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Ðîçãëÿíóòî äâîòî÷êîâó çàäà÷ó äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè
äðóãîãî ïîðÿäêó ç êîåôiöi¹íòàìè çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨ (ðiâ-
íÿííÿ òèïó Åéëåðà). Òàêà çàäà÷à íåêîðåêòíà, à ¨¨ ðîçâ'ÿçíiñòü ïîâ'ÿçàíà
ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ òà
¹äèíîñòi ðîçâ'ÿçêó, ÿêi îòðèìàíî íà ïiäñòàâi îöiíîê çíèçó ìàëèõ çíàìåí-
íèêiâ.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, äâîòî÷êîâà çàäà÷à,
ïðîáëåìà ìàëèõ çíàìåííèêiâ, íåêîðåêòíi çàäà÷i.

1. Âñòóï

Äâîòî÷êîâi êðàéîâi çàäà÷i äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiä-
íèìè âèâ÷àëè ó áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16]), îñêiëüêè òàêi çàäà÷i ¹ ìîäåëÿìè áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ.
Çîêðåìà, ó ïðàöÿõ [1, 2, 3, 4, 8, 9, 10, 11, 12, 13, 14, 15, 16] âèâ÷åíî äâîòî÷êîâi çà-
äà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè íà òîði. Äîñëiäæåííÿ ðîçâ'ÿçíîñòi öèõ
çàäà÷ ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, äëÿ îöiíîê çíèçó ÿêèõ âèêîðèñòà-
íî ìåòðè÷íèé ïiäõiä [8] i ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ ÷èñåë. Ó [4, 5, 6] çàñòîñîâàíî
äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä òà àïàðàò àëãåáðè ïñåâäîäèôåðåíöiàëüíèõ îïå-
ðàòîðiâ äëÿ ïîáóäîâè ó íåîáìåæåíèõ îáëàñòÿõ ðîçâ'ÿçêiâ äâîòî÷êîâèõ çàäà÷ äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.

Öÿ ïðàöÿ ¹ ïðîäîâæåííÿì äîñëiäæåíü, ðîçïî÷àòèõ ðàíiøå ó [15], íà âèïàäîê
ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè òèïó Åéëåðà. Ó íié âèçíà÷åíî óìîâè ðîçâ'ÿçíîñòi
äâîòî÷êîâî¨ çàäà÷i çà çìiííîþ t ó êëàñàõ ôóíêöié, ïåðiîäè÷íèõ çà x, äëÿ ðiâíÿíü,
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êîåôiöi¹íòè ÿêèõ ¹ ìíîãî÷ëåíàìè çà t. Óïåðøå äëÿ ðiâíÿíü çi çìiííèìè çà t êîå-
ôiöi¹íòàìè äîâåäåíî, ùî òàêi óìîâè âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà) âåêòîðiâ, óòâîðåíèõ iç êîåôiöi¹íòiâ ðiâíÿííÿ. Öåé ðåçóëüòàò äîïîâíþ¹ ðå-
çóëüòàò ïðàöi [15], äå îòðèìàíî óìîâè êîðåêòíîñòi äâîòî÷êîâî¨ çàäà÷i äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, ñêëàäåíèõ iç âóçëiâ iíòåðïîëÿöi¨.

Â îáëàñòi [t−, t+] × Ωp2π, äå Ωp2π � p-âèìiðíèé òîð, p ∈ N, 0 < t− < t+ < +∞,
ðîçãëÿäà¹òüñÿ çàäà÷à

(1)
[
t2∂2t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (t, x) ∈ (0,∞)× Ωp2π,

äå

(2) a(∂x) =
∑
|s|≤1

as∂
s
x, b(∂x) =

∑
|s|≤2

bs∂
s
x,

as, bs � êîìïëåêñíi ÷èñëà, ∂t = ∂/∂t, ∂sx = ∂s1x1
· · · ∂spxp , dxr = ∂/∂xr, x = (x1, . . . , xp),

s = (s1, . . . , sp), |s| = s1 + · · ·+ sp.
Ðîçâ'ÿçîê ðiâíÿííÿ (1) çàäàíèé ó äâà ìîìåíòè ÷àñó t0, t1, äå 0 < t0 < t1 = t0τ ,

òîáòî óìîâàìè

(3) u(t0, x) = ϕ0(x), u(t1, x) = ϕ1(x), x ∈ Ωp2π.

Çíàéäåìî ðîçâ'ÿçîê çàäà÷i (1), (3) çà äîïîìîãîþ âiäîêðåìëåííÿ çìiííî¨ x, âè-
êîðèñòîâóþ÷è ðÿäè Ôóð'¹

ϕ0(x) =
∑
k∈Zp

ϕ0ke
ikx, ϕ1(x) =

∑
k∈Zp

ϕ1ke
ikx.

Çãiäíî ç ðiâíÿííÿì (1) çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ ç âåêòîðíèì ïàðà-
ìåòðîì k = (k1, . . . , kp) ∈ Zp ìà¹ âèãëÿä ðiâíÿííÿ Åéëåðà

(4)
[
t2d2t + ta(ik)dt + b(ik)

]
uk(t) = 0, dt = d/dt,

à ðîçâ'ÿçîê ðiâíÿííÿ (1) çîáðàæó¹òüñÿ ðÿäîì

(5) u(t, x) =
∑
k∈Zp

uk(t)eikx, kx = k1x1 + · · ·+ kpxp.

Ââåäåìî ïðîñòîðè Φq,g i Uq,G ç íîðìàìè

‖ϕ‖2q,g =
∑
k∈Zp

k̃2qg2k̃|ϕk|2, ‖u‖q,G =

2∑
r=0

max
t∈[t−,t+]

‖tr∂rt u(t, ·)‖q−r,G(t),

äå g i G � äîäàòíå ÷èñëî i äîäàòíà ôóíêöiÿ, q ∈ R.

2. Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i

Ïîçíà÷èìî a = a(ik), b = b(ik), à êîðåíi õàðàêòåðèñòè÷íîãî (êâàäðàòíîãî) ðiâ-
íÿííÿ

(6) λ2 + (a− 1)λ+ b = 0

÷åðåç λ1 = λ1(k), λ2 = λ2(k). Öi êîðåíi ìàþòü òàêå çîáðàæåííÿ:

(7) λ1,2 =
1− a∓

√
D

2
, D = (a− 1)2 − 4b,
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arg
√
D

Reλ

Imλ

Imλ1

Imλ2Imλ2

0

1−a
2

Reλ2Reλ1

∣∣√D∣∣/2
λ1

λ2

Ðèñ. 1. Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ

äå àðãóìåíò arg
√
D êâàäðàòíîãî êîðåíÿ ç äèñêðèìiíàíòà D íàëåæèòü ìíîæèíi

(−π/2, π/2], òîìó ñïðàâäæó¹òüñÿ íåðiâíiñòü Reλ1 ≤ Reλ2, ïðè÷îìó Reλ1 < Reλ2,

ÿêùî arg
√
D 6= π/2.

ßêùî äèñêðèìiíàíò D = D(k) ïîëiíîìà λ2 + (a − 1)λ + b íå äîðiâíþ¹ íóëþ,
òî ðiâíÿííÿ (6) ìà¹ ïðîñòi êîðåíi, à ÿêùî D = 0, òî êîðiíü � êðàòíèé, çîêðåìà
λ1 = λ2 = (1− a)/2.

Äëÿ äiéñíèõ a, b ìà¹ìî äiéñíi êîðåíi, ÿêùî D ≥ 0 (çîêðåìà ðiçíi, ÿêùî D > 0),
i ïàðó êîìïëåêñíèõ, ÿêùî D < 0.

Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ çîáðàæåíà íà ðèñ. 1.
Ðîçiá'¹ìî ìíîæèíó Zp íà äâi ìíîæèíè Zp = Z1 t Z2, ïðè÷îìó äëÿ âåêòîðiâ

k ∈ Z2 êîðåíi ðiâíÿííÿ (6) ¹ ïðîñòèìè, à äëÿ âåêòîðiâ k ∈ Z1, äëÿ ÿêèõ D(k) = 0,
êîðiíü � äâîêðàòíèé.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) äëÿ âñiõ t > 0 çîáðàæà¹ ôîðìóëà

(8)
uk(t) = tλ1(C1k + C2k ln t) = t(1−a)/2(C1k + C2k ln t), k ∈ Z1,

uk(t) = C1kt
λ1 + C2kt

λ2 = t(1−a)/2(C1kt
−
√
D/2 + C2kt

√
D/2), k ∈ Z2,

äå C1k i C2k � äîâiëüíi êîìïëåêñíi ñòàëi, à

tλ = eλ ln t = e(Reλ+i Imλ) ln t = eReλ ln t(cos Imλ ln t+ i sin Imλ ln t).

Ôóíêöiÿ (5) ¹ ðîçâ'ÿçêîì çàäà÷i (1), (3) ëèøå òîäi, êîëè

(9) uk(t0) = ϕ0k, uk(t1) = ϕ1k, k ∈ Zp.
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Çâiäñè ìà¹ìî ñèñòåìè äëÿ âèçíà÷åííÿ ñòàëèõ ó ôîðìóëi (8):(
tλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

)(
C1k

C2k

)
=

(
ϕ0k

ϕ1k

)
,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)(
C1k

C2k

)
=

(
ϕ0k

ϕ1k

)
ç íåíóëüîâèìè ìàòðèöÿìè(

tλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

)
=

(
tλ1
0 0

0 tλ1
1

)(
1 ln t0

1 ln t1

)
,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ1
0 0

0 tλ1
1

)(
1 τλ1−λ2

1 1

)(
1 0

0 tλ2−λ1
1

)
, t1 ≤ 1,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ2
0 0

0 tλ2
1

)(
1 1

τλ1−λ2 1

)(
tλ1−λ2
0 0

0 1

)
, t0 ≥ 1,

i äëÿ âèïàäêó t0 < 1 < t1 ç ìàòðèöåþ(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ1
0 0

0 tλ2
1

)(
1 tλ2−λ1

0

tλ1−λ2
1 1

)
.

Ç ôîðìóëè (8), âiäïîâiäíî, îòðèìó¹ìî

uk(t) = tλ1

(
1 ln t

)
ln τ

(
ln t1 − ln t0

−1 1

)(
t−λ1
0 ϕ0k

t−λ1
1 ϕ1k

)
, k ∈ Z1,

äå ln(t1/t0) > 0, à äëÿ k ∈ Z2, âiäïîâiäíî, ìàòèìåìî

(10)

uk(t) =

(
tλ1 tλ2tλ1−λ2

1

)
1− τλ1−λ2

(
1 −τλ1−λ2

−1 1

)(
t−λ1
0 ϕ0k

t−λ1
1 ϕ1k

)
, t1 ≤ 1,

uk(t) =
−
(
tλ1 tλ2

)
1− τλ1−λ2

(
−1 tλ2−λ1

0

tλ1−λ2
1 −1

)(
t−λ1
0 ϕ0k

t−λ2
1 ϕ1k

)
, t0 < 1 < t1,

uk(t) =

(
tλ1tλ2−λ1

0 tλ2
)

1− τλ1−λ2

(
1 −1

−τλ1−λ2 1

)(
t−λ2
0 ϕ0k

t−λ2
1 ϕ1k

)
, t0 ≥ 1,

äå åëåìåíòè τλ1−λ2 , tλ2−λ1
0 , tλ1−λ2

1 âiäïîâiäíèõ êâàäðàòíèõ ìàòðèöü ìàþòü ìåíøèé
çà îäèíèöþ ìîäóëü äëÿ âñiõ k ∈ Z2 ç óìîâîþ Reλ2 > Reλ1.

ßêùî Reλ2 = Reλ1, òî D < 0,
√
−D > 0, λ1,2 = (1− a)/2∓ i

√
−D/4 i(

tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
t
(1−a)/2
0 0

0 t
(1−a)/2
1

)t−i
√
−D/4

0 t
i
√
−D/4

0

t
−i
√
−D/4

1 t
i
√
−D/4

1

 , k ∈ Z2,

à ôîðìóëè (10) íàáóâàþòü âèãëÿäó

uk(t) =

(
− sin

(√
−D ln

√
t/t1

)
sin
(√
−D ln

√
t/t0

))
t(a−1)/2 sin

(√
−D ln

√
τ
) (

t
(a−1)/2
0 ϕ0k

t
(a−1)/2
1 ϕ1k

)
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ó ïðèïóùåííi, ùî
√
−D(k) ln τ 6= 2mπ äëÿ óñiõ íàòóðàëüíèõ m. Ó ïðîòèëåæíîìó

âèïàäêó
√
−D(k) = 2mπ/ ln τ , àáî tλ2−λ1

0 = tλ2−λ1
1 , àáî τλ1 = τλ2 ðîçâ'ÿçîê çàäà÷i

(4), (9) iñíó¹ ëèøå çà óìîâè ϕ1k = τλ1ϕ0k, à ñàìà çàäà÷à ìà¹ îäíîâèìiðíå ÿäðî,
çîêðåìà

uk(t) =
( tλ1

tλ1
0

+
tλ2

tλ2
0

)ϕ0k

2
+
( tλ1

tλ1
0

− tλ2

tλ2
0

)
Ck ≡

( tλ1

tλ1
1

+
tλ2

tλ2
1

)ϕ1k

2
+
( tλ1

tλ1
1

− tλ2

tλ2
1

)
τλ1Ck,

äå Ck � äîâiëüíå êîìïëåêñíå ÷èñëî.
Óìîâà íåîäíîçíà÷íîñòi ðîçâ'ÿçêó çàäà÷i (1), (3) ïîëÿãà¹ ó âèêîíàííi õî÷à á

îäíi¹¨ ç íåñêií÷åííî¨ êiëüêîñòi óìîâ

b(ik) =
(a(ik)− 1

2

)2
+
(mπ

ln τ

)2
, m ∈ N, k ∈ Zp,

ïðè÷îìó ðîçìiðíiñòü ¨¨ ÿäðà äîðiâíþ¹ êiëüêîñòi ðîçâ'ÿçêiâ k ∈ Zp îñòàííüîãî ðiâ-
íÿííÿ i ìîæå áóòè íåñêií÷åííîþ.

Íà ïiäñòàâi ôîðìóë (10) îòðèìó¹ìî äëÿ ïîõiäíèõ u
(l)
k , äå l = 0, 1, 2, ðîçâ'ÿçêó

uk çàäà÷i (4), (9) âiäïîâiäíi íåðiâíîñòi

(11)

8λ∗l

∣∣t−λ1
0 ϕ0k

∣∣2 +
∣∣t−λ1
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1u
(l)
k (t)

∣∣2, t ≤ t1,∣∣tl−λ2tλ2−λ1
1 u

(l)
k (t)

∣∣2, t ≥ t1,

8λ∗l

∣∣t−λ1
0 ϕ0k

∣∣2 +
∣∣t−λ2
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1u
(l)
k (t)

∣∣2, t ≤ 1,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ≥ 1,

8λ∗l

∣∣t−λ2
0 ϕ0k

∣∣2 +
∣∣t−λ2
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1tλ1−λ2
0 u

(l)
k (t)

∣∣2, t ≤ t0,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ≥ t0.

Âåëè÷èíè λ∗l âèçíà÷àþòü ôîðìóëè

(12) λ∗0 = 1, λ∗1 = max
r
|λr|2, λ∗2 = max

r
|(λr − 1)λr|2 = max

r
|aλr + b|2.

3. Îöiíþâàííÿ ðîçâ'ÿçêó

Íåõàé êîìïîíåíòè âåêòîðà

~b =
(
b(1), . . . , b(p)

)
=
(
bs(1), . . . , bs(p)

)
,

äå s(j) =
(

0, . . . , 0, 2︸ ︷︷ ︸
j

, 0, . . . , 0
)
, ó ðiâíÿííi (1) íàëåæàòü êðóãó Q∗ ðàäióñà b∗, à ñàìå

Q∗ = {z ∈ C : |z| ≤ b∗}. Òîäi çàëåæíi âiä k âåëè÷èíè

λ1(k), λ2(k), D(k),∆(k)

çàëåæàòü òàêîæ i âiä öüîãî âåêòîðà íà ìíîæèíi Q∗p = Q∗ × · · · ×Q∗︸ ︷︷ ︸
p

.

Ðîçãëÿäà¹ìî ìíîæèíó ðîçâ'ÿçêiâ u = u(t, x) çàäà÷i (1), (3) ñêëàäåíó äëÿ çíà÷åíü

âåêòîðà ~b íà ìíîæèíi Q∗p ç ìåòîþ âèçíà÷åííÿ ¨¨ ìåòðè÷íèõ îöiíîê.
Îñêiëüêè |a(ik)| ≤ L1k̃ i |b(ik)| ≤ L2

1k̃
2 , òî |D(k)| ≤ L2

2k̃
2 i |λj(k)| ≤ L3k̃, äå

äîäàòíi ÷èñëà L1, L2, L3 � íå çàëåæàòü âiä k òà ~b, à çàëåæàòü âiä b∗.



92
Âîëîäèìèð IËÜÊIÂ, ßðîñëàâ ÑËÎÍÜÎÂÑÜÊÈÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2021. Âèïóñê 91

Ç iíøîãî áîêó, íà ïiäñòàâi ðiâíîñòåéD(k) = 4k2j b(j)−D1(k), äåD1(k) = 4k2j b(j)−
D(k) íå çàëåæèòü âiä b(j) i k2j = max(k21, . . . , k

2
p), îòðèìà¹ìî îöiíêè çíèçó.

Äëÿ äîâiëüíîãî ôiêñîâàíîãî ε ∈ (0, 1] âèáåðåìî ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë

εk, ÿêi çàäîâîëüíÿþòü óìîâó
∑

k∈Zp\{0}

ε2k = ε/2.

Òîäi ìiðà ìíîæèíè

Q̃k
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
, k 6= 0,

åëåìåíòiâ b(j) ∈ Q∗, ùî çàäîâîëüíÿþòü íåðiâíiñòü∣∣∣b(j)− D1(k)

4k2j

∣∣∣ ≤ √
2

πp/2b∗p−1
εk, εk ≤ 1/2,

äëÿ äîâiëüíîãî ôiêñîâàíîãî âåêòîðà
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
∈ Q∗p−1

íå ïåðåâèùó¹ 2π1−pb∗2(1−p)ε2k, à ìiðà ìíîæèíè Q̃k óñiõ òàêèõ âåêòîðiâ ~b ∈ Q∗p íå
ïåðåâèùó¹ 2ε2k.

Òîìó íà äîïîâíåííi Q∗p \ Q̃k öi¹¨ ìíîæèíè, øî ìà¹ ìiðó íå ìåíøó íiæ
πpb∗(2p−2)b∗2 − 2ε2k, ñïðàâäæó¹òüñÿ îöiíêà çíèçó

|D(k)| = 4k2j

∣∣∣b(j)− D1(k)

4k2j

∣∣∣ > 4
√

2k2j
πp/2b∗p−1

εk ≥
4
√

2k̃2

(p+ 1)πp/2b∗p−1
εk.

Ðîçãëÿíåìî âèðàç ∆(k) = 1− τλ1−λ2 , ÿêèé òðåáà îöiíèòè çíèçó. Îñêiëüêè τ > 1,
à Re(λ1 − λ2) ≤ 0, òî äëÿ ∆(k) = 1− e(λ1−λ2) ln τ ìà¹ìî îöiíêó çâåðõó

|∆(k)| ≤ 1 + eRe(λ1−λ2) ln τ ≤ 2

äëÿ óñiõ~b ∈ Q∗p, çîêðåìà |∆(k)| = 2, ÿêùî e(λ1−λ2) ln τ = −1. ßêùî æ e(λ1−λ2) ln τ = 1,
òî |∆(k)| = 0.

Ïîçíà÷èìî ε∗k =
εk/
√
k̃√

m0πpb∗2(p−1)
, ïðè÷îìó m0 =

12

11π
(L2 ln τ + 1), ÷èñëî ε âèáè-

ðà¹ìî òàêèì, ùîá ε∗k ≤ 1/2; ùå ïîçíà÷èìî z = (λ1 − λ2) ln τ , òîäi Re z ≤ 0 i

|z| =
√
|D(k)| ln τ ≤ k̃L2 ln τ,

òîáòî z íàëåæèòü ïiâêðóãó ðàäióñà k̃L2 ln τ .
Îáðàçè ïðÿìîêóòíèêiâ

Rm = {z = x+ iy : (x, y) ∈ [−ε∗∗k , 0]× [−ε∗∗k + 2πm, ε∗∗k + 2πm]}, m ∈ Z,

äå ε∗∗k =
k̃ ln τ

pL2
ε∗k =

√
k̃ ln τ · εk/p√

m0L2
2π
pb∗2(p−1)

, ùî ìiñòÿòü òî÷êè 2πim, ïðè âiäîáðàæåííi

w = ez ¹ îäíàêîâèìè, ðèñ. 2; öå ÷àñòèíà êiëüöÿ ìiæ êîëàìè |z| = e−ε
∗∗
k , |z| = 1 i

ïðîìåíÿìè arg z = ±ε∗∗k .

Ïðÿìîêóòíèê Rm ìà¹ íåíóëüîâèé ïåðåòèí ç êðóãîì |z| ≤ k̃L2 ln τ , ÿêùî 2π|m|−
ε∗∗k < k̃L2 ln τ àáî 11π|m| < 6k̃L2 ln τ . Çâiäñè îòðèìó¹ìî, ùî êiëüêiñòü òàêèõ ïåðåòè-

íiâ íå ïåðåâèùó¹ ÷èñëà m0k̃.
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Re z

Im z

k̃L2 ln τ

2πi

−2πi

R1

R−1

R0
Rew

Imw

1

1

1− exp(−ε∗∗k )

Ðèñ. 2. Îáðàçè ïiâêðóãà áåç ïðÿìîêóòíèêiâ ïðè âiäîáðàæåííi w = ez

Äëÿ äîâiëüíî¨ òî÷êè z 6∈
⋃
mRm ïiâêðóãà ñïðàâäæó¹òüñÿ íåðiâíiñòü

|1− ez| ≥ 1− e−ε
∗∗
k >

3

4
ε∗∗k .

Ñïðàâäi, âiäñòàíü âiä îäèíèöi äî òî÷îê e−ε
∗∗
k ·eiϕ äóãè | arg z| ≤ ε∗∗k íà êîëi |z| = e−ε

∗∗
k

íå ïåðåâèùó¹ 1− e−ε∗∗k , îñêiëüêè

|1− eiϕ−ε
∗∗
k |2 =

(
1− e−ε

∗∗
k cosϕ

)2
+ e−2ε

∗∗
k sin2 ϕ ≥

(
1− e−ε

∗∗
k cosϕ

)2 ≥ (1− e−ε∗∗k )2.
Âiäñòàíü âiä îäèíèöi äî òî÷îê |z|e±iε∗∗k âiäðiçêà 1 − e−ε∗∗k ≤ |z| ≤ 1 îáîõ ïðîìåíiâ
arg z = ±ε∗∗k íå ïåðåâèùó¹ âiäñòàíi äî ïðÿìèõ y = ± tg ε∗∗k · x âiäïîâiäíî, ÿêà ¹
îäíàêîâîþ i äîðiâíþ¹ sin ε∗∗k .

Òîìó |1−ez| ≥ min
(
1−e−ε∗∗k , sin ε∗∗k

)
, îñêiëüêè ìiíiìóì ìîäóëÿ ôóíêöi¨ 1−ez íà

ïiâêðóçi ç âèëó÷åíèìè ïðÿìîêóòíèêàìè äîñÿãà¹òüñÿ íà ðîçãëÿíóòié ÷àñòèíi ãðàíèöi
êiëüöÿ.

Íà âiäðiçêó [0, 1/2] ìà¹ìî íåðiâíîñòi sinx > 1 − e−x > 3x/4, ÿêi âèïëèâàþòü ç
ôîðìóëè Ìàêëîðåíà

sinx− (1− e−x) =
x2

2
+
e−θx + sin θx

24
x4 >

x2

3
≥ 0,

1− e−x − 3

4
x =

(
x− e−θxx

2

2

)
− 3

4
x >

x

4
− x2

2
=
x

2

(1

2
− x
)
≥ 0,

äå θ = θ(x) íàëåæèòü iíòåðâàëó (0, 1).
Âèêîðèñòîâó¹ìî ðiâíiñòü

(13) z − 2πim =
D(k) ln2 τ + 4π2m2

z + 2πim
=
b(j)− (D1(k)− 4π2m2)/(4k2j ln2 τ)

(z + 2πim)/(4k2j ln2 τ)
,

äå D1(k) íå çàëåæèòü âiä b(j). Îñêiëüêè ìiðà ìíîæèíè

Qmk
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
, k 6= 0,
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åëåìåíòiâ b(j) ∈ Q∗, ùî ïðè ôiêñîâàíîìó m çàäîâîëüíÿþòü íåðiâíiñòü

(14)
∣∣∣b(j)− D1(k)− 4π2m2

4k2j ln2 τ

∣∣∣ ≤ √2ε∗k

äëÿ äîâiëüíîãî ôiêñîâàíîãî âåêòîðà
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
∈ Q∗p−1,

íå ïåðåâèùó¹ 2πε∗2k =
2ε2k

m0πp−1b∗2(p−1)k̃
, òî ìiðà ìíîæèíè Qk =

⋃
m

Qmk óñiõ òàêèõ

âåêòîðiâ ~b ∈ Q∗p, ùî çàäîâîëüíÿþòü íåðiâíiñòü õî÷à á äëÿ îäíîãî m, íå áiëüøà 2ε2k.

Ç íåðiâíîñòåé (13), (14) äëÿ ~b ∈ Q∗p \Qk âèïëèâà¹ ôîðìóëà

|z − 2πim| ≥ 4k2j ln2 τ
11
√

2ε∗k
23k̃L2 ln τ

>
√

2
k̃ ln τ

pL2
ε∗k =

√
2 · ε∗∗k ,

ÿêà ñïðàâäæó¹òüñÿ äëÿ âñiõ k 6= 0.
Çâiäñè ëåãêî áà÷èòè, ùî z 6∈

⋃
mRm, äå measQk ≤ 2ε2k, i òîìó ìà¹ìî òàêi îöiíêè

çíèçó: |1− ez| ≥ 3/8, ÿêùî ε∗∗k ≥ 1/2, òà |1− ez| ≥ 3ε∗∗k /4, ÿêùî ε
∗∗
k < 1/2.

Ïîçíà÷èìî Q0 � ìíîæèíó âåêòîðiâ (a0, b0), ÿêi ëåæàòü íà êîìïëåêñíèõ ïàðà-
áîëàõ

b0 =
(a0 − 1

2

)2
+
(mπ

ln τ

)2
äëÿ öiëèõ ÷èñåë m; ÿêùî (a0, b0) 6∈ Q0, òî ∆(0) 6= 0.

Ó ïðèïóùåííi (a0, b0) 6∈ Q0 äëÿ äîâiëüíèõ äîñòàòíüî ìàëèõ ε > 0 i ïîñëiäîâíîñòi

εk ≥ 0, äëÿ ÿêèõ
∑
k 6=0 ε

2
k = ε/2, íà ìíîæèíi ~b ∈ Q∗p \Q çíàìåííèêè ó ôîðìóëi (11)

çàäîâîëüíÿþòü íåðiâíiñòü

(15) |1− τλ1−λ2 | ≥ min
(
|∆(0)|, 3

8
,

3

4
L4k̃

1/2εk

)
≥ L5k̃

1/2εk, k ∈ Zp,

äå Q =
⋃

k∈Zp\{0}

Qk, measQ ≤ ε i L4 =
ln τ

pL2b∗p−1
√
m0πp

> 0, L5 > 0.

Äëÿ çàäàíîãî ε i íåâiä'¹ìíî¨ ïîñëiäîâíîñòi fk ç óìîâîþ 0 < F =
∑
k 6=0

f2k < ∞

ïîñëiäîâíiñòü εk áóäó¹òüñÿ çà ïðàâèëîì εk =

√
ε

2F
fk.

Íåõàé êîðåíi (7) ðiâíÿííÿ (6) íà ìíîæèíi Q̃ ⊂ Q∗p \Q çàäîâîëüíÿþòü óìîâè

(16) −λ−0 k̃ ≤ Re(λ1 − λ2) ≤ λ+0 k̃, −λ−j k̃ ≤ Reλj ≤ λ+j k̃, j = 1, 2,

äëÿ äåÿêèõ äiéñíèõ ÷èñåë λ±0 , λ
±
1 , λ

±
2 . Òîäi −L3 ≤ −λ−1 ≤ −λ

−
2 ≤ λ+1 ≤ λ+2 ≤ L3 i

−2L2 ≤ −λ−0 ≤ λ
+
0 ≤ 0, òîáòî öi óìîâè âèêîíóþòüñÿ íà óñié ìíîæèíi Q∗p äëÿ ÷èñåë

λ±1 = λ±2 = L3 i λ
−
0 = 2L2, λ

+
0 = 0.

Íåðiâíîñòi λ∗r ≤ L2
6k̃

2r, äå r = 0, 1, 2, L6 > 0, i ôîðìóëè (11), (12), (15), (16)

äàþòü çìîãó ó ðàçi t1 ≤ 1, çà óìîâè (a0, b0) 6∈ Q0, âèçíà÷èòè äëÿ âåêòîðiâ ~b ∈ Q∗p \Q
îöiíêè

(17) t2r
∣∣k̃−rtλ−

1 k̃u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t ≤ t1,
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(18) t2r
∣∣k̃−rtλ−

2 t
λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t1 < t ≤ 1,

(19) t2r
∣∣k̃−rt−λ+

2 t
λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t > 1.

Àíàëîãi÷íi îöiíêè äëÿ uk, äå k ∈ Zp \ {0}, âèçíà÷åíî òàêîæ â iíøèõ äâîõ âèïàäêàõ.

4. Îñíîâíèé ðåçóëüòàò

Íà ïiäñòàâi îòðèìàíèõ íåðiâíîñòåé äëÿ ôóíêöié uk i îöiíîê ìið ìíîæèí âåêòîðiâ
~b äîâîäèìî òàêi òâåðäæåííÿ.

Òåîðåìà 1. ßêùî ϕ0 ∈ Φ(p∗+3)/2,g0j , ϕ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið g0j , g1j òà

t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ≤ 1 t0 < 1 < t1 t0 ≥ 1

g0j t−L3
0 t−L3

0 tL3
0

g1j t−L3
1 tL3

1 tL3
1

,

p∗ > p i (a0, b0) 6∈ Q0, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ
measQ 6 ε, ùî äëÿ äîâiëüíîãî ~b ∈ Q∗p \Q iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) ç
ïðîñòîðó U2,Gj

i ñïðàâäæóþòüñÿ îöiíêè

(20) ‖u‖22,Gj
≤ 16L2

6ζ(p∗)

εL2
5

(
‖ϕ0‖2(p∗+3)/2,g0j

+ ‖ϕ1‖2(p∗+3)/2,g1j

)
, j = 1, 2, 3,

äå ζ(p∗) =
∑
k∈Zp\{0} k̃

−p∗ , ç ôóíêöiÿìè

G1(t) =


tL3 , ÿêùî t ≤ t1,
tL3t2L2

1 , ÿêùî t1 ≤ t ≤ 1,

t−L3t2L2
1 , ÿêùî t ≥ 1,

G2(t) =

{
tL3 , ÿêùî t ≤ 1,

t−L3 , ÿêùî t ≥ 1,

G3(t) =


tL3t−2L2

0 , ÿêùî t ≤ 1,

t−L3t−2L2
0 , ÿêùî 1 ≤ t ≤ t0,

t−L3 , ÿêùî t ≥ t0.

Äîâåäåííÿ. Iñíóâàííÿ. Ïðèéìåìî ε2k =
ε

2ζ(p∗)
k̃−p

∗
, äå p∗ > p i ε > 0. Íà ïiäñòàâi

îöiíîê (17), (18), (19), â ÿêèõ λ±1 = λ±2 = L3 i λ−0 = 2L2, λ
+
0 = 0, òà îçíà÷åíü

ïðîñòîðiâ Φq,g i Uq,G îäåðæó¹ìî îöiíêó (20) äëÿ j = 1 ç çàçíà÷åíèìè ñòàëèìè g01
i g11 òà ôóíêöi¹þ G1(t). Ç àíàëîãi÷íèõ îöiíîê îäåðæóþòü íåðiâíîñòi (20) äëÿ j =

2, 3. Ôîðìóëè (20) ñïðàâäæóþòüñÿ äëÿ âñiõ ~b ∈ Q∗p \ Q çà óìîâè (a0, b0) 6∈ Q0.
Îòðèìàíi íåðiâíîñòi äîâîäÿòü íàëåæíiñòü ðîçâ'ÿçêó äî ïðîñòîðiâ U2,Gj , äå j = 1, 2, 3,
ó çàëåæíîñòi âiä çíà÷åíü t0, t1.
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�äèíiñòü. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè u1 = u1(t, x) i u2 = u2(t, x)
çàäà÷i (1), (2) ç ïðîñòîðó U2,Gj . Òîäi ôóíêöiÿ u = u2 − u1 ¹ ðîçâ'ÿçêîì çàäà÷i (1) ç
ïðîñòîðó U2,Gj

ç íóëüîâèìè óìîâàìè

u(t0, x) = 0, u(t1, x) = 0, x ∈ Ωp2π.

Êîæíèé iç êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ u ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i (4), (9)
ïðè ϕ0k = ϕ1k = 0. Çãiäíî ç óìîâàìè òåîðåìè íà êîåôiöi¹íòè ðiâíÿííÿ (a0, b0) 6∈ Q0

i ~b ∈ Q∗p \ Q âèïëèâà¹, ùî ∆(k) 6= 0 äëÿ âñiõ âåêòîðiâ k ∈ Zp. Îòæå, uk(t) ≡ 0 íà
[t−, t+] äëÿ óñiõ k, òîìó âiäïîâiäíî u = 0, òîáòî u1 = u2. Òåîðåìó äîâåäåíî. �

Òî÷íiøèé ðåçóëüòàò îòðèìó¹òüñÿ ïiä ÷àñ âèêîðèñòàííÿ äîäàòêîâèõ óìîâ (16)

äëÿ äåÿêîãî ôiêñîâàíîãî ìàëîãî ÷èñëà ε > 0; ïðè öüîìó meas Q̃ 6 πpb∗2p − ε.

Òåîðåìà 2. ßêùî ϕ0 ∈ Φ(p∗+3)/2,g0j , ϕ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið g0j , g1j òà

t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ≤ 1 t0 < 1 < t1 t0 ≥ 1

g0j t
−λ+

1
0 t

−λ+
1

0 t
λ−
2

0

g1j t
−λ+

1
1 t

λ−
2

1 t
λ−
2

1

,

p∗ > p òà (a0, b0) 6∈ Q0 i âèêîíó¹òüñÿ óìîâà (16), òî äëÿ äîâiëüíîãî ε > 0 iñíó¹

òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ measQ 6 ε, ùî äëÿ äîâiëüíîãî ~b ∈ Q̃ ⊂ Q∗p \ Q
iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) ç ïðîñòîðó U2,Gj

i ñïðàâäæóþòüñÿ îöiíêè

(21) ‖u‖22,Gj
≤ 16L2

6ζ(p∗)

εL2
5

(
‖ϕ0‖2(p∗+3)/2,g0j

+ ‖ϕ1‖2(p∗+3)/2,g1j

)
, j = 1, 2, 3,

äå ζ(p∗) =
∑
k∈Zp\{0} k̃

−p∗ , ç ôóíêöiÿìè

G1(t) =


tλ

−
1 , ÿêùî t ≤ t1,

tλ
−
2 t
λ−
0

1 , ÿêùî t1≤t≤1,

t−λ
+
2 t
λ−
0

1 , ÿêùî t ≥ 1,

G2(t) =

{
tλ

−
1 , ÿêùî t ≤ 1,

t−λ
+
2 , ÿêùî t ≥ 1,

G3(t) =


tλ

−
1 t
−λ−

0
0 , ÿêùî t ≤ 1,

t−λ
+
1 t
−λ−

0
0 , ÿêùî 1≤t≤t0,

t−λ
+
2 , ÿêùî t ≥ t0.

5. Âèñíîâêè

Âèêîðèñòîâóþ÷è íåðiâíîñòi −L3 ≤ −λ−1 ≤ −λ
−
2 ≤ λ+1 ≤ λ+2 ≤ L3 i −2L2 ≤

−λ−0 ≤ λ+0 ≤ 0 ìîæíà ïîðiâíÿòè ïðîñòîðè îòðèìàíi â òåîðåìi 1 òà òåîðåìi 2. Äëÿ
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j = 1, òîáòî t0 < t1 6 1, îòðèìó¹ìî

t
−λ+

1
0 6 t−L3

0 , t
−λ+

1
1 6 t−L3

1 , tλ
−
1 > tL3 äëÿ t ≤ t1,

tλ
−
2 t
λ−
0

1 > tL3t2L2
1 äëÿ t1≤t≤1, t−λ

+
2 t
λ−
0

1 > t−L3t2L2
1 äëÿ t ≥ 1.

Àíàëîãi÷íî îòðèìóþòüñÿ òàêi æ íåðiâíîñòi äëÿ j = 2, 3. Ç îòðèìàíèõ íåðiâíîñòåé
ìîæíà ïîáà÷èòè, ùî ïðîñòîðè Φ(p∗+3)/2,g0j òà Φ(p∗+3)/2,g1j ó ðàçi âèêîíàííÿ óìîâè
(16) ¹ øèðøèìè, à ïðîñòîðè ðîçâ'ÿçêiâ U2,Gj

� âóæ÷èìè â òåîðåìi 2 ó ïîðiâíÿííi ç
ïðîñòîðàìè òåîðåìè 1.

Çàóâàæèìî, ùî îòðèìàíi ðåçóëüòàòè ïåðåíîñÿòüñÿ íà âèïàäîê áàãàòîòî÷êîâèõ
çàäà÷ äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü âèñîêîãî ïîðÿäêó òèïó Åéëåðà.
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THE TWO-POINT PROBLEM FOR EULER TYPE PARTIAL
DIFFERENTIAL EQUATION OF THE SECOND ORDER
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A two-point problem for partial di�erential equations of the second order
with coe�cients dependent only on time variable (Euler type equation) is consi-
dered. This problem is ill-posed, and its solvability is related to the problem of
small denominators. Existence and uniqueness of the solution are established,
based on lower bounds estimations for the small denominators.

Key words: partial di�erential equations, two-point problem, small denomi-
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