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Let I n
ω (−−→conv) be the inverse semigroup of convex order isomorphi-

sms of (ω,6) of the rank 6 n. Let End1(I n
ω (−−→conv)) be a subsemigroup of

End(I n
ω (−−→conv)) which consists of a ∈ End(I n

ω (−−→conv)) such that the image
(α)a is isomorphic to a subsemigroup of the semigroup of ω × ω-matrix uni-
ts for all α ∈ I n

ω (−−→conv). We describe the semigroup End(I n
ω (−−→conv)) of all

endomorphisms of the monoid I n
ω (−−→conv) up to its ideal End1(I n

ω (−−→conv)).
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We shall follow the terminology of [1, 2, 9, 10]. By N and ω we denote the set of all
positive integers and the set of all non-negative integers, respectively.

Let P(ω) be the family of all subsets of ω. For any F ∈P(ω) and n,m ∈ ω we put
n−m+F = {n−m+ k : k ∈ F} if F 6= ∅ and n−m+∅ = ∅. A subfamily F ⊆P(ω)
is called ω-closed if F1 ∩ (−n+ F2) ∈ F for all n ∈ ω and F1, F2 ∈ F .

We denote [0; 0] = {0} and [0; k] = {0, . . . , k} for any positive integer k. The set
[0; k], k ∈ ω, is called an initial interval of ω.

A nonempty set S with a binary associative operation is called a semigroup. By
(ω,+) we denote the set ω with the usual addition (x, y) 7→ x + y. We consider the
following ideal In = {x ∈ ω | x > n} of (ω,+). De�ne (ωn,u) = (ω,+)/In.

A semigroup S is called inverse if for any element x ∈ S there exists a unique
x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse
of x ∈ S. If S is an inverse semigroup, then the mapping inv : S → S which assigns to
every element x of S its inverse element x−1 is called the inversion.
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If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order 4 on E(S): e 4 f if and only if ef = fe = e. This order is
called the natural partial order on E(S). A semilattice is a commutative semigroup of
idempotents.

For semigroups S and T a map h : S → T is called:

• a homomorphism if h(s1 · s2) = h(s1) · h(s2) for all s1, s2 ∈ S;
• an annihilating homomorphism if h is a homomorphism and h(s1) = h(s2) for all
s1, s2 ∈ S;

• an isomorphism if h : S → T is a bijective homomorphism.

For a semigroup S a homomorphism (an isomorphism) h : S → S is called an endomorphi-

sm (automorphism) of S. For simplicity of calculation, the image of s ∈ S under an
endomorphism e of a semigroup S we shall denote it by (s)e.

A congruence on a semigroup S is an equivalence relation C on S such that (s, t) ∈ C
implies (as, at), (sb, tb) ∈ C for all a, b ∈ S. Every congruence C on a semigroup S
generates the associated natural homomorphism C\ : S → S/C which assigns to each
element s of S its congruence class [s]C in the quotient semigroup S/C. Also every
homomorphism h : S → T of semigroups S and T generates the congruence Ch on S:
(s1, s2) ∈ Ch if and only if (s1)h = (s2)h.

A nonempty subset I of a semigroup S is called an ideal of S if

SIS = {asb : s ∈ I, a, b ∈ S} ⊆ I.

Every ideal I of a semigroup S generates the congruence CI = (I × I)∪∆S on S, which
is called the Rees congruence on S. An endomorphism r of a semigroup S is said to be
Rees if r generates a Rees congruence Cr on S.

Let Iλ denote the set of all partial one-to-one transformations of λ together with
the following semigroup operation:

x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, for α, β ∈ Iλ.

The semigroup Iλ is called the symmetric inverse semigroup over the cardinal λ (see
[1]). For any α ∈ Iλ the cardinality of domα is called the rank of α and it is denoted
by rankα. The symmetric inverse semigroup was introduced by V. V. Wagner [11] and
it plays a major role in the theory of semigroups.

Put I n
λ = {α ∈ Iλ : rankα 6 n}, for n = 1, 2, 3, . . .. Obviously, I n

λ (n = 1, 2, 3, . . .)
is an inverse semigroup, I n

λ is an ideal of Iλ, for each n = 1, 2, 3, . . .. The semigroup
I n
λ is called the symmetric inverse semigroup of �nite transformations of the rank 6 n

[7]. By

( x1 x2 ··· xn
y1 y2 ··· yn )

we denote a partial one-to-one transformation which maps x1 onto y1, x2 onto y2, . . .,
and xn onto yn. Obviously, in such case we have xi 6= xj and yi 6= yj for i 6= j (i, j =
1, 2, 3, . . . , n). The empty partial map ∅ : λ ⇀ λ is denoted by 0. It is obvious that 0 is
zero of the semigroup I n

λ .
For a partially ordered set (P,5), a subsetX of P is called order-convex, if x 5 z 5 y

and {x, y} ⊆ X implies that z ∈ X, for all x, y, z ∈ P [8]. It is obvious that the set of all
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partial order isomorphisms between convex subsets of (ω,6) under the composition of
partial self-maps forms an inverse subsemigroup of the symmetric inverse semigroup Iω

over the set ω. We denote this semigroup by Iω(−−→conv). We put I n
ω (−−→conv) = Iω(−−→conv)∩

I n
ω and it is obvious that I n

ω (−−→conv) is closed under the semigroup operation of I n
ω .

The semigroup I n
ω (−−→conv) is called the inverse semigroup of convex order isomorphisms

of (ω,6) of the rank 6 n. Obviously that every non-zero element of the semigroup
I n
ω (−−→conv) of the rank k 6 n has a form(

i i+1 ··· i+k−1
j j+1 ··· j+k−1

)
for some i, j ∈ ω.

The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1. The semigroup operation on
C (p, q) is determined as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid C (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (p, q) is a
group congruence [1].

On the set Bω = ω × ω we de�ne the semigroup operation �·� in the following way

(i1, j1) · (i2, j2) =

{
(i1 − j1 + i2, j2), if j1 6 i2;
(i1, j1 − i2 + j2), if j1 > i2.

It is well known that the semigroupBω is isomorphic to the bicyclic monoid by the mappi-
ng h : C (p, q)→ Bω, q

kpl 7→ (k, l) (see: [1, Section 1.12] or [10, Exercise IV.1.11(ii)]).
Next we shall describe the construction which is introduced in [4].
Let Bω be the bicyclic monoid and F be an ω-closed subfamily of P(ω). On the

set Bω ×F we de�ne the semigroup operation �·� in the following way

(i1, j1, F1) · (i2, j2, F2) =

{
(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), if j1 6 i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), if j1 > i2.

In [4] is proved that if the family F ⊆P(ω) is ω-closed then (Bω×F , ·) is a semigroup.
Moreover, if an ω-closed family F ⊆ P(ω) contains the empty set ∅ then the set
I = {(i, j,∅) : i, j ∈ ω} is an ideal of the semigroup (Bω×F , ·). For any ω-closed family
F ⊆P(ω) the following semigroup

BF
ω =

{
(Bω ×F , ·)/I, if ∅ ∈ F ;
(Bω ×F , ·), if ∅ /∈ F

is de�ned in [4]. The semigroup BF
ω generalizes the bicyclic monoid and the countable

semigroup of matrix units. It is proven in [4] that BF
ω is combinatorial inverse semigroup

and Green's relations, the natural partial order on BF
ω and its set of idempotents are

described. The criteria of simplicity, 0-simplicity, bisimplicity, 0-bisimplicity of the semi-
group BF

ω and when BF
ω has the identity, is isomorphic to the bicyclic semigroup or the

countable semigroup of matrix units are given. In particularly in [4] is proved that the

semigroup BF
ω is isomorphic to the semigrpoup of ω×ω-matrix units if and only if F

consists of a singleton set and the empty set.
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The semigroupBF
ω in the case when the family F consists of the empty set and some

singleton subsets of ω is studied in [3]. It is proved that the semigroup BF
ω is isomorphic

to the subsemigroup B�ω(Fmin) of the Brandt ω-extension of the subsemilattice (F ,min)

of (ω,min), where F =
⋃

F . Also topologizations of the semigroup BF
ω and its closure

in semitopological semigroups are studied.
For any n ∈ ω we put Fn = {[0; k] : k = 0, . . . , n}. It is obvious that Fn is an

ω-closed family of ω.
In the paper [5] we study the semigroupBFn

ω . It is shown that the Green relations D
and J coincide inBFn

ω , the semigroupBFn
ω is isomorphic to the semigroup I n+1

ω (−−→conv),

and BFn
ω admits only Rees congruences. Also in [5], we study shift-continuous topologies

of the semigroupBFn
ω . In particular, we prove that for any shift-continuous T1-topology τ

on the semigroup BFn
ω , every non-zero element of BFn

ω is an isolated point of (BFn
ω , τ),

BFn
ω admits the unique compact shift-continuous T1-topology, and every ωd-compact

shift-continuous T1-topology is compact, where ωd is the discrete in�nite countable space.
We describe the closure of the semigroup BFn

ω in a Hausdor� semitopological semigroup

and prove the criterium when a topological inverse semigroup BFn
ω is H-closed in the

class of Hausdor� topological semigroups.
In the paper [6] injective endomorphisms of the semigroupBFn

ω for a positive integer
n > 2 are desribed. In particular, it is proved that for n > 1, the semigroup of injective
endomorphisms of the semigroup BFn

ω is isomorphic to (ω,+). Also, there the structure
of the semigroup End(Bλ) of all endomorphisms of the semigroup of λ×λ-matrix units
Bλ is described.

This paper is a continuations of the investigation which are presented in [5, 6].
Let End1(I n

ω (−−→conv)) be a subsemigroup of End(I n
ω (−−→conv)) which consists of a ∈

End(I n
ω (−−→conv)) such that the image (α)a is isomorphic to a subsemigroup of the

semigroup of ω × ω-matrix units for all α ∈ I n
ω (−−→conv). We describe the semi-

group End(I n
ω (−−→conv)) of all endomorphisms of the monoid I n

ω (−−→conv) up to its ideal
End1(I n

ω (−−→conv)).

By Theorem 1 of [5], for any n ∈ ω the semigroup BFn
ω is isomorphic to the semi-

group I n+1
ω (−−→conv) by the mapping I : BFn

ω → I n+1
ω (−−→conv), de�ned by the formulae

(0)I = 0 and

(i, j, [0; k])I =
(
i i+1 ··· i+k
j j+1 ··· j+k

)
.

Later we study endomorphisms of the semigroup I n
ω (−−→conv).

By Theorem 2 of [5] for an arbitrary n ∈ ω the semigroup BFn
ω (and hence the

semigroup I n
ω (−−→conv)) admits only Rees congruences. Moreover, by Theorem 3 of [5]

for any homomorphism h from BFn
ω into a semigroup S the image (BFn

ω )h is either

isomorphic to BFk
ω for some k = 0, 1, . . . , n, or is a singleton. Also, Lemma 1 of [6] states

that if n is any positive integer and a is an arbitrary non-annihilating endomorphism of
the semigroup I n

ω (−−→conv) then (0)a = 0.

By Proposition 3 of [5] for any non-negative integer n the map h0 : BFn
ω → BFn

ω

de�ned by the formulae (0)h0 = 0 and

(i, j, [0; k])h0 =

{
0, if k = 0;

(i, j, [0; k − 1]), if k = 1, . . . , n,
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is an endomorphism of BFn
ω . Using the isomorphism I : BFn

ω → I n+1
ω (−−→conv) we get that

the endomorphism h0 of B
Fn
ω generates the following endomorphism r1 : Im+1

ω (−−→conv)→
Im
ω (−−→conv) (m ∈ N) which is de�ned by the formulae

(0)r1 = 0,
(
i
j

)
r1 = 0,

(
i i+1
j j+1

)
r1 =

(
i
j

)
, . . . ,

(
i ··· i+k−1 i+k
j ··· j+k−1 j+k

)
r1=

(
i ··· i+k−1
j ··· j+k−1

)
for all i, j ∈ ω and k = 1, . . . ,m. It is obvious that so de�ned endomorphism r1 of
Im
ω (−−→conv) generates the Rees congruence Cr1 which is generated by the ideal I 1

ω (−−→conv).
Also for p = 1, . . . ,m the mapping rp = r1 ◦ · · · ◦ r1︸ ︷︷ ︸

p−times

is an endomorphism of Im
ω (−−→conv)

and rp generates the Rees congruence Crp which is generated by the ideal I p
ω (−−→conv) of

the semigroup Im
ω (−−→conv). Later for p = 1, . . . ,m the above determined endomorphism

rp we call the p-canonical Rees endomorphism of the semigroup Im
ω (−−→conv).

Later we study endomorphisms of the semigroup I n
ω (−−→conv) for any positive integer

n.
By Corollary 1 of [6] for any positive integer n and arbitrary i0 ∈ ω the map

ei0 : I n
ω (−−→conv)→ I n

ω (−−→conv) de�ned by the formulae (0)ei0 = 0 and(
i i+1 ··· i+k
j j+1 ··· j+k

)
ei0 =

(
i0+i i0+i+1 ··· i0+i+k
i0+j i0+j+1 ··· i0+j+k

)
, k = 0, . . . , n− 1,

is an endomorphism of the semigroup I n
ω (−−→conv), and moreover it is injective. It is obvious

for any i0 ∈ ω the endomorphism ei0 generates the identity congruence on the semigroup
I n
ω (−−→conv). Also, by Theorem 1 of [6] for any positive integer n > 2 for every injective

endomorphism a : I n
ω (−−→conv)→ I n

ω (−−→conv) there exists i0 ∈ ω such that a = ei0 .
Fix an arbitrary i0 ∈ ω. Then we have that

((0)r1)ei0 = (0)ei0 = 0,((
i
j

)
r1
)
ei0 = (0)ei0 = 0,((

i i+1
j j+1

)
r1
)
ei0 =

(
i
j

)
ei0 =

(
i+i0
j+i0

)
,

. . . . . . ,((
i ··· i+k−1 i+k
j ··· j+k−1 k+k

)
r1

)
ei0 =

(
i ··· i+k−1
j ··· j+k−1

)
ei0 =

(
i+i0 ··· i+k−1+i0
j+i0 ··· j+k−1+i0

)
and

((0)ei0)r1 = (0)r1 = 0,((
i
j

)
ei0
)
r1 =

(
i+i0
j+i0

)
r1 = 0,((

i i+1
j j+1

)
ei0
)
r1 =

(
i+i0 i+1+i0
j+i0 j+1+i0

)
r1 =

(
i+i0
j+i0

)
,

. . . . . . ,((
i ··· i+k−1 i+k
j ··· j+k−1 k+k

)
ei0

)
r1 =

(
i+i0 ··· i+k−1+i0 i+k+i0
j+i0 ··· j+k−1+i0 k+k+i0

)
r1 =

(
i+i0 ··· i+k−1+i0
j+i0 ··· j+k−1+i0

)
for all i, j ∈ ω and k = 1, . . . , n. This implies that ei0 ◦ r1 = r1 ◦ ei0 . Then the de�nition of
the p-canonical Rees endomorphism r1 of the semigroup I n+1

ω (−−→conv) implies the following
lemma.
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Lemma 1. Let n be a positive integer > 2. Then for any p = 1, . . . , n − 1 and i0 ∈ ω
the p-canonical Rees endomorphism r1 and injective endomorphism ei0 of the semigroup

I n
ω (−−→conv) commute, i.e., ei0 ◦ rp = rp ◦ ei0 .

By End(I n
ω (−−→conv)) we denote the semigroup of all endomorphisms of the monoid

I n
ω (−−→conv). We de�ne

End1(I n
ω (−−→conv)) =

{
a ∈ End(I n

ω (−−→conv))|(I n
ω (−−→conv))a ⊆ I 1

ω (−−→conv)
}
.

Observe that the set End1(I n
ω (−−→conv)) is an ideal of End(I n

ω (−−→conv)). Indeed, let
b ∈ End(I n

ω (−−→conv)) and a ∈ End1(I n
ω (−−→conv)). Then for any α ∈ I n

ω (−−→conv) the de�nition
of the monoid I n

ω (−−→conv) implies that

(α)(a ◦ b) ∈ ((I n
ω (−−→conv))a)b ⊆ (I 1

ω (−−→conv))b ⊆ I 1
ω (−−→conv),

and
(α)(b ◦ a) ∈ ((I n

ω (−−→conv))b)a ⊆ (I n
ω (−−→conv))a ⊆ I 1

ω (−−→conv).

Let a ∈ End1(I n
ω (−−→conv)). By Theorems 1 and 3 of [5] the image (I n

ω (−−→conv)a
is isomorphic to the semigroup I 1

ω (−−→conv), which is isomorphic to the semigroup of
ω × ω-matrix units Bω. This implies that there exists an isomorphism e : I 1

ω (−−→conv) →
(I n

ω (−−→conv))a. Then we have that a = rn−1 ◦ e, where rn−1 is the (n− 1)-canonical Rees
endomorphism of I n

ω (−−→conv).
We denote

End∗(I n
ω (−−→conv)) = End(I n

ω (−−→conv)) \ End1(I n
ω (−−→conv)).

It is obvious that a ∈ End∗(I n
ω (−−→conv)) if and only if

(I n
ω (−−→conv))a ∩ (I 2

ω (−−→conv) \I 1
ω (−−→conv)) 6= ∅.

Let b ∈ End∗(I n
ω (−−→conv)). Theorems 1 and 3 of [5], and an equality | ran b| = k,

implies that the image (I n
ω (−−→conv))b is isomorphic to the semigroup I k

ω (−−→conv) for any
k ∈ {2, 3, . . . , n}. Then there exists an isomorphism ei0 : I k

ω (−−→conv)→ (I n
ω (−−→conv))b such

that (I n
ω (−−→conv))b = (I k

ω (−−→conv))ei0 . Hence, b = ei0 ◦rn−k, where rn−k is (n−k)-canonical
Rees endomorphism of the monoid I n

ω (−−→conv).
The above arguments imply the following theorem.

Theorem 1. The semigroup End(I n
ω (−−→conv)) of all endomorphisms of the semigroup

I n
ω (−−→conv) is the disjoint union of the set End∗(I n

ω (−−→conv)) and the ideal End1(I n
ω (−−→conv)).

Moreover,

• for any a ∈ End∗(I n
ω (−−→conv)) we have that a = rn−1 ◦ e, and

• for any b ∈ End1(I n
ω (−−→conv)) we have that b = ei0 ◦ rn−k.

Simple veri�cations show that for any p1- and p2-canonical Rees endomorphisms rp1
and rp2 we have that

rp1 ◦ rp2 = rp1up2 = rp2 ◦ rp1 ,
and moreover, in the case when p1 + p2 > n, rp1 ◦ rp2 is the annihilating endomorphisms
of the monoid I n

ω (−−→conv), i.e., (α)(rp1 ◦ rp2) = 0, for all α ∈ I n
ω (−−→conv). This implies the

following proposition.

Proposition 1. For any positive integer n, the semigroup of p-canonical Rees endomorphi-

sms of the semigroup I n
ω (−−→conv) is isomorphic to the semigroup (ωn,u).
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By Theorem 2 of [6] for n > 2 the semigroup of injective endomorphisms of the
semigroup I n

ω (−−→conv) is isomorphic to the semigroup (ω,+).
Let I0ω = {(0, j) | j ∈ ω} be a subset of the direct product of the semigroups

(ωn−1,u) and (ω,+). It is obvious that I0ω is an ideal of the semigroup (ωn−1,u)×(ω,+).
This implies the following theorem.

Theorem 2. For any positive integer n the semigroup End(I n
ω (−−→conv))/End1(I n

ω (−−→conv))
is isomorphic to the Rees quotient semigroup ((ωn−1,u)× (ω,+))/I0ω.
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Íåõàé I n
ω (−−→conv)� iíâåðñíà íàïiâãðóïà ïîðÿäêîâî îïóêëèõ içîìîðôiçìiâ

ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,6) ðàíãó 6 n. Íåõàé End1(I n
ω (−−→conv)) �

ïiäíàïiâãðóïà íàïiâãðóïè End(I n
ω (−−→conv)), ÿêà ñêëàäà¹òüñÿ ç òàêèõ åëåìåí-

òiâ a ∈ End(I n
ω (−−→conv)), ùî îáðàç (α)a içîìîðôíèé ïiäíàïiâãðóïi íàïiâãðóïè

ω × ω-ìàòðè÷íèõ îäèíèöü äëÿ âñiõ α ∈ I n
ω (−−→conv). Ìè îïèñó¹ìî íàïiâãðó-

ïó End(I n
ω (−−→conv)) óñiõ åíäîìîðôiçìiâ ìîíî¨äà I n

ω (−−→conv) çà ìîäóëåì iäåàëà
End1(I n

ω (−−→conv)).

Êëþ÷îâi ñëîâà: áiöèêëi÷íå ðîçøèðåííÿ, iíâåðñíà íàïiâãðóïà, åíäîìîð-
ôiçì, àâòîìîðôiçì, íàïiâãðóïà λ×λ-ìàòðè÷íèõ îäèíèöü.


