìàëè ïîçèòèâíó âiäïîâiäü íà öå ïèòàííÿ äëÿ íå-
ðiâíîñòi òèïó Âiìàíà ç [28] äëÿ öiëèõ ôóíêöié âiä áàãàòüîõ êîìïëåêñíèõ çìiííèõ i
äëÿ àíàëiòè÷íèõ ôóíêöié âiä áàãàòüîõ êîìïëåêñíèõ çìiííèõ â ïîëiêðóçi [36]. Ìåòà
öi¹¨ ñòàòòi � äîâåäåííÿ íàÿâíîñòi åôåêòó Ëåâi ó âèïàäêó íåðiâíîñòi òèïó Âiìàíà ç
[16] äëÿ àíàëiòè÷íèõ ôóíêöié ç øâèäêî êîëèâíèìè êîåôiöi¹íòàìè ó äîâiëüíié ïîâíié
êðàòíî-êðóãîâié îáëàñòi (ïîâíié îáëàñòi Ðåéíãàðäòà).

2. Ïîçíà÷åííÿ, îçíà÷åííÿ, äåÿêi ïîïåðåäíi ðåçóëüòàòè

Íåõàé Hp � êëàñ ôóíêöié h : |G| → R+ òàêèõ, ùî h ¹ íåñïàäíîþ ôóíêöi¹þ çà
êîæíîþ çìiííîþ, h(r) > 10 äëÿ âñiõ r ∈ |G| i∫

∆ε

h(r)dr1 · · · drp
r1 · · · rp

= +∞
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äëÿ êîæíîãî ε ∈ Rp+ òàêîãî, ùî ìíîæèíà ∆ε ¹ íåïîðîæíüîþ â Rp+. Äëÿ h ∈ Hp,
ïîçíà÷èìî ÷åðåç Sh êëàñ ìíîæèí E ⊂ |G| ñêií÷åííî¨ ëîãàðèôìi÷íî¨ h-ìiðè íà |G|,
òîáòî òàêèõ, ùî iñíó¹ ε ∈ Rp+ òàêå, ùî ìíîæèíà ∆ε ¹ íåïîðîæíüîþ â îáëàñòi |G| ⊂ Rp+
i

νh(E ∩∆ε):=

∫
E∩∆ε

h(r)dr1 · · · drp
r1 · · · rp

< +∞.

Ó [16] âïåðøå áóëî äîâåäåíî àíàëîãè íåðiâíîñòi Âiìàíà äëÿ àíàëiòè÷íèõ ôóíê-
öié ó äîâiëüíié ïîâíié êðàòíî-êðóãîâié îáëàñòi. À ñàìå, áóëî äîâåäåíî òàêå òâåðä-
æåííÿ.

Òåîðåìà 1 ([16]). Íåõàé f ∈ Ap(G), h ∈ Hp. Òîäi äëÿ êîæíèõ ε ∈ Rp+, δ > 0 iñíó¹

ìíîæèíà E ∈ Sh òàêà, ùî äëÿ âñiõ r ∈ ∆ε \ E âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) 6 µf (r)(h(r))
p+1
2 ln

p
2 +δ h(r) ln

p
2 +δ

(
µf (r)h(r)

) p∏
j=1

( p∏
k=1,k 6=j

ln
erk
εk

) 1
2 +δ

.(4)

ßêùî îáëàñòü G � îáìåæåíà, òî äëÿ êîæíèõ ε ∈ Rp+, δ > 0 iñíó¹ ìíîæèíà

E ∈ Sh òàêà, ùî äëÿ âñiõ r ∈ ∆ε \ E

Mf (r) 6 µf (r)(h(r))
p+1
2 ln

p
2 +δ h(r) ln

p
2 +δ

(
µf (r)h(r)

)
.(5)

Äåÿêi àíàëîãè íåðiâíîñòi Âiìàíà äëÿ öiëèõ ôóíêöié âiä äåêiëüêîõ çìiííèõ ìîæ-
íà çíàéòè ó ñòàòòÿõ [32, 30, 29, 28, 26, 33, 25, 31, 31, 27, 34], äëÿ àíàëiòè÷íèõ ôóíêöié
ó ïîëiêðóçi Dp, p > 2, â [35, 36]. Ó ñòàòòi [37] äîâåäåíî äåÿêi àíàëîãè íåðiâíîñòi
Âiìàíà äëÿ àíàëiòè÷íèõ ôóíêöié f(z) i âèïàäêîâèõ àíàëiòè÷íèõ ôóíêöié f(z, t) ó
G = D` × Cp−`, ` ∈ N, 1 6 ` < p, âèãëÿäó (1) i (2), âiäïîâiäíî, äå X = (Xn) �
ìóëüòèïëiêàòèâíà ñèñòåìà êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ âåëè÷èí íà éìîâiðíiñíî-
ìó ïðîñòîði Øòåéíãàóçà, ì.í. ðiâíîìiðíî îáìåæåíà ÷èñëîì 1. Òàêîæ áóëî äîâåäåíî
òî÷íiñòü îòðèìàíèõ íåðiâíîñòåé. Çà âiäïîâiäíîãî âèáîðó ôóíêöi¨ h(r), ìè îòðèìà-
¹ìî òâåðäæåííÿ ïðî àíàëîãè íåðiâíîñòi Âiìàíà ó âiäïîâiäíèõ âèïàäêàõ çi ñòàòåé
[28, 35, 36, 37].

Ó çàãàëüíîìó âèïàäêó äëÿ äîâiëüíî¨ ôóíêöi¨ h(r) i íåðiâíîñòåé (3) i (4), à òàêîæ
îêðåìèõ âèïàäêiâ, îòðèìàíèõ ç íåðiâíîñòi (4), ïèòàííÿ ïðî íàÿâíiñòü åôåêòó Ëåâi ¹
ïîâíiñòþ âiäêðèòèì.

Íåõàé Z = (Zn(t)) � êîìïëåêñíîçíà÷íà ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí
Zn(t) = Xn(t)+ iYn(t) òàêà, ùî îáèäâi X = (Xn(t)) i Y = (Yn(t)) ¹ äiéñíèìè ÌÑ. Äëÿ
âèïàäêîâèõ ôóíêöié ç êëàñó K(f, Z), f ∈ Ap(G) íàÿâíiñòü åôåêòó Ëåâi äîâåäåíî â
[38].

Ìè ðîçãëÿíåìî êëàñ K(f, θ) àíàëiòè÷íèõ ôóíêöié âèãëÿäó (2) ç X = θ =
(e2πiθnt), t ∈ R. Òóò (θn) � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë òàêà, ùî ¨¨ âïîðÿä-
êóâàííÿ (θ∗k) çà çðîñòàííÿì {θn : n ∈ Zp+} = {θ∗k : k ∈ Z+}, θ∗k+1 > θ∗k, çàäîâîëüíÿ¹
óìîâó (θ � ïîñëiäîâíiñòü Àäàìàðà)

(6) θ∗k+1/θ
∗
k > q > 1, k > 0.

ßê ìè âæå çàçíà÷àëè âèùå, ó âèïàäêó q > 2 ñèñòåìà X = θ = (e2πiθnt) ¹ ÌÑ, à
çà óìîâè q > 1 ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí (cos θnt)n∈Zp+ ìîæå íå áóòè ÌÑ.
Òîìó ïðèðîäíî âèíèêà¹ ïèòàííÿ: ÷è âèêîíó¹òüñÿ åôåêò Ëåâi äëÿ êëàñó K(f, θ) ç
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f ∈ Ap(G) i äîâiëüíîþ ïîñëiäîâíiñòþ (θn), âïîðÿäêóâàííÿ ÿêî¨ çà çðîñòàííÿì (θ∗k)
¹ ïîñëiäîâíiñòþ Àäàìàðà?

Îñíîâíèé ðåçóëüòàò öi¹¨ ñòàòòi ìiñòèòüñÿ ó òàêié òåîðåìi.

Òåîðåìà 2. Íåõàé θ = (θn)n∈Zp+ � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë, ÿêà çàäîâîëü-

íÿ¹ óìîâó (6), f ∈ Ap(G), h ∈ Hp.
a) Òîäi ìàéæå íàïåâíî äëÿ t ∈ R i äëÿ êîæíèõ ε ∈ Rp+, δ > 0 iñíó¹ ìíîæèíà

E ∈ Sh òàêà, ùî äëÿ âñiõ r ∈ ∆ε \ E âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r, t) 6 µf (r)(h(r))
p+1
4 ln

p
4 +1+δ h(r) ln

p
4 +δ

(
µf (r)h(r)

) p∏
j=1

( p∏
k=1,k 6=j

ln
erk
εk

) 1
4 +δ

.(7)

b) ßêùî îáëàñòü G îáìåæåíà, òî ìàéæå íàïåâíî äëÿ t ∈ R äëÿ êîæíèõ
ε ∈ Rp+, δ > 0 iñíó¹ ìíîæèíà E ∈ Sh òàêà, ùî äëÿ âñiõ r ∈ ∆ε\E íåðiâíiñòü

Mf (r, t) 6 µf (r)(h(r))
p+1
4 ln

p
4 +1+δ h(r) ln

p
4 +δ

(
µf (r)h(r)

)
.(8)

Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè íàì áóäóòü ïîðiáíi òàêi ëåìè.

Ëåìà 1 ([5]). Íåõàé θ = (θn)n∈Zp+ � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë, ÿêà çàäî-

âîëüíÿ¹ óìîâó (6). Òîäi iñíóþòü òàêi êîíñòàíòè Aq i Bq (çàëåæíi ëèøå âiä q),
ùî äëÿ áóäü-ÿêèõ {bk : 1 6 k 6 N} ⊂ C i λ > 0 ìà¹ìî

P
{
t :
∣∣∣ N∑
k=1

bke
2πiθ∗kt

∣∣∣> AqλSN}6 Bqe−λ2

,

äå S2
N =

n∑
k=1

|bk|2.

Ëåìà 2 ([39]). Íåõàé θ = (θn)n∈Zp+ � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë, ÿêà çàäî-

âîëüíÿ¹ óìîâó (6). Òîäi äëÿ áóäü-ÿêîãî β > 0, p > 1 iñíó¹ A = Aβpq òàêà, ùî äëÿ
êîæíîãî N ∈ N, N > p i {cn : n ∈ Zp+} ⊂ C îòðèìà¹ìî

P
{
t : max

{∣∣∣ N∑
‖n‖=0

cn exp
{ p∑
s=1

insψs + 2πiθnt
}∣∣∣ : ψ ∈ [0, 2π]p

}
> AβpSN ln1/2N

}
6

6
(5π + 1)pB

Nβ
,

äå S2
N =

N∑
‖n‖=0

|cn|2, A =

√
β +

p

2
(3 + p)Aq + 1 òà B = Bq � ñòàëi ç ëåìè 1.

Ëåìà 3 ([16]). Íåõàé f ∈ Ap(G), h ∈ Hp. Òîäi äëÿ ε ∈ Rp+, δ > 0 iñíó¹ ìíîæèíà
E ∈ Sh òàêà, ùî äëÿ âñiõ r ∈ ∆ε \ E ìàòèìåìî

rj
∂

∂rj
lnMf (r) 6 h(r) ln1+δMf (r)

p∏
k=1,k 6=j

ln1+δ
(erk
εk

)
, j ∈ {1, . . . , p}.(9)
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Äîâåäåííÿ òåîðåìè 2. Ñõåìà äîâåäåííÿ â çàãàëüíèõ ðèñàõ ïîâòîðþ¹ ñõåìó ìiðêó-
âàíü çi ñòàòåé [27, 36]. Äëÿ k ∈ N, k > 11 i l ∈ Z òàêèõ, ùî k > −l ïîçíà÷èìî

Gkl =
{
r = (r1, . . . , rp) ∈ |G| : k 6 lnh(r) 6 k + 1, l 6 lnµf (r) 6 l + 1

}
,

G+
kl =

+∞⋃
i=k

+∞⋃
j=l

Gij .

Çàóâàæèìî, ùî ìíîæèíà

E0 =
{
r ∈ |G| : lnh(r) + lnµf (r) < 1

}
=
{
r ∈ |G| : µf (r)h(r) < e

}
∈ Sh.

Ç ëåìè 3 âèïëèâà¹, ùî iñíó¹ ìíîæèíà E1 ⊃ E0, E1 ∈ Sh òàêà, ùî äëÿ âñiõ
r ∈ |G|\E1 îòðèìà¹ìî

+∞∑
‖n‖=0

‖n‖ · |an|rn 6 h(r)Mf (r) ln1+δMf (r) ·
p∑
j=1

( p∏
k=1
k 6=s

ln1+δ erk
εk

)
6

6 ph(r)µf (r)(h(r))
p+1
2 ln

p
2 +δ h(r) ln

p
2 +δ{µf (r)h(r)}

( p∏
j=1

ln
erj
εj

) p−1
2 +δ

×

×
[
lnµf (r) +

p+ 1

2
lnh(r) +

(p
2

+ δ
)

ln lnh(r) +
(p

2
+ δ
)

ln ln
{
µf (r)h(r)

}
+

+
(p− 1

2
+ δ
) p∑
j=1

ln ln
erj
εj

]1+δ( p∏
j=1

ln
erj
εj

)1+δ

6

6 µf (r)(h(r))
p+3
2 +2δ ln

p
2 +1+δ{µf (r)h(r)}

( p∏
k=1

ln
erk
εk

) p+1
2 +2δ

.

Òîäi ∑
‖n‖>d

|an|rn 6
∑
‖n‖>d

‖n‖
d
|an|rn 6

1

d

+∞∑
‖n‖=0

‖n‖|an|rn 6

6
1

d
µf (r)(h(r))

p+3
2 +2δ ln

p
2 +1+δ{µf (r)h(r)}

( p∏
k=1

ln
erk
εk

) p+1
2 +2δ

6 µf (r),

d = d(r) = (h(r))
p+3
2 +2δ ln

p
2 +1+δ{µf (r)h(r)}

( p∏
k=1

ln
erk
εk

) p+1
2 +2δ

.

Ïîçíà÷èìî

G∗kl = Gkl \ E2, I = {(i; j) : G∗ij 6= ∅}, E2 = E1 ∪
( ⋃

(i,j) 6∈I

Gij

)
.

Îòæå, #I = +∞.
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Âèáåðåìî ïîñëiäîâíiñòü r(k,l) ∈ G∗kl äëÿ (k, l) ∈ I òàêó, ùî µf (r(k,l)) =
min
r∈G∗kl

µf (r). Äëÿ âñiõ r ∈ G∗kl ìàòèìåìî

1

e
µf (r(k,l)) 6 µf (r) 6 eµf (r(k,l)),(10)

1

e
h(r(k,l)) 6 h(r) 6 eh(r(k,l)),(11)

1

e2
µf (r(k,l))h(r(k,l)) 6 µf (r)h(r(k,l)) 6 e2µf (r(k,l))h(r(k,l))(12)

òà ⋃
(k,l)∈I

G∗kl =
⋃

(k,l)∈I

Gkl \ E1 =

+∞⋃
k,l=1

Gkl \ E1 = |G| \ E1.

Íåõàé Nkl = [2d1(r(k,l))], äå [x] � öiëà ÷àñòèíà ÷èñëà x i

d1(r) = (eh(r))
p+3
2 +2δ ln

p
2 +1+δ{e2µf (r)h(r)}

( p∏
k=1

ln
e2rk
εk

) p+1
2 +2δ

.

Äëÿ r ∈ G∗kl ïîçíà÷èìî

WNkl(r, t) = max

{∣∣∣ ∑
‖n‖6Nkl

anr
n1
1 . . . rnpp ein1ψ1+...+inpψpXn(t)

∣∣∣ : ψ ∈ [0, 2π]p
}
.

Äëÿ âèìiðíèõ çà Ëåáåãîì ìíîæèí G ⊂ G∗kl i äëÿ (k, l) ∈ I ïîçíà÷èìî

νkl(G) =
measp(G)

measp(G∗kl)
,

äå measp îçíà÷à¹ ìiðó Ëåáåãà íà Rp.
Òîäi νkl � éìîâiðíiñíà ìiðà, âèçíà÷åíà íà ñiì'¨ âèìiðíèõ çà Ëåáåãîì ïiäìíîæè-

íàõ G∗k ([27]). Íåõàé Ω =
⋃

(k,l)∈I

G∗kl i

ki, li,j : (ki, li,j) ∈ I, ki < ki+1, li,j < li,j+1, ∀i, j ∈ Z+.

Äëÿ âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí G ç Ω ïîçíà÷èìî

ν(G) = 2k0
+∞∑
i=0

(
1

2ki

(
1−

(1

2

)ki+1−ki)
×

×
Ni∑
j=0

2li,0

2li,j

(
1−

(
1
2

)li,j+1−li,j)
1−

(
1
2

)li,Ni+1
+li,0

νki+1li+1,j+1
(G ∩G∗kj+1li+1,j+1

)

)
,(13)

äå Ni = max{j : (ki, lij) ∈ I}. Òîäi νkj+1lj+1(G∗kj+1lj+1
) = ν(Ω) = 1.

Òîìó ν ¹ éìîâiðíiñíîþ ìiðîþ, ÿêà âèçíà÷åíà íà âèìiðíèõ ïiäìíîæèíàõ Ω. Íà
Ω0 := [0, 1] × Ω âèçíà÷èìî éìîâiðíiñíó ìiðó P0 = P ⊗ ν, ÿêà ¹ ïðÿìèì äîáóòêîì
éìîâiðíiñíèõ ìið P i ν. Äëÿ (k; l) ∈ I ïîçíà÷èìî

Fkl = {(t, r) ∈ [0, 1]× Ω: WNkl(r, t) > ApSNkl(r) ln1/2Nkl},

Fkl(r) = {t ∈ [0, 1] : WNkl(r, t) > ApSNkl(r) ln1/2Nkl},
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äå S2
Nkl

(r) =

Nkl∑
‖n‖=0

|an|2r2n i Ap � ñòàëà ç ëåìè 1 ç β = 1. Ç òåîðåìè Ôóáiíi i ëåìè 1

ç cn = anr
n i β = 1 âèïëèâà¹, ùî äëÿ (k, l) ∈ I

P0(Fkl) =

∫
Ω

( ∫
Fkl(r)

dP

)
dν =

∫
Ω

P (Fkl(r))dν 6
(5π + 1)pB

Nkl
ν(Ω) =

(5π + 1)pB

Nkl
.

Çàóâàæèìî, ùî

Nkl > (h(r))
p+3
2 ln

p
2 +1+δ{µf (r)h(r)}

p∏
k=1

ln
p+1
2
erk
εk

> e2k(l + k)2+2δ.

Òîäi ∑
(k,l)∈I

P0(Fkl) 6
+∞∑
k=11

+∞∑
l=−k+1

(5π + 1)pB

e2k(l + k)2+2δ
< +∞.

Çâiäñè, çà ëåìîþ Áîðåëÿ-Êàíòåëëi ç éìîâiðíiñòþ, ùî äîðiâíþ¹ îäèíèöi, ñåðåä
ïîäié {Fkl : (k, l) ∈ I} âiäáóâà¹òüñÿ ùîíàéáiëüøå ñêií÷åííà êiëüêiñòü ïîäié. Òîìó

P0(F ) = 1, F =

+∞⋃
s=1

+∞⋃
m=1

⋂
k>s, l>m

(k,l)∈I

Fkl ⊂ [0, 1]× Ω.

Äëÿ êîæíî¨ òî÷êè (t, r) ∈ F iñíóþòü k0 = k0(t, r) i l0 = l0(t, r) òàêi, ùî äëÿ âñiõ
k > k0, l > l0, (k, l) ∈ I âèêîíó¹òüñÿ íåðiâíiñòü

WNkl(r, t) 6 ApSNkl(r) ln1/2Nkl.

Íåõàé FΩ = {r ∈ Ω: (∃t)[(t, r) ∈ F ]}. Òîäi ν(FΩ) = 1. Ïîäiáíî äëÿ ïðîåêöi¨ F íà
[0, 1] F[0,1] = {t ∈ [0, 1] : (∃r)[(t, r) ∈ F ]} ìà¹ìî P (F[0,1]) = 1.

Íåõàé äàëi F∧(t) = {r ∈ Ω : (t, r) ∈ F}. ßê i â [27, 36] ìà¹ìî, ùî çà òåîðåìîþ
Ôóáiíi

0 =

∫
Ω0

(1− χF )dP0 =

1∫
0

(∫
Ω

(1− χF∧(t))dν

)
dP.

Òîìó, P -ìàéæå ñêðiçü 0 =

∫
Ω

(1 − χF∧(t))dν = 1 − ν(F∧(t)), çâiäêè ∃F1 ⊂ F[0,1],

P (F1) = 1, òàêà, ùî ν(F∧(t)) = 1 äëÿ êîæíîãî t ∈ F1.
Äëÿ êîæíèõ t ∈ F1([27, 36]) i (k, l) ∈ I âèáåðåìî òî÷êó r(k,l)

0 (t) ∈ G∗kl òàê, ùî

WNkl(r
(k,l)
0 (t), t) >

3

4
Mkl(t), Mkl(t)

def
= sup{WNkl(r, t) : r ∈ G∗kl}.

Òîäi ç νkl
(
F∧(t)∩G∗kl

)
= 1 äëÿ âñiõ (k, l) ∈ I, âèïëèâà¹, ùî iñíó¹ òî÷êà r(k,l)(t) ∈

G∗kl ∩ F∧(t) òàêà, ùî

|WNkl(r
(k,l)
0 (t), t)−WNkl(r

(k,l)(t), t)| < 1

4
Mkl(t),
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çâiäêè
3

4
Mkl(t) 6WNkl(r

(k,l)
0 (t), t) 6WNkl(r

(k,l)(t), t) +
1

4
Mkl(t).

Îñêiëüêè (t, r(k,l)(t)) ∈ F, òî ç íåðiâíîñòi (13) ìà¹ìî
1

2
Mkl(t) 6WNkl(r

(k,l)(t), t) 6 ApSNkl(r
(k,l)(t)) ln1/2Nkl.

Òåïåð äëÿ r(k,l) = r(k,l)(t) îäåðæèìî

S2
Nkl

(r(k,l)) 6 µf (r(k,l))Mf (r(k,l)) 6

6 µ2
f (r(k,l))(h(r(k,l)))

p+1
2 ln

p
2 +δ h(r(k,l))×

× ln
p
2 +δ{µf (r(k,l))h(r(k,l))}

( p∏
j=1

ln
er

(k,l)
j

εj

) p−1
2 +δ

.

Çâiäñè, äëÿ t ∈ F1 i âñiõ k > k0(t), l > l0(t), îòðèìà¹ìî

SN (r(k,l)) 6 µf (r(k,l))(h(r(k,l)))
p+1
4 ln

p
4 + δ

2 h(r(k,l))×

× ln
p
4 + δ

2 {µf (r(k,l))h(r(k,l))}
( p∏
j=1

ln
er

(k,l)
j

εj

) p−1
4 + δ

2

.

Ç (10)�(12) âèïëèâà¹, ùî d1(r(k,l)) > d(r) äëÿ r ∈ G∗kl. Òîäi äëÿ t ∈ F1, r ∈
F∧(t) ∩G∗kl, (k, l) ∈ I, k > k0(t), l > l0(t) âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r, t) 6
∑

‖n‖>2d1(r(k,l))

|an|rn +WNkl(r, t) 6

6
∑

‖n‖>2d(r)

|an|rn +Mkl(t).

Îòîæ äëÿ t ∈ F1, r ∈ F∧(t) ∩G∗kl, l > l0(t) i k > k0(t) ìàòèìåìî

Mf (r(k,l), t) 6 µf (r(k,l)) + 2ApSNkl(r
(k,l)) ln1/2Nkl 6 µf (r(k,l))+

+2Apµf (r(k,l))(h(r(k,l)))
p+1
4 ln

p
4 + δ

2 h(r(k,l))×

× ln
p
4 + δ

2 {µf (r(k,l))h(r(k,l))}
( p∏
j=1

ln
er

(k,l)
j

εj

) p−1
4 + δ

2

×

×
[(p+ 3

2
+ 2δ

)
ln(eh(r(k,l))) +

(p
2

+ 1 + 2δ
)

ln ln{e2µf (r(k,l))h(r(k,l))}+

+
(p+ 1

2
+ 2δ

) n∑
j=1

ln ln
er

(k,l)
j

εj

]
.

Äëÿ t ∈ F1, r ∈ F∧(t) ∩G∗kl, k > k0(t) i l > l0(t)

Mf (r, t) 6 µf (r)(h(r))
p+1
4 ln

p
4 +1+δ h(r) ln

p
4 +δ{µf (r)h(r)}

( p∏
k=1

ln
erk
εk

) p−1
4 +δ

.
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Òîìó ïîïåðåäíÿ íåðiâíiñòü âèêîíó¹òüñÿ ì.í. (t ∈ F1, P (F1) = 1) äëÿ âñiõ

r ∈
( ⋃

(k,l)∈I

(G∗kl ∩ F∧(t)) ∩G+
kl

)
\E∗ = ([0; 1)p ∩G+

kl) \ (E∗ ∪G∗ ∪ E1) = [0; 1)p \ E2,

äå

G+
kl =

+∞⋃
i=k

+∞⋃
j=l

Gkl, E2 = E1 ∪G∗ ∪ E∗, G∗ =
⋃

(k,l)∈I

(G∗kl \ F∧(t)).

Çàëèøà¹òüñÿ çàóâàæèòè, ùî äëÿ ν(G∗) âèêîíó¹òüñÿ ðiâíiñòü

ν(G∗) =
∑

(k,l)∈I

(νkl(G
∗
kl)− νkl(F∧(t))) = 0.

Äëÿ âñiõ (k, l) ∈ I ìà¹ìî

νkl(G
∗
kl \ F∧(t)) =

measp(G
∗
kl \ F∧(t))

measp(G∗kl)
= 0,

measp(G
∗
kl \ F∧(t)) =

∫
· · ·
∫

G∗kl\F∧(t)

h(r)dr1 . . . drp = 0.

�

Çàóâàæåííÿ 1 (äèâ. òàêîæ [38]). Òî÷íiñòü íåðiâíîñòi (7) äîâåäåíî:

1) ó âèïàäêó Cp ç h(r1, . . . , rp) ≡ 10, p ∈ N, p > 1, â [27];

2) ó âèïàäêó Dp ç h(r1, . . . , rp) = r1 · . . . ·rp ·
(
(1−r1) · . . . · (1−rp)

)−1
, p ∈ N, p > 1,

â [36];
3) ó âèïàäêó D` × Cp−` ç h(r1, . . . , rp) = r1 · . . . · r` ·

(
(1 − r1) · . . . · (1 − r`)

)−1
,

` ∈ N, 1 6 ` < p, p ∈ N, â [37].

Ïðîáëåìà 1. Ïèòàííÿ ñòîñîâíî òî÷íîñòi íåðiâíîñòåé (3) i (7) ó äîâiëüíié ôiêñîâàíié
ïîâíié îáëàñòi Ðåéíõàðäà ç äîâiëüíîþ ôóíêöi¹þ h ∈ Hp ¹ âiäêðèòèì.
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Let Ap(G) be the class of analytic functions f in the complete Reinhardt

domain G ⊂ Cp of the form f(z) = f(z1, . . . , zp) =

+∞∑
‖n‖=0

anz
n, with domain of

convergence G, where

zn = zn1
1 . . . z

np
p , z = (z1, . . . , zp) ∈ G, n = (n1, . . . , np) ∈ Zp+, ‖n‖ =

p∑
j=1

nj ,

such that there exist n ∈ Np : an 6= 0. By K(f, θ) we denote the class of random
power series of the form

f(z, t) =

+∞∑
‖n‖=0

ane
2πiθntzn,

where be class of analytic functions, where (θnm) is a sequence of positive
integer such that its arrangement (θ∗k) by increasing satis�es the condition
θ∗k+1/θ

∗
k > q > 1, k > 0. For analytic functions from the K(f, θ) Wiman's

inequality was improved.

Key words: Reinhardt domain, L�evy's phenomenon, multiple power series,
random power series. Wiman's inequality, exceptional set, rapidly oscillating
coe�cients.


