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Âèâ÷à¹ìî ìåòîäè çâåäåííÿ çàäà÷ içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ òî-
ïîëîãi÷íèõ ãðóï íàä òèõîíîâñüêèìè ïðîñòîðàìè òà ïiäãðóï, ïîðîäæåíèõ
¨õíiìè ïðîñòîðàìè äî àíàëîãi÷íî¨ çàäà÷i ç ìåíøîþ êiëüêiñòþ ïiäïðîñòîðiâ.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ,
óçàãàëüíåíèé ðåòðàêò.

1. Âñòóï

Ïîíÿòòÿ åêâiâàëåíòíèõ çà Ìàðêîâèì íàáîðiâ òèõîíîâñüêèõ ïðîñòîðiâ áóëî ââå-
äåíî â [4]. Ïîðÿäêîì çàäà÷i ïðî M -åêâiâàëåíòíiñòü íàáîðiâ òèõîíîâñüêèõ ïðîñòîðiâ
áóäåìî íàçèâàòè êiëüêiñòü ïiäïðîñòîðiâ ó êîæíîìó ç íàáîðiâ. Ìåòà íàøî¨ ïðàöi �
çàïðîïîíóâàòè ìåòîäè ïîíèæåííÿ ïîðÿäêó çàäà÷i ïðî åêâiâàëåíòíiñòü íàáîðiâ.

Äëÿ òèõîíîâñüêîãî ïðîñòîðó X ÷åðåç F (X) áóäåìî ïîçíà÷àòè âiëüíó òîïî-
ëîãi÷íó ãðóïó íàä X. Äëÿ ïiäïðîñòîðó Y ⊆ X òèõîíîâñüêîãî ïðîñòîðó X ÷åðåç
G(Y ) áóäåìî ïîçíà÷àòè ïiäãðóïó â F (X), ïîðîäæåíó ìíîæèíîþ òâiðíèõ Y . Íåõàé
{Xi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Yi : i ∈ I} � ñiì'ÿ
ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Ñêàæåìî, ùî ñiì'ÿ (X, {Xi : i ∈ I}) ¹ M-

åêâiâàëåíòíîþ ñiì'¨ (Y, {Yi : i ∈ I}), ÿêùî òàêèé iñíó¹ òîïîëîãi÷íèé içîìîðôiçì
h : F (X)→ F (Y ), ùî h(Xi) ⊆ G(Yi) i h

−1(Yi) ⊆ G(Xi) äëÿ âñiõ i ∈ I. Áóäåìî ïîçíà-
÷àòè öå òàê:

(X, {Xi : i ∈ I}) M∼ (Y, {Yi : i ∈ I}).
Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîð âiëüíî¨
àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè ÷è âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðèìà¹ìî
îçíà÷åííÿ âiäïîâiäíî A-åêâiâàëåíòíèõ òà L-åêâiâàëåíòíèõ íàáîðiâ ïðîñòîðiâ.
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Ó äðóãîìó ïiäðîçäiëi ìè äîâîäèìî äåÿêi çàãàëüíi òåîðåìè, ùî äîïîìàãàþòü
çâåñòè çàäà÷ó içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ ãðóï íàä òèõîíîâñüêèìè ïðîñòîðà-
ìè òà ¨õ ïiäïðîñòîðàìè äî àíàëîãi÷íî¨ çàäà÷i, àëå ç ìåíøîþ êiëüêiñòþ åëåìåíòiâ
ó íàáîðàõ. Â òðåòüîìó ðîçäiëi çàñòîñîâó¹ìî îòðèìàíi ðåçóëüòàòè äî íóëüâèìiðíèõ
ëîêàëüíî êîìïàêòíèõ ìåòðèçîâàíèõ ñåïàðàáåëüíèõ ïðîñòîðiâ, çîêðåìà i çëi÷åííèõ
êîìïàêòíèõ ïðîñòîðiâ.

2. Óçàãàëüíåíi ðåòðàêòè òà åêâiâàëåíòíiñòü íàáîðiâ

Ïiäïðîñòið Y òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ G-ðåòðàêòîì öüîãî ïðîñ-
òîðó, ÿêùî äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : Y → H ç ïðîñòîðó Y ó äîâiëüíó
òîïîëîãi÷íó ãðóïó H äîïóñêà¹ íåïåðåðâíå ïðîäîâæåííÿ íà X. Çîêðåìà, â öüîìó
âèïàäêó êîæíà íåïåðåðâíà ïñåâäîìåòðèêà, îçíà÷åíà íà ïðîñòîði Y , äîïóñêà¹ ïðî-
äîâæåííÿ äî íåïåðåðâíî¨ ïñåâäîìåòðèêè íà X, à îòæå, ïiäãðóïà G(Y ) â F (X) òîïî-
ëîãi÷íî içîìîðôíà âiëüíié òîïîëîãi÷íié ãðóïi F (Y ).

Íåõàé {Xs : s ∈ S} � ñiì'ÿ çàìêíåíèõ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó X,

X =
⋃
s∈S

Xs, K =
⋂
s∈S

Xs 6= ∅. Ñêàæåìî, ùî ñiì'ÿ {Xs : s ∈ S} ¹ ∆-ñèñòåìîþ, ÿêùî

äëÿ äîâiëüíèõ i, j ∈ S (i 6= j) ìà¹ìî, ùî Xi ∩ Xj = K. ßêùî ïðîñòið K ¹ îäíî-

òî÷êîâèì, òî îòðèìà¹ìî îçíà÷åííÿ áóêåòà
∨
s∈S

(Xs, xs) ñiì'¨ òîïîëîãi÷íèõ ïðîñòîðiâ

{(Xs, xs) : s ∈ S} ç âiäìi÷åíèìè òî÷êàìè [10].
Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X i åëåìåíòà a ∈ X ïîçíà÷èìî ÷åðåç FG(X, a)

âiëüíó òîïîëîãi÷íó ãðóïó â ñåíñi Ãðà¹âà íàä ïðîñòîðîì X ç îäèíèöåþ a [1].
Òàêi ðåçóëüòàòè, ÿêi áóëè äîâåäåíi â [6] áóäóòü ìè çàñòîñîâóâàòèìåìî äëÿ íàøèõ

äîñëiäæåíü.

Òåîðåìà 1. Íåõàé ïiäïðîñòið A ¹ G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó X,

ïiäïðîñòið B ¹ G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó Y , ïðè÷îìó FG(X/A) '
FG(Y/B). Òîäi äîâiëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (A) → F (B) ìîæå áóòè

ïðîäîâæåíèé äî òîïîëîãi÷íîãî içîìîðôiçìó j : F (X)→ F (Y ).

Òåîðåìà 2. Äëÿ ïðîñòîðiâ X òà Y òàêi óìîâè åêâiâàëåíòíi:

(1) äëÿ äîâiëüíèõ òî÷îê a ∈ X, b ∈ Y iñíó¹ òîïîëîãi÷íèé içîìîðôiçì

h : F (X)→ F (Y ) òàêèé, ùî h(a) = b;
(2) âiëüíi òîïîëîãi÷íi ãðóïè â ñåíñi Ãðà¹âà ïðîñòîðiâ FG(X, a) òà FG(Y, b)

òîïîëîãi÷íî içîìîðôíi.

Ïðîñòîðè, ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè 2, íàçèâàòèìåìî M∗-åêâiâàëåíò-
íèìè. ßê ç'ÿñóâàëè â [11], âiäíîøåííÿ A∗-åêâiâàëåíòíîñòi çáiãà¹òüñÿ ç âiäíîøåí-
íÿì A-åêâiâàëåíòíîñòi, à âiäíîøåííÿ L∗-åêâiâàëåíòíîñòi çáiãà¹òüñÿ ç âiäíîøåííÿì
L-åêâiâàëåíòíîñòi.

Òâåðäæåííÿ 1. Òàêi óìîâè åêâiâàëåíòíi äëÿ òèõîíîâñüêèõ ïðîñòîðiâ X i Y òà

¨õíiõ G-ðåòðàêòiâ A ⊆ X i B ⊆ Y :

(1) (X,A)
M∼ (Y,B);

(2) X/A
M∗

∼ Y/B òà A
M∼ B.
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Äëÿ ñiì'¨ {Gs : s ∈ S} òîïîëîãi÷íèõ ãðóï ïîçíà÷èìî ÷åðåç

∗∏
Gs âiëüíèé äîáó-

òîê ñiì'¨ ãðóï {Gs : s ∈ S} [8].
Òåîðåìà 3. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, K =
⋂
s∈S

Xs, {Kt : t ∈ T} � ñiì'ÿ ïiäïðîñòîðiâ ïðîñòîðó K i âèêîíóþòüñÿ

óìîâè: X =
⋂
s∈S

Xs, Xi ∩ Xj = K ïðè i 6= j, à ïiäïðîñòið K ¹ G-ðåòðàêòîì â

X. Íåõàé òàêîæ {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y ,

P =
⋂
s∈S

Ys, {Pt : t ∈ T} � ñiì'ÿ ïiäïðîñòîðiâ ïðîñòîðó P , ïðè÷îìó âèêîíóþòüñÿ

óìîâè Y =
⋃
s∈S

Ys, Yi ∩ Yj = P ïðè i 6= j, à ïiäïðîñòið P ¹ G-ðåòðàêòîì â Y . Òîäi

òàêi óìîâè åêâiâàëåíòíi:

(1) (X, {Xs : s ∈ S}, {Kt : t ∈ T}) M∼ (Y, {Ys : s ∈ S}, {Pt : t ∈ T});
(2) (K, {Kt : t ∈ T}) M∼ (P, {Pt : t ∈ T}) i Xs/K

M∗

∼ Ys/P äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. (1)⇒(2) Íåõàé i : F (X) → F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî
i(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S, i(G(Kt)) = G(Pt) äëÿ âñiõ t ∈ T . Òîé ôàêò, ùî

(K, {Kt : t ∈ T}) M∼ (P, {Pt : t ∈ T}) âèïëèâà¹ ç òîãî, ùî ïiäãðóïà G(K) òîïîëîãi÷íî
içîìîðôíà âiëüíié òîïîëîãi÷íié ãðóïi F (K), à ïiäãðóïà G(P ) òîïîëîãi÷íî içîìîðôíà
âiëüíié òîïîëîãi÷íié ãðóïi F (P ).

Óìîâà Xs/K
M∗

∼ Ys/P âèïëèâà¹ ç òâåðäæåííÿ 1.
(2)⇒(1) ßê áóëî äîâåäåíî ó [6] äëÿ äîâiëüíîãî ïðîñòîðó X òà éîãî G-

ðåòðàêòó K iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (K) ∗ FG(X/K) òàêèé,
ùî i(G(K)) = F (K). Ôàêòîð-ïðîñòið X/K ïðèðîäíî ãîìåîìîðôíèé áóêåòîâi
ïðîñòîðiâ Xs/K. Òîìó âiëüíà òîïîëîãi÷íà ãðóïà FG(X/K) ïðèðîäíî òîïîëîãi÷íî

içîìîðôíà âiëüíîìó òîïîëîãi÷íîìó äîáóòêó

∗∏
s∈S

FG(Xs/K). Îòæå, iñíó¹ òîïîëî-

ãi÷íèé içîìîðôiçì i : F (X) → F (K) ∗
∗∏

s∈S
FG(Xs/K) äëÿ ÿêîãî, çà ïîáóäîâîþ,

i(G(Xs)) = F (K) ∗ FG(Xs/K) äëÿ âñiõ s ∈ S. Àíàëîãi÷íî, iñíó¹ òàêèé òîïîëîãi÷íèé

içîìîðôiçì j : F (Y )→ F (P )∗
∗∏

s∈S
FG(Ys/P ), ùî j(G(Ys)) = F (P )∗FG(Ys/P ) äëÿ âñiõ

s ∈ S. Îñêiëüêè
(
K, {Kt : t ∈ T}) M∼ (P, {Pt : t ∈ T}

)
, òî iñíó¹ òàêèé òîïîëîãi÷íèé

içîìîðôiçì u : F (K)→ F (P ), ùî u(G(Kt)) = G(Pt) äëÿ âñiõ t ∈ T . Ïîçíà÷èìî ÷åðåç
us : FG(Xs/K) → FG(Ys/P ) � òîïîëîãi÷íèé içîìîðôiçì. Ç îçíà÷åííÿ âiëüíîãî
òîïîëîãi÷íîãî äîáóòêó iñíó¹ òîïîëîãi÷íèé içîìîðôiçì

m : F (K) ∗
∏
s∈S

∗
FG(Xs/K)→ F (P ) ∗

∏
s∈S

∗
FG(Ys/P ),

ÿêèé ¹ âiëüíèì äîáóòêîì içîìîðôiçìó u òà ñiì'¨ içîìîðôiçìiâ {us : s ∈ S}. Äëÿ
íüîãî, âiäïîâiäíî, âèêîíóþòüñÿ óìîâèm(F (K)) = F (P ),m(FG(Xs/K)) = FG(Ys/P )
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äëÿ âñiõ s ∈ S. Òîäi ãîìîìîðôiçì l = j−1 ◦ m ◦ i : F (X) → F (Y ) ¹ òîïîëîãi÷íèì
içîìîðôiçìîì. Ïðè÷îìó äëÿ âñiõ s ∈ S âèêîíó¹òüñÿ

l(G(Xs)) = (j−1 ◦m ◦ i)(G(Xs)) =

= (j−1 ◦m)(F (K) ∗ FG(Xs/K)) =

= j−1(F (P ) ∗ FG(Ys/P )) =

= G(Ys).

Äëÿ äîâiëüíîãî t ∈ T áóäåìî ìàòè òàêîæ, ùî

l(G(Kt)) = (j−1 ◦m ◦ i)(G(Kt)) =

= (j−1 ◦m)(G(Kt)) =

= (j−1 ◦ u)(G(Kt)) =

= j−1(G(Pt)) =

= G(Pt).

�

ßêùî ìíîæèíà T ó òåîðåìi 3 ïîðîæíÿ, à ïðîñòîðè K i P îäíîòî÷êîâi, òî îòðè-
ìó¹ìî òàêèé íàñëiäîê

Íàñëiäîê 1. Íåõàé X =
∨
s∈S

(Xs, xs) � áóêåò ñiì'¨ òèõîíîâñüêèõ ïðîñòîðiâ Xs ç

âiäìi÷åíèìè òî÷êàìè xs, Y =
∨
s∈S

(Ys, ys) � áóêåò ñiì'¨ òèõîíîâñüêèõ ïðîñòîðiâ

Ys ç âiäìi÷åíèìè òî÷êàìè ys. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S});
(2) Xs

M∗

∼ Ys äëÿ âñiõ s ∈ S.

Íàñëiäîê 2 îòðèìó¹ìî ç òåîðåìè 3, ÿêùî ïðèéíÿòè S = {1, 2}, X1 = X, X2 = K,
Y1 = Y , Y2 = P .

Íàñëiäîê 2. Íåõàé ïiäïðîñòið K ¹ G-ðåòðàêòîì òèõîíîâñüêîãî ïðîñòîðó X, ïiä-

ïðîñòið P ¹ G-ðåòðàêòîì òèõîíîâñüêîãî ïðîñòîðó Y , {Ai : i ∈ I} � ñiì'ÿ ïiäïðîñ-

òîðiâ â K, {Bi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ â P . Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,K, {Ai : i ∈ I}) M∼ (Y, P, {Bi : i ∈ I});
(2) (K, {Ai : i ∈ I}) M∼ (P, {Bi : i ∈ I}) i X/K

M∗

∼ Y/P .

Íàñëiäîê 3. Íåõàé {Xs : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ òèõîíîâñüêîãî

ïðîñòîðó X, ïðè÷îìó ïiäïðîñòið K =
⋃
s∈S

Xs ¹ G-ðåòðàêòîì â X. Íåõàé òàêîæ

{Ys : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y , ïðè÷î-

ìó ïiäïðîñòið P =
⋃
s∈S

Ys ¹ G-ðåòðàêòîì â P . Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S});
(2) X/K

M∗

∼ Y/P i Xs
M∼ Ys äëÿ âñiõ s ∈ S.
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Äîâåäåííÿ. (1)⇒(2) Çà íàñëiäêîì 2 X/K
M∗

∼ Y/P i

(K, {Xs : s ∈ S}) M∼ (P, {Ys : s ∈ S}).

Îñêiëüêè ïiäïðîñòið Xs ¹ ðåòðàêòîì ïðîñòîðó K, òî ãðóïè G(Xs) i F (Xs) òîïîëî-
ãi÷íî içîìîðôíi. Àíàëîãi÷íî, îñêiëüêè ãðóïè G(Ys) i F (Ys) òîïîëîãi÷íî içîìîðôíi,
òî

F (Xs) ' G(Xs) ' G(Ys) ' F (Ys).

(2)⇒(1) Ç òâåðäæåííÿ 4 [4]âèïëèâà¹, ùî

(K, {Xs : s ∈ S}) M∼ (P, {Ys : s ∈ S}).

Äàëi çàñòîñó¹ìî íàñëiäîê 2. �

Íàñëiäîê 4. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, ÿêi óòâîðþþòü áóêåò, ïðè÷îìó ïiäïðîñòið K =
⋃
s∈S

Xs ¹ G-ðåòðàêòîì â X.

Íåõàé òàêîæ {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y , ÿêi

óòâîðþþòü áóêåò, ïðè÷îìó ïiäïðîñòið P =
⋃
s∈S

Ys ¹ G-ðåòðàêòîì â P . Òîäi òàêi

óìîâè åêâiâàëåíòíi:

(1) (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S});
(2) X/K

M∗

∼ Y/P i Xs
M∗

∼ Ys äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. Çà íàñëiäêîì 2 óìîâà

(X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S})

åêâiâàëåíòíà óìîâi

[(K, {Xs : s ∈ S}) M∼ (P, {Ys : s ∈ S})] ∧ [X/K
M∗

∼ Y/P ].

Çà íàñëiäêîì 1 óìîâà

(K, {Xs : s ∈ S}) M∼ (P, {Ys : s ∈ S})

åêâiâàëåíòíà óìîâi Xs
M∗

∼ Ys äëÿ âñiõ s ∈ S. �

ßêùî ìíîæèíà T ó òåîðåìi 3 ïîðîæíÿ, òî îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 5. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, ÿêi óòâîðþþòü ∆-ñèñòåìó, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî

ïðîñòîðó Y , ÿêi óòâîðþþòü ∆-ñèñòåìó, K =
⋂
s∈S

Xs, P =
⋂
s∈S

Ys, X =
⋃
s∈S

Xs,

Y =
⋃
s∈S

Ys, ïiäïðîñòið K ¹ G-ðåòðàêòîì â X, ïiäïðîñòið P ¹ G-ðåòðàêòîì â Y .

Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S});
(2) K

M∼ P i Xs/K
M∗

∼ Ys/P äëÿ âñiõ s ∈ S.
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Íàñëiäîê 6. Íåõàé X,Y � òèõîíîâñüêi ïðîñòîðè A1, A2 ⊆ X, B1, B2 ⊆ Y � ¨õíi

çàìêíåíi ïiäïðîñòîðè, ïðè÷îìó ïiäïðîñòið A1∪A2 ¹ G-ðåòðàêòîì â X, ïiäïðîñòið

B1∪B2 ¹ G-ðåòðàêòîì â Y , ïiäïðîñòið A1∩A2 ¹ G-ðåòðàêòîì â A1∪A2, ïiäïðîñòið

B1 ∩B2 ¹ G-ðåòðàêòîì â B1 ∪B2. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2)
M∼ (Y,B1, B2);

(2) [X/(A1 ∪A2)
M∗

∼ Y/(B1 ∪B2)] ∧ [A1/(A1 ∩A2)
M∗

∼ B1/(B1 ∩B2)] ∧
∧ [A2/(A1 ∩A2)

M∗

∼ B2/(B1 ∩B2)] ∧ [A1 ∩A2
M∼ B1 ∩B2].

Äîâåäåííÿ. Çà íàñëiäêîì 2 óìîâà (X,A1, A2)
M∼ (Y,B1, B2) åêâiâàëåíòíà óìîâi

[(A1 ∪A2, A1, A2)
M∼ (B1 ∪B2, B1, B2)] ∧ [X/(A1 ∪A2)

M∗

∼ Y/(B1 ∪B2)].

ßêùî â íàñëiäêó 5 ïðèéíÿòè S = {1, 2}, òî îòðèìó¹ìî, ùî óìîâà

(A1 ∪A2, A1, A2)
M∼ (B1 ∪B2, B1, B2)

åêâiâàëåíòíà óìîâi

[A1/(A1 ∩A2)
M∗

∼ B1/(B1 ∩B2)] ∧ [A2/(A1 ∩A2)
M∗

∼ B2/(B1 ∩B2)]∧

∧ [A1 ∩A2
M∼ B1 ∩B2].

�

Òåîðåìà 4. Íåõàé Xn ⊆ Xn−1 ⊆ · · · ⊆ X1 ⊆ X0, Yn ⊆ Yn−1 ⊆ · · · ⊆ Y1 ⊆ Y0,

ïðè÷îìó ïiäïðîñòið Xi+1 ¹ G-ðåòðàêòîì â Xi, ïiäïðîñòið Yi+1 ¹ G-ðåòðàêòîì â

Yi. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X0, X1, X2, . . . , Xn)
M∼ (Y0, Y1, Y2, . . . , Yn);

(2) Xi/Xi+1
M∗

∼ Yi/Yi+1 ïðè i ∈ {0, . . . , n− 1} i Xn
M∼ Yn.

Äîâåäåííÿ. (1)⇒(2) Óìîâà

(X0, X1, X2, . . . , Xn)
M∼ (Y0, Y1, Y2, . . . , Yn)

çà íàñëiäêîì 2 åêâiâàëåíòíà óìîâi

[(X1, X2, . . . , Xn)
M∼ (Y1, Y2, . . . , Yn)] ∧ [X0/X1

M∗

∼ Y0/Y1].

Òàê ñàìî óìîâà

(X1, X2, . . . , Xn)
M∼ (Y1, Y2, . . . , Yn)

åêâiâàëåíòíà óìîâi

[(X2, X3, . . . , Xn)
M∼ (Y2, Y3, . . . , Yn)] ∧ [X1/X2

M∗

∼ Y1/Y2].

Ïðîäîâæóþ÷è öåé ëàíöþæîê ìiðêóâàíü, íà n-ìó êðîöi îòðèìó¹ìî, ùî ïî÷àòêîâà
óìîâà åêâiâàëåíòíà óìîâi

[X0/X1
M∼ Y0/Y1] ∧ [X1/X2

M∗

∼ Y1/Y2] ∧ . . .∧ [Xn−2/Xn−1
M∗

∼ Yn−2/Yn−1] ∧
∧ [(Xn−1, Xn)

M∗

∼ (Yn−1, Yn)].
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Óìîâà (Xn−1, Xn)
M∼ (Yn−1, Yn) çà íàñëiäêîì 2 åêâiâàëåíòíà óìîâi

[Xn−1/Xn
M∗

∼ Yn−1/Yn)] ∧ [Xn
M∼ Yn],

ùî i äîâîäèòü íàøó iìïëiêàöiþ.
Ïîâòîðèâøè öi ìiðêóâàííÿ â îáåðíåíîìó ïîðÿäêó, îòðèìà¹ìî äîâåäåííÿ iìïëi-

êàöi¨ (2)⇒(1). �

Òâåðäæåííÿ 2. ßêùî K1, K2 � ïàðàëåëüíi G-ðåòðàêòè òèõîíîâñüêîãî ïðîñòîðó

X, òî (X,K1,K2)
M∼ (X,K2,K1).

Äîâåäåííÿ. Íåõàé R1 : F (X) → F (K1), R2 : F (X) → F (K2) � ïàðàëåëüíi ðå-
òðàêöi¨. Ðîçãëÿíåìî âiäîáðàæåííÿ i : X → F (X) âèçíà÷åíå çà ôîðìóëîþ i(x) =
R1(x)x−1R2(x). Ïðîäîâæèìî âiäîáðàæåííÿ i äî ãîìîìîðôiçìó I : F (X) → F (X).
ßê áóëî äîâåäåíî â [3], I ◦ I = 1F (X), òîáòî âiäîáðàæåííÿ I ¹ òîïîëîãi÷íèì içîìîð-
ôiçìîì, ïðè÷îìó I(K1) ⊆ G(K2) òà I(K2) ⊆ G(K1). �

Íàñëiäîê 7. Íåõàé X � òèõîíîâñüêèé ïðîñòið, a, b ∈ X. Òîäi

(X, {a}, {b}) M∼ (X, {b}, {a}).

Òåîðåìà 5. Íåõàé X1, X2, . . . , Xn � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, ïðè÷îìó X =

n⋃
i=1

Xi i ïðè äîâiëüíèõ i 6= j âèêîíó¹òüñÿ ðiâíiñòü Xi ∩Xj = K, äå

K =

n⋂
i=1

Xi, à ïiäïðîñòið K ¹ G-ðåòðàêòîì â X. Íåõàé òàêîæ Y1, Y2, . . . , Yn � ñiì'ÿ

ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y , ïðè÷îìó Y =

n⋃
i=1

Yi i ïðè äîâiëüíèõ i 6= j

âèêîíó¹òüñÿ ðiâíiñòü Yi∩Yj = P , äå P =

n⋂
i=1

Xi, à ïiäïðîñòið P ¹ G-ðåòðàêòîì â Y

Ïðèéìåìî Zi =

i⋃
j=1

Xj, Pi =

i⋃
j=1

Yj, Z0 = K, P0 = P . Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,X1, X2, . . . , Xn)
M∼ (Y, Y1, Y2, . . . Yn);

(2) (X,Z1, Z2, . . . , Zn)
M∼ (Y, P1, P2, . . . Pn).

Àíàëîãi÷íi òâåðäæåííÿ âèêîíóþòüñÿ äëÿ âiäíîøåíü A-åêâiâàëåíòíîñòi òà L-
åêâiâàëåíòíîñòi.

Äîâåäåííÿ. Ïåðøà óìîâà çà íàñëiäêîì 5 åêâiâàëåíòíà êîí'þíêöi¨[
n∧

i=1

(Xi/K
M∗

∼ Yi/P )

]
∧ [K

M∼ P ].

Äðóãà óìîâà çà òåîðåìîþ 4 åêâiâàëåíòíà êîí'þíêöi¨[
n∧

i=1

(Zi/Zi−1
M∗

∼ Pi/Pi−1)

]
∧ [X/Zn

M∼ Y/Pn].
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Çàëèøà¹òüñÿ çàóâàæèòè, ùî ïðîñòið Zi/Zi−1 ãîìåîìîðôíèé ïðîñòîðó Xi/K, à ïðîñ-
òið Pi/Pi−1 ãîìåîìîðôíèé ïðîñòîðó Yi/K. �

Òåîðåìà 6. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, A1, A2 ⊆ X, B1, B2 � ¨õíi G-
ðåòðàêòè, ïðè÷îìó ïiäïðîñòîðè A1 ∪ A2 òà A1 ∩ A2 ¹ G-ðåòðàêòàìè â X, à ïiä-

ïðîñòîðè B1 ∪B2 òà B1 ∩B2 ¹ G-ðåòðàêòàìè â B. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2)
M∼ (Y,B1, B2);

(2) (X,A1 ∪A2, A1, A1 ∩A2)
M∼ (Y,B1 ∪B2, B1, B1 ∩B2).

Àíàëîãi÷íi òâåðäæåííÿ âèêîíóþòüñÿ äëÿ âiäíîøåíü A-åêâiâàëåíòíîñòi òà L-
åêâiâàëåíòíîñòi.

Äîâåäåííÿ. Çà òåîðåìîþ 3 óìîâà (1) åêâiâàëåíòíà óìîâi

[X/(A1 ∪A2)
M∗

∼ Y/(B1 ∪B2)] ∧ [A1/(A1 ∩A2)
M∗

∼ B1/(B1 ∩B2)]∧

∧ [A2/(A1 ∩A2)
M∗

∼ B2/(B1 ∩B2)] ∧ [A1 ∩A2
M∼ B1 ∩B2].

Çà òåîðåìîþ 5 óìîâà (2) åêâiâàëåíòíà óìîâi

[X/(A1 ∪A2)
M∗

∼ Y/(B1 ∪B2)] ∧ [(A1 ∪A2)/A1
M∗

∼ (B1 ∪B2)/B1]∧

∧ [A2/(A1 ∩A2)
M∗

∼ B2/(B1 ∩B2)] ∧ [A1 ∩A2
M∼ B1 ∩B2].

Çàëèøà¹òüñÿ çàóâàæèòè, ùî ïðîñòið (A1∪A2)/A1 ãîìåîìîðôíèé ïðîñòîðó A2/(A1∩
A2), à ïðîñòið (B1 ∪B2)/B1 � ïðîñòîðó B2/(B1 ∩B2). �

ßêùî â òåîðåìi 6 ïðèéìåìî B1 = A2, B2 = A1, òî îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 8. Íåõàé X � òèõîíîâñüêèé ïðîñòið, A1, A2 ⊆ X, ïðè÷îìó ïiäïðîñòîðè

A1, A2, A1 ∪A2 òà A1 ∩A2 ¹ G-ðåòðàêòàìè â X. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2)
M∼ (X,A2, A1);

(2) A1
M∼ A2, A1/(A1 ∩A2)

M∼ A2/(A1 ∩A2).

Àíàëîãi÷íi òâåðäæåííÿ âèêîíóþòüñÿ äëÿ âiäíîøåíü A-åêâiâàëåíòíîñòi òà L-
åêâiâàëåíòíîñòi.

Çàñòîñóâàâøè òåîðåìó 6 äî ìíîæèí A1 = Z1, A2 = W1 ∪ (Y1 \ Z1), B2 = Z2,
B2 = W2 ∪ (Y2 \ Z2), îòðèìó¹ìî íàñëiäîê.

Íàñëiäîê 9. Íåõàé Wi ⊆ Zi ⊆ Yi ⊆ Xi, à ïiäïðîñòîðè Wi, Zi, Yi òà Wi ∪ (Yi \ Zi)
¹ G-ðåòðàêòàìè â Xi ïðè i = 1, 2. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X1, Y1, Z1,W1)
M∼ (X1, Y2, Z2,W2);

(2) (X1, Z1,W1 ∪ (Y1 \ Z1))
M∼ (X2, Z2,W2 ∪ (Y2 \ Z2)).

Àíàëîãi÷íi òâåðäæåííÿ âèêîíóþòüñÿ äëÿ âiäíîøåíü A-åêâiâàëåíòíîñòi òà L-
åêâiâàëåíòíîñòi.
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3. Ëîêàëüíî êîìïàêòíi íóëüâèìiðíi ñåïàðàáåëüíi ìåòðèçîâàíi

ïðîñòîðè òà åêâiâàëåíòíiñòü íàáîðiâ

ßê áóëî ç'ÿñîâàíî ó [7], äëÿ ëîêàëüíî-êîìïàêòíèõ íóëüâèìiðíèõ ìåòðèçîâàíèõ
ñåïàðàáåëüíèõ ïðîñòîðiâ (íàäàëi áóäåìî âæèâàòè àáðåâiàòóðó LcZdMS-ïðîñòið) içî-
ìîðôíi êëàñèôiêàöi¨ âiëüíèõ òîïîëîãi÷íèõ ãðóï ó ñåíñi Ìàðêîâà òà Ãðà¹âà, âiëüíèõ
àáåëåâèõ òîïîëîãi÷íèõ ãðóï, âiëüíèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ çáiãàþòüñÿ, òîáòî
âiäíîøåííÿ M , M∗, A òà L-åêâiâàëåíòíîñòi çáiãàþòüñÿ. Áóäåìî íàçèâàòè ïðîñòîðè
åêâiâàëåíòíi â öüîìó ñåíñi f -åêâiâàëåíòíèìè. Âðàõîâóþ÷è òå, ùî êîæåí çàìêíåíèé
ïiäïðîñòið íóëüâèìiðíîãî ìåòðèçîâàíîãî ïðîñòîðó ¹ éîãî ðåòðàêòîì (à îòæå, i G-
ðåòðàêòîì)îòðèìà¹ìî ðÿä êëàñèôiêàöié íàáîðiâ LcZdMS-ïðîñòîðiâ. Îñîáëèâèì âè-
ïàäêîì LcZdMS-ïðîñòîðiâ ¹ çëi÷åííi êîìïàêòíi ïðîñòîðè, içîìîðôíà êëàñèôiêàöiÿ
âiëüíèõ îá'¹êòiâ íàä ÿêèìè âïåðøå îòðèìàíî â [1].

Äîâåäåííÿ íàñòóïíî¨ òåîðåìè âèïëèâà¹ ç íàñëiäêó 5.

Òåîðåìà 7. Íåõàé X i Y � òèõîíîâñüêi ïðîñòîðè, A1, A2, . . . , An ⊆ X, B1, B2, . . . ,

Bn ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè, ùî óòâîðþþòü ∆-ñèñòåìè, A =

n⋂
i=1

Ai,

B =
n⋂

i=1

Bi, ïðè÷îìó W = (X/A)⊕ (Y/B)⊕X ⊕ Y ¹ LcZdMS-ïðîñòîðîì. Òîäi òàêi

óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4)

[
X/

(
n⋃

i=1

Ai

)
f∼ Y/(

n⋃
i=1

Bi)

]
∧ [A1/A

f∼ B1/B] ∧ [A2/A
f∼ B2/B] ∧ . . . ∧

∧ [An/A
f∼ Bn/B] ∧ [A

f∼ B].

Íàñëiäîê 10 âèïëèâà¹ ç òîãî ôàêòó, ùî êîæåí çëi÷åííèé êîìïàêòíèé ïðîñòið ¹
LcZdMS-ïðîñòîðîì i äëÿ çàìêíåíîãî ïiäïðîñòîðó A çëi÷åííîãî êîìïàêòíîãî ïðîñ-
òîðó X ïðîñòið A⊕X/A ¹ çëi÷åííèì êîìïàêòíèì.

Íàñëiäîê 10. Íåõàé X i Y � çëi÷åííi êîìïàêòíi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè, ùî óòâîðþþòü ∆-ñèñòåìè, A =
n⋂

i=1

Ai, B =

n⋂
i=1

Bi, Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4)

[
X/

(
n⋃

i=1

Ai

)
f∼ Y/(

n⋃
i=1

Bi)

]
∧ [A1/A

f∼ B1/B] ∧ [A2/A
f∼ B2/B] ∧ . . . ∧

∧ [An/A
f∼ Bn/B] ∧ [A

f∼ B].
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Ç òåîðåìè 6 òà içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ îá'¹êòiâ íàä LcZdMS-ïðîñòî-
ðàìè [7] âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. Íåõàé X i Y � òèõîíîâñüêi ïðîñòîðè, A1, A2 ⊆ X, B1, B2 ⊆ Y �

¨õíi çàìêíåíi ïiäïðîñòîðè, A = A1 ∩A2, B = B1 ∩B2, ïðè÷îìó

W = (X/A)⊕ (Y/B)⊕X ⊕ Y

¹ LcZdMS-ïðîñòîðîì. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2)
M∼ (Y,B1, B2);

(2) (X,A1, A2)
A∼ (Y,B1, B2);

(3) (X,A1, A2)
L∼ (Y,B1, B2);

(4) [X/(A1 ∪A2))
f∼ Y/(B1 ∪B2)] ∧ [A1/A

f∼ B1/B] ∧ [A2/A
f∼ B2/B] ∧ [A

f∼ B].

Ç âðàõóâàííÿì òîãî ôàêòó, ùî äëÿ çàìêíåíîãî ïiäïðîñòîðó A çëi÷åííîãî êîì-
ïàêòíîãî ïðîñòîðó X ïðîñòið A ⊕ X/A ¹ çëi÷åííèì êîìïàêòíèì, îòðèìà¹ìî òàêèé
íàñëiäîê.

Íàñëiäîê 11. Íåõàé X i Y � çëi÷åííi êîìïàêòíi, A1, A2 ⊆ X, B1, B2 ⊆ Y � ¨õíi

çàìêíåíi ïiäïðîñòîðè, A = A1 ∩A2, B = B1 ∩B2. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2)
M∼ (Y,B1, B2);

(2) (X,A1, A2)
A∼ (Y,B1, B2);

(3) (X,A1, A2)
L∼ (Y,B1, B2);

(4) [X/(A1 ∪A2))
f∼ Y/(B1 ∪B2)] ∧ [A1/A

f∼ B1/B] ∧ [A2/A
f∼ B2/B] ∧ [A

f∼ B].

Ç íàñëiäêó 1 òà içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ îá'¹êòiâ íàä LcZdMS-ïðîñ-
òîðàìè [7] âèïëèâà¹ òâåðäæåííÿ.

Òâåðäæåííÿ 4. Íåõàé X i Y � òèõîíîâñüêi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè, ùî óòâîðþþòü áóêåòè, A =
n⋂

i=1

Ai, B =

n⋂
i=1

Bi, ïðè÷îìó

W = (X/A)⊕ (Y/B)⊕X ⊕ Y

¹ LcZdMS-ïðîñòîðîì. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4)

[
X/

(
n⋃

i=1

Ai

)
f∼ Y/(

n⋃
i=1

Bi)

]
∧ [A1

f∼ B1] ∧ [A2
f∼ B2] ∧ . . . ∧ [An

f∼ Bn].

Ç âðàõóâàííÿì òîãî ôàêòó, ùî äëÿ çàìêíåíîãî ïiäïðîñòîðó A çëi÷åííîãî êîì-
ïàêòíîãî ïðîñòîðó X ïðîñòið A ⊕ X/A ¹ çëi÷åííèì êîìïàêòíèì, îòðèìó¹ìî òàêèé
íàñëiäîê.
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Íàñëiäîê 12. Íåõàé X i Y � çëi÷åííi êîìïàêòíi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè, ùî óòâîðþþòü áóêåòè. Òîäi òàêi

óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4)

[
X/

(
n⋃

i=1

Ai

)
f∼ Y/(

n⋃
i=1

Bi)

]
∧ [A1

f∼ B1] ∧ [A2
f∼ B2] ∧ . . . ∧ [An

f∼ Bn].

Ç òåîðåìè 4 òà içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ îá'¹êòiâ íàä LcZdMS-ïðîñòî-
ðàìè [7] âèïëèâà¹ òåîðåìà 8.

Òåîðåìà 8. Íåõàé X i Y � òèõîíîâñüêi ïðîñòîðè, An ⊆ An−1 ⊆ · · · ⊆ A1 ⊆ X,

Bn ⊆ Bn−1 ⊆ · · · ⊆ B1 ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè, ïðè÷îìó

X ⊕X/A1 ⊕A1/A2 ⊕ · · · ⊕An−1/An ⊕ Y ⊕ Y/B1 ⊕B1/B2 ⊕ · · · ⊕Bn−1/Bn

¹ LcZdMS-ïðîñòîðîì. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4) [X/A1
f∼ Y/B1] ∧ [A1/A2

f∼ B1/B2] ∧ . . .∧ [An−1/An
f∼ Bn−1/Bn] ∧ [An

f∼
Bn].

Ç âðàõóâàííÿì òîãî ôàêòó, ùî äëÿ çàìêíåíîãî ïiäïðîñòîðó A çëi÷åííîãî êîì-
ïàêòíîãî ïðîñòîðó X ïðîñòið A⊕X/A ¹ çëi÷åííèì êîìïàêòíèì, îòðèìó¹ìî íàñëiäîê
13.

Íàñëiäîê 13. Íåõàé X i Y � çëi÷åííi êîìïàêòíi ïðîñòîðè, An ⊆ An−1 ⊆ · · · ⊆
A1 ⊆ X, Bn ⊆ Bn−1 ⊆ · · · ⊆ B1 ⊆ Y � ¨õíi çàìêíåíi ïiäïðîñòîðè. Òîäi òàêi óìîâè

åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4) [X/A1
f∼ Y/B1] ∧ [A1/A2

f∼ B1/B2] ∧ . . .∧ [An−1/An
f∼ Bn−1/Bn] ∧

∧ [An
f∼ Bn].

Ç íàñëiäêó 3 òà içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ îá'¹êòiâ íàä LcZdMS-
ïðîñòîðàìè [7] âèïëèâà¹ òâåðäæåííÿ 5.

Òâåðäæåííÿ 5. Íåõàé X i Y � òèõîíîâñüêi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � ¨õíi çàìêíåíi äèç'þíêòíi ïiäïðîñòîðè, ïðè÷îìó

X ⊕X/(A1 ∪ · · · ∪An)⊕ Y ⊕ Y/(B1 ∪ · · · ∪Bn)

¹ LcZdMS-ïðîñòîðîì. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);
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(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4) [X/(A1∪· · ·∪An)
f∼ Y/(B1∪· · ·∪Bn)] ∧ [A1

f∼ B1], [A2
f∼ B2] ∧ . . .∧ [An

f∼ Bn].

Ç âðàõóâàííÿì òîãî ôàêòó, ùî äëÿ çàìêíåíîãî ïiäïðîñòîðó A çëi÷åííîãî êîì-
ïàêòíîãî ïðîñòîðó X ïðîñòið A ⊕ X/A ¹ çëi÷åííèì êîìïàêòíèì, îòðèìó¹ìî òàêèé
íàñëiäîê.

Íàñëiäîê 14. Íåõàé X i Y � çëi÷åííi êîìïàêòíi ïðîñòîðè i A1, A2, . . . , An ⊆
X, B1, B2, . . . , Bn ⊆ Y � ¨õíi çàìêíåíi äèç'þíêòíi ïiäïðîñòîðè. Òîäi òàêi óìîâè

åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4) [X/(A1∪· · ·∪An)
f∼ Y/(B1∪· · ·∪Bn)] ∧ [A1

f∼ B1], [A2
f∼ B2] ∧ . . .∧ [An

f∼ Bn].

Íàäàëi ÷åðåç Dn ïîçíà÷àòèìåìî ñêií÷åííèé äèñêðåòíèé ïðîñòið ïîòóæíîñòi n.

Òâåðäæåííÿ 6. ßêùî X ⊕ Dn
A∼ Y ⊕ Dn, òî X

A∼ Y . Àíàëîãi÷íå òâåðäæåííÿ

âèêîíãó¹òüñÿ i äëÿ âiäíîøåííÿ L-åêâiâàëåíòíîñòi.

Äîâåäåííÿ. ßê áóëî äîâåäåíî â [11], ç óìîâè X ⊕D1
A∼ Y ⊕D1 âèïëèâà¹, ùî X

A∼ Y .
Çàñòîñóâàâøè n ðàçiâ öå òâåðäæåííÿ äî ïðîñòîðiâ X ⊕ Dn òà Y ⊕ Dn, îòðèìó¹ìî,

ùî X
A∼ Y . �

Áóäåìî ãîâîðèòè, ùî ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ (X, {Xi : i ∈ I}) òîïîëî-

ãi÷íî åêâiâàëåíòíà ñiì'¨ òîïîëîãi÷íèõ ïðîñòîðiâ (Y, {Yi : i ∈ I}), ÿêùî iñíó¹ òàêèé
ãîìåîìîðôiçì h : X → Y , ùî h(Xi) = Yi äëÿ âñiõ i ∈ I, i öå íàäàëi ïîçíà÷àòèìåìî
òàê

(X, {Xi : i ∈ I}) h∼ (Y, {Yi : i ∈ I}).

Ëåìà 1. Íåõàé X1 i X2 � ïiäïðîñòîðè òèõîíîâñüêîãî ïðîñòîðó X, Y1 i Y2 �

ïiäïðîñòîðè òèõîíîâñüêîãî ïðîñòîðó Y . ßêùî (X,X1, X2)
A∼ (Y, Y1, Y2), òî

à) |X1 ∪X2| = |Y1 ∪ Y2|;
á) |X1 ∩X2| = |Y1 ∩ Y2|;
â) |X1 \X2| = |Y1 \ Y2|.

Äîâåäåííÿ. Ïóíêòè à) òà á) âèïëèâàþòü ç òâåðäæåííÿ ç [4]. Äîâåäåìî òâåðäæåííÿ
â). ßêùî X1 ∩X2 = ∅, òî Y1 ∩ Y2 = ∅, à òîìó

|X1 ∪X2| = |X1|+ |X2| = |Y1|+ |Y2| = |Y1 ∪ Y2|.

ßêùî X1 ∩X2 6= ∅, òî çà òâåðäæåííÿì ç [5] iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîð-
ôiçì i : F (X)→ F (Y ) òàêèé, ùî i(〈X1〉) = 〈Y1〉 òà i(〈X2〉) = 〈Y2〉.

Çà òâåðäæåííÿì ç [5] ìà¹ìî, ùî |X1/X2| = |Y1/Y2|. Îñêiëüêè |X1 \ X2| =
|X1/X2| − 1 i |Y1 \ Y2| = |Y1/Y2| − 1, òî |X1 \X2| = |Y1 \ Y2|. �
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Òâåðäæåííÿ 7. Íåõàé {As : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ äèñêðåòíîãî ïðîñòîðó

X, {Bs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y . Òîäi òàêi óìîâè
åêâiâàëåíòíi:

(1) (X, {As : s ∈ S}) h∼ (Y, {Bs : s ∈ S});
(2) (X, {As : s ∈ S}) M∼ (Y, {Bs : s ∈ S});
(3) (X, {As : s ∈ S}) A∼ (Y, {Bs : s ∈ S});
(4) (X, {As : s ∈ S}) L∼ (Y, {Bs : s ∈ S}).

Äîâåäåííÿ. Iìïëiêàöi¨ (1)⇒(2), (2)⇒(3) òà (3)⇒(4) âèêîíóþòüñÿ äëÿ äîâiëüíèõ íà-
áîðiâ.

Äîâåäåìî iìïëiêàöiþ (4)⇒(1). Äëÿ äîâiëüíî¨ ïiäìíîæèíè J ⊆ I ïðèéìåìî

XJ =
⋂
i∈J

Ai ∩
⋂

t∈I\J

X \At;

YJ =
⋂
i∈J

Bi ∩
⋂

t∈I\J

Y \Bt.

Çà çàêîíîì äå Ìîðãàíà îòðèìó¹ìî, ùî

XJ =
⋂
i∈J

Ai ∩

X \
⋃

t∈I\J

At

 ;

YJ =
⋂
i∈J

Bi ∩

Y \
⋃

t∈I\J

Bt

 .

Ïðèéìåìî

C1
J =

⋂
i∈J

Ai;

C2
J =

⋃
t∈I\J

At;

D1
J =

⋂
i∈J

Bi;

D2
J =

⋃
t∈I\J

Bt.

Çà òâåðäæåííÿì 1 ç [4] ìà¹ìî, ùî (X,C1
J , C

2
J)

L∼ (Y,D1
J , D

2
J). Òîäi XJ = C1

J \ C2
J i

YJ = D1
J\D2

J . Çà ëåìîþ 1 îòðèìó¹ìî, ùî |XJ | = |YJ |. Íåõàé hJ : XJ → YJ � ái¹êòèâíå
âiäîáðàæåííÿ. Îçíà÷èìî âiäîáðàæåííÿ h : X → Y , ïðèéíÿâøè h(x) = hJ(x), ÿêùî
x ∈ XJ . Çà ïîáóäîâîþ, ÿêùî x ∈ As, òî h(x) ∈ Bs. �

Òâåðäæåííÿ 8. Íåõàé X i Y � LcZdMS-ïðîñòîðè, A1, A2, . . . , An ⊆ X, B1, B2, . . . ,

Bn ⊆ Y � iõíi ñêií÷åííi ïiäïðîñòîðè, A =

n⋃
i=1

Ai i B =

n⋃
i=1

Bi. Òîäi òàêi óìîâè

åêâiâàëåíòíi:
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(1) (X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn);

(2) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(3) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(4) X
f∼ Y òà iñíó¹ òàêå ái¹êòèâíå âiäîáðàæåííÿ h : A → B, ùî h(Ai) = Bi

äëÿ âñiõ i ∈ {1, . . . , n}.

Äîâåäåííÿ. Iìïëiêàöi¨ (1)⇒(2) òà (2)⇒(3) âèêîíóþòüñÿ äëÿ äîâiëüíèõ íàáîðiâ.
(3)⇒(4) Îñêiëüêè êîæåí çàìêíåíèé (çîêðåìà ñêií÷åííèé) ïiäïðîñòið íóëüâè-

ìiðíîãî ïðîñòîðó ¹ éîãî ðåòðàêòîì, òî ïiäïðîñòið A ¹ ðåòðàêòîì ïðîñòîðó X, à
ïiäïðîñòið B ¹ ðåòðàêòîì ïðîñòîðó Y . Îòæå,

(A,A1, A2, . . . , An)
L∼ (B,B1, B2, . . . , Bn),

i òîäi çà òâåðäæåííÿì 7 iñíó¹ ái¹êòèâíå âiäîáðàæåííÿ h : A→ B òàêå, ùî h(An) = Bn.
(4)⇒(1) Çà òâåðäæåííÿì 7 ìà¹ìî, ùî

(A,A1, A2, . . . , An)
L∼ (B,B1, B2, . . . , Bn).

Îñêiëüêè ïðîñòið A ¹ ðåòðàêòîì ó X, òî ïiäïðîñòið B ¹ ðåòðàêòîì ó Y . Òî X
A∼

X/A ⊕ Dm−1 i Y
A∼ Y/B ⊕ Dm−1. Îòæå, X/A ⊕ Dm−1

A∼ Y/B ⊕ Dm−1. Çà òâåðä-

æåííÿì 6 îòðèìó¹ìî, ùî X/A
A∼ ∼Y/B. Ïîêàæåìî, ùî ïðîñòîðè ¹ X/A òà Y/B

LcZdMS-ïðîñòîðàìè. Ôàêòîð-âiäîáðàæåííÿ p : X → X/A ¹ äîñêîíàëèì çàìêíåíèì,
à òîìó ïðîñòið X/A ¹ ëîêàëüíî-êîìïàêòíèì ìåòðèçîâàíèì ñåïàðàáåëüíèì (äèâ. [9,
ñ. 511�512]). Îñêiëüêè ðîçìiðíiñòü çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi, òî
çà òâåðäæåííÿìè 6.2.9 i 7.1.12 ç [9] ïðîñòið X/A ¹ íóëüâèìiðíèì.

Çàñòîñóâàâøè íàñëiäîê 2, îòðèìó¹ìî, ùî

(X,A1, A2, . . . , An)
M∼ (Y,B1, B2, . . . , Bn).

�

Òâåðäæåííÿ 9. Íåõàé X i Y � íóëüâèìiðíi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � iõíi ñêi÷åííi ïiäïðîñòîðè, A =

n⋃
i=1

Ai i B =

n⋃
i=1

Bi. Òîäi òàêi

óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn);

(2) X
A∼ Y òà iñíó¹ ái¹êòèâíå âiäîáðàæåííÿ h : A → B òàêå, ùî h(Ai) = Bi

äëÿ âñiõ i ∈ {1, . . . , n}.

Äîâåäåííÿ. (1)⇒(2) Îñêiëüêè âñi ïiäïðîñòîðè Ai ñêií÷åííi, òî ïðîñòið A =

n⋃
i=1

Ai

ñêií÷åííèé, à îòæå, çà òâåäæåííÿì 6 iñíó¹ ái¹êòèâíå âiäîáðàæåííÿ h : A → B òàêå,
ùî h(Ai) = Bi äëÿ âñiõ i ∈ {1, . . . , n}.

(2)⇒(1) Îñêiëüêè êîæåí ñêií÷åííèé ïiäïðîñòið íóëüâèìiðíîãî ïðîñòîðó ¹ éîãî

ðåòðàêòîì, òîX/A⊕Dm−1
A∼ X

A∼ Y
A∼ Y/B⊕Dm−1, äåm = |A| = |B|. Çà íàñëiäêîì 2
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ìà¹ìî, ùî X/A
A∼ Y/B. Ç òâåðäæåííÿ 7 âèïëèâà¹, ùî

(X,A1, A2, . . . , An)
A∼ (Y,B1, B2, . . . , Bn).

�

Àíàëîãi÷íî äî òâåðäæåííÿ 9 äîâîäèòüñÿ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 10. Íåõàé X i Y � íóëüâèìiðíi ïðîñòîðè, A1, A2, . . . , An ⊆ X,

B1, B2, . . . , Bn ⊆ Y � iõíi ñêi÷åííi ïiäïðîñòîðè, A =

n⋃
i=1

Ai i B =

n⋃
i=1

Bi. Òîäi òàêi

óìîâè åêâiâàëåíòíi:

(1) (X,A1, A2, . . . , An)
L∼ (Y,B1, B2, . . . , Bn);

(2) X
L∼ Y òà iñíó¹ ái¹êòèâíå âiäîáðàæåííÿ h : A → B òàêå, ùî h(Ai) = Bi

äëÿ âñiõ i ∈ {1, . . . , n}.
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ON MARKOV EQUIVALENCE OF THE BUNDLES OF

TYCHONOFF SPACES 4: GENERALIZED RETRACTS AND

CLASSIFICATION

Nazar PYRCH
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We consider a method of reducing of the problem of isomorphic classi�cation
of the free topological groups on Tychono� spaces and subgroups generated by
their subspaces to the same problem with smaller number of subspaces.

Key words: free topological group, bundle of topological spaces, generalized
retract.
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