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Let z0 = 1 be the only boundary point of zeros (an) of the Blaschke product
B(z),

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −θj} =

m⋃
j=1

lθj ,

−π/2 + η < θ1 < θ2 < . . . < θm < π/2− η,

be a �nite system of rays, 0 < η < 1. We found asymptotics of the logarithmic
derivative of B(z) as z = 1−re−iϕ → 1, −π/2 < ϕ < π/2, under the condition
of existing the angular density of its zeros related to the comparison function
(1− r)−ρ, 0 < ρ < 1.. We also considered the inverse problem for B(z), whose
zeros lie on Γm.

Key words: logarithmic derivative, Blaschke product, angular density of
zeros

1. Introduction

Let (an) be a sequence of numbers from C such that

0 < |a1| 6 |a2| 6 . . . 6 |an| 6 . . . < 1
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and

+∞∑
n=1

(1− |an|) < +∞. Then any function of the form

B(z) =

+∞∏
n=1

an
|an|
· an − z

1− anz

is called a Blaschke product and is an analytic function in the unit disc D = {z : |z| < 1}.
The Blaschke products form an important subclass of the space Hp, p > 0 (see, for
example, [1, p. 89]), that is analytic functions in D, which satisfy the condition

sup
06r<1

2π∫
0

∣∣f(reiθ)
∣∣p dθ < +∞.

In particular, each function f ∈ Hp can be represented in the form f(z) = B(z)g(z),
where g ∈ Hp and g(z) 6= 0 in D, B is the Blaschke product constructed by zeros f .
We notice ([2, p. 81]), that the product B is a meromorphic function on C except for
accumulation points of its zeros. In [3] R. Haloyan showed the connection between an
angular density of zeros of B related to the comparison function (1 − r)−ρ, 0 < ρ < 1,
and the asymptotics of its logarithm as z → 1.

The asymptotics and estimates of the logarithmic derivative of meromorphic functi-
ons outside exceptional sets play an important role in various �elds of mathematics, in
particular, in Nevanlinna's theory of value distribution [4, 5] and in the analytic theory
of di�erential equations [6, 7].

We research the connection between the asymptotics of logarithmic derivative of the
Blaschke product B with only one accumulation point of zeros on ∂D and the existence
of the angular density of its zeros in this paper. Without loss of generality, we assume
further that such accumulation point is z0 = 1. Indeed, otherwise we would consider the
Blaschke product

B∗(z) = B
(
z · eiϕ0

)
=

+∞∏
n=1

an
|an|

an − zeiϕ0

1− anzeiϕ0
=

+∞∏
n=1

a∗n
|a∗n|

a∗n − z
1− a∗nz

,

with a∗n = ane
−iϕ0 , here eiϕ0 is the accumulation point of zeros (an) of the product B.

For logarithmic derivative of B from the formula

B′(z)

B(z)
=

1∫
0

(1− t2)dn(t)

(z − teiϕn) (1− zte−iϕn)
, |ϕn| = | arg an| → 0, n→ +∞,

it follows that B′(z)/B(z) = O(1) as z → eiα, |α| > δ, 0 < δ < 1, since

B′(z)

B(z)
= (1+o(1))

1∫
0

(1− t2)dn(t)

(eiα−teiϕn)
(
1−te−i(ϕn−α)

) =

= (1+o(1)) e−iα
1∫

0

(1− t2)dn(t)

1−2t cos(α−ϕn)+t2
,
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z → eiα, and the integral above converges.

2. Definitions and main results

Let η > 0 and an = 1 − rne
−iθn , −π/2 + η < θn < π/2 − η be a sequence of

zeros of the Blaschke product B, let n(t) = n(t, B) be a number of (an) in the disc
{z : |z| 6 t} such that 1− rn 6 t, 0 < t < 1, rn → 0+ as n→ +∞. It is easy to see that
n(t) = ñ(1 − t), where ñ(t) is a counting function of zeros (an) of the product B such
that rn > t, 0 < t < 1.

We denote by B(ρ) the set of Blaschke products B, zeros of which satisfy the
condition

lim
t→1−

n(t)

(1− t)−ρ
< +∞, 0 < ρ < 1.

A set E ⊂ D is said to be a set of zero µ-density, 1 < µ 6 2, if this set can be covered by
a sequence of disks K(zj , tj) = {z : |z − zj | < tj} such that∑

|1−zj |61−r

tµj = o ((1− r)µ) , r → 1− .

Let n(t;ψ) be the number of zeros an = 1−rne−iψn of the product B, for which 1−rn 6 t,
−π/2 + η < ψn 6 ψ. We will say that zeros of B ∈ B(ρ) have an angular density at the
point 1, if for all ψ, |ψ| < π/2 − η, except a countable number of values ψ at most, the
�nite limit

lim
t→1−

n(t;ψ)

(1− t)−ρ
= ∆(ψ)

exists. Let us set

h(ϕ;ψ) = eiρ(|ϕ−ψ|−π sign(ϕ−ψ)) − eiρ(ϕ+ψ) = eiρϕ
(
eiρ(−ψ−π sign(ϕ−ψ)) − eiρψ

)
,

H(ϕ) =

π/2∫
−π/2

h(ϕ;ψ)d∆(ψ).

Theorem 1. Let 0 < ρ < 1, 1 < µ 6 2, B ∈ B(ρ) and let the zeros of B have the

angular density at the point 1. Then there exists a set of zero µ-density E ⊂ D such that

for z = 1− re−iϕ /∈ E, ϕ ∈ (−π/2 + η;π/2− η)

(1) (1− z)B
′(z)

B(z)
= (1 + o(1))

πρ

sinπρ
H(ϕ)r−ρ, r → 0 + .

Let

−π/2 + η < ψ1 < ψ2 < . . . < ψm < π/2− η,
0 < η < 1 and let

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −ψj} =

m⋃
j=1

lψj

be a �nite system of rays; let B(ρ; Γm) be a subclass of products B from the class B(ρ),
whose zeros (an) of which lie on Γm; let n(t, ψj) = n(t, ψj ;B) be a number of zeros of B
lying on the ray lψj such that 1− rn 6 t.
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Theorem 2. Let 0 < ρ < 1, ∆j > 0, B ∈ B(ρ; Γm) and let for z = 1 − re−iϕ,

ϕ ∈
(
−π

2
;
π

2

)
\

m⋃
j=1

ψj ,

(1− z)B
′(z)

B(z)
= (1 + o(1))

πρ

sinπρ

m∑
j=1

∆jh(ϕ;ψj)r
−ρ, r → 0+,

moreover, for any δ > 0 the above relation holds uniformly relative to ϕ on the set

(−π/2;π/2) \
m⋃
j=1

(ψj − δ, ψj + δ). Then for j = 1,m we have that

(2) n(t;ψj) = (1 + o(1)) ∆j(1− t)−ρ, t→ 1−.

3. Additional results

We will use the following propositions, which we formulate in the form of lemmas.

Lemma 1. Let 0 < ρ < 1, 0 < ∆ < +∞ and let the zeros an = 1−rne−iψ of the product

B lie on the ray lψ, −π/2 < ψ < π/2 and

(3) n(t) = (1 + o(1)) ∆(1− t)−ρ, t→ 1−.

Then for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \ {ψ}, we have that

(4) (1− z)B
′(z)

B(z)
= (1 + o(1))

πρ∆

sinπρ
h(ϕ;ψ)r−ρ, r → 0+,

moreover, the equality (4) holds uniformly for any δ > 0 relative to ϕ on the set

(−π/2;ψ − δ] ∪ [ψ + δ;π/2).

Proof. After replacing z by z = (w − 1)/w we have

g(w) = B

(
w − 1

w

)
=

(
+∞∏
n=1

1

|an|

)
+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

where p0 =
+∞∏
n=1
|an|−1, bn = 1/(1− an) = eiψ/rn are zeros of the entire function g1,

cn = −an/(1− an) = −e−iψ/rn + 1 = e−i(ψ+π)/rn + 1

are zeros of g2 and

n(τ, 0, g1) = n(τ, 0, g2) = ∆τρ + o (τρ) , τ → +∞.

Set

g̃2(w) =

+∞∏
n=1

(
1− w

c̃n

)
, c̃n = cn − 1 =

1

rn
e−i(ψ+π).

Let l̂α = {w : |w| > 1, argw = α}, l∗α = {w : |w| > 1, arg(w − 1) = α} and let

ln g(w) = ln p0 + ln g1(w)− ln g̃2(w) +

+∞∑
n=1

ln

(
1− w/c̃n
1− w/cn

)
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be an univalent branch of Ln g(w) on C \
(
l̂ψ ∪ l̂−ψ−π ∪ l∗−ψ−π

)
such that ln g(0) =

ln g1(0) = ln g̃2(0) = 0, ln p0 > 0, ln

(
1− w

c̃n

)∣∣∣∣
w=0

= ln

(
1− w

cn

)∣∣∣∣
w=0

= 0. Hence

(5) w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
+ w

+∞∑
n=1

cn − c̃n
(w − cn)(w − c̃n)

.

Since ([8, p. 92]) for δ 6 ϕ 6 2π − δ, 0 < δ < 1, we get that∣∣t− reiϕ∣∣ > (t+ r) sin
δ

2
, t > 0,

for θ ∈ [−ψ − π + δ,−ψ + π − δ] and τ > 2/ sin
δ

2
we obtain

|w − c̃n| =
∣∣∣∣τeiθ − 1

rn
ei(−ψ−π)

∣∣∣∣ =

∣∣∣∣τ − 1

rn
ei(−ψ−θ−π)

∣∣∣∣ > (τ +
1

rn

)
sin

δ

2
,

|w − cn| > |w − c̃n| − 1 >

(
τ +

1

rn

)
sin

δ

2
− 1 >

1

2

(
τ +

1

rn

)
sin

δ

2
.

Then (tn = 1/rn > 1),∣∣∣∣∣w
+∞∑
n=1

1

(w − cn)(w − c̃n)

∣∣∣∣∣ 6 2τ

sin2 δ/2

+∞∑
n=1

1

(τ + tn)
6

6
2τ

sin2 δ/2

+∞∫
1

dn(t, 0, g̃2)

(t+ τ)2
=

=
4τ

sin2 δ/2

+∞∫
1

n(t, 0, g̃2)dt

(t+ τ)3
6

6
8∆τ

sin2 δ/2

+∞∫
1

(t+ τ)ρ

(t+ τ)3
d(t+ τ) 6

6
8∆τρ−1

(2− ρ) sin2 δ/2
=

= o(1), τ → +∞.

(6)

For w = τeiθ, ψ < θ < ψ + 2π, taking into account Theorem 1 from [3], we get

w
g′1(w)

g1(w)
= (1 + o(1))

πρ∆

sinπρ
eiρ(θ−ψ−π)τρ, τ → +∞;

and for −ψ − π < θ < −ψ + π

w
g̃′2(w)

g̃2(w)
= (1 + o(1))

πρ∆

sinπρ
eiρ(θ+ψ)τρ, τ → +∞.
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By (5), (6) and the two above equalities for θ ∈ (ψ,−ψ + π) we obtain (τ → +∞)

w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
=

= (1 + o(1))
πρ∆

sinπρ

(
eiρ(θ−ψ−π) − eiρ(θ+ψ)

)
τρ,

and for θ ∈ (−ψ − π, ψ) we have that

w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ

(
eiρ(θ−ψ+π) − eiρ(θ+ψ)

)
τρ,

namely, for θ ∈ (−ψ − π,−ψ + π) \ {ψ}

(7) w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ
h(θ;ψ)τρ, τ → +∞,

moreover, the equality (7) holds uniformly for any δ > 0 on the set (−ψ − π,−ψ + π) \
(ψ − δ, ψ + δ).

Since −ψ − π < −π/2, −ψ + π > π/2, w = 1/(1− z),

g′(w) = B′
(
w − 1

w

)
1

w2
= (1− z)2B′(z)

and for z = 1− re−iϕ we have

θ = argw = arg

(
1

1− z

)
= arg

(
1

r
eiϕ
)

= ϕ,

then by (7) we obtain (4), and hence, lemma 1 is proved. �

Remark 1. In fact, the relation (4) holds uniformly relative to ϕ on the set

[ψ + δ,−ψ + π − δ] ∪ [−ψ − π + δ, ψ − δ],

0 < δ < 1.

Lemma 2. Let 0 < ρ < 1, 0 < ∆ < +∞, −π/2 < ψ < π/2 and let the zeros an =
1− rne−iψ of the product B lie on the ray lψ. If for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2)\{ψ}
the following relation

(1− z)B
′(z)

B(z)
= (1 + o(1))h(ϕ;ψ)r−ρ, r → 0+

holds, moreover, for any δ > 0 the above relation holds uniformly relative to ϕ on the set

(−π/2, π/2) \ (ψ − δ, ψ + δ), then n(t;B) = (1 + o(1))(1− t)−ρ, t→ 1− .

Proof. Without loss of generality, we assume that ψ = 0. After replacing z by z =
(w − 1)/w we get

g(w) = B

(
w − 1

w

)
=

+∞∏
n=1

1

an

+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

where bn = 1/rn > 0 are zeros of the entire function g1, cn = −1/rn + 1 < 0 are zeros of
g2 and n(τ, 0, g1) = n(1− 1/τ ;B).
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Since (see the proof of Lemma 1) wg′(w)/g(w) = (1−z)B′(z)/B(z), then under the
conditions of Lemma 2 for w = τeiθ, 0 < |θ| < π, we have

(8) w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ
h(θ; 0)τ−ρ, τ → +∞.

Set Ω = {bn : n ∈ N}, −π < α < 0 < β < π,

Sr(α, β) = {w : |w| 6 r, α 6 argw 6 β},
r /∈ Ω, and denote by ∂S+

r (α, β) = Ir(α) ∪ Cr(α, β) ∪ I−r (β) a positive orientation of
the boundary of the sector Sr(α, β), where Ir(α) = {z1(t) = teiα, 0 6 t 6 r}, Ir(β) =
{z2(t) = teiβ , 0 6 t 6 r}, Cr(α, β) = {z3(t) = reit, α 6 t 6 β}. Then

2πin(r, 0, g) =

∫
∂S+

r (α,β)

g′(z)

g(z)
dz =

 ∫
Ir(α)

+

∫
I−r (β)

+

∫
Cr(α,β)

 g′(z)

g(z)
dz = J1 + J2 + J3.

By (8), just like in the proof of Theorem 2 from [9], as r → +∞ we obtain

J1 =

r∫
0

g′(teiα)

g(teiα)
eiαdt = (1 + o(1))

πρ∆

sinπρ

r∫
0

h(α; 0)tρ−1dt = (1 + o(1))
π∆

sinπρ
h(α; 0)rρ

and, similarly,

J2 = −(1 + o(1))
π∆

sinπρ
h(β; 0)rρ,

J3 =

β∫
α

g′(reit)

g(reit)
ireitdt = (1 + o(1))

πρ∆

sinπρ
irρ

β∫
α

h(t; 0)dt

= (1 + o(1))
πρ∆

sinπρ
irρ

(eiπρ − 1
) 0∫
α

eiρtdt+
(
e−iπρ − 1

) β∫
0

eiρtdt


= (1 + o(1))

π∆

sinπρ
rρ
((
eiπρ − 1

) (
1− eiρα

)
+
(
e−iπρ − 1

) (
eiρβ − 1

))
= (1 + o(1))

π∆

sinπρ
rρ
(
2i sinπρ− h(α; 0) + h(β; 0)

)
.

Consequently,

2πin(r, 0, g) = (1 + o(1))2πi∆rρ, r → +∞.
Since n(r, 0, g) = n(1 − 1/r;B), we conclude that n(t;B) = (1 + o(1))∆(1 − t)−ρ,

t→ 1−. �

4. Proof of theorems

Let B ∈ B(ρ,Γm) and suppose that for all j = 1,m (2) holds. Represent B in the
form

B(z) = B1(z) ·B2(z) · . . . ·Bm(z),

where Bj(z) is a Blaschke product constructed by zeros of B lying on the ray lψj .
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Let l̃ψj = {z : r̃j 6 |z| < 1, arg(1 − z) = −ψj}, where r̃j is the smallest modulus of

zero of B lying on the ray lψj
, j = 1,m; G = D \

m⋃
j=1

l̃ψj
; let lnB be an univalent branch

in G of the multivalued function LnB(z) = ln |B(z)|+ iArgB(z) such that lnB(0) < 0.
From the equality

lnB(z) = lnB1(z) + lnB2(z) + . . .+ lnBm(z), z ∈ G,

owing to (4), for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \
m⋃
j=1

ψj , we have

(1− z)B
′(z)

B(z)
= (1− z)

m∑
j=1

B′j(z)

Bj(z)
=

= (1 + o(1))
πρ

sinπρ

m∑
j=1

∆jh(ϕ;ψj)r
−ρ, r → 0+,

(9)

which is equivalent to (1) in the case of zeros of B lying on a �nite system of rays Γm.
The transition from Γm to the general case of the location of zeros of B ∈ B(ρ), which
have an angular density at the point 1, is carried out according to a known scheme (see
for example [3, p. 69-70]. So Theorem 1 is proved.

Let the conditions of Theorem 2 be satis�ed. Then by (9) and Lemma 2 for each
j = 1,m we obtain

n(t;ψj)=(1+o(1)) ∆j(1− t)−ρ, t→ 1−,
that proves Theorem 2.
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Äîáóòêè Áëÿøêå ¹ âàæëèâèì ïiäêëàñîì ôóíêöié, àíàëiòè÷íèõ â îäèíè÷-
íîìó êðóçi ç îáìåæåíîþ õàðàêòåðèñòèêîþ Íåâàíëiííè i ìåðîìîðôíèõ ó C
çà âèíÿòêîì òî÷îê ñêóï÷åííÿ íóëiâ B(z). Àñèìïòîòèêà é îöiíêè ëîãàðèô-
ìi÷íî¨ ïîõiäíî¨ ìåðîìîðôíèõ ôóíêöié çîâíi âèíÿòêîâèõ ìíîæèí âiäiãðà-
þòü âàæëèâó ðîëü â ðiçíèõ ãàëóçÿõ ìàòåìàòèêè. Çîêðåìà, Ãîëüäáåðã À.À.,
Õåéìàí Â.Ê. i Ìàéëñ Äæ. äîñëiäæóâàëè öi ïèòàííÿ â íåâàíëiííiâñüêié òåî-
ði¨ ðîçïîäiëó çíà÷åíü, Ãóíäåðñåí Ã.Ã. i Ñòðåéëiö Ø.I. � â àíàëiòè÷íié òåîði¨
äèôåðåíöiéíèõ ðiâíÿíü. Íåõàé z0 = 1 ¹äèíà ãðàíè÷íà òî÷êà íóëiâ (an) äî-
áóòêó Áëÿøêå B(z),

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −θj} =

m⋃
j=1

lθj ,

−π/2 + η < θ1 < θ2 < . . . < θm < π/2 − η, � ñêií÷åííà ñèñòåìà ïðîìåíiâ,
0 < η < 1. Çà óìîâè iñíóâàííÿ êóòîâî¨ ùiëüíîñòi íóëiâ B(z) çíàéäåíî
àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ B(z) ïðè z = 1− re−iϕ → 1, −π/2 <
ϕ < π/2. Òàêîæ ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à äëÿ äîáóòêiâ Áëÿøêå B(z),
íóëi ÿêèõ ðîçòàøîâàíi íà Γm.

Êëþ÷îâi ñëîâà: ëîãàðèôìi÷íà ïîõiäíà, äîáóòîê Áëÿøêå, êóòîâà ùiëü-
íiñòü íóëiâ.


