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We study the semigroup B, which is introduced in [O. Gutik and M.

Mykhalenych, On some generalization of the bicyclic monoid, Visnyk Lviv.
Univ. Ser. Mech.-Mat. 90 (2020), 5-19], in the case when the family .# of
subsets of cardinality < 1 in w. We show that BZ is isomorphic to the
subsemigroup ,%’L(Fmin) of the Brandt w-extension of the semilattice F'min
and describe all shift-continuous feebly compact 7T3-topologies on the semi-
group A.,(Fmin). In particulary we prove that every shift-continuous feebly
compact T1-topology 7 on ,%’L(me) is compact and moreover in this case the
space (2., (Fmin), ) is homeomorphic to the one-point Alexandroff compacti-
fication of the discrete countable space D(w). We study the closure of B in
a semitopological semigroup. In particularly we show that B7 is algebraically
complete in the class of Hausdorff semitopological inverse semigroups with
continuous inversion, and a Hausdorff topological inverse semigroup B7 is
closed in any Hausdorff topological semigroup if and only if the band E(sz)
is compact.

Key words: semitopological semigroup, topological semigroup, bicyclic
monoid, inverse semigroup, feebly compact, compact, Brandt w-extension,
closure.

1. INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

We shall follow the terminology of [2} [3, 4, B, 19]. By w we denote the set of all

non-negative integers.
Let & (w) be the family of all subsets of w. For any F € &(w) and n,m € w we put

n—-m+F={n—-m+k:keF}
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This definition implies that n —m + F = @ if F = @. A subfamily .# C #(w) is called
w-closed if Fy N (—n+ Fy) € F for all n € w and Fy, F» € Z.

A semigroup S is called inverse if for any element x € S there exists a unique
x~! € S (called the inverse of x) such that rz~'x = z and 2 tzz~! = 2z~ L. If S is an
inverse semigroup, then the function inv: S — S which assigns to every element z of S
its inverse element 2! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by
E(S). If S is an inverse semigroup, then E(S) is closed under multiplication and we shall
refer to E(S) as a band (or the band of S). The semigroup operation of S determines
the following partial order < on E(S): e < f if and only if ef = fe = e. This order
is called the natural partial order on E(S). A semilattice is a commutative semigroup
of idempotents. By (w, min) or wpyi, we denote the set w with the semilattice operation
x -y =min{x,y}.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order < on S: s < t if and only if there exists e € E(.S) such that s = te.
This order is called the natural partial order on S [22].

The bicyclic monoid €'(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
% (p, q) is determined as follows:

qkpl . qmpn _ qk+m7min{l,m}pl+n7min{l,m}.
It is well known that the bicyclic monoid € (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(p,q) is a
group congruence [3].

On the set B, = w X w we define a semigroup operation

(132

in the following way

(i1 = j1 +i2,j2), if j1 < ig;
(i1, 71) - (G2, 42) = (i1, J2), if ji1 = da;
(i1,J1 —i2 + j2), if j1 > ia.
It is well known that the semigroup B, is isomorphic to the bicyclic monoid by the mappi-
ng bh: €(p,q) = B, ¢*p' — (k,1) (see: [3 Section 1.12] or [I8, Exercise IV.1.11(ii)]).

A topological (semitopological) semigroup is a topological space together with a
continuous (separately continuous) semigroup operation. If S is a semigroup and 7 is
a topology on S such that (S, 7) is a topological semigroup, then we shall call 7 a semi-
group topology on S, and if 7 is a topology on S such that (S,7) is a semitopological
semigroup, then we shall call T a shift-continuous topology on S. An inverse topological
semigroup with the continuous inversion is called a topological inverse semigroup. If S is
an inverse semigroup and 7 is a topology on S such that (S, 7) is a topological inverse
semigroup, then we shall call 7 a semigroup inverse topology on S.

Next we shall describe the construction which is introduced in [9].

Let B, be the bicyclic monoid and .# be an w-closed subfamily of #(w). On the
set B, x .# we define the semigroup operation “-” in the following way

(il_j1+7:27j27(.j1_i2+F1)ﬁF2)7 1fj1<22,

(i1, g1, 1) - (2, o, F2) = (i1, J2, F1 N Fy), if j1 = idy;
(11,1 —i2 + Jo, F1 N (i2 — j1 + F2)), if j1 > ia.
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By [9], if the family #
if an w-closed family %

P(w) is w-closed, then (B, x .Z,-) is a semigroup. Moreover,
& (w) contains the empty set &, then the set

I ={(i,j,2):i,j € w}

is an ideal of the semigroup (B, x.%#, ). For any w-closed family .% C 42 (w) the following
semigroup

-
-

g7 _ [ (Bux 7)1, e
© T\ (B,xZ,), ifo¢d

is defined in [9]. The semigroup B‘:} generalizes the bicyclic monoid and the countable
semigroup of matrix units. It is proven in [9] that B is combinatorial inverse semigroup
and Green’s relations, the natural partial order on Bf and its set of idempotents are
described. The criteria of simplicity, O-simplicity, bisimplicity, O-bisimplicity of the semi-
group sz and when Bf has the identity, is isomorphic to the bicyclic semigroup or the
countable semigroup of matrix units are given. In particular in [9] it is proved that the
semigroup Bf is isomorphic to the semigrpoup of wxw-matrix units if and only if .#
consists of sets of cardinality < 1 in w.

Let .% be some family of cardinality < 1 in w. In this case we shall say that .#
is the family of atomic subsets of w. It is obvious that if .# = {&} then the semigroup
Bf is trivial and hence in this paper we assume that the family .%# contains at least one
singleton subset of w. It is obvious that in this case .Z is an w-closed subfamily of & (w)
and hence Bf is an inverse semigroup with zero. Later by 0 we denote the zero of Bf
and by (i, j, {k}) a non-zero element of B for some i,j € w, {k} € .Z.

We put F = U Z . Since the semilattice (w, min) is linearly ordered, the set F' with
the binary operation xy = min{z,y} is a subsemilattice of (w, min) and later by Fin
we shall denote the set F' with the semilattice operation inherited from (w, min).

We need the following construction from [6].

Let S be a semigroup with zero and A > 1 be a cardinal. On the set By(S) =
(A x S xA)U{O} we define a semigroup operation as follows

(a,5,0) - (1,t,0) = { (%25:5), ig 7:'5 3;

and
(a,8,8)- OC=0-(a,5,8)=0-0=0,

for all a, B8,7,6 € A and s,t € S. The semigroup %, (S) is called the Brandt A-eztension
of the semigroup S [6]. Algebraic properties of %, (S) and its generalization the Brandt
A-extension %3 (9) are studied in [6], [7, 10} 12].

In this paper we study the semigroup Bf for a family .% of atomic subsets of w. We
show that Bf is isomorphic to the subsemigroup %" (Fin) of the Brandt w-extension
of the semilattice F'.,;, and describe all shift-continuous feebly compact T;-topologies
on the semigroup %' (Fin)- In particular, we prove that every shift-continuous feebly
compact T7-topology 7 on %’Z(Fmin) is compact and moreover in this case the space
(A" (Fymin), T) is homeomorphic to the one-point Alexandroff compactification of the di-
screte countable space D (w). We study the closure of Bf in a semitopological semigroup.
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In particularly we show that Bf is algebraically complete in the class of Hausdorff semi-
topological inverse semigroups with continuous inversion, and a Hausdorff topological
inverse semigroup Bf is closed in any Hausdorff topological semigroup if and only if the
band E(B7) is compact.

Later in this paper we assume that .%# is a non-trivial family of atomic subsets of
w, i.e., Z contains at least one nontrivial singleton subset of w.

2. ALGEBRAIC PROPERTIES OF THE SEMIGROUP B

Proposition 2 of [9] implies the following proposition which describing the natural
partial order on B .

Proposition 1. Let (i1,71,{k1}) and (iz, j2, {ka}) be non-zero elements of the semigroup
Bf Then (ilajla {kl}) < (i27j23 {kQ}) Zf and only Zf
ke —ki=u1—i2=j1—ja=p
for some p € w.
Since the set w is well ordered by the usual order we enumerate the set F = {k;: i €
w} in the following way ko < k1 < -+ < kp, < kp41 < ---. It is obvious that the set F' is
finite if and only if F' contains the maximum.

Proposition implies the structure of maximal chains in Bfz with the respect to its
natural partial order

Corollary 1. Let i,j be arbitrary elements of w. Then in the case when the set F' is
infinite then the following finite series

0= (i+Fki—Fko,j+ki—ko,{ko}) < (4,7, {Fk1});
0< (i+Fki—ko,j+ ki — ko, {ko}) < (i + ko — ki, j + ko — k1, {k1}) < (4,7, {k2});

0 < (i+ki—koj+hki—ko{ko}) < (i+ka—Fki,j+ka—ki,{ki}) <=
< (Z+ kn+1 - knv] + knJrl - kTL?{kn}) < (Z7Jv{kn+1})7

describes mazimal chains in the semigroup Bf and in the case when the set F' is finite
and contains mazximum k, then the following finite series

0 < (ivja {k0}>7
0 < (Z —|—/€1 — k’o,j + kl - kOy{kO}) < (i7j7 {kl})a
0 < (i + kv — ko, j + k1 — ko, {ko}) < (i + k2 — k1, + ko — ku, {ka}) < (6, s {kal);

0= (i+ki—koj+hki—ko{ko}) < (i+ke—Fki,j+ke—Fki,{k1}) <=
< (Z+ kn - knfl,j + kn - knflv{kn}) < (Zm],{kn})

describes mazimal chains in the semigroup B .
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We define a map §: BZ — B,,(Fuim) by the formulae
(1) f(i,5,{k}) = (i + k,k,j+ k)  and  (0)f =0,
fori,j € wand {k} € 7\ {o}.
Proposition 2. The map f: Bf — B (Fmin) is an isomorphic embedding.

Proof. It is obvious that the map § which is defined by formulae is injective.
For arbitrary (i1, j1,{k1}), (i, jo, {k2}) € BZ we have that

f((i1, 1,{k}) - (i, Jo, {k2})) =
fin — j1 + iz, j2, {k2}), if j1 <ig and ji + k1 =iz + ka;

_ §(i1, g2, {k1}), if j1 =iz and ky = ky; _
) FG, g1 —de g, {Ra}), if g1 > dp and gy + ki = i + ka;
7(0), if j1 + k1 #ia + ko
(i1 — j1 +i2 + k2, ko, jo + ko), if j1 <idp and ji + ki = iz + ka;
_ (i1 + k1, k1, g2 + Kr), if j1 =iz and ky = ky; _
) (R kg —da g2 k), if g1 > i and gy + by =dg + K
0, if 1+ ki #io + ko

(i1 + k1, k2, jo + ko), if ji < and ji + ki = da + ko;

(i1 + k1, k1, Jo + k), if j1 = i2 and k1 = ko;

(i1 + k1, k1, jo + ko), if j1 > iz and j1 + k1 = dp + ko;
0, if 1 + k1 # io + ko,

and

f((i1, 71, {k1}) - f(i2, g2, {k2})) = (i1 + k1, K, ji + k1) - (G2 + ko, ko, jo + k2) =
_ J (i + kr,min{ky, ko, jo + ko), i 1+ Ky = do 4 ko
0, if j1 + k1 # i+ ko
(41 + k1, ko, jo + k2), if ko < k1 and j1 + k1 = 9 + ko;
(i1 + k1, k1, jo + ko), if ky = Ky and ky = ky;
(i1 + k1, k1, jo + ko), if ko > ky and ji + ki = do + ko;
0, if j1 + k1 # @2 + ko,

(i1 + k1, ko, ja + ko), if j1 <2 and ji + k1 = iz + ko;

(i1+/€1,k‘1,j2+k2), if j1 =9 and k1 = ko;

(i1+k1,k1,jg+k2), lfjl > 49 and jl—l—k}l:ig—l-k'g;
0, if j1 4+ k1 # i9 + ko.

Since 0 and & are the zeros of the semigroups Bw"aj and B, (Fmin ), respectively, the above
equalities imply that the map f: Bij — By(Fmin) is a homomorphism. This completes
the proof of the proposition. O

Next we define
B (Fuin) = {0YU{ (4 b j + k) € Bu(Fuin) \ 16} : (i, {k}) € BT }.

Proposition [2] implies
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Theorem 1. Let F* be any family of atomic subsets of w. Then the semigroup Bi} is
isomorphic to B.,(Fmin) by the mapping f.
Proposition 3. Let F* be any family of subsets of w which contains a non-empty set
and ko = manﬁ Then the semigroup B s 1somorphic to the semigroup B
where

={-kg+F: FeZF"}.
Proof. Since the set w with the usual order < is well ordered, the number kg is well
defined. This implies that the semigroup Bfg is well defined, because F C {n € w: n >
ko} for any F € #*. Without loss of generality we may assume that @ € .#*, which
implies that the semigroup Bf* has zero 0, and hence the semigroup Bf o has zero 0,

too.
We define the map b: B‘f* — Bfo* in the following way

for i,j € wand {k} € .#*\ {@}. It is obvious that such defined map b is bijective.
For arbitrary (i1, j1, {k1}), (iz, jo, {k2}) € BZ we have that

b((ilajla {kl}) : (i27j27 {kQ})) =

bhir — j1 + 2,72, {k2}), if j1 <i2 and ji + k1 =iz + ko;
_ h(il,jg,{kl}), lfjl Zig and ]{31 :k‘g; o
) blin, g1 —i2 + g2, {k1}), if j1 > i and g1 + ky = dp + ko

h(0), if o +k1#ia+ ko

(il —J1+ 12 — k)o,jg — ko,{k‘g — k‘o}), 1f]1 < i9 and g1+ ki =19+ /4}2;
_ (i1 — ko, J2 — ko, {k1 — ko}), if j1 =iz and ky = ky;
) (i1 — ko, g1 —d2 + j2 — ko, {k1 — ko}), if j1 > iz and j1 + k1 = dp + ko;

0, iy + ko o do + ko

and

b(ihjla {kl}) . b(i23j27 {kQ}) =

= (i1 — ko, j1 — ko, {k1 — ko}) - (i2 — ko, j2 — ko, {ka — ko}) =

(i1 —ko—(j1—ko)+i2—ko, jo—ko, {ka—ko}), if j1 — ko <12 — ko and
J1—ko+k1—ko=ia—ko+ko—ko;

(i1 — ko, j2 — ko, {k1 — ko}), if j1 — ko = 42 — ko and

= kv — ko = ka2 — ko;

(i1—ko, j1—ko—(ia—ko)+ja—ko, {k1—ko}), if j1 — ko > ia — ko and
J1—ko+k1—ko=io—ko+ka—ko;

0, if j1—ko+k1—koFiz—ko+ka—ko
(11 — j1 + 12 — ko, jo — ko, {k2 — ko}), if j1 <2 and j1 + k1 = iz + ko;
_ (i1 — ko, j2 — ko, {k1 — ko}), if j1 =iz and ky = kg;
(i1 — ko, j1 — 2 + jo — ko, {k1 — ko}), if j1 >z and ji + ki =iz + ko;
0, if j1 + ki # o + ko.

Since 0 is the zero of both semigroups Bf* and Bf 0 , the above equalities imply that
such defined map bh: Bf — B‘fo is a homomorphism. O
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Theorem 2. Let F' and .#? be some families of atomic subsets of w. Then the semi-
1 2
groups Bf and Bi are isomorphic if and only if there exists an integer n such that
F'={n+F:FeZF}.

Proof. The implication (<) follows from Proposition

(=) Put F' =J.Z" and F? = |J.#2. By Proposition [3} without loss of generality
we may assume that 0 € F* N F? ie., {0} € #' and {0} € .F2.

a1 72

Suppose to the contrary that the semigroups Bf and Bf are isomorphic but

F' £ Z2. Since Z'! and .Z? are some families of atomic subsets of w, we get that

F! £ F?. Hence without loss of generality we may assume that there exists the minimum
positive integer m of the set F'' such that m ¢ F2. Put

F={keF>: k<m}.

We enumerate the set F = {ko, k1, ..., k,} in the following way
ko=0<ky <--- <kp.

Then we have that F C F*.

By Lemma 2 of [9] a non-zero element (i, j, {k}) of the semigroup Bijl (or sz)

is an idempotent if and only if ¢ = j. This and Corollary [1| imply the semigroup Bfl
contains exactly m — k,, distinct chains (or a chain) of idempotents of the length k,, + 2,

but the semigroup Bf " contains at least m — k., + 1 distinct chains of idempotents of

the length k,, + 2. This contradicts that the semigroups Bfl and Bf * are isomorphic.
The obtained contradiction implies the implication. O

For any ¢, j € w we denote

FO° = L0k, §): (i, J) € B(Fun)}

and N
WD) = {(i,k,5): (i, 5) € Buo(rmin)}
where by wpin we denote the semilattice (w, min).

Lemma 1. In the semigroup B‘f both equations A- X = B and X - A = B have only
finitely many solutions for B # 0.

Proof. We show that the equation A - X = B has finitely many solutions for B # & in
the semigroup %' (F ). In the case of the equation X - A = B the proof is similar.
We denote
A=(ia,ka,ja), X =(ix,kx,jx) and  B=(ip,kp,jp),
where (ix, kx,jx)is a variable, (i4,ka,7j4) and (ip, kB, jB) are constants of the equation
(3) (ia,ka,ja) - (ix, kx,jx) = (iB, kB, jB)-

First we establish the solution of equation in the Brandt w-extension %, (wpin) of the
semilattice wpin. The semigroup operation in %, (wmin) implies that equation has a
non-empty set of solutions if and only if kg < k4 in wyi, and i4 = ig. Hence we have
that the set of solutions of is a subset of wr(flﬂ‘l’w). This implies that the set of solutions
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of equation is a subset of Fgﬂl’jB)V. This and Theorem |1| imply the statement of the
lemma. (]

3. ON TOPOGIZATIONS OF THE SEMIGROUP %Z(Fmin)

By Proposition |3| for any family % of atomic subsets of w the semigroup sz is
isomorphic to the semigroup Bf” where % is a family of atomic subsets of w such that

0 e Uﬁo. Hence later we shall assume that 0 € F, i.e., (i,0,4) € % (F ) for any
1,] € w.
Proposition 4. Let 7 be a shift-continuous T1-topology on the semigroup 93:,(Fmin)-
Then every non-zero element of ﬂZ(Fmin) is an isolated point in (%Z(Fmin),T).
Proof. Fix arbitrary 4, j € w. Since

(7"0;7') ' (1707]) : (.7’07.]) = (2707.7)
the assumption of the proposition implies that for any open neighbourhood W; ¢ ;) # &
of the point (7,0, j) there exists its open neighbourhood V{; o ;) in the topological space
(B,(F in), ) such that

(4,0,7) - Vis,0,5) - (4,0,5) € Wio,j)-
F(iy_j)r’

min °

The definition of the semigroup operation on %' (F ) implies that Viio,) €
Then Fﬁ;’ifl)r is an open subset of the set (Z,(Fmi),T) because it is the full preimage

of V(;,0,5) under the mapping
h: B (Fnin) = B0(Funin), @+ (6,0,4) -2+ (5,0,).
By Corollarythe set Fgl’ii)” is finite, which implies the statement of the proposition. [

Next we shall show that the semigroup %" (F i, ) admits a compact shift-continuous
Hausdorff topology.
Example 1. A topology 7a. on the semigroup %’Z(F min) 18 defined as follows:

a) all nonzero elements of 4 (F ) are isolated points in (%Z (F'min)s TAC);

b) the family

Bac(0) = {U(il,j1),...,(in,jn) = B (Foin) \ (F(“’jl)“ U F(im») :

min min
nailajla' . 'ain7jn S w}

is the base of the topology 7a. at the point & € %Z(Fmin).

Corollary [1f implies that the set Fﬁf‘l’i{])r is finite for any 7,j € w which implies that
the topological space (%’Z(Fmin),TAc) is homeomorphic to the one-point Alexandroff
compactification of the discrete space %" (Fmin) \ {€}.

Proposition 5. (%": (F'min)s TAC) is a Hausdorff compact semitopological semigroup with
continuous inversion.
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Proof. Tt is obvious that the topology 7a. is Hausdorff and compact.

Fix any U, j,),..

) € Bac(0) and (i,k,5), (I, m,p) € BL,(Frin) \ {O}. Put

'7(in7jn

K ={ijit,. . in,joj1.---rdn}  and  Ux = BL(Fum)\ |J FEV".

z,ye K

Then we have that U € $Ba.(€) and the following conditions hold

Uk {0, 5,5)} S Uty ja),eoos i)
{(i K, 3)} - Uk © Uiy g),ees(inoin)
{0} A, k, )} = {6k, )} {0} = {0} C UG, ). (i)
{0} Ui )e(inign) = Ulinign)senlinign) * {0 = {0} S Uty i), )
{G k)t {m,p)} ={0} SUG, ji),(ing)s I T #L
{(i, k,5)} - {(l,m, p)} = {(i, min{k, m},p)}, if j=1,

—1
(UGr,i0)ensGnrin)) S Ulinja)sinsin)

Therefore, (%Z(me),TAC) is a semitopological inverse semigroup with continuous
inversion. O

We recall that a topological space X is said to be

perfectly normal if X is normal and and every closed subset of X is a Gs-set;
scattered if X does not contain a non-empty dense-in-itself subspace;
hereditarily disconnected (or totally disconnected) if X does not contain any
connected subsets of cardinality larger than one;

e compact if each open cover of X has a finite subcover;
e countably compact if each open countable cover of X has a finite subcover;
o H-closed if X is a closed subspace of every Hausdorff topological space containing

X;

infra H-closed provided that any continuous image of X into any first countable
Hausdorff space is closed (see [15]);

feebly compact if each locally finite open cover of X is finite [I];

o d-feebly compact (or DFCC) if every discrete family of open subsets in X is finite

(see [I71);
pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded;

Y-compact for some topological space Y, if the image f(X) is compact for any
continuous map f: X — Y.

The relations between above defined compact-like spaces are presented at the di-
agram in [14].

Lemma 2. FEwvery shift-continuous Ty -topology T on the semigroup %’Z (Fin) 18 regular.

Proof. By Propositionevery non-zero element of the semigroup %", (F ,n) is an isolated
point in the space (%, (F i), 7). Hence every open neighbourhood V(&) of the zero & is
a closed subset in (., (Fuin), 7), which implies that the topological space (%L, (Fumin),T)
is regular. O
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Since in any countable T;-space X every open subset of X is a Fj,-set, Theorem 1.5.17
from [5] and Lemma [2|imply the following corollary.

Corollary 2. Let T be a shift-continuous T1-topology on the semigroup %’Z (Frin). Then
(%Z(Fmin),r) is a perfectly normal, scattered, hereditarily disconnected space.

By ©(w) we denote the infinite countable discrete space and by R the set of all real
numbers with the usual topology.

Theorem 3. Let 7 be a shift-continuous T} -topology on the semigroup %' (F ). Then
the following statements are equivalent:

(i) (B (Fuin),T) is compact;

(i1) T = Tac;

(ii1) (BL(Fumin),T) is H-closed;

(iv) (B, (Fumin),T) is feebly compact;

(v) (BL(Fuin),T) is infra H-closed;
(vi) (B, (Fuin),7) is d-feebly compact;
(vii) (B (Frin),T) is pseudocompact;
(viii) (BL,(Fuin),T) is R-compact;

(iz) (B, (Fumin), 7) is D(w)-compact.

Proof. Implications (i) = (i) = (i) = () = (v) = (viii) = (ir) and (i) =
(vii) = (iv) = (vi) are trivial (see the diagram in [14]). By Lemma 2] we get implications
(vi) = (iv) and (iii) = (4).

(iz) = (4) Suppose to the contrary that there exists a shift-continuous T;-topology
7 on the semigroup %, (Fmin) such that (2., (Fumin), 7) is a D(w)-compact non-compact
space. Then there exists an open cover % = {Ua} of (Z],(Fumin),7) which does not
contain a finite subcover. Fix U,, € % such that & € U,,. Since the space (%L, (Fyin), 7)
is not compact the set B’ (Fuin) \ Us, is infinite. We enumerate the set B’ (Funin) \ Uy,
ie., put {z;:i € w} = B (Fuin) \ Ua,- We identify D(w) with w and define a map
f: (B (Fin),7) = D(w) by the formula

o) = { 0, ifx e Uy;

Propositionimplies that such defined map f is continuous. Also, the image f(%" (Fmin))
is not a compact subset of ®(w), which contradicts the assumption. O

Remark 1. (1) By Proposition 4 of [9] the semigroup B contains an isomorphic
copy of the semigroup of w X w-matrix units. Then Theorem 5 from [1I] impli-
es that ij does not embed into a countably compact Hausdorff topological
semigroup.

(2) A Hausdorff topological semigroup S is called I'-compact if for every z € S
the closure of the set {z,z? z3,...} is compact in S (see [16]). The semigroup
operation BiZ implies that either a-a =a or a-a = & for any a € Bf. Hence
the semigroup Bf with any Hausdorff semigroup topology is I'-compact.
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4. ON THE CLOSURE OF B” IN A (SEMI)TOPOLOGICAL SEMIGROUP

Lemma 3. Let S be a dense subsemigroup of a T-semitopological semigroup T and O
be the zero of S. Then the element O is the zero of T.

Proof. Suppose to the contrary that there exists a € T\ S such that 0-a = b # 0.
Then for every open neighbourhood U(b) Z 0 in T there exists an open neighbourhood
V(a) # 0 of the point a in T such that 0- V(a) C U(b). But |V(a) N S| > w, and hence
0 €0-V(a) CU(b). This contradicts the choice of the neighbourhood U(b). Therefore
O-a=0forallaecT\S.

The proof of the equality a - 0 = 0 is similar. O

Theorem 4. Let T be a T1-semitopological semigroup which contains the semigroup Bf:
as a dense proper subsemigroup. Then I = (T \ Bf) U {0} is an ideal of T.

Proof. Lemma [3]implies that 0 is the zero of the semigroup 7. Since T is a T -topological
space, the set B2 \ {0} is dense in T. By Lemma, 3 [13], BZ \ {0} is an open subspace
of T

Fix an arbitrary non-zero element y € I. If 2 -y = z ¢ I for some z € BZ \ {0}
then there exists an open neighbourhood U(y) of the point y in the space T such that

{z}-U(y) = {z} ¢ B \ {0}.

By Lemma the open neighbourhood U(y) should contain finitely many elements of the
set BZ \ {0} which contradicts our assumption. Hence -y € I for all z € BZ \ {0} and
y € I. The proof of the statement that y -z € I for all z € B \ {0} and y € I is similar.

Suppose to the contrary that « -y = w ¢ I for some non-zero elements x,y € I.
Then w € Bf \ {0} and the separate continuity of the semigroup operation in T yields
open neighbourhoods U(x) and U(y) of the points z and y in the space T, respectively,
such that {x} - U(y) = {w} and U(z) - {y} = {w}. Since both neighbourhoods U(z) and
U(y) contain infinitely many elements of the set B \ {0}, equalities {x} - U(y) = {w}
and U(z) - {y} = {w} do not hold, because {z} - (U(y) NBZ \ {0}) C I. The obtained

contradiction implies that z -y € I. (]

A subset D of a semigroup S is said to be w-unstable if D is infinite and aBUBa ¢ D
for any a € D and any infinite subset B C D.

Definition 1 {8]). An ideal series (see, for example, [3, []) for a semigroup S is a chain
of ideals

LhchCcCl,C---CI,=65.
We call the ideal series tight if I is a finite set and Dy = Ij \ Ip—1 is an w-unstable
subset for each k =1,...,n.

Lemma 4. The ideal series Iy = {0} C I, = 5.,
B, (Fin)-
Proof. Fix any infinite subset D C &' (Fin)\ {0} and any element a € B (Fnin)\{0}.

Since the set D is infinite and the set Ffi’ijn)” is finite for any ¢,j € w, at least one of the
following conditions holds:

(Fmin) is tight for the semigroup
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(i) there exist infinitely many i,, € w such that (i,, k,, j,) € D for some j,, € w and
kn € Fiyin;
(#4) there exist infinitely many j,, € w such that (i, kn,jn) € D for some i,, € w and
k‘n € Frn-
Both above conditions and the semigroup operation of %" (Fi,) imply that & € (i, k, j)-
DUD - (i,k,7), which completes the proof of the lemma. O

Let & be a class of semitopological semigroups. A semigroup S € & is called &-
closed, if S is a closed subsemigroup of any semitopological semigroup 7" € & which
contains S both as a subsemigroup and as a topological space. #.7.%-closed topological
semigroups, where J7.7.% is the class of Hausdorff topological semigroups, are introduced
by Stepp in [20], and there they were called mazimal semigroups. An algebraic semigroup
S is called algebraically complete in S, if S with any Hausdorff topology 7 such that
(S,7) € & is G-closed.

By Proposition 10 from [8], every inverse semigroup S with a tight ideal series is
algebraically complete in the class of Hausdorff semitopological inverse semigroups with
continuous inversion. Hence Theorem 1| and Lemma [4] imply the following theorem.

Theorem 5. Let % be a family of atomic subsets of w. Then the semigroup Bf i
algebraically complete in the class of Hausdorff semitopological inverse semigroups with
continuous inversion.

The following lemma describes the closure of the semigroup %Z(Fmin) in a T3-
topological semigroup.

Lemma 5. Let S be a T1-topological semigroup which contains the semigroup %’Z (Fmin)
as a dense subsemigroup. Then the following conditions hold:

(i) if S\ B (Frin) # @ then 22 = O for all v € S\ B (Foin);

(i1) B(S) = B(#,(Fuin))-

Proof. (i) By Lemma [3| the element & is the zero of the semigroup S. Suppose to the
contrary that there exists © € S\ &' (Fumin) such that 22 = y # €. Since S is a
T)-space there exists an open neighbourhood U(y) of the point y in S such that & ¢
U(y). The continuity of the semigroup operation in S implies that there exists an open
neighbourhood V(z) of the point z in the space S such that V(z) - V(z) C U(y). By

Corollary [1] the set Fl(f;’iz—l)” is finite for any i, j € w. Since the set V(z) N B (Fin) is
infinite, the above arguments and the definition of the semigroup operation in %, (F i)
imply that ¢ € V(z) - V(z) C U(y), a contradiction.

Statement (i¢) follows from (7). O

Lemma 6. Let %Z(Fmin) be a Hausdorff topological semigroup with the compact band
E(AB (Fuin)). If a Hausdorff topological semigroup S contains %' (Fin) as a subsemi-
group then B (F i) is a closed subset of S.

Proof. Suppose to the contrary that there exists a Hausdorff topological semigroup S
which contains %', (Fin) as a non-closed subsemigroup. Since the closure of a subsemi-
group of S is again a subsemigroup in S (see [2, page 9]), without loss of generality we
may assume that % (F ) is a dense subsemigroup of S and S\ %' (Fyin) # 9. By
Lemma [B] the element & is the zero of S.
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Fix an arbitrary € S\ %4 (F ). By Hausdorffness of S there exist open nei-
ghbourhoods U(x) and U (&) of the points z and & in S, respectively, such that U(z) N
U(0)=@.Since z- 0 = 0 -x = 0, there exist open neighbourhoods V(z) and V(&) of
the points x and & in the space S, respectively, such that

Viz) -V(0) CU((0O), V(0)-V(z) CU(0O), V(z) CU(x) and V(0) CU(O).
The compactness of F(Z%" (Fin)) and Proposition Ilmply that the set E (B (Fuin)) \
V(0) is finite. Also, by Corollary [1f the set FU9* i finite for any i,j € w. Since the set

Viz)N %’w( min) 18 infinite, the above arguments and the definition of the semigroup
operation in % (F ) imply that there exists (i, k, j) € V() such that (i,k,i) € V(0)

or (j,k,7) € V(O). Therefore, we have that at least one of the following conditions holds:

(V(z) - V(O)nV(z)#e, (V(0) V(z))NV(z) #2.
Since V(z) C U(z), this contradicts the assumption U(z) N U(&) = &. The obtained
contradiction implies the statement of the lemma. O

Later by s#7.7 we denote the class of all Hausdorff topological semigroups.
The following lemma shows that the converse statement to Lemma [f]is true in the
case when %' (F ) is a topological inverse semigroup.

Lemma 7. Let (& (Funn),7) be a Hausdorff topological inverse sengroup If
(B (Foin), 7) is an AT -closed topological semigroup then the band E(B.(Fin)) is
compact.

Proof. Suppose to the contrary that there exists a Hausdorff semigroup inverse topology
7 on the semigroup %' (F i) such that (% (Fuin), T) is an J£7.%-closed topological
semigroup and the band E(%' (Fm)) is not compact. By Proposition 4| every non-
zero element of ., (F iy) is an isolated point in (2, (Fymin), ) and hence there exists
an open neighbourhood V(&) of the zero & in the space (!, (Fmin), 7) such that M =

(%ﬁ( min)) \ V(&) is an infinite subset of the band E(#.,(F min)). Since the semigroup
A" (Fmin) is countable, so is the set M. Next we enumerate elements of the set M by
positive integers:

M = {(in, kp,in):n=1,2,3,...}.

By Corollarylthe set, F](rfl’lfl)” is finite for any 4, j € w, and hence without loss of generali-
ty we may assume that i,, < i, for any positive integers m < n. Since (ﬂg(Fmin),T)
is a topological inverse semigroup the maps ¢: #' (Fuin) — E(#(Fumi)) and
V: B (Frin) — E(#(Fmin)) defined by the formulae ¢(x) = = - 2~ ! and ¢(z) =
x~! - x, respectively, are continuous, and hence Zp; = ¢~ 1(M) U1 (M) is a closed
subset in the topological space (%" (Fuin), T)-

Let y ¢ B’ (Fuin). Put S = B (Fuin) U {y}. We extend the semigroup operation
from A (Fin) onto S as follows:

yy=y-x=x-y=0, for all we%Z,(Fmin)-

Simple verifications show that so extended binary operation is associative.
We put
Mn = {(igj_l, k2j—17i2j) . j =n,n-+ 1, n + 2, .. }
for any positive integer n. We define a topology 75 on S in the following way:
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(i) for every & € %' (Fyin) the bases of topologies 7 and 7g at the point @ coincide;
and
(#4) the family B = {U,(y) = {y} UM,: n=1,2,3,...} is the base of the topology
Ts at the point y.
Since M,, C Z); for any positive integer n, 7s is a Hausdorff topology on S.
For any open neighbourhood V(&) of the zero & such that V(€) C U(€) and any
positive integer n we have that
V(O)-Un(y) =Un(y) - V(O) =Un(y) - Un(y) ={0} S V(0O).

We remark that the definition of the set M, implies that for any non-zero element (3, k, j)
of the semigroup %’ (Fmin) there exists the smallest positive integer N(ik,j) such that

(@K J) - Mg, sy = Mng, ., - (i k,§) = {0}
This implies that
(iﬂ k7j) : Un(i,k,,-) (y) = Un(i,kﬂj) (y) . (Z7k7j) = {ﬁ} g V(ﬁ)

Therefore (S,7s) is a Hausdorff topological semigroup which contains (%' (Fuin), T)
as a proper dense subsemigroup, which contradicts the assumption of the lemma. The
obtained contradiction implies that the band E(Z#" (Fi,)) is compact. O

The proof of Lemma [7] implies Proposition [6], which gives the sufficient conditions
on the topological semigroup (%' (Fyin), ) to be non-#7.%-closed.

Proposition 6. Let 7 be a semigroup topology on the semigroup %' (Fi). Let
: %Z,(Fmin) — E(%Z(Fmin)) and - %’Z(Fmin) — E(ﬂg(Fmin)) be the maps which
are defined by the formulae p(x) = x -~ ! and (x) = x~1 - x. If there exists an open
neighbourhood U(O) of zero in (A (Fuin), ) such that
(P M)UpTH (M) NU0) =2
for some infinite subset M of the band F(%B. (Fui)), then (B (Fuym),T) is not an
TS -closed topological semigroup.
Theorem [I] and Lemmas [6} [7] imply

Theorem 6. Let F be a some family of atomic subsets of w. Then a Hausdorff topologi-
cal semigroup Bf with the compact band is an 7.7 -closed topological semigroup.
Moreover, a Hausdorff topological inverse semigroup Bf: is an AT -closed topological
semigroup if and only the band E(BY) is compact.

Example 2| and Proposition [7] imply that the converse statement to Lemma |§| (and
hence to the first statement of Theorem (1)) is not true.

Example 2. For any positive integer n we denote
U.(0) = {o}yul {Ffjl;{}“ n<i< j} .

We define a topology 7 on the semigroup %’Z(Fmin) in the following way:

(i) any mnon-zero element of the semigroup % (F,) is an isolated point in
(%Z(Fmin)aﬁ);
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(74) the family %#,(0) = {U,(0): n € w} is the base of the topology 71 at the zero
0.

It is obvious that (%’U':(Fmin), 71) is a Hausdorff topological space.
Proposition 7. (%' (Fin), 1) is an ST.7 -closed topological semigroup.

Proof. First we show that the semigroup operation is continuous in (&’ (Fmin), 71).
Since every non-zero element of the semigroup (%, (Fmin), 1) is an isolated point, it is
complete to show that the semigroup operation in (%" (Fin), 71) is continuous at zero.
Fix an arbitrary (i, k,7) € 8" (Fumn) \ {O}. Then for n = max{i, j} + 1 we have that

Also for any n € w we have that

Therefore (%', (Fmin), 1) is a topological semigroup.

Suppose to the contrary that there exists a Hausdorff topological semigroup S which
contains (%' (Fiin), 1) as a non-closed subsemigroup. Since the closure of a subsemi-
group in a topological semigroup is a subsemigroup (see [2, page 9]), without loss of
generality we can assume that (@ (Fwmin), T1) is a dense proper subsemigroup of S.

Fix an arbitrary @ € S\ & (F ). By Lemmas [3| and [5| we have that

rrx=x-0=0-x=0.

Fix any positive integer n. Let W(&) be an open neighbourhood of zero & in S such
that W(O)NA" (Fmin) = Uy, (0). The continuity of the semigroup operation in S implies
that there exist open neighbourhoods V(x), V(&) and U(0) of the points  and & in
the space S, respectively, such that

Vie)-V(0) cU(0), V(0)-V(e)cU(©0), V(x) V(e)CU(O),

V()NnU(O)=2 and V(0)CU(O)CW(0O).

Theorem 9 of [21] implies that F(%.,(Fmn)) is a closed subset of S. Hence we may
assume that V(x) N E(A’ (Fmin)) = 9, and moreover U(0) N B (Fuin) = U (O ) and
V(0)N B (Frin) = Uy (0) for some positive integers I and m such that [ >m >n

Then conditions

V(x) -V(0)CU(0) and V(e)nU(0O) =2
imply that there exists on open neighbourhood Vi (x) C V() of the point « in the space

S such that
Vi(z) N (U {F&i)ﬁ 1S € w}) =g

for any non-negative integer i < m. This and Theorem 9 of [2I] imply that there exists
an open neighbourhood Va(x) C V() of the point x in S such that

()ﬂ%’P min CU{ mm z>y,zg€w}

Hence there exists an infinite sequence {(ip, kp, jp) }pew in Va(x) such that the sequence
{ip}pew 1s increasing and j, < i, — 1 for any p € w. The definition of the topology 7
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implies that there exists an element (iy,, kp,,Jp,) Of the sequence {(ip, kp, jp)}pcw such
that . )

Fi ™" cuo) c V(o).
Then we have that

Foolt ™ iy bipgs dpg) € Fiie 770" ¢ U (0),
which contradicts the inclusion V(&) -V (x) C U(&). The obtained contradiction implies
that @ is not an accumulation point of %Z,(Fmin) in the topological space .S, and hence

the statement of the proposition holds. O
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Bus4aemo mamisrpymy B, sxa mobymoBana B mpari [9], y Bumanxy ko-
Jm ciM'st F CKIaJa€ThCs 3 TIOPOKHBOT MHOKUHY Ta JIEIKUX OIHOETIEMEHTHUX
OAMHOXKFH y w. /loBoAmMO, IO HamiBrpyma BZ iomopdHa migHamiBrpym
%’Z (F'min) w-po3mmpenns Bpannra mamisrparkun Fmin i onucyemo yci Tpanc-
JIATIITHO HerepepBHi CJIa0K0 KOMIAKTHI 711-TOTOJIOTIT Ha HAIMBrpyIIi ,%’Z (Fmin).
3okpema, JI0BOAUMO, O KOXKHA TPAHCIAIINHO HenepepBHa CI1abKO KOMIIAKTHA
Ty-TonoJioria T Ha %’Z, (Fmin) KOMUakTHa, i OlbIIE TOTO, Yy IBOMY BHIAAKY
mpocTip (932 (F'min), T) romeoMopdHMit 0HOTOUKOBIH KoMmakTrdikamii Amek-
CaHAPOBA IUCKPETHOTrO 3/1i9eHHOro npoctopy D (w). BuBuaemo 3amukanus Ha-
MBrpyIu BYZ B naniBronosoriamiit HaniBrpym. 30KpemMa J0BOAMMO, 10 Ha-
miBrpymna BZ anre6pUYHO MOBHA B KJIACi raycaopdOBUX HAIMIBTOIOIOTITHIX
IHBEPCHUX HAIIBIPYIT 3 HEITEPEPBHOIO 1HBEPCIEI0, 1 raycmodoBa Tomomorivaa in-
BEPCHA HAIMIBIPYIIA BZ € 3aMKHEHOIO B KOxKHill raycaopdosiit TomosrorivumHi
HamBrpymi Tozi i jsmmre Tomi, Koau B’s3ka F (Bf ) KOMIIAKTHA.

Karowoel cao6a: HAMIBTOIOJIOTIYHA HAIIBIPyIa, TOMOJIOTIYHA HAMIBIPYIIA,
OlruK/IiIHMIT MOHOI, iHBEpPCHA HAIIBrpymna, CIa0K0 KOMAaBKTHUM, KOMIIAKTHUIA,
w-po3mupenas Bpanara, 3aMUKAHHS.
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