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For an analytic in the disk {z : |z| < 1} function f(z) = z +

∞∑
k=1

fkz
k and

formal power series l(z) = 1 +

∞∑
k=1

lkz
k with lk > 0 the operator

Dn
l,[S]f(z) = z +

∞∑
k=2

(
l1lk−1

lk

)n

fkz
k

is called the Gelfond-Leont'ev-S�al�agean derivative and the operator

Dn
l,[R]f(z) = z +

∞∑
k=2

lk−1ln
ln+k−1

fkz
k

is called the Gelfond-Leont'ev-Ruscheweyh derivative. By %[f ] we denote the
radius of the univalence of the function f . It is proved, for example, that for
each n ≥ 1

√
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

≤ %[Dn
l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

and √
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1
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1. Introduction

For a formal power series

(1) f(z) = f0 +

∞∑
k=1

fkz
k, z = reiθ,

and l(z) = 1 +

∞∑
k=1

lkz
k (lk > 0) the formal power series Dn

l f(z) =

∞∑
k=0

lk
lk+n

fk+nz
k is

called the Gelfond-Leont'ev derivative [1]. If l(z) = ez (i.e. lk = 1/k!) then Dn
l f = f (n)

is the usual derivative.

If the function f(z) = z +

∞∑
k=2

fkz
k is analytic in the disk {z : |z| < 1} then the

operator Dn
[S]f (n ≥ 0) de�ned by

D0
[S]f(z) = f(z), D1

[S]f(z) = D[S]f(z) = zf ′(z),

Dn
[S]f(z) = D[S](D

n−1
[S] f(z)) = z +

∞∑
k=2

knfkz
k

is known as the Sǎlǎgean derivative [2]. The operator

Dn
[R]f(z) =

z

n!

dn

dzn
{zn−1f(z)} = z +

∞∑
k=2

(k + n− 1)!

n!(k − 1)!
fkz

k

is called [3] the Ruscheweyh derivative.
In [4], combining the de�nitions of Gelfond-Leont'ev derivative with Sǎlǎgean deri-

vative and Ruscheweyh derivative, the operator

Dn
l,[S]f(z) = l1zD

1
l (D

n−1
l,[S]f(z)) = z +

∞∑
k=2

(
l1lk−1
lk

)n
fkz

k

is called the Gelfond-Leont'ev-Sǎlǎgean derivative and the operator

Dn
l,[R]f(z) = zlnD

n
l {zn−1f(z)} = z +

∞∑
k=2

lk−1ln
ln+k−1

fkz
k

is called the Gelfond-Leont'ev-Ruscheweyh derivative. In [4] the behavior of maximal
terms of successive Gelfond-Leont'ev-Sǎlǎgen and Gelfond-Leont'ev-Ruscheweyh deri-
vatives and in [5] the properties of Hadamard compositions of such derivatives are studi-
ed.

The radius %[f ] of univalence of a function f is de�ned as follows: if f ′(0) = 0 then
we put %[f ] = 0, and if f ′(0) 6= 0 then %[f ] is a radius of the largest disk with the center
at a point z = 0, in which the function f is univalent. The asymptotic behavior of the
sequence of radii of the univalence of ordinary derivatives of the function f has been
studied by many authors. The most signi�cant contribution was made by S.M. Shah and
S.Y. Trimble [6�8]. The asymptotic behavior of the sequence of radii of the univalence of
Gelfond-Leont'ev derivatives is investigated in [9�12].

Here we consider a similar problem for Gelfond-Leont'ev-Sǎlǎgen and Gelfond-
Leont'ev-Ruscheweyh derivatives. Our research is based on the following lemmas [11].
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Lemma 1. Let α(z) =

∞∑
k=0

αkz
k and % ∈ (0,+∞). If the function α is univalent in

D% = {z : |z| < %} then |αk|%k−1 ≤ k|α1| for all k ≥ 1.

Lemma 2. Let α(z) =

∞∑
k=0

αkz
k. If

∞∑
k=2

k|αk|%k−1 ≤ |α1| for some % ∈ (0,+∞) then the

function α is univalent in D%.

2. Gelfond-Leont'ev-Gelfond-Leont'ev-S�al�agean derivatives

Here for a function (1) we will consider a more general form of the Gelfond-Leont'ev-
S�al�agean derivative Dn

l,[S]f .

We remark that if a function f is given by a gap power series

(2) f(z) = f0 +

∞∑
j=0

fkj+1z
kj+1, fkj+1 6= 0 (j ≥ 0),

where 0 ≤ kj ↑ ∞ as 0 ≤ j →∞, then

(3) Dkn
l,[S]f(z) =

∞∑
j=0

(
l1lkj
lkj+1

)kn
fkj+1z

kj+1.

Theorem 1. If the function f is given by a gap power series (2) then for the radius of

univalence of Gelfond-Leont'ev-S�al�agean derivative Dkn
l,[S]f the estimates

(4)
√

2− 1√
2

kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≤ %[Dkn

l,[S]f ] ≤ kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
hold for every j ≥ 1.

Proof. If function (3) is univalent in D% then by Lemma 1∣∣∣∣∣
(
l1lkj
lkj+1

)kn
fkj+1

∣∣∣∣∣ %kj ≤ (kj + 1)

(
l1lk0
lk0+1

)kn
|fk0+1|,

i.e.

%[Dkn
l,[S]f ]kj ≤ (kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn
,

whence we obtain the right hand side of (4).

Now let 0 < x ≤ (
√

2− 1)/
√

2. Then

∞∑
j=1

(kj + 1)xkj ≤
∞∑
j=1

(j + 1)xj =
1

(1− x)2
− 1 ≤ 1.

Therefore, if

(5) % =

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
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then

x = % kj

√∣∣∣∣fkj+1

fk0+1

∣∣∣∣ ( lkj lk0+1

lk0 lkj+1

)kn/kj
=

√
2− 1√

2

and, thus,

∞∑
j=1

(kj + 1)

(
lkj lk0+1

lk0 lkj+1

)kn ∣∣∣∣fkj+1

fk0+1

∣∣∣∣ %kj =

∞∑
j=1

(kj + 1)xkj ≤ 1,

whence
∞∑
j=1

(kj + 1)

(
l1lkj
lkj+1

)kn
|fkj+1|%kj ≤

(
l1lk0
lk0+1

)kn
|fk0+1|.

Hence by Lemma 2 the function Dkn
l,[S]f is univalent in D% and, thus, in view of (5)

(6) %[Dkn
l,[S]f ] ≥

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
for every j ≥ 1, i.e. the left hand side of (4) is correct. Theorem 1 is proved. �

If series (2) has a radius of convergence R ∈ (0, +∞) then

lim
j→∞

kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ = R

and, since lim
j→∞

ajbj ≤ lim
j→∞

aj limj→∞ bj , from (4) we get

%[Dkn
l,[S]f ] ≤ lim

j→∞

kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≤ R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
.

Similarly, since lim
j→∞

ajbj ≥ lim
j→∞

aj limj→∞ bj , from (6) we get

%[Dkn
l,[S]f ] ≥

√
2− 1√

2
lim
j→∞

kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≥
√

2− 1√
2

R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
.

Therefore, we obtain the following statement.

Proposition 1. If a function f is given by the gap power series (2) with the radius of

convergence R ∈ (0, +∞) then for the radius of univalence of Gelfond-Leont'ev-S�al�agean

derivative Dkn
l,[S]f the estimates

√
2− 1√

2
R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
≤ %[Dkn

l,[S]f ] ≤ R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
hold.

Theorem 1 and Proposition 1 imply the following statement.
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Corollary 1. For the radius of univalence of Gelfond-Leont'ev-S�al�agean derivative

Dn
l,[S]f of function (1) the estimates

(7)

√
2− 1√

2
j

√∣∣∣∣ f1fj+1

∣∣∣∣ ( lj+1

lj l1

)n/j
≤ %[Dn

l,[S]f ] ≤ j

√
(j + 1)

∣∣∣∣ f1fj+1

∣∣∣∣ ( lj+1

lj l1

)n/j
hold for every j ≥ 1. If, moreover, series (1) has the radius of convergence R ∈ (0, +∞)
then √

2− 1√
2

R

(
lim
j→∞

j

√
lj+1

lj

)n
≤ %[Dn

l,[S]f ] ≤ R

(
lim
j→∞

j

√
lj+1

lj

)n
.

We remark also that for j = 1 from (7) we get
√

2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2l21

)n
≤ %[Dn

l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2l21

)n
.

3. Gelfond-Leont'ev-Ruscheweyh derivatives

Here for a function (1) we will consider also a slightly more general form of the
Gelfond-Leont'ev-Ruscheweyh derivative

Dn
l,[R](z) =

∞∑
k=1

lk−1ln
ln+k−1

fkz
k.

We remark that if a function f is given by a gap power series (2) then

(8) Dkn
l,[R](z) =

∞∑
j=0

lkn lkj
lkj+kn

fkj+1z
kj+1.

Theorem 2. If a function f is given by a gap power series (2) then for the radius of

univalence of Gelfond-Leont'ev-Ruscheweyh derivative Dkn
l,[R]f the estimates

(9)

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn
≤ %[Dkn

l,[R]f ] ≤ kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn

hold for every j ≥ 1.

Proof. If the function (8) is univalent in D% then by Lemma 1∣∣∣∣ lkn lkjlkj+kn
fkj+1

∣∣∣∣ %kj ≤ (kj + 1)
lkn lk0
lk0+kn

|fk0+1|,

i.e.

%[Dkn
l,[R]f ]kj ≤ (kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lkj+kn lk0lk0+kn lkj
,

whence we obtain the right hand side of (9).
Now we put

(10) % =

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn
.
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Then as in the proof of Theorem 1 we obtain

∞∑
j=1

(kj + 1)
lkn lkj
lkj+kn

|fkj+1|%kj ≤
lkn lk0
lk0+kn

|fk0+1|.

Hence by Lemma 2 the function Dkn
l,[R]f is univalent in D% and, thus, in view of (10)

(11) %[Dkn
l,[R]f ] ≥

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn

for every j ≥ 1, i.e. the left hand side of (9) is correct. Theorem 2 is proved. �

Using (9), (11) and repeating the proof of Proposition 1 we come to the next
statement.

Proposition 2. If a function f is given by the gap power series (2) with the radi-

us of convergence R ∈ (0, +∞) then for the radius of univalence of Gelfond-Leont'ev-

Ruscheweyh derivative Dkn
l,[R]f the following estimates we have

√
2− 1√

2
R lim
j→∞

kj

√
lk0 lkj+kn
lkj lk0+kn

≤ %[Dkn
l,[R]f ] ≤ R lim

j→∞
kj

√
lk0 lkj+kn
lkj lk0+kn

.

Theorem 2 and Proposition 2 imply the following statement.

Corollary 2. For the radius of univalence of Gelfond-Leont'ev�Ruscheweyh derivative

Dn
l,[R]f of a function (1) the estimates

(12)

√
2− 1√

2
j

√∣∣∣∣ f1fj+1

∣∣∣∣ lj+nlj ln
≤ %[Dn

l,[R]f ] ≤ j

√
(j + 1)

∣∣∣∣ f1fj+1

∣∣∣∣ lj+nlj ln

hold for every j ≥ 1. If, moreover, series (1) has the radius of convergence R ∈ (0, +∞)
then √

2− 1√
2

R lim
j→∞

j

√
lj+n
lj ln

≤ %[Dn
l,[S]f ] ≤ R lim

j→∞
j

√
lj+n
lj ln

.

For j = 1 from (12) we get
√

2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
.

Choosing a function l in one or another way , we obtain the corresponding estimates
for the radius of univalence.

Example 1. Let lk = exp{ak2}. Then lj+1

lj
= exp{2aj + 1} and lj+n

lj ln
= exp{2ajn}.

Therefore, if series (1) has the radius of convergence R ∈ (0, +∞) then by Corollaries 1
and 2 √

2− 1√
2

Re2an ≤ %[Dn
l,[S]f ], %[Dn

l,[R]f ] ≤ Re2an.
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Example 2. If lk = qk then
lj+1

lj
= q and

lj+n
lj ln

= 1. Therefore, if series (1) has the

radius of convergence R ∈ (0, +∞) then

(13)

√
2− 1√

2
R ≤ %[Dn

l,[S]f ], %[Dn
l,[R]f ] ≤ R.

Example 3. If lk =
1

k!
then

lj+1

lj
=

1

j + 1
and

lj+n
lj ln

=
j!n!

(j + n)!
. Therefore, if series (1)

has the radius of convergence R ∈ (0, +∞) then estimates (13) hold.
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Äëÿ àíàëiòè÷íî¨ â êðóçi {z : |z| < 1} ôóíêöi¨ f(z) = z +

∞∑
k=1

fkz
k

i ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó l(z) = 1 +

∞∑
k=1

lkz
k ç lk > 0 îïåðàòîð

Dn
l,[S]f(z) = z +

∞∑
k=2

(
l1lk−1

lk

)n

fkz
k íàçèâà¹òüñÿ ïîõiäíîþ Ãåëüôîíäà-

Ëåîíòü¹âà-Ñàëàãåíà, à îïåðàòîð Dn
l,[R]f(z) = z+

∞∑
k=2

lk−1ln
ln+k−1

fkz
k íàçèâà¹òü-

ñÿ ïîõiäíîþ Ãåëüôîíäà-Ëåîíòü¹âà-Ðóøåâåÿ. ×åðåç %[f ] ïîçíà÷èìî ðàäióñ
îäíîëèñòîñòi ôóíêöi¨ f . Äîâåäåíî, íàïðèêëàä, ùî äëÿ êîæíîãî n ≥ 1

√
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

≤ %[Dn
l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

i √
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
.

Êëþ÷îâi ñëîâà: àíàëiòè÷ía ôóíêöiÿ, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà-
Ñàëàãåíà, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà-Ðóøåâåÿ, ðàäióñ îäíîëèñòîñòi.
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