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Äîâåäåíî, ùî íàïiâãðóïè End(Bω) òà End(BZ) åíäîìîðôiçìiâ áiöèê-
ëi÷íî¨ íàïiâãðóïèBω òà åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè
BZ içîìîðôíi íàïiâïðÿìèì äîáóòêàì (ω,+) oϕ (ω, ∗) i Z(+) oϕ (ω, ∗), âiä-
ïîâiäíî.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, áiöèêëi÷íèé ìîíî¨ä, ðîçøèðåíà áiöèêëi÷íà
íàïiâãðóïà, åíäîìîðôiçì, àâòîìîðôiçì, íàïiâïðÿìèé äîáóòîê.

1. Âñòóï

Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [7, 8, 16, 20]. Íàäàëi ó òåêñòi ìíîæèíó
íåâiä'¹ìíèõ öiëèõ ÷èñåë ïîçíà÷àòèìåìî ÷åðåç ω, ìíîæèíó öiëèõ ÷èñåë ÷åðåç Z, i
àäèòèâíó ãðóïó öiëèõ ÷èñåë ÷åðåç Z(+). Íàäàëi, ÿêùî f : X → Y � âiäîáðàæåííÿ,
òî ÷åðåç (x)f áóäåìî ïîçíà÷àòè îáðàç åëåìåíòà x ∈ X ñòîñîâíî f .

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äè-
íèé åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1 [1, 20]. Â iíâåðñíié
íàïiâãðóïi S âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå
íàïiâãðóïà iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

×åðåç (ω,+) i (ω, ∗) ïîçíà÷àòèìåìî àäèòèâíó òà ìóëüòèïëiêàòèâíó íàïiâãðóïè
íåâiä'¹ìíèõ öiëèõ ÷èñåë, âiäïîâiäíî.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê: e 4 f òîäi i
ëèøå òîäi, êîëè ef = fe = e. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ
ïðèðîäíèì.
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Îçíà÷èìî âiäíîøåííÿ 4 íà iíâåðñíié íàïiâãðóïi S òàê: s 4 t òîäi i ëèøå òîäi,
êîëè s = te. äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê
íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [1]. Î÷åâèä-
íî, ùî çâóæåííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 íà iíâåðñíié íàïiâãðóïi S íà ¨¨
â'ÿçêó E(S) ¹ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S).

Íåõàé S i T � íàïiâãðóïè. Âiäîáðàæåííÿ h : S → T íàçèâà¹òüñÿ ãîìîìîðôiç-

ìîì, ÿêùî (x · y)h = (x)h · (y)h äëÿ äîâiëüíèõ x, y ∈ S [7]. ßêùî æ S i T � ìîíî¨äè
ç îäèíèöÿìè 1S i 1T , âiäïîâiäíî, òî ãîìîìîðôiçì h : S → T òàêèé, ùî (1S)h = 1T ,
áóäåìî íàçèâàòè ãîìîìîðôiçìîì ìîíî¨äiâ. Òàêîæ ãîìîìîðôiçì h : S → S íàçèâà¹òü-
ñÿ åíäîìîðôiçìîì íàïiâãðóïè S, içîìîðôiçì i : S → S íàçèâà¹òüñÿ àâòîìîðôiçìîì

íàïiâãðóïè S, à ÿêùî S � ìîíî¨ä ç îäèíèöåþ 1S i h : S → S � ãîìîìîðôiçì òà-
êèé, ùî (1S)h = 1S , òî áóäåìî ãîâîðèòè, ùî h � åíäîìîðôiçì ìîíî¨äà S. Î÷åâèäíî,
ùî êîìïîçèöiÿ äâîõ åíäîìîðôiçìiâ íàïiâãðóïè (ìîíî¨äà) S ¹ åíäîìîðôiçìîì íà-
ïiâãðóïè (ìîíî¨äà) S, à êîìïîçèöiÿ äâîõ àâòîìîðôiçìiâ íàïiâãðóïè (ìîíî¨äà) S ¹
àâòîìîðôiçìîì íàïiâãðóïè (ìîíî¨äà) S. Îòîæ ìíîæèíà óñiõ åíäîìîðôiçìiâ End(S)
íàïiâãðóïè S ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ âiäîáðàæåíü ¹ ìîíî¨äîì, à ìíîæèíà óñiõ
àâòîìîðôiçìiâAut(S) íàïiâãðóïè S ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ âiäîáðàæåíü ¹ ãðó-
ïîþ, i î÷åâèäíî ¹ ãðóïîþ îäèíèöü íàïiâãðóïè End(S). ßêùî S = S1 � ìîíî¨ä, òî
íàäàëi íàïiâãðóïó åíäîìîðôiçìiâ ìîíî¨äà S (ÿê ìîíî¨äà) áóäåìî ïîçíà÷àòè ÷åðåç
End1(S), à íàïiâãðóïó åíäîìîðôiçìiâ íàïiâãðóïè S (ÿê íàïiâãðóïè) áóäåìî ïîçíà-
÷àòè ÷åðåç End(S).

Íàãàäà¹ìî (äèâ. [7, �1.12]), ùî áiöèêëi÷íîþ íàïiâãðóïîþ (àáî áiöèêëi÷íèì ìî-

íî¨äîì) C (p, q) íàçèâà¹òüñÿ íàïiâãðóïà ç îäèíèöåþ, ïîðîäæåíà äâîåëåìåíòíîþ ìíî-
æèíîþ {p, q} i âèçíà÷åíà îäíèì ñïiââiäíîøåííÿì pq = 1. Áiöèêëi÷íà íàïiâãðóïà âi-
äiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï. Çîêðåìà, êëàñè÷íà òåîðåìà Î. Àíäåðñåíà [5]
ñòâåðäæó¹, ùî (0-)ïðîñòà íàïiâãðóïà ç (íåíóëüîâèì) iäåìïîòåíòîì ¹ öiëêîì (0-)ïðîñ-
òîþ òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíó êîïiþ áiöèêëi÷íî¨ íàïiâãðóïè.

Çàóâàæåííÿ 1. Ëåãêî áà÷èòè, ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íàïiâãðóïi,
çàäàíié íà ìíîæèíi Bω = ω × ω ç íàïiâãðóïîâîþ îïåðàöi¹þ

(i1, j1) · (i2, j2) = (i1 + i2 −min{j1, i2}, j1 + j2 −min{j1, i2}) =

=

{
(i1 − j1 + i2, j2), ÿêùî j1 6 i2;
(i1, j1 − i2 + j2), ÿêùî j1 > i2,

(1)

ïðè÷îìó öåé içîìîðôiçì âèçíà÷à¹òüñÿ çà ôîðìóëîþ (qipj)i = (i, j), i, j ∈ ω.

Ïiäíàïiâãðóïè áiöèêëi÷íîãî ìîíî¨äà Bω îïèñàíî â áàãàòüîõ ïðàöÿõ (äèâ. [3, 4,
10, 15, 17, 2]). Óçàãàëüíåííÿ âiäíîøåíü �ðiíà, ñóìiñíi ÷àñòêîâi ïîðÿäêè, àâòîìîðôiç-
ìè, íàïiâàâòîìîðôiçìè òà êîíãðóåíöi¨ íà Bω âèâ÷àëè â [9, 11, 17, 18, 19, 21]. Iíøi
âëàñòèâîñòi áiöèêëi÷íîãî ìîíî¨äà îïèñàíî â [6, 7, 16, 20].

Äîáðå âiäîìî, ùî êîæåí íåií'¹êòèâíèé ãîìîìîðôíèé îáðàç áiöèêëi÷íî¨ íàïiâ-
ãðóïè ¹ öèêëi÷íîþ ãðóïîþ (äèâ. [7, íàñëiäîê 1.32]), à òàêîæ ëèøå òîòîæíå âiäîáðà-
æåííÿ áiöèêëi÷íî¨ íàïiâãðóïè ¹ ¨¨ àâòîìîðôiçìîì.
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Íàãàäà¹ìî (äèâ. [22]), ùî ðîçøèðåíîþ áiöèêëi÷íîþ íàïiâãðóïîþ íàçèâà¹òüñÿ
ìíîæèíà BZ = Z × Z ç íàïiâãðóïîâîþ îïåðàöi¹þ (1). Âiäíîøåííÿ �ðiíà íà ðîçøè-
ðåíié áiöèêëi÷íié íàïiâãðóïi îïèñàíi â [12]. Òàêîæ êîæíèé íåií'¹êòèâíèé ãîìîìîðô-
íèé îáðàç ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ ¹ öèêëi÷íîþ ãðóïîþ [12]. Ãðóïà
Aut(BZ) àâòîìîðôiçìiâ íàïiâãðóïèBZ içîìîðôíà àäèòèâíié ãðóïi öiëèõ ÷èñåë Z(+)
[14].

Âàðiàíòè áiöèêëi÷íîãî ìîíî¨äà òà ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè âèâ÷àëè
â [13, 14].

Ìè îïèñó¹ìî åíäîìîðôiçìè áiöèêëi÷íîãî ìîíî¨äà Bω ÿê ìîíî¨äà òà ÿê íàïiâ-
ãðóïè. Äîâåäåíî, ùî íàïiâãðóïà End(Bω) åíäîìîðôiçìiâ áiöèêëi÷íî¨ íàïiâãðóïèBω

içîìîðôíà íàïiâïðÿìîìó äîáóòêó (ω,+)oϕ (ω, ∗), à òàêîæ, ùî íàïiâãðóïà End(BZ)
åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ içîìîðôíà íàïiâïðÿìîìó äî-
áóòêó Z(+)oϕ (ω, ∗).

2. Íàïiâãðóïà åíäîìîðôiçìiâ áiöèêëi÷íî¨ íàïiâãðóïè

Äëÿ äîâiëüíèõ a, k ∈ ω îçíà÷èìî âiäîáðàæåííÿ εk[a] : Bω → Bω çà ôîðìóëîþ

(2) (m,n)εk[a] = (km+ a, kn+ a), m, n ∈ ω.

ßêùî k = 0, òî (m,n)ε0[a] = (a, a) äëÿ âñiõ (m,n) ∈ Bω, i âiäîáðàæåííÿ
ε0[a] : Bω → Bω àíóëþþ÷èé åíäîìîðôiçì íàïiâãðóïè Bω. Òîìó íàäàëi ââàæàòè-
ìåìî, ùî k > 0. Òîäi äëÿ äîâiëüíèõ (i, j), (m,n) ∈ Bω ìà¹ìî, ùî

((i, j) · (m,n))εk[a] =

 (i− j +m,n)εk[a], ÿêùî j < m;
(i, n)εk[a], ÿêùî j = m;
(i, j −m+ n)εk[a], ÿêùî j > m

=

=

 (k(i− j +m) + a, kn+ a), ÿêùî j < m;
(ki+ a, kn+ a), ÿêùî j = m;
(ki+ a, k(j −m+ n) + a), ÿêùî j > m

i îñêiëüêè k > 0, òî

(i, j)εk[a] · (m,n)εk[a] = (ki+ a, kj + a) · (km+ a, kn+ a) =

=

 (ki+ a− (kj + a) + km+ a, kn+ a), ÿêùî kj + a < km+ a;
(ki+ a, kn+ a), ÿêùî kj + a = km+ a;
(ki+ a, kj + a− (km+ a) + kn+ a), ÿêùî kj + a > km+ a

=

=

 (k(i− j +m) + a, kn+ a), ÿêùî kj < km;
(ki+ a, kn+ a), ÿêùî kj = km;
(ki+ a, k(j −m+ n) + a), ÿêùî kj > km

=

=

 (k(i− j +m) + a, kn+ a), ÿêùî j < m;
(ki+ a, kn+ a), ÿêùî j = m;
(ki+ a, k(j −m+ n) + a), ÿêùî j > m.

Îòæå. ìè äîâåëè òàêó ëåìó.

Ëåìà 1. Äëÿ äîâiëüíèõ a, k ∈ ω âiäîáðàæåííÿ εk[a] : Bω → Bω, îçíà÷åíå çà ôîðìó-

ëîþ (2) ¹ åíäîìîðôiçìîì áiöèêëi÷íî¨ íàïiâãðóïè.
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Ç ëåìè 1 âèïëèâà¹ íàñëiäîê.

Íàñëiäîê 1. Äëÿ äîâiëüíîãî ÷èñëà k ∈ ω âiäîáðàæåííÿ εk[0] : Bω → Bω, îçíà÷åíå

çà ôîðìóëîþ (2), äå a = 0, ¹ åíäîìîðôiçìîì áiöèêëi÷íîãî ìîíî¨äà.

Ëåìà 2. Äëÿ äîâiëüíîãî åíäîìîðôiçìó ϕ : Bω → Bω áiöèêëi÷íîãî ìîíî¨äà iñíó¹

òàêå ÷èñëî k ∈ ω, ùî ϕ = εk[0].

Äîâåäåííÿ. Îñêiëüêè ϕ : Bω → Bω � åíäîìîðôiçì áiöèêëi÷íîãî ìîíî¨äà, òî
(0, 0)ϕ = (0, 0). Òîäi äëÿ ïîðîäæóþ÷èõ åëåìåíòiâ (0, 1) i (1, 0) áiöèêëi÷íîãî ìîíî¨äà
Bω iñíóþòü åëåìåíòè (i, j), (m,n) ∈ Bω òàêi, ùî (0, 1)ϕ = (i, j) i (1, 0)ϕ = (m,n) äëÿ
äåÿêèõ i, j,m, n ∈ ω. Îñêiëüêè Bω � iíâåðñíà íàïiâãðóïà òà (0, 1) i (1, 0) � iíâåðñíi
åëåìåíòè â Bω, òî

(m,n) = (1, 0)ϕ =

= ((0, 1)−1)ϕ =

= ((0, 1)ϕ)−1 =

= (i, j)−1 = (j, i).

Òàêîæ ç ðiâíîñòi (0, 1) · (1, 0) = (0, 0) âèïëèâà¹, ùî

(i, i) = (i, j) · (j, i) =
= (0, 1)ϕ · (1, 0)ϕ =

= ((0, 1) · (1, 0))ϕ =

= (0, 0)ϕ =

= (0, 0),

à îòæå, i = 0.

Ïðèéìåìî (0, 1)ϕ = (0, k). Îñêiëüêè (0, 1) i (1, 0) � òâiðíi åëåìåíòè áiöèêëi÷íîãî
ìîíî¨äà Bω, òî äëÿ äîâiëüíîãî åëåìåíòà (m,n) ∈ Bω ìà¹ìî, ùî

(m,n)ϕ = ((m, 0) · (0, n))ϕ =

= ((1, 0)m · (0, 1)n)ϕ =

= ((1, 0)m)ϕ · ((0, 1)n)ϕ =

= ((1, 0)ϕ)m · ((0, 1)ϕ)n =

= (k, 0)m · (0, k)n =

= (km, 0) · (0, kn) =
= (km, kn),

çâiäêè i âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Ç ëåìè 2 âèïëèâà¹, ùî

εk1[0] · εk2[0] = εk1k2[0] = εk2k1[0] = εk2[0] · εk1[0]

äëÿ äîâiëüíèõ åíäîìîðôiçìiâ εk1[0] i εk2[0], k1, k2 ∈ ω, áiöèêëi÷íîãî ìîíî¨äà Bω, à
îòæå, âèêîíó¹òüñÿ òàêà òåîðåìà.
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Òåîðåìà 1. Íàïiâãðóïà End1(Bω) åíäîìîðôiçìiâ áiöèêëi÷íîãî ìîíî¨äà Bω içî-

ìîðôíà íàïiâãðóïi (ω, ∗).

Ðiâíîñòi

(3) (k + a, a)n = (kn+ a, a) i (a, k + a)n = (a, kn+ a), a, k ∈ ω, n ∈ N,
äëÿ åëåìåíòiâ (k + a, a), (a, k + a) áiöèêëi÷íîãî ìîíî¨äà Bω äîâîäÿòüñÿ ìåòîäîì ìà-
òåìàòè÷íî¨ iíäóêöi¨.

Òâåðäæåííÿ 1 îïèñó¹ åíäîìîðôiçìè áiöèêëi÷íîãî ìîíî¨äà ÿê íàïiâãðóïè.

Òâåðäæåííÿ 1. Äëÿ äîâiëüíîãî åíäîìîðôiçìó ϕ : Bω → Bω áiöèêëi÷íîãî ìîíî¨äà

ÿê íàïiâãðóïè iñíóþòü òàêi k, a ∈ ω, ùî ϕ = εk[a].

Äîâåäåííÿ. Îñêiëüêè (0, 0) � iäåìïîòåíò áiöèêëi÷íîãî ìîíî¨äà Bω, òî îáðàç (0, 0)ϕ
¹ iäåìïîòåíòîì ó Bω.

Ó âèïàäêó (0, 0)ϕ = (0, 0) òâåðäæåííÿ âèïëèâà¹ ç ëåìè 2. Òîìó íàäàëi ââàæà-
òèìåìî, ùî

(0, 0)ϕ = (a, a) 6= (0, 0).

Îñêiëüêè (0, 1) · (1, 0) = (0, 0), (1, 0) · (0, 1) = (1, 1) i (1, 1) 4 (0, 0) â Bω, òî, âðàõó-
âàâøè, ùî êîæåí ãîìîìîðôiçì iíâåðñíèõ íàïiâãðóï çáåðiãà¹ ïðèðîäíèé ÷àñòêîâèé
ïîðÿäîê, îòðèìó¹ìî, ùî (1, 1)ϕ 4 (0, 0)ϕ = (a, a) â Bω. ßêùî (1, 1)ϕ = (a, a), òî çà
íàñëiäêîì 1.32 [7] åíäîìîðôiçì ϕ ¹ ãðóïîâèì, i îñêiëüêè âñi ïiäãðóïè â áiöèêëi÷íîìó
ìîíî¨äi ¹ òðèâiàëüíèìè, òî îòðèìó¹ìî, ùî ϕ : Bω → Bω � àíóëþþ÷èé åíäîìîðôiçì,
òîáòî ϕ = ε0[a] äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà a.

Íàäàëi ââàæàòèìåìî, ùî (1, 1)ϕ 6= (a, a). Ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî
ïîðÿäêó íà áiöèêëi÷íîìó ìîíî¨äi Bω âèïëèâà¹, ùî iñíó¹ òàêå íàòóðàëüíå ÷èñëî k,
ùî

(1, 1)ϕ = (k + a, k + a).

Ïðèïóñòèìî, ùî äëÿ òâiðíèõ åëåìåíòiâ (0, 1) i (1, 0) áiöèêëi÷íîãî ìîíî¨äà Bω ìà¹ìî,
ùî (0, 1)ϕ = (i, j) i (1, 0)ϕ = (m,n) äëÿ äåÿêèõ i, j,m, n ∈ ω. Îñêiëüêè Bω � iíâåðñíà
íàïiâãðóïà òà (0, 1) i (1, 0) � iíâåðñíi åëåìåíòè â Bω, òî

(m,n) = (1, 0)ϕ =

= ((0, 1)−1)ϕ =

= ((0, 1)ϕ)−1 =

= (i, j)−1 =

= (j, i),

à îòæå,

(a, a) = (0, 0)ϕ =

= ((0, 1) · (1, 0))ϕ =

= (0, 1)ϕ · (1, 0)ϕ =

= (i, j) · (j, i) =
= (i, i),
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çâiäêè âèïëèâà¹, ùî i = a. Òàêîæ ç àíàëîãi÷íèõ ìiðêóâàíü âèïëèâà¹, ùî

(k + a, k + a) = (1, 1)ϕ =

= ((1, 0) · (0, 1))ϕ =

= (1, 0)ϕ · (0, 1)ϕ =

= (j, a) · (a, j) =
= (j, j),

òîáòî (0, 1)ϕ = (a, k + a) i (1, 0)ϕ = (k + a, a). Òîäi äëÿ äîâiëüíîãî åëåìåíòà (m,n)
áiöèêëi÷íîãî ìîíî¨äà Bω, âèêîðèñòàâøè ôîðìóëè (3), îòðèìó¹ìî

(m,n)ϕ = ((m, 0) · (0, n))ϕ =

= ((1, 0)m · (0, 1)n)ϕ =

= ((1, 0)m)ϕ · ((0, 1)n)ϕ =

= ((1, 0)ϕ)m · ((0, 1)ϕ)n =

= (k + a, a)m · (a, k + a)n =

= (km+ a, a) · (a, kn+ a) =

= (km+ a, kn+ a).

Çâiäêè âèïëèâà¹, ùî ϕ = εk[a]. �

Íåõàé S i T � íàïiâãðóïè òà f : T → End(S), t 7→ ft � ãîìîìîðôiçì. Íà äåêàð-
òîâîìó äîáóòêó S × T îçíà÷èìî íàïiâãðóïîâó îïåðàöiþ òàê:

(s1, t1) · (s2, t2) = (s1 · (s2)ft1 , t1 · t2).

Ìíîæèíà S × T ç òàê âèçíà÷åíîþ íàïiâãðóïîâîþ îïåðàöi¹þ íàçèâà¹òüñÿ íàïiâïðÿ-

ìèì äîáóòêîì íàïiâãðóïè S íàïiâãðóïîþ T ñòîñîâíî ãîìîìîðôiçìó f, òà ïîçíà÷à-
¹òüñÿ S of T [16].

Îçíà÷èìî âiäîáðàæåííÿ f : (ω, ∗)→ End(ω,+) çà ôîðìóëîþ f(k)(n) = kn. Î÷å-
âèäíî, ùî âiäîáðàæåííÿ f ¹ ãîìîìîðôiçìîì ç íàïiâãðóïè (ω, ∗) ó End(ω,+). Îñêiëü-
êè íàïiâãðóïà (ω, ∗) äi¹ íà íàïiâãðóïi (ω,+) åíäîìîðôiçìàìè, òî íà äåêàðòîâîìó
äîáóòêó (ω,+)× (ω, ∗) âèçíà÷åíà íàïiâãðóïîâà îïåðàöiÿ

(a1, k1) · (a2, k2) = (a1 + k1a2, k1k2)

íàïiâïðÿìîãî äîáóòêó (ω,+) of (ω, ∗) ñòîñîâíî ãîìîìîðôiçìó f. Îçíà÷èìî âiäîáðà-
æåííÿ I : End(Bω) → (ω,+) of (ω, ∗) çà ôîðìóëîþ εk[a] 7→ (a, k). Ç ëåìè 1 i òâåðä-
æåííÿ 1 âèïëèâà¹, ùî I � ái¹êòèâíå âiäîáðàæåííÿ.

Îòæå, ìè äîâåëè òàêó òåîðåìó.

Òåîðåìà 2. Íàïiâãðóïà End(Bω) åíäîìîðôiçìiâ áiöèêëi÷íî¨ íàïiâãðóïè Bω içî-

ìîðôíà íàïiâïðÿìîìó äîáóòêó (ω,+)of (ω, ∗).
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3. Íàïiâãðóïà åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè

Àíàëîãi÷íî, ÿê i ó âèïàäêó áiöèêëi÷íîãî ìîíî¨äà Bω äëÿ äîâiëüíèõ k ∈ ω i
a ∈ Z îçíà÷èìî âiäîáðàæåííÿ εk[a] : BZ → BZ çà ôîðìóëîþ

(4) (m,n)εk[a] = (km+ a, kn+ a), m, n ∈ Z.

Äîâåäåííÿ ëåìè 3 àíàëîãi÷íå ëåìi 1.

Ëåìà 3. Äëÿ äîâiëüíèõ k ∈ ω i a ∈ Z âiäîáðàæåííÿ εk[a] : BZ → BZ, îçíà÷åíå çà

ôîðìóëîþ (4), ¹ åíäîìîðôiçìîì óçàãàëüíåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè.

Ðiâíîñòi

(5) (k + a, a)n = (kn+ a, a) i (a, k + a)n = (a, kn+ a), a ∈ Z, k, n ∈ N,
äëÿ åëåìåíòiâ (k+a, a) i (a, k+a) ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ, àíàëîãi÷íî
ÿê i ôîðìóëè (3), äîâîäÿòüñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.

Ïiäíàïiâãðóïè ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè, ÿêi içîìîðôíi áiöèêëi÷íié
íàïiâãðóïi, îïèñàíî â ëåìi 4.

Ëåìà 4. Íåõàé S � ïiäíàïiâãðóïà ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè, ÿêà içîìîð-

ôíà áiöèêëi÷íié íàïiâãðóïi Bω. Òîäi

S = {(km+ a, kn+ a) : m,n ∈ ω}
äëÿ äåÿêèõ a ∈ Z i k ∈ N, ïðè÷îìó içîìîðôíå çàíóðåííÿ I : Bω → BZ âèçíà÷à¹òüñÿ

çà ôîðìóëîþ (m,n) 7→ (km+ a, kn+ a).

Äîâåäåííÿ. Íåõàé ϕ : Bω → BZ � içîìîðôíå çàíóðåííÿ áiöèêëi÷íî¨ íàïiâãðóïè Bω

ó ðîçøèðåíó áiöèêëi÷íó íàïiâãðóïó BZ. Òîäi (0, 0)ϕ = (a, a) äëÿ äåÿêîãî öiëîãî
÷èñëà a. Îñêiëüêè (1, 1) 4 (0, 0) ó Bω, òî (1, 1)ϕ 4 (0, 0)ϕ ó BZ, à îòæå çà òâåðä-
æåííÿì 2.1(i) ç [12] iñíó¹ íàòóðàëüíå òàêå ÷èñëî k, ùî (1, 1)ϕ = (k + a, k + a). Ìè
ñòâåðäæó¹ìî, ùî (0, 1)ϕ = (a, k + a) i (1, 0)ϕ = (k + a, a). Ñïðàâäi, ïðèïóñòèìî, ùî
äëÿ òâiðíèõ åëåìåíòiâ (0, 1) i (1, 0) áiöèêëi÷íîãî ìîíî¨äàBω ìà¹ìî, ùî (0, 1)ϕ = (i, j)
i (1, 0)ϕ = (m,n) äëÿ äåÿêèõ i, j,m, n ∈ Z. Îñêiëüêè Bω � iíâåðñíà íàïiâãðóïà òà
(0, 1) i (1, 0) � iíâåðñíi åëåìåíòè â Bω, òî ç òîãî, ùî ϕ : Bω → BZ � ãîìîìîðôiçì
iíâåðñíèõ íàïiâãðóï, âèïëèâà¹, ùî

(m,n) = (1, 0)ϕ =

= ((0, 1)−1)ϕ =

= ((0, 1)ϕ)−1 =

= (i, j)−1 = (j, i),

à îòæå,

(a, a) = (0, 0)ϕ =

= ((0, 1) · (1, 0))ϕ =

= (0, 1)ϕ · (1, 0)ϕ =

= (i, j) · (j, i) =
= (i, i),
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çâiäêè âèïëèâà¹, ùî i = a. Òàêîæ ç àíàëîãi÷íèõ ìiðêóâàíü âèïëèâà¹, ùî

(k + a, k + a) = (1, 1)ϕ =

= ((1, 0) · (0, 1))ϕ =

= (1, 0)ϕ · (0, 1)ϕ =

= (j, a) · (a, j) = (j, j),

òîáòî (0, 1)ϕ = (a, k + a) i (1, 0)ϕ = (k + a, a). Òîäi äëÿ äîâiëüíîãî åëåìåíòà (m,n)
ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ, âèêîðèñòàâøè ôîðìóëè (5), îòðèìó¹ìî

(m,n)ϕ = ((m, 0) · (0, n))ϕ =

= ((1, 0)m · (0, 1)n)ϕ =

= ((1, 0)m)ϕ · ((0, 1)n)ϕ =

= ((1, 0)ϕ)m · ((0, 1)ϕ)n =

= (k + a, a)m · (a, k + a)n =

= (km+ a, a) · (a, kn+ a) =

= (km+ a, kn+ a),

ùî i çàâåðøó¹ äîâåäåííÿ ëåìè. �

Åíäîìîðôiçì ϕ : BZ → BZ íàçèâà¹òüñÿ (0, 0)-åíäîìîðôiçìîì, ÿêùî

(0, 0)ϕ = (0, 0).

Ëåìà 5. Äëÿ äîâiëüíîãî (0, 0)-åíäîìîðôiçìó ϕ : BZ → BZ ðîçøèðåíî¨ áiöèêëi÷íî¨

íàïiâãðóïè iñíó¹ òàêå ÷èñëî k ∈ ω, ùî ϕ = εk[0].

Äîâåäåííÿ. Ïðèïóñòèìî, ùî (1, 1)ϕ = (k, k).

ßêùî k = 0, òî (1, 1)ϕ = (0, 0). Çà òâåðäæåííÿì 2.2 ç [12] êîæíèé íåií'¹êòèâíèé
ãîìîìîðôíèé îáðàç óçàãàëüíåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ ¹ öèêëi÷íîþ ãðóïîþ, i
îñêiëüêè çà òâåðäæåííÿì 2.1(iv) [12] óñi ìàêñèìàëüíi ïiäãðóïè â BZ ¹ òðèâiàëüíèìè,
òî åíäîìîðôiçì ϕ : BZ → BZ àíóëþþ÷èé.

Ïðèïóñòèìî, ùî k 6= 0. Îñêiëüêè (1, 1) 4 (0, 0) ó íàïiâãðóïiBZ, òî (k, k) 4 (0, 0),
i òîäi ç òâåðäæåííÿ 2.1(i) [12] âèïëèâà¹, ùî k > 0. Âðàõóâàâøè, ùî ìíîæèíà

BZ[0] = {(m,n) : m,n ∈ ω}

ç iíäóêîâàíîþ íàïiâãðóïîâîþ îïåðàöi¹þ ç BZ içîìîðôíà áiöèêëi÷íié íàïiâãðóïi, òî
ç ëåìè 2 âèïëèâà¹, ùî (m,n)ϕ = (km, kn) äëÿ âñiõ m,n ∈ ω.

Çà ëåìîþ 4 äëÿ äîâiëüíîãî öiëîãî ÷èñëà t ìíîæèíà

BZ[t] = {(m,n) : m,n > t} ⊆ BZ

ç iíäóêîâàíîþ ç BZ íàïiâãðóïîâîþ îïåðàöi¹þ içîìîðôíà áiöèêëi÷íié íàïiâãðóïi ñòî-
ñîâíî âiäîáðàæåííÿ (m+ t, n+ t) 7→ (m,n).

Äàëi äîâåäåìî òâåðäæåííÿ ëåìè ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Ç íàâåäåíîãî
âèùå âèïëèâà¹, ùî ó âèïàäêó p = 0 ìà¹ìî, ùî (m,n)ϕ = (km, kn) äëÿ âñiõ öiëèõ
m,n > 0. Ïðèïóñòèìî, ùî ç òîãî, ùî âèêîíó¹òüñÿ ðiâíiñòü (m,n)ϕ = (km, kn) äëÿ
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âñiõ öiëèõ m,n > −p, äå p � äåÿêå íàòóðàëüíå ÷èñëî, âèïëèâà¹, ùî öÿ ðiâíiñòü
âèêîíó¹òüñÿ äëÿ âñiõ öiëèõ m,n > −(p+ 1). Íåõàé

(−(p+ 1),−(p+ 1))ϕ = (s, s)

äëÿ äåÿêîãî öiëîãî ÷èñëà s. Îñêiëüêè

(−p,−p) 4 (−(p+ 1),−(p+ 1))

â BZ i êîæåí ãîìîìîðôiçì iíâåðñíèõ íàïiâãðóï çáåðiãà¹ ïðèðîäíèé ÷àñòêîâèé ïî-
ðÿäîê, òî (−kp,−kp) 4 (s, s), i âðàõóâàâøè, ùî (−kp,−kp) 6= (s, s), òî ç òâåðäæåí-
íÿ 2.1(i) [12] âèïëèâà¹, ùî s < −kp. Òîäi ç ðiâíîñòåé

(−p− 1,−p) · (−p,−p− 1) = (−p− 1,−p− 1)

i
(−p,−p− 1) · (−p− 1,−p) = (−p,−p)

âèïëèâà¹, ùî

(−p− 1,−p)ϕ = (s,−kp) i (−p,−p− 1)ϕ = (−kp, s).
Îñêiëüêè

(−p,−p) · (−p− 1,−p) = (−p,−p+ 1),

òî ç ïðèïóùåííÿ iíäóêöi¨ òà íåðiâíîñòi s < −kp âèïëèâà¹, ùî

(−kp,−kp+ k) = (−p,−p+ 1)ϕ =

= ((−p,−p) · (−p− 1,−p))ϕ =

= (−p,−p)ϕ · (−p− 1,−p)ϕ =

= (−kp,−kp) · (s,−kp) =
= (−kp+ s− s,−kp− kp− s) =

= (−kp,−kp− kp− s),

à îòæå, −kp+k = −kp−kp−s. Çâiäêè âèïëèâà¹, ùî s = −k(p+1). Òîäi äëÿ äîâiëüíîãî
öiëîãî ÷èñëà q < p+ 1 ìà¹ìî, ùî

(−p− 1,−q) = (−p− 1,−p) · (−p,−q)
i

(−q,−p− 1) = (−q,−p) · (−p,−p− 1),

à îòæå,

(−p− 1,−q)ϕ = (−p− 1,−p)ϕ · (−p,−q)ϕ =

= (−kp− k,−kp) · (−kp,−kq) =
= (−kp− k,−kq)

i
(−q,−p− 1)ϕ = (−q,−p)ϕ · (−p,−p− 1)ϕ =

= (−kq,−kp) · (−kp,−kp− k) =

= (−kq,−kp− k).

Çâiäñè âèïëèâà¹, ùî (m,n)ϕ = (km, kn) äëÿ âñiõ öiëèõ m,n > −p− 1, ùî i çàâåðøó¹
äîâåäåííÿ ëåìè. �
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Ç ëåìè 5 âèïëèâà¹, ùî

εk1[0] · εk2[0] = εk1k2[0] = εk2k1[0] = εk2[0] · εk1[0]

äëÿ äîâiëüíèõ (0, 0)-åíäîìîðôiçìiâ εk1[0] i εk2[0], k1, k2 ∈ ω, ðîçøèðåíî¨ áiöèêëi÷íî¨
íàïiâãðóïè BZ, à îòæå, âèêîíó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 3. Íàïiâãðóïà (0, 0)-åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ
içîìîðôíà íàïiâãðóïi (ω, ∗).

Òâåðäæåííÿ 2 îïèñó¹ åíäîìîðôiçìè ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè.

Òâåðäæåííÿ 2. Äëÿ äîâiëüíîãî åíäîìîðôiçìó ϕ : BZ → BZ ðîçøèðåíî¨ áiöèêëi÷íî¨

íàïiâãðóïè iñíóþòü òàêi k ∈ ω i a ∈ Z, ùî ϕ = εk[a].

Äîâåäåííÿ. Íåõàé ϕ � äîâiëüíèé åíäîìîðôiçì ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè
BZ. Òîäi (0, 0)ϕ = (a, a) äëÿ äåÿêîãî a ∈ Z. Çà òåîðåìîþ 1 [14] åíäîìîðôiçì ε1[−a] ¹
åëåìåíòîì ãðóïè îäèíèöü íàïiâãðóïè åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâ-
ãðóïè BZ. Ç âèçíà÷åííÿ âiäîáðàæåííÿ ε1[−a] âèïëèâà¹, ùî

(0, 0)ϕε1[−a] = (a, a)ε1[−a] = (0, 0),

à îòæå, âiäîáðàæåííÿ ϕε1[−a] ¹ (0, 0)-åíäîìîðôiçìîì ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâ-
ãðóïè. Çà ëåìîþ 5 iñíó¹ òàêå ÷èñëî k ∈ ω, ùî ϕε1[−a] = εk[0]. Îñêiëüêè ε1[−a]ε1[a] =
ε1[0] � òîòîæíèé àâòîìîðôiçì ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ, òî

ϕ = ϕε1[−a]ε1[a] = εk[0]ε1[a] = εk[a],

ùî i çàâåðøó¹ äîâåäåííÿ òâåðäæåííÿ. �

Àíàëîãi÷íî, ÿê i ó âèïàäêó áiöèêëi÷íî¨ íàïiâãðóïè, îçíà÷èìî âiäîáðàæåííÿ
f : (ω, ∗) → End(Z(+)) çà ôîðìóëîþ f(k)(n) = kn. Î÷åâèäíî, ùî âiäîáðàæåííÿ f
¹ ãîìîìîðôiçìîì ç íàïiâãðóïè (ω, ∗) ó íàïiâãðóïó End(Z(+)). Îñêiëüêè íàïiâãðóïà
(ω, ∗) äi¹ íà ãðóïi Z(+) åíäîìîðôiçìàìè, òî íà äåêàðòîâîìó äîáóòêó Z(+) × (ω, ∗)
âèçíà÷åíà íàïiâãðóïîâà îïåðàöiÿ

(a1, k1) · (a2, k2) = (a1 + k1a2, k1k2)

íàïiâïðÿìîãî äîáóòêó Z(+)of(ω, ∗) ñòîñîâíî ãîìîìîðôiçìó f. Îçíà÷èìî âiäîáðàæåí-
íÿ I : End(BZ)→ Z(+)of (ω, ∗) çà ôîðìóëîþ εk[a] 7→ (a, k). Ç ëåìè 3 i òâåðäæåííÿ 2
âèïëèâà¹, ùî I � ái¹êòèâíå âiäîáðàæåííÿ. Îòæå, ìè äîâåëè òàêó òåîðåìó.

Òåîðåìà 4. Íàïiâãðóïà End(BZ) åíäîìîðôiçìiâ ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè
BZ içîìîðôíà íàïiâïðÿìîìó äîáóòêó Z(+)of (ω, ∗).
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It is proved that the semigroups End(Bω) and End(BZ) of the endomorphi-
sms of the bicyclic semigroup Bω and the endomorphisms of the extended bi-
cyclic semigroup BZ are isomorphic to the semidirect products (ω,+)oϕ (ω, ∗)
and Z(+)oϕ (ω, ∗), respectively.
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