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Äîñëiäæóþ÷è çiðêîâiñòü òà îïóêëiñòü p-ëèñòèõ ôóíêöié âèãëÿäó

f(z) = zp +

∞∑
n=p+1

fnz
n,

S. K. Lee, S. Owa i H. M. Srivastava ââåëè ñïåöiàëüíi êëàñè Fp(β, α) i
Gp(β, α) àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi {z : |z| < 1} ôóíêöié i äîñëiäèëè
âëàñòèâîñòi ôóíêöié ç öèõ êëàñiâ. Àáñîëþòíî çáiæíi ó ëiâié ïiâïëîùèíi
{s : Re s < 0} ðÿäè Äiðiõëå

F (s) = exp{sλ1}+
∞∑

k=2

fk exp{sλk}, s = σ + it,

çi çðîñòàþ÷èìè äî +∞ äîäàòíèìè ïîêàçíèêàìè (λk) (λ1 > h ≥ 1) ñòåïåíå-
âèõ ðÿäiâ, çáiæíèõ â îäèíè÷íîìó êðóçi. Äëÿ òàêèõ ðÿäiâ ââåäåíî àíàëîãè
êëàñiâ Fp(β, α) i Gp(β, α), äîñëiäæåíî ¨õíi âëàñòèâîñòi òà çàçíà÷åíî çàñòî-
ñóâàííÿ äî âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

w′′ + (γ0e
2hs + γ1e

hs + γ2)w = 0.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, çiðêîâiñòü, îïóêëiñòü, äèôåðåíöiàëüíå ðiâ-
íÿííÿ.
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1. Âñòóï

Àíàëiòè÷íà îäíîëèñòà â D = {z : |z| < 1} ôóíêöiÿ

(1) f(z) = z +

∞∑
n=2

fnz
n

íàçèâà¹òüñÿ çiðêîâîþ, ÿêùî f(D) � çiðêîâà îáëàñòü ñòîñîâíî ïî÷àòêó êîîðäèíàò,
i íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Äîáðå âiäîìî [1, ñ. 202], ùî
óìîâà Re {zf ′(z)/f(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ çiðêîâîñòi ôóíêöi¨
f , à [1, ñ. 203] óìîâà Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ
äëÿ ¨¨ îïóêëîñòi. Ç îãëÿäó íà öi òâåðäæåííÿ âèâ÷åííÿ îïóêëîñòi ôóíêöi¨ f ìîæíà
çâåñòè äî âèâ÷åííÿ çiðêîâîñòi.

À. Â. Ãóäìàí [2] (äèâ. òàêîæ [3, ñ. 9]) äîâiâ òàêå: ÿêùî

∞∑
n=2

n|fn| ≤ 1, òî ôóíê-

öiÿ (1) ¹ çiðêîâîþ. Ïîíÿòòÿ çiðêîâîñòi ôóíêöi¨ (1) îòðèìàëî áàãàòî óçàãàëüíåíü.
I. Ñ. Äæåê [4] âèâ÷àâ çiðêîâi ôóíêöi¨ ïîðÿäêó α ∈ [0, 1), òîáòî ôóíêöi¨ (1), äëÿ ÿêèõ

Re {zf ′(z)/f(z)} > α (z ∈ D). Äîâåäåíî [4], [3, ñ. 13], ÿêùî

∞∑
n=2

(n − α)|fn| ≤ 1 − α,

òî ôóíêöiÿ (1) ¹ çiðêîâîþ ïîðÿäêó α. Â. P. Ãóïòà [5] ââiâ ïîíÿòòÿ çiðêîâî¨ ôóíêöi¨
ïîðÿäêó α ∈ [0, 1) i òèïó β ∈ (0, 1]. Äåùî ïiçíiøå áóëî ââåäåíî ïîíÿòòÿ p-ëèñòî¨
çiðêîâîñòi òà îïóêëîñòi. Ôóíêöiÿ

(2) f(z) = zp +

∞∑
n=p+1

fnz
n, p ∈ N,

íàçèâà¹òüñÿ (äèâ., íàïðèêëàä, [6] i [3, ñ. 14]) p-ëèñòîþ çiðêîâîþ ïîðÿäêó α ∈ [0, p),
ÿêùî Re {zf ′(z)/f(z)} > α (z ∈ D), i íàçèâà¹òüñÿ p-ëèñòîþ îïóêëîþ ïîðÿäêó α ∈
[0, p), ÿêùî Re {1 + zf ′′(z)/f ′(z)} > α (z ∈ D). Âiäîìî [6], [3, ñ. 14], ÿêùî

∞∑
n=p+1

(n− α)|fn| ≤ p− α,

òî ôóíêöiÿ (2) ¹ p-ëèñòîþ çiðêîâîþ ïîðÿäêó α ∈ [0, p), à ÿêùî

∞∑
n=p+1

n(n− α)|fn| ≤ p(p− α),

òî âîíà ¹ p-ëèñòîþ îïóêëîþ ïîðÿäêó α ∈ [0, p).
Ïîäiáíi âëàñòèâîñòi ðiçíèõ êëàñiâ ôóíêöié (2) äîñëiäæóâàëè áàãàòî àâòîðiâ (çà-

çíà÷èìî, íàïðèêëàä, [7]�[12]). Çîêðåìà, â [7] ââåäåíî êëàñ Fp(β, α) òàêèõ ôóíêöié

(2), ùî fn ≤ 0 i Re
{

(1− β) f(z)zp + β f ′(z)
pzp−1

}
> α/p (z ∈ D), i â [8], [9] êëàñ Gp(β, α)

òàêèõ ôóíêöié (2), ùî fn ≤ 0 i Re
{

(p+ β(1− p)) f
′(z)

pzp−1 + β f
′′(z)

pzp−2

}
> α (z ∈ D), äå

p ∈ N, β ≥ 0 i 0 ≤ α < p.
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Äëÿ àáñîëþòíî çáiæíèõ ó ïiâïëîùèíi Π0 = {s : Re s < 0} ðÿäiâ Äiðiõëå

(3) F (s) = exp{sλ1}+

∞∑
k=2

fk exp{sλk}, s = σ + it,

çi çðîñòàþ÷èìè äî +∞ äîäàòíèìè ïîêàçíèêàìè λk (λ1 > h ≥ 1) ãåîìåòðè÷íó òåîðiþ

ïîáóäîâàíî â [13] (äèâ. òàêîæ [3, ñ. 135�154]). ßêùî

∞∑
k=2

λk|fk| ≤ λ1, òî ôóíêöiÿ (3) ¹

êîíôîðìíîþ â êîæíié òî÷öi ç Π0. Êîíôîðìíà â Π0 ôóíêöiÿ (3) íàçèâà¹òüñÿ ïñåâäî-
çiðêîâîþ, ÿêùî Re{F ′(s)/F (s)} > 0, i ïñåâäîîïóêëîþ, ÿêùî Re{F ′′(s)/F ′(s)} > 0 äëÿ
âñiõ s ∈ Π0. Ó [13] çíàéäåíî äîñòàòíi óìîâè íà êîåôiöi¹íòè fk äëÿ òîãî, ùîá ôóíêöiÿ
(3) áóëà ïñåâäîçiðêîâîþ ÷è ïñåâäîîïóêëîþ, à îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äî
äîñëiäæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

(4)
d2w

ds2
+ (γ0e

2hs + γ1e
hs + γ2)w = 0.

Äëÿ ðÿäiâ Äiðiõëå ìè îçíà÷èìî àíàëîãè êëàñiâ Fp(β, α) i Gp(β, α) i çíàéäåìî óìî-
âè íà γ0, γ1, γ2, çà ÿêèõ ðîçâ'ÿçêè ðiâíÿííÿ (4) íàëåæàòü äî òàêèõ àíàëîãiâ. Çà-
óâàæèìî, ùî ðiâíÿííÿ (4) ïîäiáíå äî äèôåðåíöiàëüíîãî ðiâíÿííÿ, ÿêå äîñëiäæóâàâ
Ñ. Ì. Øàõ [14].

2. Îçíà÷åííÿ êëàñiâ òà îöiíêè êîåôiöi¹íòiâ

Íåõàé λ > 0, β ≥ 0 i 0 ≤ α < λ. Áóäåìî ãîâîðèòè, ùî ðÿä Äiðiõëå (3) íàëåæèòü
äî êëàñó DFλ(β, α), ÿêùî λ1 = λ i

(5) Re {(λ(1− β)F (s) + βF ′(s))e−λs} > α (s ∈ Π0),

i íàëåæèòü äî êëàñó DGλ(β, α), ÿêùî λ1 = λ i

(6) Re
{

((1− β)F ′(s) + βF ′′(s)/λ)e−λs
}
> α (s ∈ Π0).

Î÷åâèäíî, ùî F ∈ DGλ(β, α) òîäi i òiëüêè òîäi, êîëè F ′/λ ∈ DFλ(β, α).

Òåîðåìà 1. Äëÿ òîãî, ùîá ðÿä Äiðiõëå (3) íàëåæàâ äî êëàñó DFλ(β, α) ç λ = λ1
äîñòàòíüî, à ó âèïàäêó, êîëè fk ≤ 0 äëÿ âñiõ k ≥ 2, òî i íåîáõiäíî, ùîá

(7)

∞∑
k=2

(λ1 + β(λk − λ1))|fk| ≤ λ1 − α.

Äîâåäåííÿ. ßêùî âèêîíó¹òüñÿ óìîâà (7) i λ = λ1, òî äëÿ âñiõ s ∈ Π0

Re {(λ(1− β)F (s) + βF ′(s))e−λs} =

= Re

{
λ1(1−β)

(
1+

∞∑
k=2

fk exp{s(λk − λ1)}

)
+β

(
λ1+

∞∑
k=2

λkfk exp{s(λk − λ1)}

)}
=

= λ1 + Re

{ ∞∑
k=2

(λ1 + β(λk − λ1))fk exp{s(λk − λ1)}

}
≥

≥ λ1 −

∣∣∣∣∣
∞∑
k=2

(λ1 + β(λk − λ1))fk exp{s(λk − λ1)}

∣∣∣∣∣ >
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≥ λ1 −
∞∑
k=2

(λ1 + β(λk − λ1))|fk| exp{σ(λk − λ1)} >

> λ1 −
∞∑
k=2

(λ1 + β(λk − λ1))|fk| ≥ λ1 − (λ1 − α) = α,

òîáòî âèêîíó¹òüñÿ (5), i îòæå, ðÿä Äiðiõëå (3) íàëåæèòü äî êëàñó DFλ(β, α) ç λ = λ1.
Äîñòàòíiñòü óìîâè (7) äîâåäåíî.

Äîâåäåìî ¨¨ íåîáõiäíiñòü. Ïðèïóñòèìî, ùî fk ≤ 0 äëÿ âñiõ k ≥ 2 i óìîâà (7) íå
âèêîíó¹òüñÿ, òîáòî

∞∑
k=2

(λ1 + β(λk − λ1))|fk| = p > λ1 − α.

Òîäi äëÿ êîæíîãî q ∈ (λ1 − α, p) iñíó¹ òàêå σ0 = σ0(q) < 0, ùî
∞∑
k=2

(λ1 + β(λk − λ1))|fk| exp{σ0(λk − λ1)} = q

i, îñêiëüêè fk ≤ 0 äëÿ âñiõ k ≥ 2, òî ÿê ðàíiøå ìàòèìåìî

Re {(λ1(1− β)F (σ0) + βF ′(σ0))e−λ1σ0} =

= λ1 + Re

{ ∞∑
k=2

(λ1 + β(λk − λ1))fk exp{σ0(λk − λ1)}

}
=

= λ1 −
∞∑
k=2

(λ1 + β(λk − λ1))|fk| exp{σ0(λk − λ1)} = λ1 − q < α,

òîáòî (5) ç λ = λ1 íå âèêîíó¹òüñÿ. Äîâåäåííÿ òåîðåìè 1 çàâåðøåíî. �

Îñêiëüêè äëÿ ðÿäó Äiðiõëå (3) ç λ = λ1

F ′(s)/λ = exp{sλ1}+

∞∑
k=2

(λk/λ1)fk exp{sλk}

i F ∈ DGλ(β, α) òîäi i òiëüêè òîäi, êîëè F ′/λ ∈ DFλ(β, α), ç òåîðåìè 1 âèïëèâà¹ òàêå
òâåðäæåííÿ.

Íàñëiäîê 1. Äëÿ òîãî, ùîá ðÿä Äiðiõëå (3) íàëåæàâ äî êëàñó DGλ(β, α) ç λ = λ1
äîñòàòíüî, i ó âèïàäêó, êîëè fk ≤ 0 äëÿ âñiõ k ≥ 2, íåîáõiäíî, ùîá

(8)

∞∑
k=2

(λ1 + β(λk − λ1))λk|fk| ≤ λ1(λ1 − α).

3. Iñíóâàííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (4) ç êëàñiâ DFλ(β, α) i DGλ(β, α)

Äëÿ äîâåäåííÿ íàñòóïíî¨ òåîðåìè âèêîðèñòà¹ìî òàêó ëåìó ç [13].

Ëåìà 1. Íåõàé h > 0, γ0 6= 0, γ1 6= 0 i γ2 < 0. Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (4)
ìà¹ ðîçâ'ÿçîê

(9) F (s) = exp{s
√
|γ2|}+

∞∑
k=2

fk exp{sλk}, λk =
√
|γ2|+ (k − 1)h,
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äå f2 = −γ1/(λ22 + γ2) i

(10) fk = − γ1fk−1
λ2k + γ2

− γ0fk−2
λ2k + γ2

, k ≥ 3.

Òåîðåìà 2. Íåõàé |γ0|2 + |γ1|2 6= 0, γ2 < 0, h > 0, λ1 =
√
|γ2| i λk =

√
|γ2|+(k−1)h,

à β ≥ 0, 0 ≤ α < λ1 i ak = λ1 + β(λk − λ1). Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (4) ìà¹
ðîçâ'ÿçîê (9) òàêèé, ùî:

1) ÿêùî

a2(a2|γ1|(λ23 + γ2) + a3|γ0|(λ22 + γ2))(λ24 + γ2) ≤ (λ1 − α)×

(11) ×(a2(λ23 + γ2)(λ24 + γ2)− a3|γ1|(λ24 + γ2)− a4|γ0|(λ23 + γ2))(λ22 + γ2),

òî F ∈ DFλ(β, α) ç λ = λ1;
2) ÿêùî

a2λ2(a2λ2|γ1|(λ23 + γ2) + a3λ3|γ0|(λ22 + γ2))(λ24 + γ2) ≤ λ1(λ1 − α)×

(12) ×(a2λ2(λ23 + γ2)(λ24 + γ2)− a3λ3|γ1|(λ24 + γ2)− a4λ4|γ0|(λ23 + γ2))(λ22 + γ2),

òî F ∈ DGλ(β, α) ç λ = λ1;

3) ðÿä Äiðiõëå (9) ¹ öiëèì ln M(σ, F ) = (1 + o(1))

√
|γ0|
h

ehσ ïðè σ → +∞, äå

M(σ, F ) = sup{|F (σ + it)| : t ∈ R}.

Äîâåäåííÿ. Îñêiëüêè λ2k +γ2 = λ2k−λ21 > 0 äëÿ k ≥ 2, òî ç îãëÿäó íà (10) ìàòèìåìî

∞∑
k=2

ak|fk| ≤ a2|f2|+
∞∑
k=3

(
ak|γ1|
λ2k + γ2

|fk−1|+
ak|γ0|
λ2k + γ2

|fk−2|
)

=

= a2|f2|+
∞∑
k=2

ak+1|γ1|
λ2k+1 + γ2

|fk|+
∞∑
k=1

ak+2|γ0|
λ2k+2 + γ2

|fk| =

= a2|f2|+
a3|γ0|
λ23 + γ2

|f1|+
∞∑
k=2

(
ak+1|γ1|
λ2k+1 + γ2

+
ak+2|γ0|
λ2k+2 + γ2

)
|fk| =

(13) =
a2|γ1|
λ22 + γ2

+
a3|γ0|
λ23 + γ2

+

∞∑
k=2

(
ak+1

ak

|γ1|
λ2k+1 + γ2

+
ak+2

ak

|γ0|
λ2k+2 + γ2

)
ak|fk|.

Àëå
ak+1

ak
= 1 +

βh

λ1 + β(k − 1)h
↓ 1

i
ak+2

ak
= 1 +

2βh

λ1 + β(k − 1)h
↓ 1

ïðè k →∞, òîáòî ïîñëiäîâíiñòü(
ak+1

ak

|γ1|
λ2k+1 + γ2

+
ak+2

ak

|γ0|
λ2k+2 + γ2

)
k≥2
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ñïàäíà. Òîìó ç (13) âèïëèâà¹, ùî

∞∑
k=2

ak|fk| ≤
a2|γ1|
λ22 + γ2

+
a3|γ0|
λ23 + γ2

+

∞∑
k=2

(
a3
a2

|γ1|
λ23 + γ2

+
a4
a2

|γ0|
λ24 + γ2

)
ak|fk|,

òîáòî (
1− a3

a2

|γ1|
λ23 + γ2

− a4
a2

|γ0|
λ24 + γ2

) ∞∑
k=2

ak|fk| ≤
a2|γ1|
λ22 + γ2

+
a3|γ0|
λ23 + γ2

.

Òîìó, ÿêùî

(14)
a3
a2

|γ1|
λ23 + γ2

+
a4
a2

|γ0|
λ24 + γ2

< 1,

i

(15)
a2|γ1|
λ22 + γ2

+
a3|γ0|
λ23 + γ2

≤ (λ1 − α)

(
1− a3

a2

|γ1|
λ23 + γ2

− a4
a2

|γ0|
λ24 + γ2

)
,

òî

(16)

∞∑
k=2

(λ1 + β(λk − λ1))|fk| =
∞∑
k=2

ak|fk| ≤ λ1 − α.

Îñêiëüêè ç íåðiâíîñòi (15) âèïëèâà¹ íåðiâíiñòü (14), à íåðiâíiñòü (15) ðiâíîñèëüíà
íåðiâíîñòi (11), òî ç îãëÿäó íà íåðiâíiñòü (16) i òåîðåìó 1 ïåðøó ÷àñòèíó òåîðåìè 2
äîâåäåíî.

Äëÿ äîâåäåííÿ äðóãî¨ ÷àñòèíè çàóâàæèìî, ùî ïîñëiäîâíiñòü(
ak+1λk+1

akλk

|γ1|
λ2k+1 + γ2

+
ak+2λk+2

akλk

|γ0|
λ2k+2 + γ2

)
k≥2

òàêîæ ñïàäíà. Òîìó, ÿê ó äîâåäåííi ïåðøî¨ ÷àñòèíè, îòðèìó¹ìî

∞∑
k=2

(λ1 + β(λk − λ1))λk
λ1

|fk| =
∞∑
k=2

akλk
λ1
|fk| ≤

(17) ≤ a2λ2
λ1
|f2|+

a3λ3
λ1

|γ0|
λ23 + γ2

+

∞∑
k=2

(
a3λ3
a2λ2

|γ1|
λ23 + γ2

+
a4λ4
a2λ2

|γ0|
λ24 + γ2

)
akλk
λ1
|fk|.

Ç óìîâè (12) âèïëèâà¹, ùî

a3λ3
a2λ2

|γ1|
λ23 + γ2

+
a4λ4
a2λ2

|γ0|
λ24 + γ2

< 1

i
1

λ1

(
a2λ2|γ1|
λ22 + γ2

+
a3λ3|γ0|
λ23 + γ2

)
≤ (λ1 − α)

(
1− λ3a3

λ2a2

|γ1|
λ23 + γ2

− a4λ4
λ2a2

|γ0|
λ24 + γ2

)
,

i, ÿê ðàíiøå, ç (17) îäåðæó¹ìî (8). Ç îãëÿäó íà íàñëiäîê 1 äðóãó ÷àñòèíó òåîðåìè 2
äîâåäåíî.

Äîâåäåííÿ òåîðåìè 2 çàâåðøåíî, áî òðåòþ ¨¨ ÷àñòèíó äîâåäåíî â [13]. �
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Ïðèïóñòèìî, ùî γ2 = −1, γ0 = 0 i γ1 6= 0. Òîäi ðiâíÿííÿ (4) ìàòèìå âèãëÿä

(18)
d2w

ds2
+ (γ1e

hs − 1)w = 0, h > 0.

Çà ëåìîþ 1 öå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê

F (s) = es +

∞∑
k=2

fk exp{sλk},

äå λk = 1 + (k − 1)h i äâî÷ëåííà ðåêóðåíòíà ôîðìóëà (10) ïåðåòâîðþ¹òüñÿ â îäíî-
÷ëåííó ðåêóðåíòíó ôîðìóëó

fk =
−γ1
λ2k − 1

fk−1 =

k∏
j=2

−γ1
λ2j − 1

=
(−γ1/h)k−1

(k − 1)!

k−1∏
m=1

1

mh+ 2
.

Íåâàæêî ïåðåâiðèòè, ùî óìîâè (11) i (12) ìîæíà çàïèñàòè ó âèãëÿäi

(19) 4(1 + h)(1 + hβ)2|γ1| ≤ (1− α)(2 + h){4h(1 + h)(1 + hβ)− (1 + 2hβ)|γ1|}

i

(20) 4(1+h)3(1+hβ)2|γ1| ≤ (1−α)(2+h){4h(1+h)2(1+hβ)− (1+2h)(1+2hβ)|γ1|},

âiäïîâiäíî. Òîìó ç òåîðåìè 2 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 2. Íåõàé γ1 6= 0, h > 0, β ≥ 0 i 0 ≤ α < 1. Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ
(18) ìà¹ ðîçâ'ÿçîê

F (s) = es

(
1 +

∞∑
k=1

(−γ1/h)k

k!
k∏

m=1
(mh+ 2)

eskh

)
,

ÿêèé çà óìîâè (19) íàëåæèòü äî DF1(β, α), à çà óìîâè (20) íàëåæèòü äî
DG1(β, α).

Äâî÷ëåííà ðåêóðåíòíà ôîðìóëà (10) òàêîæ ïåðåòâîðþ¹òüñÿ â îäíî÷ëåííó ðå-
êóðåíòíó ôîðìóëó, ÿêùî γ2 = −1, γ1 = 0 i γ0 6= 0, òîáòî ðiâíÿííÿ (4) íàáóâà¹
âèãëÿäó

(21)
d2w

ds2
+ (γ0e

2hs − 1)w = 0, h > 0,

à éîãî ðîçâ'ÿçêîì çà ëåìîþ 1 ¹ ðÿä Äiðiõëå F (s) = es+
∞∑
k=2

fk exp{sλk} ç ïîêàçíèêàìè

λk = 1 + (k − 1)h òà êîåôiöi¹íòàìè f2 = 0, f3 = −γ0/(λ23 − 1), f2n = 0 i

f2n+1 = − γ0f2n−1
λ22n+1 − 1

=

n∏
j=1

−γ0
λ22j+1 − 1

=
(
− γ0

4h

)n 1

n!

n∏
j=1

1

jh+ 1

Óìîâè (11) i (12) ìîæíà çàïèñàòè ó âèãëÿäi

(22)
3(2 + 3h)(1 + hβ)(1 + 2hβ)|γ0|

12h(2 + 3h)(1 + hβ)− 4(1 + 3hβ)|γ0|
≤ (1 + h)(1− α),
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i

(23)
3(1 + 2h)(2 + 3h)(1 + hβ)(1 + 2hβ)|γ0|

12h(1 + h)(2 + 3h)(1 + hβ)− 4(1 + 3h)(1 + 3hβ)|γ0|
≤ (1− α)

âiäïîâiäíî. Òîìó ç òåîðåìè 2 âèïëèâà¹ òàêîæ íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3. Íåõàé γ0 6= 0, h > 0, β ≥ 0 i 0 ≤ α < 1. Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ
(21) ìà¹ ðîçâ'ÿçîê

F (s) = es

(
1 +

∞∑
n=1

(−γ0/4h)n

n!
n∏
j=1

(1 + jh)
e2nhs

)
,

ÿêèé çà óìîâè (22) íàëåæèòü äî DF1(β, α), à çà óìîâè (23) íàëåæèòü äî
DG1(β, α).
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FUNCTIONS FOR ABSOLUTELY CONVERGENT DIRICHLET
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Studying starlikeness and convexity of p-valent functions of the form

f(z) = zp +

∞∑
n=p+1

fnz
n,

S. K. Lee, S. Owa and H. M. Srivastava introduced the special classes Fp(β, α)
and Gp(β, α) of analytic functions in the unit disk {z : |z| < 1} and investigated
properties of functions from these classes. Absolutely convergent in the left
half-plane {s : Re s < 0} Dirichlet series

F (s) = exp{sλ1}+
∞∑

k=2

fk exp{sλk}, s = σ + it,

with positive increasing to +∞ exponents (λk) (λ1 > h ≥ 1) generalize power
series convergent in the unit disk. For such series analogues of classes Fp(β, α)
and Gp(β, α) are introduced, their properties are investigated and application
to the study of properties of solutions of di�erential equation

w′′ + (γ0e
2hs + γ1e

hs + γ2)w = 0

is indicated.

Key words: Dirichlet series, starlikeness, convexity, di�erential equation.


