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We consider one of the fundamental problems of classical invariant theory �
the research of Hilbert polynomials for the algebra of invariants of the Lie group
SL2. Form of the Hilbert polynomials gives us important information about the
structure of the algebra. Besides, the coe�cients and the degree of the Hilbert
polynomial play an important role in Algebraic Geometry. It is well-known
that the Hilbert function of the algebra SLn-invariants is quasi-polynomial.
The Cayley-Sylvester formula for calculation of values of the Hilbert function
for algebra of covariants of binary d−form Cd = C[Vd ⊕ C2]SL2 (here Vd is
the d + 1−dimensional space of binary forms of degree d) was obtained by
Sylvester. Then it was generalized to algebra of invariants of binary d−form
Id = C[Vd]

SL2 . But the Cayley-Sylvester formula is not expressed in terms of
polynomials. In our article we consider the problem of computing the Hilbert
polynomials for the algebra of invariants of binary d−form.

Key words: classical invariant theory, invariants, Hilbert function, Hilbert
polynomials, Poincar�e series.

1. Introduction

Let Vd be d + 1−dimensional module of binary forms. Denote by Id = K[Vd]
SL2

algebra of polynomial SL2−invariant functions on Vd, where SL2 is the group of 2 × 2
matrices with complex coe�cients and determinant one. Algebra Id is called the algebra

of invariants of binary d−form. It is well-known that the algebra of invariants of binary
d−form is �nitely generated and graded

Id = (Id)0 ⊕ (Id)1 ⊕ . . .⊕ (Id)n ⊕ . . . ,
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here (Id)n is a vector C−space of invariants of degree n. Dimension of the vector space
(Id)n is called the Hilbert function of the algebra Id. It is de�ned as a function of the
variable n:

H(Id, n) = dim(Id)n.
The formal power series

P(Id, z) =
∞∑
n=0

H(Id, n) zn

are called the Poincar�e series of the algebra Id. The following formula for computation
of the Poincar�e series P(Id, z) for the algebra of invariants of binary d−form was found
by T. Springer in [12].

P(Id, z) =
∑

06k<d/2

ϕd−2 k

(
(−1)kzk(k+1)(1− z2)
(z2, z2)k (z2, z2)d−k

)
=

∑
06k<d/2

ϕd−2 k
(
fk(z

2)
)
.(1)

Another proof of this formula was obtained by Leonid Bedratyuk in [5].
It is well-known that the Hilbert function of arbitrary �nitely generated graded C-

algebra is quasi-polynomial (starting from some n), see [8, 11, 13]. Since, the algebra of
invariants Id is �nitely generated, we have

H(Id, n) = h0(n)n
r + h1(n)n

r−1 + . . . ,

where hk(n) is some periodic function with values in Q. The quasi-polynomial H(Id, n)
is called the Hilbert polynomials of algebra Id.

There exists classical Cayley-Sylvester formula for calculation of values of Hilbert
function of Id:

H(Id, n) = ωd(n, 0)− ωd(n, 2),
where ωd(n, k) is the number non-negative integer solutions of the system{

α1 + 2α2 + . . .+ dαd =
dn− k

2
,

α1 + α2 + . . .+ αd = n.

Also, see [9, 12], we have

H(Id, n) =
[
q
nd
2

]((1− qd+1
) (

1− qd+2
)
. . .
(
1− qd+n

)
(1− q2) (1− q3) . . . (1− qn)

)
,

where
[
q
nd
2

]
denotes the coe�cient of q

nd
2 . The generalizations of these formulas to the

algebra

Id = K[Vd1 ⊕ Vd2 ⊕ . . .⊕ Vdm ]SL2

was obtained in [2, 3, 1, 4]. It is not assumed that the dk are pairwise distinct.
However, all these results are combinatorial formulas. They are not expressed in

terms of Hilbert polynomials in n. Note that, it is hard to calculate for those formulas
even for small values of dk and n. Although, Maple-procedure for computing of the Hilbert
polynomials of the algebras of SL2− invariants for small values of d was being o�ered in
[6].
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In [10] author have expressed the Hilbert polynomials of algebras

K[V1 ⊕ V1 ⊕ . . .⊕ V1︸ ︷︷ ︸
m times

]SL2 and K[V2 ⊕ V2 ⊕ . . .⊕ V2︸ ︷︷ ︸
m times

]SL2

in terms quasi-polynomial. Author also presented them in the form Narayana numbers
and generalized hypergeometric series.

In the present paper we obtain the following formula for computation of the Hilbert
polynomials of the algebra Id:

H(Id, n) =


1

2πi

∮
S1

d−1
2∑

k=0

(−1)k+1 z
k(k+1)

2 −( d2−k)n−1

(z, z)k(z2, z)d−k−1
dz, if dn = 0 (mod 2),

0, if dn = 1 (mod 2),

here (a, q)n = (1− a)(1− a q) · · · (1− a qn−1) is q-shifted factorial.
We use formula for Poincar�e series of the algebra of invariants Id of binary d−form

Id to obtain the Hilbert polynomials of the algebra.

2. Background and notation

Consider the C-algebra C[[z]] of formal power series. For each k ∈ N de�ne C-linear
function ϕk in the following way

ϕk
(
zm
)
:=

 z
m
k , if m = 0 (mod k),

0, if m 6= 0 (mod k),
1, if m = 0.

It is clear that for arbitrary series

A = a0 + a1z + a2z
2 + · · ·

we obtain
ϕk(A) = a0 + akz + a2 kz

2 + · · ·+ as kz
s + · · · .

The following identity is hold, see [5]:

ϕk(f(z)) =
1

k

k∑
j=1

f(ζjkz)

∣∣∣∣∣∣
zk=z

, where ζk = e2πi/k.

In this section we investigate properties of the function ϕk.

Lemma 1. The expansion of function ϕk

(
1

(1− ζjsz)m

)
into a Taylor series at z = 0

is

ϕk

(
1

(1− ζjsz)m

)
=

∞∑
n=0

(
m+ nk − 1

nk

)
ζjkns zn.

Proof. Expand function
1

(1− ζjsz)m
into a Taylor series at z = 0. We have

ϕk

(
1

(1− ζjsz)m

)
= ϕk

( ∞∑
n=0

(
m+ n− 1

n

)
ζjns zn

)
=

∞∑
n=0

(
m+ n− 1

n

)
ζjns ϕk(z

n).
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To conclude the proof, it remains to use the de�nition of the function ϕk(z
n). �

Lemma 2. Suppose f ∈ C[[z]]. The following identity holds

ϕmk
(
f(zk)

)
= ϕm (f(z)) ,

for all integer k,m > 0.

Proof. Since f ∈ C[[z]], it follows that f(z) =
∑∞
n=0 anz

n. We have

ϕm (f(z)) = ϕm

( ∞∑
n=0

anz
n

)
=

∞∑
n=0

anϕm(zn).

By de�nition of the function ϕm(z), we obtain

ϕm (f(z)) =

∞∑
n=0

anmz
n.

A similar argument yields

ϕmk
(
f(zk)

)
= ϕmk

( ∞∑
n=0

anz
kn

)
=

∞∑
n=0

anmz
n.

�

Lemma 3. Let us f =

∞∑
n=0

anz
n. Suppose k is odd number; then ϕk

(
f(z2)

)
is even

function:

ϕk
(
f(z2)

)
=

∞∑
n=0

a[nk2 ] cos
2 nπ

2
zn,

where [x] is integer part of a number x.

Proof.

ϕ2m+1

(
f(z2)

)
= ϕ2m+1

( ∞∑
n=0

anz
2n

)
=

∞∑
n=0

an(2m+1)z
2n =

∞∑
n=0

a[n(2m+1)
2 ] cos

2 nπ

2
zn.

�

Combining Lemmas 1,2,3, we obtain the following Lemma.

Lemma 4. The following formula holds

ϕd−2k

(
1

(1− ζjsz2)m

)
=

∞∑
n=0

(
m+ [(d/2− k)n]− 1

m− 1

)
ζj[(d/2−k)n]s cos2

dnπ

2
zn.
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3. Hilbert polynomials

Theorem 1. The Hilbert polynomials of the algebra of invariants of binary d−form is

given by

H(Id, n)=
cos2 πnd2

2πi

∮
S1

d−1
2∑

k=0

(−1)k+1 z
k(k+1)

2 −( d2−k)n−1

(z, z)k(z2, z)d−k−1
dz.

Proof. The proof is similar to that of proposition 6.2 in [7].
Let's �nd a partial fraction decomposition for the rational function

fk(z) =
(−1)kzk(k+1)/2(1− z)

(z, z)k (z, z)d−k
=

=
(−1)kzk(k+1)/2

((1− z)(1− z2) . . . (1− zk)) · ((1− z2)(1− z3) . . . (1− zd−k))
as k < d

2 over C. Clearly, a partial fraction decomposition for the rational function fk(z)

is possible. Since k < d
2 , we obtain k < d− k. Using residue method, we have

fk(z) =

d−k∑
s=1

s∑
( j=1
(j,s)=1)

u∑
t=1

(−ζ−js )u−t

(u− t)!
lim

z→ζ−js

du−t
(
fk(z)(1− ζjsz)u

)
dzu−t

(1− ζjsz)t
,

where

u =


d− 1, as s = 1,[
k
s

]
+
[
d−k
s

]
, as 2 6 s 6 k,[

d−k
s

]
, as k + 1 6 s 6 d− k,

and (j, s) is the greatest common divisor of two integeres j and s.
If we combine formula (1) with Lemma 4, we get

P(Id, z) =

=
∑

06k<d/2

d−k∑
s=1

s∑
( j=1
(j,s)=1)

u∑
t=1

(−ζ−js )u−t

(u−t)!
lim

z→ζ−js

du−t
(
fk(z)(1−ζjsz)u

)
dzu−t

ϕd−2k

(
1

(1−ζjsz2)t

)
=

=
∞∑
n=0

∑
06k<d/2

d−k∑
s=1

s∑
( j=1
(j,s)=1)

u∑
t=1

(−ζ−js )u−t

(u−t)!
×

× lim
z→ζ−js

du−t
(
fk(z)(1−ζjsz)u

)
dzu−t

(
t+[(d/2−k)n]−1

t−1

)(
ζjs
)[( d2−k)n] cos2 dnπ

2
zn.

By de�nition of Poincar�e series and Hilbert function, so that

H(Id, n) = cos2
dnπ

2

∑
06k<d/2

d−k∑
s=1

s∑
( j=1
(j,s)=1)

u∑
t=1

(−ζ−js )u−t

(u− t)!
×

× lim
z→ζ−js

du−t
(
fk(z)(1− ζjsz)u

)
dzu−t

(
t+ [(d/2− k)n]− 1

[(d/2− k)n]

)(
ζjs
)[( d2−k)n] .
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It now follows that

H(Id, n) = cos2
dnπ

2

∑
06k<d/2

d−k∑
s=1

s∑
( j=1
(j,s)=1)

u−1∑
t=0

(−1)u−1(ζ−js )u
1

t!(u−t−1)!
×

× lim
z→ζ−js

(
du−t−1

(
fk(z)(1−ζjsz)u

)
dzu−t−1

dt
(
1
z

)[(d/2−k)n]+1

dzt

)
.

Using general Leibniz rule, we obtain

H(Id, n) = cos2
dnπ

2

∑
06k<d/2

(−1)k+1
d−k∑
s=1

s∑
( j=1
(j,s)=1)

(−ζ−js )u

(u−1)!
×

× lim
z→ζ−js

du−1
(
1−ζjsz

)u
(1−z)z

k(k+1)
2 −[( d2−k)n]−1

(z, z)k(z, z)d−k
dzu−1

.

By de�nition, we have

(2) H(Id, n) = cos2
dnπ

2

∑
06k<d/2

d−k∑
s=1

s∑
( j=1
(j,s)=1)

Res

(
(−1)k+1 z

k(k+1)
2 −[( d2−k)n]−1

(z, z)k(z2, z)d−k−1
, z=ζjs

)
.

The application of Cauchy's residue theorem yields

H(Id, n) =
cos2 πnd2

2πi

d−1
2∑

k=0

∮
S1
(−1)k+1 z

k(k+1)
2 −( d2−k)n−1

(z, z)k(z2, z)d−k−1
dz.

This completes the proof of Theorem 1. �

Combining Lemma 4 and formula 1, we obtain

Corollary 1. If d is an odd number, then the Poincar�e series P(Id, z) for the algebra

of invariants of binary d−form is an even function.

Corollary 2. The Hilbert polynomials of the algebra of invariants of binary d−form is

given by

H(Id, n) =


1

2πi

∮
S1

d−1
2∑

k=0

(−1)k+1 z
k(k+1)

2 −( d2−k)n−1

(z, z)k(z2, z)d−k−1
dz, if dn = 0 (mod 2),

0, if dn = 1 (mod 2).

4. Calculating Hilbert polynomials of the algebra Id
Example 1. Let's �nd Hilbert polynomials of the algebra of invariants of bynary d−form,
as d = 4. Using formula (1), we have

H(I4, n) = cos2
4πn

2

∑
06k<2

4−k∑
s=1

s∑
( j=1
(j,s)=1)

Res

(
(−1)k+1 z

k(k+1)
2 −[(2−k)n]−1

(z, z)k(z2, z)3−k
, z = ζjs

)
.
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Since n is an integer number, we obtain

H(I4, n) = −Res
(

z−2n−1

(1−z2)(1−z3)(1−z4)
, z=1

)
−

−Res
(

z−2n−1

(1−z2)(1−z3)(1−z4)
, z=−1

)
−

−Res

(
z−2n−1

(1− z2)(1− z3)(1− z4)
, z = −1

2
+ i

√
3

2

)
−

−Res

(
z−2n−1

(1− z2)(1− z3)(1− z4)
, z = −1

2
− i
√
3

2

)
−

−Res
(

z−2n−1

(1− z2)(1− z3)(1− z4)
, z = i

)
−

−Res
(

z−2n−1

(1− z2)(1− z3)(1− z4)
, z = −i

)
+

+Res

(
z−2n

(1− z)(1− z2)(1− z3)
, z = 1

)
+

+Res

(
z−2n

(1− z)(1− z2)(1− z3)
, z = −1

)
+

+Res

(
z−2n

(1− z)(1− z2)(1− z3)
, z = −1

2
+ i

√
3

2

)
+

+Res

(
z−2n

(1− z)(1− z2)(1− z3)
, z = −1

2
− i
√
3

2

)
.

Computing the residue, we get

H(I4, n) =
5

12
+

1

6
n+

(−1)n

4
+

1

9

(
−1

2
−
√
3

2
i

)−2n
−

− 1

18
i

(
−1

2
+

√
3

2
i

)−n√
3 +

1

18
i

(
−1

2
−
√
3

2
i

)−n√
3+

+
1

9

(
−1

2
+

√
3

2
i

)−2n
+

1

18

(
−1

2
+

√
3

2
i

)−n
+

1

18

(
−1

2
−
√
3

2
i

)−n
.

Now if we recall e
π
3 i = 1

2 +
√
3
2 i and de Moivre's formula, we get the following formula

(see [6])

H(I4, n) =
1

6
n+

1

4
cos (πn) +

1

3
cos

2πn

3
− 1

9

√
3 sin

2πn

3
+

5

12
.

Example 2. Let us Hilbert polynomials of the algebra of invariants of bynary d−form,
as d = 8.
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The following formula for H(I8, n) can be obtained in a way analogous to that used
in Example 1.

H(I8, n) =
1

120960
n5 +

1

5376
n4 +

16975873

576
n3 +

(
839

26880
+

cosπn

256

)
n2+

+

(
99797

725760
+

371

6912
cos(πn)+

1

27
cos

2πn

3
−
√
3

243
sin

2πn

3
− 2
√
3

243
sin
(πn

3
+
π

3

))
n+

+
1

32
cos

πn

2
+

1

32
sin

πn

2
+

33401

124416
cos(πn) +

41

243
cos

2πn

3
−
√
3

27
sin

2πn

3
−

− 14

243
cos

πn

3
− 2
√
3

243
sin
(πn

3

)
+

(
−1

2
+

7
√
5

100

)
cos

2πn

5
+

+

(√
5 +
√
5

10
+

3
√
2
√√

5− 1

20
−
√
2
√
1 +
√
5

20

)
sin

2πn

5
+

+

(
−1

2
− 7
√
5

100

)
cos

4πn

5
+

(√
5−
√
5

10
+

√
2
√√

5−1
20

+
3
√
2
√

1+
√
5

20

)
sin

4πn

5
+

+
1

9

(
cos

2πn

7
+ cos

4πn

7
+ cos

6πn

7
− cos

2π(n+2)

7
− cos

4π(n+2)

7
− cos

6π(n+2)

7

)
+

+
1072613

4354560
.

Note that last expression is a quasi-polynomial.
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Ðîçãëÿäà¹ìî îäíó ç ôóíäàìåíòàëüíèõ ïðîáëåì êëàñè÷íî¨ êîíñòðóêòèâ-
íî¨ òåîði¨ iíâàðiàíòiâ � äîñëiäæåííÿ ôóíêöié Ãiëüáåðòà àëãåáð iíâàðiàíòiâ
ãðóïè Ëi SL2. �¨ âèãëÿä ìà¹ âàæëèâó iíôîðìàöiþ íåîáõiäíó äëÿ îá÷èñëåí-
íÿ ìiíiìàëüíèõ ïîðîäæóþ÷èõ ñèñòåì öèõ àëãåáð. Âiäîìî, ùî ïî÷èíàþ÷è
ç äåÿêîãî i ôóíêöi¨ Ãiëüáåðòà àëãåáð SLn−iíâàðiàíòiâ ¹ êâàçiìíîãî÷ëåíà-
ìè. Ôîðìóëà Êåëëi-Ñiëüâåñòðà äëÿ îá÷èñëåíü ôóíêöié Ãiëüáåðòà àëãåáðè
êîâàðiàíòiâ áiíàðíî¨ d−ôîðìè Cd = C[Vd ⊕ C2]SL2 (òóò Vd� êîìïëåêñíèé
d+ 1− âèìiðíèé âåêòîðíèé ïðîñòið áiíàðíèõ ôîðì ñòåïåíÿ d) áóëà çàïðî-
ïîíîâàíà ùå Ñiëüâåñòðîì. Ïiçíiøå óçàãàëüíåíà äëÿ àëãåáðè iíâàðiàíòiâ ái-
íàðíî¨ d−ôîðìè Id = C[Vd]

SL2 . Ïðîòå öi ôîðìóëè íå âèðàæàþòü ôóíêöi¨
Ãiëüáåðòà ÿê ìíîãî÷ëåí âiä i. Ìè ðîçãëÿäà¹ìî çàäà÷ó îá÷èñëåííÿ â ÿâíié
ôîðìi ìíîãî÷ëåíiâ Ãiëüáåðòà àëãåáðè iíâàðiàíòiâ Id áiíàðíî¨ d−ôîðìè.

Êëþ÷îâi ñëîâà: êëàñè÷íà òåîðiÿ iíâàðiàíòiâ, iíâàðiàíòè, ôóíêöiÿ Ãiëü-
áåðòà, ìíîãî÷ëåíè Ãiëüáåðòà, ðÿäè Ïóàíêàðå.
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