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We consider one of the fundamental problems of classical invariant theory —
the research of Hilbert polynomials for the algebra of invariants of the Lie group
SLs. Form of the Hilbert polynomials gives us important information about the
structure of the algebra. Besides, the coefficients and the degree of the Hilbert
polynomial play an important role in Algebraic Geometry. It is well-known
that the Hilbert function of the algebra SL,-invariants is quasi-polynomial.
The Cayley-Sylvester formula for calculation of values of the Hilbert function
for algebra of covariants of binary d—form Cq = C[Vyq ® C?]°L2 (here Vy is
the d + 1—dimensional space of binary forms of degree d) was obtained by
Sylvester. Then it was generalized to algebra of invariants of binary d—form
T, = C[V4]°*2. But the Cayley-Sylvester formula is not expressed in terms of
polynomials. In our article we consider the problem of computing the Hilbert
polynomials for the algebra of invariants of binary d—form.

Key words: classical invariant theory, invariants, Hilbert function, Hilbert
polynomials, Poincaré series.

1. INTRODUCTION

Let V; be d + 1—dimensional module of binary forms. Denote by Z, = K[V,]%"2
algebra of polynomial SLs—invariant functions on Vy, where SLs is the group of 2 x 2
matrices with complex coefficients and determinant one. Algebra Z; is called the algebra
of invariants of binary d—form. It is well-known that the algebra of invariants of binary
d—form is finitely generated and graded

Zi=(Za)o® Zi)1®...©Za)n® ...,
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here (Z4),, is a vector C—space of invariants of degree n. Dimension of the vector space
(Za)n is called the Hilbert function of the algebra Z,. It is defined as a function of the
variable n:

H(Id, n) = dlm(Id)n

The formal power series
P(Za,z) = Z H(Zg,n) 2"
n=0

are called the Poincaré series of the algebra . The following formula for computation
of the Poincaré series P(Z,, z) for the algebra of invariants of binary d—form was found
by T. Springer in [12].

)RRk (1 _ 52
(1)  P(Zg,2) = Z Pd—2k <((z;)z2)k (22 (212)(11@)) -

0<k<d/2

Z Qa2 (fe(z?)) -

0<k<d/2

Another proof of this formula was obtained by Leonid Bedratyuk in [5].

It is well-known that the Hilbert function of arbitrary finitely generated graded C-
algebra is quasi-polynomial (starting from some n), see [8], [11], [13]. Since, the algebra of
invariants Z is finitely generated, we have

H(Zy,n) = ho(n)n" 4+ hi(n)n™ "t + ...,

where hy(n) is some periodic function with values in Q. The quasi-polynomial H(Zy, n)
is called the Hilbert polynomials of algebra Z,.
There exists classical Cayley-Sylvester formula for calculation of values of Hilbert
function of Z;:
H(Zg,n) = wq(n,0) — wa(n, 2),

where wq(n, k) is the number non-negative integer solutions of the system

2 b

dn — k
{ ap + 200 + ... +dag =
a1 +ag+ ...+ ag =n.

Also, see [0, 12], we have

) (U0,

H(Za,n) = {qz 1-—¢2)(1—¢3)...(1—qm)

nd

where [qT} denotes the coefficient of and

. The generalizations of these formulas to the
algebra
Ia=K[Vy & Vg, ®...0V,, )5

was obtained in [2} [3], [, 4]. It is not assumed that the dj, are pairwise distinct.
However, all these results are combinatorial formulas. They are not expressed in
terms of Hilbert polynomials in n. Note that, it is hard to calculate for those formulas
even for small values of dj, and n. Although, Maple-procedure for computing of the Hilbert
polynomials of the algebras of SL,— invariants for small values of d was being offered in

[6].



HILBERT POLYNOMIALS FOR THE ALGEBRA OF INVARIANTS
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2021. Bumyck 92 79

In [I0] author have expressed the Hilbert polynomials of algebras
KWheVie.. eV and Khelhe.. . el

m times m times

in terms quasi-polynomial. Author also presented them in the form Narayana numbers
and generalized hypergeometric series.

In the present paper we obtain the following formula for computation of the Hilbert
polynomials of the algebra Id'

LTS N P

1)k+1 o i dn — 9
H(Zgn) =4 271 fgl Z )k(227z)d7k71d27 if dn =0 (mod 2),
0, if dn =1 (mod 2),

here (a,q), = (1 —a)(1 —aq)--- (1 —aq™ ') is g-shifted factorial.
We use formula for Poincaré series of the algebra of invariants Z, of binary d—form
T4 to obtain the Hilbert polynomials of the algebra.

2. BACKGROUND AND NOTATION

Consider the C-algebra C[[z]] of formal power series. For each k € N define C-linear
function ¢y, in the following way

2%, ifm=0 (mod k),
or(z™) =< 0, if m#0 (mod k),
1, ifm=0.

It is clear that for arbitrary series
A=ag+a1z+ a2’ +---

we obtain
ng(A) :a0+ak2+a2k22+~~—|—askzs+... .
The following identity is hold, see [3]:

??‘\»—t

k
E (¢l2) . where ¢, = e?™/F.
J=1 zk=z2

In this section we investigate properties of the function ¢y.

1
Lemma 1. The expansion of function py ((1C])> into a Taylor series at z = 0
—({)m

18

1 > (m 4 nk — 1> "

— | = glrmem,
- <(1 —<zz)m> ;( nk )¢

1

Proof. Expand function ﬁ into a Taylor series at z = 0. We have
—({2)m

¢k<(1_cgz)m>—§0k<n_o( N >C§z>—;< . >C§<pk(z).
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To conclude the proof, it remains to use the definition of the function ¢y (z™). O

Lemma 2. Suppose f € C[[z]]. The following identity holds
emi (F(27) = om (f(2))

for all integer k,m > 0.

Proof. Since f € C|[[z]], it follows that f(z) = > ", a,2". We have

o0

om (f(2)) = Ym (Z an2n> = Z anPm(2").
n=0 n=0
By definition of the function ¢,,(z), we obtain
om (f(2)) = Z Anm2" .
n=0

A similar argument yields

Pmk (f(zk)) = Pmk (Z anzkn> = Z anmz".

n=0 n=0

O

Lemma 3. Let us f = Zanz". Suppose k is odd number; then v (f(zQ)) s even
n=0

function:
> nmw
2 o 2 n
er (f(z%) = Z ([nk) COS™ =27,
n=0
where [z] is integer part of a number x.
Proof.
P2m+1 (f(ZQ)) = P2m+1 (;:0 anz2”> = Tg)an(zmﬂ)zz" = nz;oa[n(zn;ﬂ)] cos? 72n~

O

Combining Lemmas 1,2,3, we obtain the following Lemma.

Lemma 4. The following formula holds

Pd—2k ((1> = i (m +[(d/2 = k)n] - 1> ¢Ild/2=k)n] (g2 d”TWZn

1—¢lz2)m = m—1
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3. HILBERT POLYNOMIALS

Theorem 1. The Hilbert polynomials of the algebra of invariants of binary d—form is
given by
BUD (4 gy

2 7rnd k;-t,-l P
7z dz.
H(Zg,n jgl Z PNE 2

) Z)d—k:—l

Proof. The proof is similar to that of proposition 6.2 in [7].
Let’s find a partial fraction decomposition for the rational function

fule) = (_1)kzk(k+1)/2(1 —z) _

(z,2)k (2,2)a—k

(—1)kkk+1)/2
(1 =2)(1—22) . (1= 2R)) - (1= 22)(1 — 23) ... (1 — zd=F))
as k < % over C. Clearly, a partial fraction decomposition for the rational function f(z)
is possible. Since k < %, we obtain k < d — k. Using residue method, we have

H;W e T ()0 - )Y

Z ES: ' zHC;j dzv—t
(o) = (1—¢lz)t )
]
where
d—1, ass=1,
u={ [+ 5], ms2<s<h,
[£=E], ask+1<s<d—k,

and (7, s) is the greatest common divisor of two integeres j and s.
If we combine formula (1) with Lemma 4, we get

P(Id,z) =
: A () (1=¢2)Y) ( 1 )
lim _ - =
O<kz<:d/2;( ]z; )Z NS dzv—t Pd—2k (1—¢l22)t
00 d— s
=> > Z > Z
n=00<k<d/2 s= 1(115)11 t=1

4"~ (fr(2)(1=¢12)") (tH(d/?—k)n}—l) (CJ)K%*’””] cos? I n
t—1 s 2 7

X lim
z—)C;j dzv—t

By definition of Poincaré series and Hilbert function, so that

H(Zq, )—(:OSan—7T Z Z Z Z u—t

0<k<d/2 s=1 ( Jq)l 1)

7 (fe(x)(1 = Q=) )( [(d/2 — kyn] - 1) ()
((d/2~ k)] |

X lim
2s¢ I dzu—t
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It now follows that

[ay

— u—

H(Za, )_COSanJ Z Z Z (—1)u_1(Cs_j)umx

0<h<d/2 s=1 ( i=1 ) =0

(4,8)=1
ol [(TTTLURR)(A-GR)Y) &' (1)l@/z=hmitt
Z"C.:j dZu_t_l dZt .

Using general Leibniz rule, we obtain

dn d—k s
H(Zy,n) = cos® — Z (—1)F+ Z Z

0<k<d/2 =50
N T EEED _[(4-k)n]-
e (1*@2«2) (172)2 2 [(2 k)] 1
X lim i i
2—¢57 dzt!

By definition, we have

2

KG41) _[(a
dmr : k+1Z ~[(g-k)n]-1 L
(2) H(Zq,n) = cos’ 0<kz<:d/2;( ]Z; )Res( B Do L2=C .
(jis)=1

The application of Cauchy’s residue theorem yields

2 Trnd (2+1) (d—k’)n—l

T k+1 hd .
H( - n ngl )k(2272)d7k71dz

This completes the proof of Theorem 1. O

Combining Lemma 4 and formula 1, we obtain

Corollary 1. If d is an odd number, then the Poincaré series P(Zy, z) for the algebra
of invariants of binary d—form is an even function.

Corollary 2. The Hilbert polynomials of the algebra of invariants of binary d—form is
given by

k(k2+1) (d k)

(—1) k+1 : e ifdn = d2
H(Idan) = 27i fgl Z Z z /C(Z’2 2)d—k—1 % ifdn =0 (mod 2),
0, if dn =1 (mod 2).

4. CALCULATING HILBERT POLYNOMIALS OF THE ALGEBRA 7,

Example 1. Let’s find Hilbert polynomials of the algebra of invariants of bynary d—form,
as d = 4. Using formula (1), we have

47rn > P il SO ;
H(Z4,n) = cos® — Z Z Z Res 1)k+1 5 2=l .

0<k<2 s=1 ( I=1 (2,2)6(2%,2)3-k
(¢
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Since n is an integer number, we obtain

it = ~fes ([ 1) -

27277,71
RN T My 1) )
Z—Qn—l 1 \/g
— Res (1—2’2)(1—23)(1—2'4)’2 —2+12> —
Z—2n—1 1 \/g
— Res (1_22)<1_23)(1_Z4),z: —5 —z2> -

~ fies (1_22)(1_z3)(1_z4),z:i)_

-2 1-N-21)" " > *

\

Iny

o

&
o —— —— —

Zf2n
=1
el —aa-2a-2" )*
Zf2n
=-1
el —aa-20-2" )+
Z—Zn 1 \/g
- Res (12)(122)(123)’Z__2+Z2>+
Z—2n 1 \/g
- fes (1—2)(1—22)(1—,23)72__2_22>'
Computing the residue, we get
—2n
5 1 (- 1 1 V3.
1 1 Vv3\ 1 1 Vv3\
1{ 1 V3\ 1 1 Vv3\ 1 1 V3\
*9(‘2+2’> +18<‘2+2’> +18<_2_2>

Now if we recall e3¢ = % + gz and de Moivre’s formula, we get the following formula
(see [6])
1 1 1 2 1 2 )
H(Zy,n) = 5" + 78 (mn) + 3 cos %n - §\/§sin%n + Tt

Example 2. Let us Hilbert polynomials of the algebra of invariants of bynary d—form,
as d=S_8.
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The following formula for 7 (Zs,n) can be obtained in a way analogous to that used
in Example 1.

H(Ts,n) =
(Zs:7) = To0960" + 5376" 576 26880 T 256

+<99797 371 1 2w V3 2m 2V3 (o W)> -

| R 1y, 16975873n3 ( 839 coswn) 2t

7a5760 T gotg (0T g7 s gm g g sin T — Sgsin (g

N 1 ™ 1 . ™ 33401 () + 41 2mn V3 . 2mn
— oS — + ——sin — — oS — — — sin ——
32 9T T3 MM Ty T Toaane VY T ou3 T3 T o7 P T

14 ™ 2\/§Sm(m>+< 1 7\/S> omn

T 213" 3 T a3 3 27700 )5 T

54+v5 | 3vV2VVE-1 V2V1+V5) | 2mn
* T T T g

10 )

1 75 47n V5—vV5 V2V V6-1 3vV2V1+V5)\ . 4mn
+|—75— 7= ]cos— + + 20 + 20 sin ——

5 10 5+

< 2 47n 6mn 27 (n+2) 4 (n+2) 6m(n+2) )
+ — | cos ——+ cos ——+ cos —— — cos — COs — CoS +

7 7 7 7 7 7
1072613
4354560

Note that last expression is a quasi-polynomial.

REFERENCES

1. L. Bedratyuk, The Poincaré series of the covariants of binary forms, Int. J. Algebra 4
(2010), no. 25-28, 1201-1207.

2. L. Bedratyuk, The Poincaré series of the algebras of simultaneous invariants and covariants
of two binary forms, Linear Multilinear Algebra. 58 (2010), no. 6, 789-803.

DOI: 10.1080/03081080903127262

3. L. Bedratyuk, Weitzenbock derivations and the classical invariant theory, I: Poincaré series,
Serdica Math. J. 36 (2010), no. 2, 99-120.

4. L. Bedratyuk, Analogue of the Cayley-Sylvester formula and the Poincaré series for the
algebra of invariants of n-ary form, Linear Multilinear Algebra 59 (2011), no. 11, 1189-
1199. DOI: 10.1080,/03081081003621303

5. L. Bedratyuk, The Poincaré series for the algebras of invariants of binary and ternary forms,
Naukovi zapysky NaUKMA. Fiz.-Mat. Nauky 113 (2011), 7-11 (in Ukranian).

6. L. Bedratyuk, Hilbert polynomials of the algebras of SLz-invariants, arXiv:1102.3290v1,
2011, Preprint.

7. P. de Carvalho Cayres Pinto, H.-C. Herbig, D. Herden, and C. Seaton, The Hilbert series
of SLa—invariants, Commun. Contemp. Math. 22 (2020), no. 7, Art. ID 1950017, pp. 38.
DOI: 10.1142/S0219199719500172

8. D. Eisenbud, The geometry of syzygies. A second course in commutative algebra and
algebraic geometry, Springer, New York, 2005. DOI: 10.1007/b137572

9. D. Hilbert, Theory of algebraic invariants, Cambridge University Press, 1994.



HILBERT POLYNOMIALS FOR THE ALGEBRA OF INVARIANTS
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2021. Bumyck 92

85

10. N. B. Dlash N, Hilbert polynomials of the algebras of SL>—invariants, Carpathian Math.

11.

12.

13.

Publ. 10 (2018), no. 2, 303-312. DOI: 10.15330/cmp.10.2.303-312
L. Robbiano, Introduction to the theory of Hilbert function, Curves Semin. Queen’s. Vol.
VII, Queen’s Pap. Pure Appl. Math. 85, Exposé B, (1990), 26 p.
T. A. Springer, On the invariant theory of SUz2, Indag. Math. 42 (1980), no. 3, 339-345.
DOI: 10.1016/1385-7258(80)90034-7
R. P. Stanley, Hilbert functions of graded algebras, Adv. Math. 28 (1978), no. 1, 57-83.
DOI: 10.1016,/0001-8708(78)90045-2

Cmamma: naditiwna do pedkoneeii 11.01.2021

doonpayvosana 29.05.2021

nputnama do dpyxy 29.12.2021

MHOTI'OYJIEHU! I'lVIBBEPTA AJITEBPU IHBAPIAHTIB

BIHAPHOI ¢-®@0OPMU

Hania IJTAITL

XMeavhuuybkut nosimerriunull garosuts xosedorc
Hauytonanvrozo ynisepcumemy “Jlveiscora nosimexrnira”,
eya. 3apivancora, 10, 29015, m. Xmeavruyvrud
e-mail: nadyailash@gmail.com

Posrismaemo onny 3 dyHmamenTaabEIX TPoOeM KIACHIHOI KOHCTPYKTHB-
HOT Teopil iHBapianTiB — mocaimkernus dyukniit I'inbepra aare6p inBapianTiB
rpymu JIi SLs. Ti Burssin mae BaxuBy indopmario HeobximmHy s 06arCIeH-
Hs MIHIMAJTbHUX MOPOMKYIOYUX CHUCTeM IuxX ayrebp. Bimomo, mo moumHaooumn
3 mesikoro ¢ ¢yukmii ['inbepra anredbp SL, —iHBapiaHTIiB € KBa3iMHOTOUIEHA-
mu. Popmyna Kenmi-CinbBectpa mist obunciiens ¢yukiiii ['inpbepra anredbpu
koapiantis 6imapuoi d—dopmu Cq = C[Vy @ C3 52 (vyr Vi~ xommmexcruit
d + 1— BuMipHWmit BeKTOpHU TpocTip 6imapuux dopwm crenens d) Gyma 3ampo-
nonosana e CisbBecrpowm. Ilizmime y3arasbaena mist ajarebpu inBapianris 6i-
mapuoi d—dopmu Zy = C[Vy] 512, IIpore ui dbopmymm me Bupaaiors GyHxil
lNanbepra sk MHOTOUIEH Bif ¢. My po3rismaeMo 3aady OOUNC/IEHHS B SIBHIiM
dopwmi muOTrOUIeHIB I'iTbOepTa anrebpu inBapiamtis Zy 6inapuoi d—dopmu.

Karowo6t cao6a: KilacudHa Teopid iHBapiaHTis, inBapianTn, dyakmis ['ias-
6epra, maOrowIeHu l'inpbepra, psamu Ilyamkape.
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