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For an absolutely convergent in the half-plane IIy = {s : Re s < 0} Dirichlet

series F(s) = e® + ka exp{sAx} the set O, s(F) of Dirichlet series G(s) =
k=1

=e’ + ng exp{sAx} such that Z M.|gi — fx| < 4 is called a neighborhood

—1 =1

of the flimction F. Tt is proved thkat each function G from the neighborhood
01,1(E) of the function E(s) = e° is a pseudostarlike function in Iy, and if G
is pseudostarlike in IIy and gr < 0 for all £ > 1 then G € Oy,1(E). A similar
connection exists between Os1(E) and pseudoconvex functions in ITp. The
neighborhoods O s(F) and Oz s(F) are investigated also in the cases when F
is either pseudostarlike or pseudoconvex of the order a € [0, 1) and the type
B € (0, 1). Assuming that 0 < a < 1, 0 < 8 < 1 < 1, the coefficients fi and
gi are negative and the function F' is pseudostarlike of the order v and the type

B it is proved, in particular, that if G € Oq s(F) with 6 = 2(1 = )(B1 = AB)

1451 ’
(1(1—’_—1?,18))/;11 __220;%1 __((11__5)1) , then G is pseudostarlike of the order

a and the type f1. On the contrary, if G is pseudostarlike of the order o and
the type B1 then G € O, 5(F) with

5=2nu( )<>\1(1+51)—2a51—(1—51) +)\1(1+5)—2aﬁ—(1—5)).

where A =
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1. INTRODUCTION

Denote by A the class of analytic in the unit disk D = {2z : |z| < 1} functions
o0
(1) f) =2+ fie".
k=2

For f € A, following A.W. Goodman [1] and S. Ruscheweyh [2], its neighborhood is
a set of the form

Ns(f) = {9(z) =2+ > guz" € A: Y lgw — fil <6}
k=2 k=2

The neighborhoods of various classes of analytical in D functions were studied by many
authors (we concentrate here only on articles [3, 4, 5, 6, 7, 8, 9]). The Dirichlet series of
the form

(2) F(S) :eSJerkexp{s)\k}, 5:U+it7
k=1

absolutely convergent in the half-plane II = {s : Res < 0} are direct generalizations
of functions (1) analytic in D, where the exponents satisfy the condition 1 < Ap 1 +00
(1 < k1 +00). The class of such Dirichlet series will be denoted by SD(0). We say that
F e SD*(0) if F € SD(0) and f <0 for all & > 1.

Geometric theory of the class SD(0) was initiated in [10] and [11, p. 133-154]. It
is known [10] that each function F' € SD(0) is non-univalent in IIy, but there exist

conformal in Iy functions (2), and if Z/\k|fk| < 1 then function (2) is conformal in

k=2
ITy. A conformal function (2) in Il is said to be pseudostarlike if Re{F’(s)/F(s)} > 0
and is said to be pseudoconvex if Re{F"(s)/F'(s)} > 0 for s € II. In [10] (see also

[11, p. 139]) it is proved that if Z Ak|fr| <1 then function (2) is pseudostarlike and if
k=2

oo
Z AZ|fx| < 1 then function (2) is pseudoconvex. A conformal function (2) in Il is said
k=2

[f2] to be pseudostarlike of the order o € [0, 1) if Re{F'(s)/F(s)} > « for s € Iy, i.e.,

F’ F’
F((S)) -1 < ‘ F((;)) — (2 — 1)| for s € IIy. Finally, a conformal function (2) in IIj is
said [12] to be pseudostarlike of the order « € [0, 1) and the type 8 € (0, 1] if
F'(s) F'(s)
-1 —(2a—-1 Ip.
7 | <o -] eem

Similarly, a conformal function (2) in Il is said to be pseudoconvex of the order o € [0, 1)
if Re{F"(s)/F'(s)} > a, and pseudoconvex of the order o and the type 5 € (0, 1] if

‘ F”(S) F”(S)
F'(s) Fi(s)

—1‘<ﬁ’ - (2a-1)|, sell,.
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By PS, s we denote the class of pseudostarlike functions of the order « € [0, 1) and the
type 8 € (0, 1] and by PC, g we denote the class of pseudoconvex functions of the order
a € [0, 1) and the type 3 € (0, 1].

For j > 0 and § > 0 we define the neighborhood of F' € SDg as follows

0j5(F) = {Gs) ="+ grexpfshe} € SDo: > Mlgw — ful <3}
k=1

= k=1
Similarly, for F' € SD§

Ojs(F) = {G(s) =e’ + ng exp{sAy} € SD{ : Z)\ﬂgk — fr] < 6}.
k=1 k=1

Here we will establish a connection between the classes PS, g, PCqo 3 and O; s(F'),
7.5 (F)-

2. NEIGHBORHOODS OF THE FUNCTION FE(s) = ¢e®

We need the following lemmas.

Lemma 1 ([12]). In order for function F € SDq to be pseudostarlike of the order
a € [0, 1) and the type B € (0, 1] it is sufficient and in the case when fi < 0 for all
k > 1, it is necessary that

(3) D {1+ B8 —28a — (1= B)}Hfiel <2801 - a).

k=1

Also in order for function F € SDq to be pseudoconvex of the order a € [0, 1) and the
type B € (0, 1] it is sufficient and in the case when fi, <0 for all k > 1, it is necessary
that

S AL+ Bk — 2Ba — (1= B)}H fil < 28(1 - a).

k=1
Lemma 2. Let F' € SDy. Then G € Oy 5(F) if and only if G' € O1 5(F").
Proof. Clearly

F'(s) =€+ Y Arfrexp{shc} € SDy.
k=1

Therefore, G' € Oy4(F') if and only if » Ae|Aege — Aefs| < 6, i. e. if and only if
k=1

o0
> " Ailgr — fil < 6. The last condition holds if and only if G € Oy 5(F). O
k=1

Now we prove such theorem.

Theorem 1. For the function E(s) = e° the following correlations hold: O1:1(E) C
PSo,l, OT,I(E) = PSOJ ﬂSDS, 02,1(E) C PCOJ, and 0571(E) = PCOJ mSDS
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Proof. If G € O1(1, E) then G € SDy and Z/\k|gk\ < 1. Therefore,
k=1

() = G(s)] =| Y- (h = Dgrexpishi}| <

k=1

Aklgrl exp{odr} = > lgklexp{oA} <
k=1

NE

<
k

Il
-

[M]8

<) (A = Dgr|exp{oAc} <

=~
Il
MR

o0 oo
<e” Y Melgel = > lgrlexp{oni} <
k=1 k=1

o0
<e” =gkl exp{ore}.
k=1

On the other hand,

Gs)| = |e* + 3 geexplshe}| = e = lgelexplone),
k=1 k=1
, e .
and, thus, |G'(s) — G(s)| < |G(s)], i.e., Gls) 1| <1 for all s € IIy. Hence it follows
s

that Re{G'(s)/G(s)} >0, i.e., G € PSy ;1 and O11(E) C PSy 1.
From above it follows that O7 ;(E) C PSp ;. On the other hand, if G € SDf and

G € PSp; then by Lemma 1 Y Milfil < 1,1 e. G € Of 1 (E). Thus, PSy1 N SD C
k=1
>1’K,1<E‘) and PSOJ ﬂSDS = T,I(E)

We remark that since G”(s)/G'(s) = H'(s)/H(s), where H(s) = 65—|—Z hy exp{sA;}

k=1
and hy = A\pgg, the function G is pseudoconvex of the order o € [0, 1) and the type
B € (0, 1] if and only if the function H is pseudostarlike of the order o € [0, 1) and the
type B € (0, 1]. Therefore, from the results proved above for pseudostarlike functions,
one can easily obtain the corresponding results for pseudoconvex functions. In particular,
in view of Lemma 2 from above we get Oz 1(E) C PSo1 and PSy1()SDg = O3 ,(E).
The proof of Theorem 1 is complete. O

3. NEIGHBORHOODS OF PSEUDOSTARLIKE AND PSEUDOCONVEX FUNCTIONS
OF THE ORDER «.
The following theorem is true.
Theorem 2. Let 0 < a3y <a <1 and F € SD§(PSa1.

1. If G € Of 5(F) with § = (o — oq)il -

then G € PS,, 1.
1 —
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2. On the contrary, if G € SD§ () PSa,,1 then G € OF 5(F) with
_ )\1(1 — Ol) + )\1(1 — O[l)

)\1 — )\1 — 1 '
Proof. Since F' € PS,, 1, by Lemma 1 with 5 =1 we have

5

(4) S —allfil < 1-a

k=1
Therefore, for a; < a in view of (4) we get

Z{)\k —ai}|ge| < Z{)\k —ait(lgr — fel +1fil) <
k=1

=1

< Z{Ak —a+a—a}|fe] + Z{/\k — a1} fre —gk| <
=1 =1

<Y = el + (=) DIl + D Mklfe — ol <
=1 =1 =1

<l—a+d+(a—a) Y |ful-
k=1
But in view of (4)

M=) 1l <Y i —allfil <1-a,

k=1 k=1

that is Z Ife] < (1 —a)/(M — @) and, thus,
k=1

;{)\k—alﬂgk\§1—a+5—|—(a—a1)>\1_a

1—«

:]-_alv

i.e., by Lemma 1 with 8 = 1 the function G is pseudostarlike of the order «;.
Now suppose that G € SD§ () PSq,,1- Then in view of (4) we have

oo

S A
> Melge = £l = \ _ka {A —aitlgr — frl <
k=1 k=1 "k 1

Mo
< - — ful <
S ;{/\k ar}lgr — ful <

al ( O~ e il + D —al}gk'> =

Ao Pt A — Q@ ot
/\1 )\1—041
1-— 1-— =
_>\1041<)\10£( a)+ 061)
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_ )\1(1 — Oé) + )\1(1 — 041) _
)\1 — )\1 — 1
ie., G € Of 5(F) with such . Theorem 2 is proved. O

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove the following
statement.

Proposition 1. Let 0<a <a<landF € SDF\PCon. If G € O3 5(F) with
A —
§ = (a— o) then G € PCy, 1. On the contrary, if G € SD§(\PCqy, 1 then

A —
G € O3 5(F) with

)\1(1 —O() n )\1(1 —Oq)
)\1—Ck )\1—Ck1 '

5:

4. NEIGHBORHOODS OF PSEUDOSTARLIKE AND PSEUDOCONVEX FUNCTIONS
OF THE ORDER « € [0, 1) AND THE TYPE ( € (0, 1)

In the general case the following theorem is true.

Theorem 3. Let 0<a<1,0< < f1 <1land F € SD§(\PSaz-
2(1 —a)(B1 — AB)
14+ 5
(14 B1)A —2ap; — (1 - B1)
(I4+8)M =228 - (1—=p) ’

L If G € O 5(F) with § = , where

A:

then G € PS, 3, .
2. On the contrary, if G € SD§ () PSa.p, then G € OF 5(F) with

B1 B
@ =200 (e A2
Proof. At first we remark that 5; — A8 > 0 and
A (1+ B — 261 — (1 = B1)
T+ B)Ae 208 — (1—B)
Since F' € PS, g, by Lemma 1 for 0 < 8 < 1 <1 we have

=A.

Z{(l + B1)Ak — 2281 — (1 — B1) Hgx| <

k=1

<Y {+B) 2081 —(1=B1) Hor—frl+ Y _{(14+80) =208 —(1=B1) }| | <

k=1 k=1

< (1+6) ngk fk|+z e o 1+ AN =208 -(1-) ] <

(1+51))\k*2a51*( —p1)
(1+8) A —2a8—(1-p)

<(L4B)5+ mx{ bS (a8 n-205- -8l <
- k=1



NEIGHBORHOODS OF DIRICHLET SERIES ABSOLUTELY CONVERGENT
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2021. Bumyck 91 69

< (14 B1)5 +24B(1 —a) <
S 251(1 - Oé),

i.e., by Lemma 1 G € PS, 3, -
Now suppose that G € SD§ () PSa,p,. Then in view of inequality (3) we have

> Aklgk — fil =
k=1

e Ak - L B

_,;(1+ﬁ1))\k—2a51—(1—&1){(1+51)/\k 2a8 — (1= Bu)}ge — ful <
A o0

< T Bon —2aB (1= 2 AN 208 (= )Mok — il <

k=1
M

ST AN 208 (1B
x (Z{(Prﬂl)/\k?aﬂl(151)}|gk|+z{(1+ﬂ1)>\k20éﬂ1(1[31)}|fk> <

k=1 1
A1

= I+ B)A —2a81 — (1= B) 8

(1+B1) A —2aB1—(1-p31)
(251 (1-« +Z (43)\r—205—(1-5) {(1+ﬂ))\k—2a5—(1—5)}fk|> <

A B B (14—31))\1—20451—(1—51)) _
< T (-0 R ) -
=4,
ie., G € Of 5(F) with such d. The proof of Theorem 3 is complete. O

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove also the
following statement.

Proposition 2. Let 0 <a<1,0<8<p1 <1 and F'€ SD;(\PCop. If G € O3 4(F)
1+ 5

, where

(14 B)M —2ap — (1 = B1)

A+AM —2a8—-(1-5)
then G € PCqp,. On the contrary, if G € SDg(\PCa,p, then G € Oj ;(F) with §
specified in (5).

A:

REFERENCES

1. A. W. Goodman, Univalent functions and nonanalytic curves, Proc. Amer. Math. Soc. 8
(1957), 598-601. DOI: 10.1090,/S0002-9939-1957-0086879-9

2. S. Ruscheweyh, Neighborhoods of univalent functions, Proc. Amer. Math. Soc. 81 (1981),
no. 4, 521-527. DOI: 10.1090/S0002-9939-1981-0601721-6



70

Myroslav SHEREMETA
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepis mex.-mar. 2021. Bumyck 91

3.

10.

11.

12.

R. Fournier, A note on neighborhoods of univalent functions, Proc. Amer. Math. Soc. 87
(1983), no. 1, 117-121. DOL: 10.1090,/S0002-9939-1983-0677245-9

H. Silverman, Neighborhoods of a class of analytic functions, Far East J. Math. Sci. 3 (1995),
no. 2, 165-169.

O. Altintas, Neighborhoods of certain analytic functions with negative coefficients, Int. J.
Math. Math. Sci. 19 (1996), no. 4, 797-800. DOI: 10.1155/S016117129600110X

O. Altintas, O. Ozkan, and H. M. Srivastava, Neighborhoods of a class of analytic functions
with negative coefficients, Applied Math. Lett. 13 (2000), no. 3, 63-67.

DOI: 10.1016/S0893-9659(99)00187-1

B. A. Frasin and M. Daras, Integral means and neighborhoods for analytic functions with
negative coefficients, Soochow J. Math. 30 (2004), no. 2, 217-223.

G. Murugusundaramoorthy and H. M. Srivastava, Neighborhoods of certain classes of
analytic functions of complex order, J. Inequal. Pure Appl. Math. 5 (2004), no. 2, Article
24.

M. N. Pascu and N. R. Pascu, Neighborhoods of univalent functions, Bull. Aust. Math. Soc.
83 (2011), no. 2, 210-219. DOI: 10.1017/S0004972710000468

O. M. Tomorara, O. M. MynsBa, M. M. Illepemera, Ilcesdosipkrosi, ncesdoonyksi ma
bausvki do ncesdoonykaux padu Jipicae, Akt 3a00604bHANMD OUPEPEHULAALHE PI6HAHHA 3
eKCnoHenuiaabHuMY Koediyienmamu, Mar. meronm ¢is.-mex. mosa 61 (2018), no. 1, 57-70;
English version: O. M. Holovata, O. M. Mulyava, and M. M. Sheremeta, Pseudostarlike,
pseudoconver and close-to-pseudoconvexr Dirichlet series satisfying differential equations
with ezponential coefficients, J. Math. Sci. 249(2020), no. 3, 369-388.

DOI: 10.1007/s10958-020-04948-1

M. M. Sheremeta, Geometric properties of analytic solution of differential equations, Publi-
sher I. E. Chyzhykov, Lviv, 2019.

M. M. Sheremeta, Pseudostarlike and pseudoconver Dirichlet series of the order o and the
type B, Mat. Stud. 54 (2020), no. 1, 23-31. DOI: 10.30970/ms.54.1.23-31

Cmammas: naditiwna do pedkonezii 07.12.2020
doonpayvosara 31.12.2020
nputinama do dpyxy 18.05.2021



NEIGHBORHOODS OF DIRICHLET SERIES ABSOLUTELY CONVERGENT
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2021. Bumyck 91

OKOJI1 ABCOJIIOTHO 3BI2KHUX ¥V HIBIIJIOIINHI
PSIIIB JTIPIXJIE

Mupociaas HIEPEMETA

JIveiecvrutl naytonasvrul yrieepcumenm iment leana Pparka,
eys. Ynisepcumemcoka 1, 79000, m. Jveis
e-mail: m.m.sheremeta@gmail.com

Hna abcomorro 36ixknoro y mismmommni o = {s : Res < 0} pamy

oo
Hipixne F(s) = e° + ka exp{sAr} muoxuna O;s(F) rakux psais [ipi-
k=1

o0 (oo}
xe G(s) = e’ + ng exp{sAx}, mo Z)\ﬂgk — fx| < 4, HazuBaeTHCE OKO-
k=1 k=1
gom dyuknii F. Josexeno, mo koxua dyskmis G 3 okony O1,1(E) bynxunii
E(s) = e® € nceBnosipkosomw B Iy, a axkmo G € nceBmosipkosoio B g i gx < 0
mig Beix k > 1, to G € O1,1(E). Iloni6uuii 38’a30k icaye mix okonom Oz 1(E)
i mcesmoonykmumu B Ilp dymkmisvm. Jocmimkeno takoxk okoun Oq5(F) i
O2,5(F) y Bumankax, kom F' € a6o 1mceBmo3ipkoBoIo, ab0 MCEBI00MYKJIOI0 TI0-
paaxky a € [0, 1)1 tuny 8 € (0, 1). Ba ymoB, mo 0 < a < 1,0< 8 < B <1,
koedimientn fj 1 gr Bim'emnui, a F € mCeBIO3IPKOBOIO MOPSAKY « 1 THIy [3,

30Kkpema, JoBegeHo take: ko G € Oy 5(F) 3 6 = 2(1 — o) (B — AB)

(1+8) (- 8) A
14+ 61)M —2a61 — (11— 51 . .
= , To (G TICeB1031pKOBa (DYHKIISA TMOPSIIKY
(% B — 208 — (1= B) 7031p bynx PAIKY
i Tuny (1. HaBnaku, askmo G € 1nceBmo3ipkoBOIO MOPsaky « i tuiy (1, TO
G e Olya(F) 3
B B >
0 =2M(l—-« + .
i )()\1(14—51)—2@51—(1—51) AM(1+8) =228 —(1-8)
Karouosi caosa: pan Jipixse, mceBHo3ipKOBICTH, IICEBIOOMYKIIICTh, OKLIT
byHKITI.




