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For an absolutely convergent in the half-plane Π0 = {s : Re s < 0} Dirichlet

series F (s) = es +

∞∑
k=1

fk exp{sλk} the set Oj,δ(F ) of Dirichlet series G(s) =

= es +

∞∑
k=1

gk exp{sλk} such that
∞∑
k=1

λjk|gk − fk| ≤ δ is called a neighborhood

of the function F . It is proved that each function G from the neighborhood
O1,1(E) of the function E(s) = es is a pseudostarlike function in Π0, and if G
is pseudostarlike in Π0 and gk ≤ 0 for all k ≥ 1 then G ∈ O1,1(E). A similar
connection exists between O2,1(E) and pseudoconvex functions in Π0. The
neighborhoods O1,δ(F ) and O2,δ(F ) are investigated also in the cases when F
is either pseudostarlike or pseudoconvex of the order α ∈ [0, 1) and the type
β ∈ (0, 1). Assuming that 0 ≤ α < 1, 0 < β < β1 ≤ 1, the coe�cients fk and
gk are negative and the function F is pseudostarlike of the order α and the type

β it is proved, in particular, that if G ∈ O1,δ(F ) with δ =
2(1− α)(β1 −Aβ)

1 + β1
,

where A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
, then G is pseudostarlike of the order

α and the type β1. On the contrary, if G is pseudostarlike of the order α and
the type β1 then G ∈ O1,δ(F ) with

δ = 2λ1(1− α)

(
β1

λ1(1 + β1)− 2αβ1 − (1− β1)
+

β

λ1(1 + β)− 2αβ − (1− β)

)
.
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1. Introduction

Denote by A the class of analytic in the unit disk D = {z : |z| < 1} functions

(1) f(z) = z +

∞∑
k=2

fkz
k.

For f ∈ A, following A.W. Goodman [1] and S. Ruscheweyh [2], its neighborhood is
a set of the form

Nδ(f) =
{
g(z) = z +

∞∑
k=2

gkz
k ∈ A :

∞∑
k=2

k|gk − fk| ≤ δ
}
.

The neighborhoods of various classes of analytical in D functions were studied by many
authors (we concentrate here only on articles [3, 4, 5, 6, 7, 8, 9]). The Dirichlet series of
the form

(2) F (s) = es +

∞∑
k=1

fk exp{sλk}, s = σ + it,

absolutely convergent in the half-plane Π0 = {s : Re s < 0} are direct generalizations
of functions (1) analytic in D, where the exponents satisfy the condition 1 < λk ↑ +∞
(1 6 k ↑ +∞). The class of such Dirichlet series will be denoted by SD(0). We say that
F ∈ SD∗(0) if F ∈ SD(0) and fk ≤ 0 for all k ≥ 1.

Geometric theory of the class SD(0) was initiated in [10] and [11, p. 133�154]. It
is known [10] that each function F ∈ SD(0) is non-univalent in Π0, but there exist

conformal in Π0 functions (2), and if

∞∑
k=2

λk|fk| ≤ 1 then function (2) is conformal in

Π0. A conformal function (2) in Π0 is said to be pseudostarlike if Re{F ′(s)/F (s)} > 0
and is said to be pseudoconvex if Re{F ′′(s)/F ′(s)} > 0 for s ∈ Π0. In [10] (see also

[11, p. 139]) it is proved that if

∞∑
k=2

λk|fk| ≤ 1 then function (2) is pseudostarlike and if

∞∑
k=2

λ2k|fk| ≤ 1 then function (2) is pseudoconvex. A conformal function (2) in Π0 is said

[12] to be pseudostarlike of the order α ∈ [0, 1) if Re{F ′(s)/F (s)} > α for s ∈ Π0, i.e.,∣∣∣∣F ′(s)F (s)
− 1

∣∣∣∣ < ∣∣∣∣F ′(s)F (s)
− (2α− 1)

∣∣∣∣ for s ∈ Π0. Finally, a conformal function (2) in Π0 is

said [12] to be pseudostarlike of the order α ∈ [0, 1) and the type β ∈ (0, 1] if∣∣∣∣F ′(s)F (s)
− 1

∣∣∣∣ < β

∣∣∣∣F ′(s)F (s)
− (2α− 1)

∣∣∣∣ , s ∈ Π0.

Similarly, a conformal function (2) in Π0 is said to be pseudoconvex of the order α ∈ [0, 1)
if Re{F ′′(s)/F ′(s)} > α, and pseudoconvex of the order α and the type β ∈ (0, 1] if∣∣∣∣F ′′(s)F ′(s)

− 1

∣∣∣∣ < β

∣∣∣∣F ′′(s)F ′(s)
− (2α− 1)

∣∣∣∣ , s ∈ Π0.
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By PSα,β we denote the class of pseudostarlike functions of the order α ∈ [0, 1) and the
type β ∈ (0, 1] and by PCα,β we denote the class of pseudoconvex functions of the order
α ∈ [0, 1) and the type β ∈ (0, 1].

For j > 0 and δ > 0 we de�ne the neighborhood of F ∈ SD0 as follows

Oj,δ(F ) =
{
G(s) = es +

∞∑
k=1

gk exp{sλk} ∈ SD0 :

∞∑
k=1

λjk|gk − fk| ≤ δ
}
.

Similarly, for F ∈ SD∗0

O∗j,δ(F ) =
{
G(s) = es +

∞∑
k=1

gk exp{sλk} ∈ SD∗0 :

∞∑
k=1

λjk|gk − fk| ≤ δ
}
.

Here we will establish a connection between the classes PSα,β , PCα,β and Oj,δ(F ),
O∗j,δ(F ).

2. Neighborhoods of the function E(s) = es

We need the following lemmas.

Lemma 1 ([12]). In order for function F ∈ SD0 to be pseudostarlike of the order

α ∈ [0, 1) and the type β ∈ (0, 1] it is su�cient and in the case when fk ≤ 0 for all

k ≥ 1, it is necessary that

(3)

∞∑
k=1

{(1 + β)λk − 2βα− (1− β)}|fk| ≤ 2β(1− α).

Also in order for function F ∈ SD0 to be pseudoconvex of the order α ∈ [0, 1) and the

type β ∈ (0, 1] it is su�cient and in the case when fk ≤ 0 for all k ≥ 1, it is necessary
that

∞∑
k=1

λk{(1 + β)λk − 2βα− (1− β)}|fk| ≤ 2β(1− α).

Lemma 2. Let F ∈ SD0. Then G ∈ O2,δ(F ) if and only if G′ ∈ O1,δ(F
′).

Proof. Clearly

F ′(s) = es +

∞∑
k=1

λkfk exp{sλk} ∈ SD0.

Therefore, G′ ∈ O1,δ(F
′) if and only if

∞∑
k=1

λk|λkgk − λkfk| ≤ δ, i. e. if and only if

∞∑
k=1

λ2k|gk − fk| ≤ δ. The last condition holds if and only if G ∈ O2,δ(F ). �

Now we prove such theorem.

Theorem 1. For the function E(s) = es the following correlations hold: O1,1(E) ⊂
PS0,1, O

∗
1,1(E) = PS0,1

⋂
SD∗0, O2,1(E) ⊂ PC0,1, and O

∗
2,1(E) = PC0,1

⋂
SD∗0.
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Proof. If G ∈ O1(1, E) then G ∈ SD0 and

∞∑
k=1

λk|gk| ≤ 1. Therefore,

|G′(s)−G(s)| =
∣∣∣ ∞∑
k=1

(λk − 1)gk exp{sλk}
∣∣∣ ≤

≤
∞∑
k=1

λk|gk| exp{σλk} −
∞∑
k=1

|gk| exp{σλk} ≤

≤
∞∑
k=1

(λk − 1)|gk| exp{σλk} ≤

≤ eσ
∞∑
k=1

λk|gk| −
∞∑
k=1

|gk| exp{σλk} ≤

≤ eσ −
∞∑
k=1

|gk| exp{σλk}.

On the other hand,

|G(s)| =
∣∣∣es +

∞∑
k=1

gk exp{sλk}
∣∣∣ ≥ eσ − ∞∑

k=1

|gk| exp{σλk},

and, thus, |G′(s) − G(s)| ≤ |G(s)|, i.e.,
∣∣∣∣G′(s)G(s)

− 1

∣∣∣∣ ≤ 1 for all s ∈ Π0. Hence it follows

that Re{G′(s)/G(s)} > 0, i.e., G ∈ PS0,1 and O1,1(E) ⊂ PS0,1.
From above it follows that O∗1,1(E) ⊂ PS0,1. On the other hand, if G ∈ SD∗0 and

G ∈ PS0,1 then by Lemma 1

∞∑
k=1

λk|fk| ≤ 1, i. e. G ∈ O∗1,1(E). Thus, PS0,1

⋂
SD∗0 ⊂

O∗1,1(E) and PS0,1

⋂
SD∗0 = O∗1,1(E).

We remark that sinceG′′(s)/G′(s) = H ′(s)/H(s), whereH(s) = es+

∞∑
k=1

hk exp{sλk}

and hk = λkgk, the function G is pseudoconvex of the order α ∈ [0, 1) and the type
β ∈ (0, 1] if and only if the function H is pseudostarlike of the order α ∈ [0, 1) and the
type β ∈ (0, 1]. Therefore, from the results proved above for pseudostarlike functions,
one can easily obtain the corresponding results for pseudoconvex functions. In particular,
in view of Lemma 2 from above we get O2,1(E) ⊂ PS0,1 and PS0,1

⋂
SD∗0 = O∗2,1(E).

The proof of Theorem 1 is complete. �

3. Neighborhoods of pseudostarlike and pseudoconvex functions

of the order α.

The following theorem is true.

Theorem 2. Let 0 ≤ α1 < α < 1 and F ∈ SD∗0
⋂
PSα,1.

1. If G ∈ O∗1,δ(F ) with δ = (α− α1)
λ1 − 1

λ1 − α
then G ∈ PSα1,1.
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2. On the contrary, if G ∈ SD∗0
⋂
PSα1,1 then G ∈ O∗1,δ(F ) with

δ =
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
.

Proof. Since F ∈ PSα,1, by Lemma 1 with β = 1 we have

(4)

∞∑
k=1

{λk − α}|fk| ≤ 1− α.

Therefore, for α1 < α in view of (4) we get

∞∑
k=1

{λk − α1}|gk| ≤
∞∑
k=1

{λk − α1}(|gk − fk|+ |fk|) ≤

≤
∞∑
k=1

{λk − α+ α− α1}|fk|+
∞∑
k=1

{λk − α1}|fk − gk| ≤

≤
∞∑
k=1

{λk − α}|fk|+ (α− α1)

∞∑
k=1

|fk|+
∞∑
k=1

λk|fk − gk| ≤

≤ 1− α+ δ + (α− α1)

∞∑
k=1

|fk|.

But in view of (4)

(λ1 − α)

∞∑
k=1

|fk| ≤
∞∑
k=1

{λk − α}|fk| ≤ 1− α,

that is

∞∑
k=1

|fk| ≤ (1− α)/(λ1 − α) and, thus,

∞∑
k=1

{λk − α1}|gk| ≤ 1− α+ δ + (α− α1)
1− α
λ1 − α

= 1− α1,

i.e., by Lemma 1 with β = 1 the function G is pseudostarlike of the order α1.
Now suppose that G ∈ SD∗0

⋂
PSα1,1. Then in view of (4) we have

∞∑
k=1

λk|gk − fk| =
∞∑
k=1

λk
λk − α1

{λk − α1}|gk − fk| ≤

≤ λ1
λ1 − α1

∞∑
k=1

{λk − α1}|gk − fk| ≤

≤ λ1
λ1 − α1

( ∞∑
k=1

λk − α1

λk − α
{λk − α}|fk|+

∞∑
k=1

{λk − α1}|gk|

)
≤

≤ λ1
λ1 − α1

(
λ1 − α1

λ1 − α
(1− α) + 1− α1

)
=
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=
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
=

= δ,

i.e., G ∈ O∗1,δ(F ) with such δ. Theorem 2 is proved. �

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove the following
statement.

Proposition 1. Let 0 ≤ α1 < α < 1 and F ∈ SD∗0
⋂
PCα,1. If G ∈ O∗2,δ(F ) with

δ = (α − α1)
λ1 − 1

λ1 − α
then G ∈ PCα1,1. On the contrary, if G ∈ SD∗0

⋂
PCα1,1 then

G ∈ O∗2,δ(F ) with

δ =
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
.

4. Neighborhoods of pseudostarlike and pseudoconvex functions

of the order α ∈ [0, 1) and the type β ∈ (0, 1)

In the general case the following theorem is true.

Theorem 3. Let 0 ≤ α < 1, 0 < β < β1 ≤ 1 and F ∈ SD∗0
⋂
PSα,β.

1. If G ∈ O∗1,δ(F ) with δ =
2(1− α)(β1 −Aβ)

1 + β1
, where

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
,

then G ∈ PSα,β1
.

2. On the contrary, if G ∈ SD∗0
⋂
PSα,β1

then G ∈ O∗1,δ(F ) with

(5) δ = 2λ1(1−α)

(
β1

λ1(1+β1)−2αβ1−(1−β1)
+

β

λ1(1+β)−2αβ−(1−β)

)
.

Proof. At �rst we remark that β1 −Aβ > 0 and

max
k≥1

(1 + β1)λk − 2αβ1 − (1− β1)

(1 + β)λk − 2αβ − (1− β)
= A.

Since F ∈ PSα,β , by Lemma 1 for 0 < β < β1 ≤ 1 we have

∞∑
k=1

{(1 + β1)λk − 2αβ1 − (1− β1)}|gk| ≤

≤
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|gk−fk|+
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|fk| ≤

≤ (1+β1)

∞∑
k=1

λk|gk−fk|+
∞∑
k=1

(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)
{(1+β)λk−2αβ−(1−β)}|fk| ≤

≤ (1+β1)δ+ max
k≥1

{
(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)

} ∞∑
k=1

{(1+β)λk−2αβ−(1−β)}|fk| ≤
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≤ (1 + β1)δ + 2Aβ(1− α) ≤
≤ 2β1(1− α),

i.e., by Lemma 1 G ∈ PSα,β1
.

Now suppose that G ∈ SD∗0
⋂
PSα,β1

. Then in view of inequality (3) we have
∞∑
k=1

λk|gk − fk| =

=

∞∑
k=1

λk
(1 + β1)λk − 2αβ1 − (1− β1)

{(1 + β1)λk − 2αβ1 − (1− β1)}|gk − fk| ≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

∞∑
k=1

(1 + β1)λk − 2αβ1 − (1− β1)}|gk − fk| ≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

×

×

( ∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|gk|+
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|fk|

)
≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

×

×

(
2β1(1−α)+

∞∑
k=1

(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)
{(1+β)λk−2αβ−(1−β)}|fk|

)
≤

≤ λ1
(1+β1)λ1−2αβ1−(1−β1)

(
2β1(1−α)+2β(1−α)

(1+β1)λ1−2αβ1−(1−β1)

(1+β)λ1−2αβ−(1−β)

)
=

= δ,

i.e., G ∈ O∗1,δ(F ) with such δ. The proof of Theorem 3 is complete. �

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove also the
following statement.

Proposition 2. Let 0 ≤ α < 1, 0 < β < β1 ≤ 1 and F ∈ SD∗0
⋂
PCα,β. If G ∈ O∗2,δ(F )

with δ =
2(1− α)(β1 −Aβ)

1 + β1
, where

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
,

then G ∈ PCα,β1
. On the contrary, if G ∈ SD∗0

⋂
PCα,β1

then G ∈ O∗2,δ(F ) with δ

speci�ed in (5).
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Äëÿ àáñîëþòíî çáiæíîãî ó ïiâïëîùèíi Π0 = {s : Re s < 0} ðÿäó

Äiðiõëå F (s) = es +

∞∑
k=1

fk exp{sλk} ìíîæèíà Oj,δ(F ) òàêèõ ðÿäiâ Äiði-

õëå G(s) = es +

∞∑
k=1

gk exp{sλk}, ùî
∞∑
k=1

λjk|gk − fk| ≤ δ, íàçèâà¹òüñÿ îêî-

ëîì ôóíêöi¨ F . Äîâåäåíî, ùî êîæíà ôóíêöiÿ G ç îêîëó O1,1(E) ôóíêöi¨
E(s) = es ¹ ïñåâäîçiðêîâîþ â Π0, à ÿêùî G ¹ ïñåâäîçiðêîâîþ â Π0 i gk ≤ 0
äëÿ âñiõ k ≥ 1, òî G ∈ O1,1(E). Ïîäiáíèé çâ'ÿçîê iñíó¹ ìiæ îêîëîì O2,1(E)
i ïñåâäîîïóêëèìè â Π0 ôóíêöiÿìè. Äîñëiäæåíî òàêîæ îêîëè O1,δ(F ) i
O2,δ(F ) ó âèïàäêàõ, êîëè F ¹ àáî ïñåâäîçiðêîâîþ, àáî ïñåâäîîïóêëîþ ïî-
ðÿäêó α ∈ [0, 1) i òèïó β ∈ (0, 1). Çà óìîâ, ùî 0 ≤ α < 1, 0 < β < β1 ≤ 1,
êîåôiöi¹íòè fk i gk âiä'¹ìíi, à F ¹ ïñåâäîçiðêîâîþ ïîðÿäêó α i òèïó β,

çîêðåìà, äîâåäåíî òàêå: ÿêùî G ∈ O1,δ(F ) ç δ =
2(1− α)(β1 −Aβ)

1 + β1
, äå

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
, òî G ïñåâäîçiðêîâà ôóíêöiÿ ïîðÿäêó α

i òèïó β1. Íàâïàêè, ÿêùî G ¹ ïñåâäîçiðêîâîþ ïîðÿäêó α i òèïó β1, òî
G ∈ O1,δ(F ) ç

δ = 2λ1(1−α)

(
β1

λ1(1 + β1)− 2αβ1 − (1− β1)
+

β

λ1(1 + β)− 2αβ − (1− β)

)
.
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