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Let zo = 1 be the only boundary point of zeros (a») of the Blaschke product
B(z),

Iy = U{z:|z\ <lyarg(l—2)=—0;} = LJZ@J,7
j=1 j=1
—m/24 N <01 <0< ... <Om <7/2—n,

be a finite system of rays, 0 < n < 1. We found asymptotics of the logarithmic
derivative of B(z) as z = 1 —re™" — 1, —1/2 < ¢ < 7/2, under the condition
of existing the angular density of its zeros related to the comparison function
(1—=7)"%,0< p < 1.. We also considered the inverse problem for B(z), whose
zeros lie on I'y,.

Key words: logarithmic derivative, Blaschke product, angular density of
Zeros

1. INTRODUCTION

Let (a,) be a sequence of numbers from C such that

0<\al\g\ag\g...<|an|<...<l
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“+o0
and Z (1 — |an|) < +00. Then any function of the form
n=1
+oo _

anp  ap— 2
z) = —_—
) H lan| 1—apz

n=1
is called a Blaschke product and is an analytic function in the unit disc D = {z: |z| < 1}.
The Blaschke products form an important subclass of the space H?, p > 0 (see, for

example, [1, p. 89]), that is analytic functions in D, which satisfy the condition

sup / ’f(rew)‘pdé' < +o0.

o<r<1
0

In particular, each function f € H? can be represented in the form f(z) = B(z)g(z),
where g € H? and g(z) # 0 in D, B is the Blaschke product constructed by zeros f.
We notice ([2, p. 81]), that the product B is a meromorphic function on C except for
accumulation points of its zeros. In [3] R. Haloyan showed the connection between an
angular density of zeros of B related to the comparison function (1 —r)7?, 0 < p < 1,
and the asymptotics of its logarithm as z — 1.

The asymptotics and estimates of the logarithmic derivative of meromorphic functi-
ons outside exceptional sets play an important role in various fields of mathematics, in
particular, in Nevanlinna’s theory of value distribution [4, 5] and in the analytic theory
of differential equations [6, 7].

We research the connection between the asymptotics of logarithmic derivative of the
Blaschke product B with only one accumulation point of zeros on 0D and the existence
of the angular density of its zeros in this paper. Without loss of generality, we assume
further that such accumulation point is zo = 1. Indeed, otherwise we would consider the
Blaschke product

B*(2) = B (z- ) H On On —2€™ Ty @, 0n =2
|an| 1 — @pzeivo ’

with af = a,e”"° here e'#° is the accumulation point of zeros (a,) of the product B.
For logarithmic derivative of B from the formula

1
(2) (1 —t2)dn(t)
(2) / 2z —tein) (1 — zte—ien)’ |onl =largan| =0, n— oo,
0
it follows that B'(z)/B(z) = O(1) as z — €'*, |a| > 6, 0 < § < 1, since
1

B’(z) (1 (1 —t2)dn(t) B
+oll (et —teien) (1—te—l(wn—a)) -

0
1

— (1+0(1) / (1 —t%)dn(t)

1—2t cos(a—py)+12’

0
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z — €', and the integral above converges.

2. DEFINITIONS AND MAIN RESULTS

Let n > 0and a, = 1 — re % —7/2+1n < 0, < /2 — 1 be a sequence of
zeros of the Blaschke product B, let n(t) = n(t, B) be a number of (a,) in the disc
{#z:]z] <t} such that 1 —r, <t, 0<t<1,r, >0+ asn— +oo. It is easy to see that
n(t) = n(l — t), where n(t) is a counting function of zeros (a,) of the product B such
that r, > t, 0 <t < 1.

We denote by %(p) the set of Blaschke products B, zeros of which satisfy the
condition

Tim n(t)

t=1— (1 —1t)=r
A set £ C D is said to be a set of zero p-density, 1 < p < 2, if this set can be covered by
a sequence of disks K(z;,t;) = {z: |z — z;| < t;} such that

oo th=o(@-1H), r>1-.

[1—z;|<1—7

<400, 0<p<1.

Let n(t; 1) be the number of zeros a,, = 1—r,e~*¥" of the product B, for which 1—7r, < t,
—7m/2 4+ n < 1, <. We will say that zeros of B € %(p) have an angular density at the
point 1, if for all ¢, || < 7/2 — n, except a countable number of values ¢ at most, the

finite limit ()
. n(t; B
A g =AW
exists. Let us set
h(p;9) = etr(lo—v|=msign(p—v)) _ ip(p+d) _ ipyp (eip(—w—ﬂ sign(p—v)) _ eim/f) ’
/2
Hp)= [ hipw)dbw).
—m/2

Theorem 1. Let 0 < p < 1,1 < p < 2, B € B(p) and let the zeros of B have the
angular density at the point 1. Then there exists a set of zero p-density E C D such that
forz=1—re % ¢ E o (—m/2+n;7/2—n)
B'(2) TP
1 1-—
(1) (1-2) B(z) sinwp
Let

=(1+0(1)) H(p)r =" r—0+.

/240 <P <o < ...< Yy, <T[2—mn,
0<n<1and let

= U{z |z| < 1,arg(l —z) = —¢;} = U Ly,
Jj=1 j=1
be a finite system of rays; let Z(p;'y,) be a subclass of products B from the class %(p),

whose zeros (a,,) of which lie on T',,; let n(t, ;) = n(t, ¢;; B) be a number of zeros of B
lying on the ray [, such that 1 —r, <t.



LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY OF ZEROS ...
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2021. Bumyck 91 57

Theorem 2. Let 0 < p < 1, A; > 0, B € B(p;'\n) and let for z = 1 — re” %,

(55U

(1-2) g((j)) = (1+0(1)) Si;”;p ; Ajh(; )0, 1 — O+,

moreover, for any § > 0 the above relation holds uniformly relative to ¢ on the set
m

(—m/2;m/2)\ U(wj — 8,1 +6). Then for j =1, m we have that
j=1
(2) n(t;v;) = (1+0(1)A;(1=8)7", t—1-.
3. ADDITIONAL RESULTS

We will use the following propositions, which we formulate in the form of lemmas.

Lemma 1. Let 0 < p < 1,0 < A < +oco and let the zeros a, = 1 —r,e~ ¥ of the product
B lie on the ray Ly, —7/2 < < 7/2 and

(3) nt)=1+o0(1)A(l—-1t)"", t—1-.
Then for z=1—re~ ", p € (—7/2;7/2) \ {¢}, we have that
@ (1= 2 = (1 0a) 22 h(iuir s 04,

moreover, the equality (4) holds uniformly for any 6 > 0 relative to ¢ on the set
(=7/2;¢ = 0] U [ + 6;7/2).
Proof. After replacing z by z = (w — 1) /w we have

o= () ([ ) () o 2) -

+o0 .
where po = [] |an|™!, by = 1/(1 — a,) = €™ /r,, are zeros of the entire function g,
n=1

en=—tn/(1 —ap) = - V)1, +1 =W /41

are zeros of g, and
71(7',07‘91) = n(TvoaQQ) = At” +o (Tp) , T — +o00.

Set,
+oo

gQ(w):H<1_E>’C”:C”_1:T6 (+m)
n n

n=1

Let I, = {w: |w| > 1,argw = a}, I¥, = {w: |w| > 1,arg(w — 1) = o} and let

Ing(w) =Inpg +1Ing;(w) — Ings(w JrZ]n(l_w/Cn)

w/en



Mykola ZABOLOTSKY]I, Yuriy GAL, Mariana MOSTOVA

58 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepis mex.-mar. 2021. Bumyck 91

be an univalent branch of Lng(w) on C\ (Tw UZA_Q/,_7T U l*—w—w) such that lng(0) =

Ing1(0) = Inga(0) = 0, Inpo > 0, In (1-1") —In (1—“’)
Cn/ lw=0 Cn

Jw) () Bw)
©) ) (gl(w) w)* Z e

Since ([8, p- 92]) for 6 < p < 2 — 6, 0 < § < 1, we get that

= 0. Hence

w=0

- )
|t—rew’ > (t—l—r)sin§7 t>0,

for0e[—yp—n+d,—+7m—56land 7> 2/smgweobtaln

1 .
= |r— =€
Tn

7620 _ 761(7111771')

n

w — | = —=6-m)

> (4 1Yy . 0
= - 10—,
T " S B

| | > | Cul—12> —l—l '61 L +1 0
w— cpl = |lw—1¢, > (7 . sm2 3 T . s1n2.

Then (t, =1/r, > 1),

wZ

nl

+
2T =<

1
< <
sin® 5,2 ; (T +tn)

- Cn _En)

+oo
27' / dn(t,0,§2)
<

sin? 6/2 (t+7)2
1

+oo
AT / n(t,0,g2)dt <
 sin?46/2 (t+71)3

1

+oo

SAT (t+7)°

< d(t+7) <
sin25/2/ t+7)3 (t+7)

1

SATPL
< —_— =
(2 — p)sin?§/2
=o(l), T— +oo.

For w = 7e%, 1) < § < v + 27, taking into account Theorem 1 from [3], we get

’ A
wgl(w) — (1 + 0(1 ) 7T',0 elp(g—@b—‘“')TP T — —|—OO,
g1(w) Sinp
and for —¢p —m <0< b+
- A
w2 _ (14 (1)) TPR in0r) ey oo

g2(w) sinmp



LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY OF ZEROS ...
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2021. Bumyck 91 59

By (5), (6) and the two above equalities for § € (¢, —¢ + 7) we obtain (7 — +00)
o) _, (sile) 3wl _
Sow) ~ o) aw)

— (14 0(1)) 222 (et0=vm) — 0400} 7o
sinmp ’

and for 6§ € (—y — m,1) we have that

g'(w) TpA ip(B—p+m) _ _ip(6+1p)
wg(w) 7(1+0(1))7smﬂ'p (ep L e +¢)T”,
namely, for § € (= — 7w, = + ) \ {¢}
(7) w8 14 o(1) TP )P, s oo,

moreover, the equality (7) holds uniformly for any § > 0 on the set (—¢) — m, =t +7) \
(¥ — 6,9 +9).
Since —¢p — 7w < —7/2, —p+ 7> 7/2, w=1/(1 - 2),

g =5 (L) S - - app

and for z =1 —re~**? we have

1 1 .
0 = argw = arg () = arg (ew) = ¢,
1—-=2 r

then by (7) we obtain (4), and hence, lemma 1 is proved. O

Remark 1. In fact, the relation (4) holds uniformly relative to ¢ on the set
[¢+6a_w+ﬂ'—5]U[_¢_ﬂ+67w_5]7
0<6<1.

Lemma 2. Let 0 < p < 1,0 < A < 400, —7/2 < ¢ < 7/2 and let the zeros a, =
1—rpe™™ of the product B lie on the ray ly. If for z = 1—re™ %, ¢ € (—n/2;7/2) \ {1}
the following relation

B'(z)

(1-2) B(2)

holds, moreover, for any § > 0 the above relation holds uniformly relative to ¢ on the set
(=mw/2,7/2)\ (¥ — 6,0+ ), then n(t; B) = (1 +o(1)) (1 —¢)"P, t > 1—.

= (14 o(1)) b )r ", 7 — O+

Proof. Without loss of generality, we assume that ¢ = 0. After replacing z by z =

(w—1)/w we get
(=) T (- 2) = m

w-1\ =112
= B _— = _
oo =5 (557) - 115 1
where b,, = 1/r, > 0 are zeros of the entire function ¢, ¢, = —1/r, + 1 < 0 are zeros of
g2 and n(7,0,91) =n(l —1/7; B).
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Since (see the proof of Lemma 1) wg'(w)/g(w) = (1 —2)B’(z)/B(z), then under the
conditions of Lemma 2 for w = 1e?, 0 < || < 7, we have
¢(w) 7
=(1 1
(®) Wl = (1 o(1) 2

Set Q={b,:neN}, 1<a<0<f<m,

Sp(a, B) ={w: |w| <r,a <argw < B},

r ¢ Q, and denote by 95, (o, 8) = I.(a) U Cy(ar, 3) U I,7(B) a positive orientation of
the boundary of the sector S,.(a, 3), where I,.(a) = {z1(t) = te'*,0 < t < r}, I.(B) =
{2o(t) = te',0 <t <7}, Cr(a, B) = {z3(t) = re?*, a <t < B}. Then

2min(r,0,g) = / ‘C;/((ZZ)) dz = / + / =+ / gg/((j)) dz=J1+ Jo + Js.

a5t (o, B) Ir(@)  I17(8) Cr(ap)

h(0;0)77°, T — +o0.

By (8), just like in the proof of Theorem 2 from [9], as r — 400 we obtain

[ 90 oy mpA / O — A o
Jl—/ g(tem)e dt—(l—l—o(l))smﬂ_p h(a; 0)t dt_(1+0(1))sinwph(a’0)r
0
and, similarly,
o = —(1+ 0(1)) =———h(B; 0)r”

sinmp

B ) B
g'(re’) i TpA /
- ireitdt = (1 + o1 o [ h(t;
J3 /g(re”) ire*dt = (14 o ))sinwpzr h(t;0)dt
0

(o3

B
A
—ro) 22 (o) [oan (o) [
sinmp
e 0

= (L4 0(1)) T (670 1) (1= 7) 4 (7170 — 1) (7 — 1))

sinmp

= (1+ o(1)) 220

sinmp

(2isinmp — h(e; 0) + h(B;0)).

Consequently,
2min(r,0,9) = (1 + o(1))2miArf, r — +o0.
Since n(r,0,9) = n(1 — 1/r; B), we conclude that n(¢t; B) = (14 o(1))A(1 —t)~*,
t—1—. U

4. PROOF OF THEOREMS

Let B € #(p,I'y,) and suppose that for all j = 1, m (2) holds. Represent B in the
form

B(z) = Bi(2) - B2(2) - ...+ B (2),
where Bj(z) is a Blaschke product constructed by zeros of B lying on the ray [y, .
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Let 71/,_7 ={z:7; <|z| < l,arg(l — z) = —1;}, where 7; is the smallest modulus of

zero of B lying on the ray [y, j = 1,m; G =D\ U ij; let In B be an univalent branch
j=1
in G of the multivalued function Ln B(z) = In|B(z)| 4+ ¢ Arg B(z) such that In B(0) < 0.
From the equality

InB(z) =InBi(2) + InBa(z) + ... +In By (z), z€Gq,

m
owing to (4), for z =1 —re= %, p € (—7/2;7/2) \ U ¥, we have

B'(z - Bi(2)
-5 =0~ LB
(9) " m
= (1+o0(1)) si;rfw 3" Ajhlgi)rt v 04,
j=1

which is equivalent to (1) in the case of zeros of B lying on a finite system of rays T',,.
The transition from I';, to the general case of the location of zeros of B € %(p), which
have an angular density at the point 1, is carried out according to a known scheme (see
for example [3, p. 69-70]. So Theorem 1 is proved.

Let the conditions of Theorem 2 be satisfied. Then by (9) and Lemma 2 for each
7 =1, m we obtain

n(t; ;) =(1+o(1) A;(1 —)7, t—1-,

that proves Theorem 2.
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Hobytku Basgmike € BaxkmBuM mizk1acoM GyHKIIHM, AHATI THIHAX B OTUHAY-
HOMY KpPy3i 3 0O6MexeHoio xapakrepuctukoo Hesaniinuu i mepomopduux y C
38 BUHATKOM TOYOK CKyIHaeHHs Hy/aiB B(z). Acuvmrornka # ominku morapud-
migaOl moximgHol MepomopdHUX GYHKINN 30BHI BUHATKOBUX MHOXKWH Bifirpa-
I0Th BaXKJ/IMBY POJIb B PI3HUX Iajly3daX MareMaTuku. 3okpeMa, Loababepr ALA.
Xeitman B.K. i Maiiic JI>k. moc/tipKyBaJu 11l TUTAHHS B HEBAHJIIHHIBCHKIM TeO-
pii po3moginy 3uadens, ['yumepcen I.I. i Crpeitrin [I1.1. — B ananiTuaniit Teopil
mudepenniiinnx pisaanb. Hexail zo = 1 eauna rpanuvna Touka HymiB (an) m0-
O6yTky Brsmke B(z),

m m
Iy = U{z z| < 1,arg(l — 2) = —60,} = U lo
j=1 Jj=1

—7m/24n <601 <0 <...<0m < T7/2—1,— CKiHUEHHA CHCTEMA NIPOMEHIB,
0 < n < 1. Ba ymoBu icHyBaHHS KyTOBOI wiijbHOCTI HysaiB B(z) 3HaiizeHo
acuMnTOTHKY JTorapudMiunoi moximnoi B(z) mpu z = 1 —re” ¥ = 1, —71/2 <
» < m/2. Takoxk pO3TIAmAETHCA 0O0epHEHA 3ama9a s 700y TkiB Basmke B(z),
Hy/l SKUX PO3TamIoBani HA ['y,.

Karouosi crosa: smorapudwmivna moxiagna, qo0yTok Birsamike, KyToBa mmiib-
HICTH HYJIB.



