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The object of this paper is the problem of optimal control of a semi-linear
system of two �rst-order hyperbolic equations with integral constraints.
Using the method of characteristics and the maximum principle the necessary
conditions for optimality are obtained.
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1. Introduction

Based on the classical McKendrick-von Foerster [9, 12] model of bio-population
dynamics, mathematical models for the age structure of the population itself are widely
used in modern conditions. Such problems also arise in studies of the reproduction and
spread of epidemics, drug addiction [1]�[4], socio-economic and economic processes [7, 8,
10], etc.

In this paper we consider an optimal control problem for the competing populations
dynamics [11], which is described by a system of two hyperbolic equations [5], for which
the control function is subject to an integral constraint [2, 5]. To obtain a necessary
condition of the optimal control, the method of characteristics and the formula for the
increment of the target functional on the needle variation of the admissible control have
been used.

2. Statement of the problem

In the domain (x, t) ∈ Π = (0, l) × (0, T ), consider the process of population deve-
lopment, which evolution in space and time is described by the system of two hyperbolic
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�rst-order equations

(1)


∂y1(x, t)

∂t
+
∂y1(x, t)

∂x
= −µ(x)y1(x, t),

∂y2(x, t)

∂t
+
∂y2(x, t)

∂x
= −y1(x, t)y2(x, t),

where y = (y1, y2) : Π→ R2.
For system (1) set the initial and boundary conditions:

(2) y1(x, 0) = ν1(x), y2(x, 0) = ν2(x), x ∈ [0, l],

(3) y1(0, t) = λ(t), t ∈ [0, T ],

(4) y2(0, t) = β(t)

x2∫
x1

K(x)u(x)y2(x, t)dx, t ∈ [0, T ].

Here µ(x), ν1(t), ν2(t), β(t), K(s) are standard bio-population parameters [2, 5]. For
example, when (4) describes the individuals fertility process, then K(x) is the fraction
of females in the population process. The control function here is u = u(x), which sets
the age distribution of the reproductive period of females (0 < x1 < x2 = l) [2].

Let us choose minimization of the functional

(5) I[u] =

l∫
0

ϕ(y1(x, T ), y2(x, T ), x)dx.

as the target.
The problem (1)-(5) will be investigated under the following assumptions:

A1) u,K ∈ C1[x1, x2]; in addition, we will assume that u(x) ≡ 0, K(x) ≡ 0, if
x /∈ [x1, x2];

A2) νi ∈ C1[0, l], i = 1, 2, and λ ∈ C1[0, T ];
A3) µ ∈ C[0, l];
A4) ϕ,ϕ′yi ∈ C(Π×Π× [0, l]), i = 1, 2;
A5) zero-order agreement conditions ν1(0) = λ(0),

ν2(0) = β(0)

x2∫
x1

K(s)u(s)ν2(s)ds

are ful�lled;

A6)

l∫
0

µ(x)dx = +∞,

x2∫
x1

u(x)dx = 1.

(the ful�llment of conditions A6) ensures the natural parameters of the population, e.g.
the �rst of conditions of A6) guarantees the zero density of individuals in the population
if their age exceeds the maximal limit l [3]).
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Remark 1. Usually, in applied economic problems the function β(t) is understood as
β(t) = e−ρtg(t), where ρ is a discount rate, g is a bounded function on [0, T ].

3. Generalized solution of the problem

Let ξ = τ + x− t be the characteristic equation of the system (1), i.e. the solution

of the Cauchy problem
dξ

dτ
= 1, ξ(t) = x, (x, t) ∈ Π. Then, integrating (1) in the

corresponding boundaries along the characteristics, we obtain

(6) y1(x, t) =


λ(t− x) exp

(
−

x∫
0

µ(σ)dσ
)
, x 6 t,

ν1(x− t) exp
(
−

x∫
x−t

µ(σ)dσ
)
, x > t,

(7) y2(x, t) =



β(t− x)
x2∫
x1

K(r)u(r)y2(r, t− x)dr · exp

(
−λ(t−

−x)
x∫
0

exp
(
−

ρ∫
0

µ(σ)dσ
))

dρ, x 6 t,

ν2(x− t) exp

(
−ν1(x− t)

t∫
0

exp
(
−

ρ∫
x−t

µ(σ)dσ
))

dρ, x > t.

De�nition 1. By generalized solution of the problem (1)�(4), that corresponds to the

control u, we mean the vector function y = (y1, y2) ∈
(
C(Π)

)2
whose components satisfy

relations (6), (7) in Π, if the conditions A1)�A6) are ful�lled.

Remark 2. The ful�llment of conditions A5) guarantees the continuity of solution of
problem (1)�(5) when passing through the characteristic x = t, besides, the second
condition of A5) represents an additional integral constraint on the control u.

4. The optimality condition

Consider the formula of the increment of the functional (5) 4I(u) = I(ũ) − I(u)
on admissible processes {u, y1, y2} and {ũ = u + 4u, ỹ1 = y1 + 4y1, ỹ2 = y2 + 4y2}
[2, 6, 10]. The functions 4yi = 4yi(x, t), i = 1, 2 are the solution of mixed problem

∂4y1
∂t

+
∂4y1
∂x

= −µ(x)4y1, (x, t) ∈ Π,

(8) 4y1(x, 0) = 0, 0 6 x 6 l,

4y1(0, t) = 0, 0 6 t 6 T,

∂4y2
∂t

+
∂4y2
∂x

= −4y14y2, (x, t) ∈ Π,
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(9) 4y2(0, t) = β(t)

x2∫
x1

K(r){ũ(r)x̃2(r, t)− u(r)x2(r, t)}dr, 0 6 t 6 T.

Then, taking into account (8)�(9), we write the formula of the increment of the functional

4I(u) = I(ũ)− I(u) =

l∫
0

4ϕ(y1(x, T ), y2(x, t), x)dx+

+

l∫
0

T∫
0

{
ψ1(x, t)

[
∂4y1
∂t

+
∂4y1
∂x

+µ(x)4y1

]
+ψ2(x, t)

[
∂4y2
∂t

+
∂4y2
∂x

+4y14y2

]}
dtdx,

where 4ϕ = ϕ(ỹ1(x, T ), ỹ2(x, T ), x) − ϕ(y1(x, T ), y2(x, T ), x), and ψi(x, t), i = 1, 2, are
now arbitrary smooth in Π functions.

Let us perform the standard transformations for such cases (using Taylor formula,
integration by parts, etc.).

First of all, we develop 4ϕ by the Taylor formula into a series, singling out the
linear part, namely

4ϕ(y1(x, T ), y2(x, T ), x) =
∂ϕ

∂y1
4y1(x, T ) +

∂ϕ

∂y2
4y2(x, T ) + oϕ(|4y1|, |4y2|),

where oϕ(·, ·) stands for higher orders of smallness with respect to 4y1 and 4y2.
Then

4I(u) =

l∫
0

{
ϕ′y1(y1(x, T ), y2(x, T ), x)4y1(x, T )+ϕ′y2(y1(x, T ), y2(x, T ), x)4y2(x, T )+

+ oϕ(|4y1|, |4y2|)
}
dx−

l∫
0

T∫
0

{∂ψ1

∂t
+
∂ψ1

∂x
− µ(x)ψ1(x, t)

}
4y1(x, t)dtdx−

−
l∫

0

T∫
0

{∂ψ2

∂t
+
∂ψ2

∂x
− ψ2(x, t)4y1(x, t)

}
4y2(x, t)dtdx−

−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)u(r)4y2(r, t)dtds+

l∫
0

ψ1(x, T )4y1(x, T )dx+

+

T∫
0

ψ1(l, T )4y1(l, T )dt+

l∫
0

ψ2(s, T )4y2(x, T )dx−

−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)4u(r)y2(r, t)dtds−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)4u(r)4y2(r, t)dtdr.
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Taking into account the values for expressions of states of the system (8), (9), we
can write down the relations

(10) 4y1(x, t) = 0, for all (x, t) ∈ Π,

(11) 4y2(x, t) =



β(t− x)

l∫
0

K(r){ũ(r)ỹ2(r, t− x)− u(r)y2(r, t− x)}×

× exp

(
−λ(t− x) exp

(
−

ρ∫
0

µ(σ)dσ
))

dρ, x 6 t,

0, x > t.

These transformations allow us to formulate a conjugate problem for the functions
ψi(x, t), i = 1, 2:

∂ψ1

∂t
+
∂ψ1

∂x
= µ(x)ψ1(x, t), (x, t) ∈ Π,

(12) ψ1(x, T ) = −∂ϕ(y1(x, T ), y2(x, T ), x)

∂y1
, x ∈ [0, l],

ψ1(l, t) = 0, t ∈ [0, T ],

∂ψ2

∂t
+
∂ψ2

∂x
= −β(t)ψ2(0, t)K(x)u(x), (x, t) ∈ Π,

(13) ψ2(x, T ) = −∂ϕ(y1(x, T ), y2(x, T ), x)

∂y2
, x ∈ [0, l],

ψ2(l, t) = 0, t ∈ [0, T ].

For an arbitrarily �xed control u = u(x), the hyperbolic systems (12), (13) with
the corresponding initial conditions at t = T and boundary conditions at x = l have
a unique generalized solution [6]. Here, by the generalized solution for arbitrary control
u we also mean ψ1 ∈ C(Π) and ψ2 ∈ C(Π), and for ψ2 as a continuous solution of the
corresponding second order Volterra integro-operator equation. Now, given (12), (13), we
can rewrite the modi�ed expression for the increment of the functional as

(14) 4I(u) = −
l∫

0

K(r)4u(r)

T∫
0

β(t)ψ2(0, t)y2(r, t)dr − γ,

where

(15) γ = −
l∫

0

K(r)4u(r)

T∫
0

β(t)ψ2(0, t)4y2(x, t)dtdr +

l∫
0

oϕ(|4y(x, T )|)dx.

The obtained ratio (14) for the increment of the functional (5) is valid for two
admissible processes {u, y1, y2} and {ũ, ỹ1, ỹ2}.

Further investigation of the problem (1)�(5) is based on the application of the
nonclassical variation of admissible controls described, for example, in [2, p. 123].
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Let u = u(x) be an admissible control and construct its variation by rule

(16) uε,δ(x) =

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x)),

where ε ∈ [0, 1] is a parameter that characterizes the smallness of the variation, δ(x) is a
continuously di�erentiable function that satis�es conditions

0 6 x+ δ(x) 6 l,
dδ(x)

dx
> −1, x ∈ [0, l], δ(0) = δ(l) = 0.

Let us emphasize some properties of variation (16). First, the control is smooth,
and the range of values of the function uε,δ(x) is determined by the range of values
of the control u(x). Moreover, to satisfy the second condition of A6), by substituting
s = x+ εδ(x), we obtain

l∫
0

uε,δ(x)dx =

l∫
0

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x))dx =

l∫
0

u(s)ds.

Let us return to the increment of the functional (14) and make an estimate of
the remainder term γ for admissible processes {u, y1, y2} and {uε,δ = u + 4u, y1ε =
y1 +4y1, y2ε = y2 +4y2}. That is, given (16), we obtain

4u(s) =

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x))− u(x) =

= u(x+ εδ(x))− u(x) + ε
dδ(x)

dx
u(x+ εδ(x)) =

= ε
d

dx

(
δ(x)u(x)

)
+ o(ε),

which indicates the increment of control as a value of order ε [2].
Given the introduced variation (16), let us rewrite (11) the increment of state

y2(x, t), namely

4y2(x, t) =



0, x > t,

β(t− x)
l∫
0

K(r){uε,δ(r)y2ε(r, t− x)− u(r)y2(r, t− x)}×

× exp

(
−λ(t− x) exp

(
−

ρ∫
0

µ(σ)dσ
))

dρ, x < t.

Based on assumptions A1)�A6), that is, given the constraint of the initial data in
Π and making transformations

uε,δ(x)y2ε(x, t− x)− u(x)y2(x, t− x) =

= uε,δ(x)y2ε(x, t− x)− u(x)y2ε(x, t− x) + u(x)y2ε(x, t− x)−
− u(x)y2(x, t− x) = 4u(x)y2ε(x, t− x) + u(x)4y2(x, t− x),
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we obtain an estimate

(17) |4y2(x, t)| 6 L1

x2∫
x1

|4y2(x, t− x)|dx+ L2

x2∫
x1

|4u(x)|dx,

where Li = const > 0, i = 1, 2, or given that |4u| ∼ ε, estimating, for example, (17)
through the resolvent of the corresponding kernel, it is easy to obtain that

|4y2(x, t)| ∼ ε for (x, t) ∈ Π.

As a result, the increment of the functional (14) can be written as

(18) 4I(u) = I(uε,δ)− I(u) =

= −ε
x2∫
x1

K(x)
d

dx
(δ(x)u(x))

T∫
0

ψ2(0, t)β(t)y2(x, t)dtdx+ o(ε),

or

4I(u) = −ε
{
δ(x)u(x)

T∫
0

K(x)ψ2(0, t)β(t)y2(x, t)dt

∣∣∣∣∣
x2

x1

−

−
x2∫
x1

δ(x)u(x)
d

dx

T∫
0

K(x)ψ2(0, t)β(t)y2(x, t)dt
}

=

= ε

x2∫
x1

δ(x)u(x)

T∫
0

ψ2(0, t)β(t)
d

dx

(
K(x)y2(x, t)

)
dt.

Then, based on an arbitrary choice of δ(x) and the main lemma of the calculus of
variations, we obtain the necessary optimality condition.

Theorem 1. If the process {y∗, u∗} is optimal in problem (1)�(5), then condition

u∗(x)

T∫
0

ψ∗2(0, t)β(t)
d

dx

(
K(x)y∗2(x, t)

)
dt = 0, x ∈ [0, l],

is ful�lled, where y∗2(x, t) is expressed by (7), and ψ∗2(x, t) is the generalized solution of

the conjugate problem (13), at u = u∗(x), y = y∗(x, t).

The obtained result can serve for the construction of numerical algorithms for solving
optimal control problems [2, p. 125].
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Îá'¹êò äîñëiäæåííÿ � çàäà÷à îïòèìàëüíîãî êåðóâàííÿ íàïiâëiíiéíîþ
ñèñòåìîþ äâîõ ãiïåðáîëi÷íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç iíòåãðàëüíèìè
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