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REMARKS TO PROPERTIES OF ANALYTIC IN THE UNIT DISK
FUNCTIONS P-VALENT ALONG WITH THEIR DERIVATIVES
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Let K = (k;) be an increasing sequence of integers, ko = 0, and E(K) be
a class of analytic in the disk D = {z: |z| < 1} functions f such that for some
p € N all derivatives f*s) are in the middle p-valent in . It is proved that
every function f € E(K) is entire if and only if

. 1<
J_lggo {m ki = o > (ks = koo1)In (ks — ksl)} = foo.

T s=1

Key words: entire function, p-valent function.

1. INTRODUCTION

Let the function
(1) fz)=> anz"

be an analytic in the disk D = {z : |z| < 1} and n(w) be the number of roots of the
equation f(z) = w in D. The function is called p-valent in D if n(w) < p for all w € C
and n(w) = p for some w € C. As in [I], p. 26, 33] we put

27
1 :
p(e) = = [ n(ee”)df,
27r0/
R 1 27 R
W(R) = /p(g)d(92) = ;//n(ge”)gdgde.
0 0 0
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If W(R) <pR?% p>0,for all R € (0, +00) then f is called in the middle p-valent in D.
Clearly, if f is p-valent in D then f is in the middle p-valent in D.

S. M. Shah [2] proved that if the analytic in I function f and all its derivatives f(™)
are univalent in D then f is an entire function, and conjectured that for an increasing

o0
1
sequence (k;) such that Zk— = 400 a function f and all its derivatives f*i) are
g=1 7
univalent in D then f is an entire function. In [3] this conjecture is disproved and it is

proved that the condition

1 J
2 li In k; — — —ks_1)1 — ks =
(2) ]Lrgo{ n k; i ;(ks ks—1)In (ks — ks 1)} +00
is necessary and sufficient in order that for each analytic in D function f the univalence
of f») in D for all p € Z,, po = 0, implies that f is an entire function.

In the proposed note will be shown that similar results are correct for functions in
the middle p-valent in D.

2. FUNCTIONS WITH ALL DERIVATIVES IN THE MIDDLE pP-VALENT
The following theorem is true.

Theorem 1. If analytic in D function f and all its derivatives f™ are in the middle
p-valent in D then f is an entire function of exponential type.

Proof. 1t is known [1l p. 83] that if function is in the middle p-valent in D then

Apppn® 1 ifp>1/4;
lan] < { Aplaoln™?In(n+ 1), ifp=1/4;
Ap|a0|n71/21n_1/2 (n+1), ifp<1/4,

where p, = max{|a,| : v < p} and A, = (p+2)2°7~ L exp{pr? +1/2}. It is clear that the
function f is in the middle p;-valent in D and ps > p; then f is in the middle po-valent.

Therefore, we can assume that p € N and use only the estimate |a,| < App,n?P~1.
o0

k)
Since the derivative f()(z) = Z Man_s_kz" is in the middle p;-valent in D,
n!

n=0
we have

k)! k)!
wmwk‘ < AanP_lmax{(V—i_')lawrkl Ly < p} 7
n! vl

whence for n =p+ 1 we get

akipri] < Aplp+ 1) (p+ 1l

Xmax{ | p) |artp1] |a1] |a] }
k+p+1" (k+p+1)(k+p)" " (k4+p+1) ... (k+2) (k+p+1)...(k+1) |~

Therefore, for all n > p

B |an 1| |an—p1] |an—p|
< P n n—p+ n—p .
|an+1|_n+1max{|an|, n T n...(n—-p+2) n...(n—p+1)
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where B, = A,(p+ 1)??"1(p+ 1)!. Using this inequality, we get by induction

|an+1| S
B B n— n— n—1l—
< P max{ ~2 max < |an_1, la 2|7”" |an—pl ’ an—1-p| 7
n+1 n n—1 (n=1)...(n—p+1)" (n—1)...(n—p)
|an—1] |@n—p+1] |an—p } _
n " n...(n=p+2) n...(n—p+1)
B} ans| @yl an-1-,)
:pmax{an e 1S nop , n-l-p }<-.-<
(n+1)n lan—l, 5 (n—1)...(n—p+1)" (n—1)...(n—p) =
By |ap—1] laa| |aol By
< P max$ |a,|, —&—,...,—, — » = C,—2—, C, = const > 0.
~ (n+D)n...(p+1) {' d p pl 7 opl } Pn+1)! P
Hence it follows that f is an entire function of exponential type o < B,,. O

3. FUNCTIONS WITH A SEQUENCE OF DERIVATIVES IN THE MIDDLE pP-VALENT

Now suppose that there exists an increasing sequence (k;) such that all derivatives
f3) are in the middle p-valent in I. We can consider that kg = 0. Then as above for
n >1and j > 0 we have

n2r=1in! (kj +v)!
|ag; +n] < Apm max {]V!Iakj+u| tv < p} ~

In particular,

|a’kj+V‘ = |a’k7j—1+k?j*k]—1+l’| <

(k‘j — kj_1 + V)2p71(k‘j — kj_1 + I/)! (kj_1 + u)!
@ <4 & 23, vl

Let 1 <m < kj41 — k;. Then from and we get

|ah,4m| < A ! {(kj +o)t (kg — ki + )P (R — ko + ”)!} x
jtml = “ip

(k; + m)! 0%y (k; + v)!

kj_ !
% max {(le|akj_1+u|}

Ap

V!

0<u<p !
| |
and, since (m +' v)! < (m—i;p) for all m > 1 and 0 < u < p, we have
v pl
A2 m2=tm)(kj—k;_1+p) P (kj—k;_1+p)! kj_14v)!
o] < 22 PRI TR R g Oy L
p! (kj +m)! 0<v<p v
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Applying to |ag,_, .| inequality , from here as above we obtain

3

| +m| < ﬁx

Tt (ky =k a4p) P (R =k o1 4p) (R =k o) (R =k o 4p)!

(k’j—|—m)!
(kj72 +v)!

Continuing this process we come to the inequality

A J J
(4) mhﬂn<Bp(’) T T T (ks — kot + 90 T (ke — kot + D)
pt ) (kj+m)! % et

which is correct for all j > 0, 1 <m < k;j;1 — k; and some constant 5B, > 0. Using
we prove the following theorem.

J m2p71 m)

Theorem 2. If an increasing sequence (k;) satisfies condition , ko =0, and all fs)
are in the middle p-valent in D then f is an entire function.

Proof. From for j > 0and 1 <m < kj;q1 — k; we obtain

1 1 < 1an+j(lnAp—lnp!)+(2p—1)lnm+ln(kj—|—m)!
n — _
ki+m  lag,ym| — k; +m kj +m

m! 2p—1

5 _ _
() kj+m kj—l-m

J
Zln(ks — ko1 4+ p)\.
s=1

J
In(ks — ks— -
ZH(( s—1+D) Fy +m -

s=1
Clearly, the first term in the left hand side of is a bounded value. If we use
Stirling formula

nl=n"e "V2mnexp{—0,/(12n)}, 0<6, <1,

we get
ln(ijrm)'
— = = In(k; O(1
g = nlly £ m) £ 0(1),
Inm! _ mlnerO(l)
kj+m kj—i-m
and

1
In(k, = koo1 +9)! > (ke = kot +p) (ks = kooy +) + 5 Inlky = kooy +9) + 0(1) =

2p+1
= (ks —ks_1)In(ks — ks_1) + P

In(ks — ks—1 +p) + O(1)

j
as j — oo and, since Zln(ks —ks—1+p) < k; + jp, from we obtain

s=1
1 1 1
n
ki4+m  |ag;4om| — kj+m

{(kj + m)In(k; + m) —mInm — Q,;} + O(1), j — oo,
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for all 1 <m < kjq1 — kj, where
J
Q= Z(ks —ks—1)In(ks — ks—1).

s=1

Now we consider the function

O(x) =

1
k“_’_l.{(kj+$)ln(kj+l‘)f1:1n:177Qj}, 1§$§k’j+1*]€j.
J

Since ®'(z) = (Qj — k;jInx)/(k; + x)?, this function has on [1, +o0) the only point of
the extremum x = exp{Q,/k;}, which is a maximum point. Therefore,

min {(I)(.’E) 01 é x S kj+1 — k]} = min {@(1), (I)(ijrl — k])}
and for 1 <m < kjpq — k;j implies

1 1 1
n >ming — ((k; + D) In(k; +1) - Q;),
oy 2 i { g (G 1l 1) =)

1
e (kj+1In(kjp1) = (kjpa — kj) In(kjpq — kj) — Qj)} +0(1) >
J
> min {1nkj - @, Inkjiq — @1 } +0(1), j— oo
k; ki1
1 1
In view of from the last equation it follows that % In m — 400 as k — oo, i.e., fis
k
an entire function. Theorem [2|is proved. O

4. CONCLUSION

Let K = (k;) be an increasing sequence of integers, ko = 0, and E(K) be a class
of analytic in D functions f such that for some p € N all f(*3) are in the middle p-valent
in D. From Theorem 2 it follows that if the sequence K satisfies then f is an entire
function. On the other hand, if (2)) not hods then [3] there exists an analytic in D function
f such that all £(*s) are univalent in D f(*5), but f is not an entire function. Therefore,
the following statement is true: every function f € E(K) is entire if and only if the
sequence K satisfies .
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3AVBAXKEHHH 10 BJIACTUBOCTEN AHAJIITUYHUX B
OAVMHNYHOMY KPVY3I @YHKNIN, P-JINCTUX PA30OM 31
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Hexait K = (k;) — 3pocraoda nocnigosicTs ninux yucen, ko = 0, a E(K)
— kJac rakux aHamituanux B kpysi D = {z : |z| < 1} dymkuiit f, mo mis
pesakoro p € N Bci noxigni f ®5) ¢ cepennbomy p-auctumu B D). loserneno,
mo koxHa ¢yskis f € F(K) € ninowo Toai i TIbKu TOl, KoM

. 1
Jim {m kj — o > (ks = koo1) In (ks — ksl)} = +o0.

s=1

Karowosi crosa: tuima dyukiis, p-mucta GyHKILS.
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