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For an analytic in the disk {z : |z| < 1} function f(z) = z + kaz and
k=1

formal power series [(z) =1+ Zlkzk with I > O the operator
k=1

(Ll \" ok
Dwsmz):HZ( I > iz
k=2

is called the Gelfond-Leont’ev-Sé&ldgean derivative and the operator

lk—1ln S
D1 f( _Z+Zln+kl

is called the Gelfond-Leont’ev-Ruscheweyh derivative. By o[f] we denote the
radius of the univalence of the function f. It is proved, for example, that for

eachn > 1
V2 -1 fi " 1| (\"
< o[D} <25
V2 | [ ( ) < elPisfl= 2| (1)
and
V2-1 fl In+1 fi|lns1
D < 2|=
\/5 f2 s Q[ l,[R].ﬂf fa| Taln
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1. INTRODUCTION

For a formal power series

[ee)
(1) f) = fo+ Y fz, z=re?,
k=1
oo o0 l
and I(z) = 1+ Zlkzk (Ix > 0) the formal power series D} f(z) = Z Y fean2® is
k=1 o litn

called the Gelfond-Leont’ev derivative [1]. If I(2) = e* (i.e. [y = 1/k!) then D' f = f(™)
is the usual derivative.

If the function f(z) = z + kazk is analytic in the disk {z : |z| < 1} then the
k=2
operator DI ]f (n > 0) defined by

D f(z) = f(2). Dlgf(z) = Disif(z) = f'(2),
Dl f(2) = Digy(Df £(2)) = 2 + 3 k" 2

k=2
is known as the Saldgean derivative [2]. The operator

Dy f() = 5L oty =2 S R D

n!dzn = nl(k —1)!

is called [3] the Ruscheweyh derivative.
In [4], combining the definitions of Gelfond-Leont’ev derivative with Salagean deri-
vative and Ruscheweyh derivative, the operator

D) f(2) = =Dy (D”[ +Z<Z1Zk 1) Fozk

is called the Gelfond-Leont’ev-Sdlagean derivative and the operator

leily
D} f(2) = 2l DP{=" "1 f(2) +Z bl

lntk—1

is called the Gelfond-Leont’ev-Ruscheweyh derivative. In [4] the behavior of maximal
terms of successive Gelfond-Leont’ev-Salagen and Gelfond-Leont’ev-Ruscheweyh deri-
vatives and in [5] the properties of Hadamard compositions of such derivatives are studi-
ed.

The radius g[f] of univalence of a function f is defined as follows: if f’(0) = 0 then
we put o[f] =0, and if f/(0) # 0 then o[f] is a radius of the largest disk with the center
at a point z = 0, in which the function f is univalent. The asymptotic behavior of the
sequence of radii of the univalence of ordinary derivatives of the function f has been
studied by many authors. The most significant contribution was made by S.M. Shah and
S.Y. Trimble [6H8|. The asymptotic behavior of the sequence of radii of the univalence of
Gelfond-Leont’ev derivatives is investigated in [9H12].

Here we consider a similar problem for Gelfond-Leont’ev-Saldgen and Gelfond-
Leont’ev-Ruscheweyh derivatives. Our research is based on the following lemmas [11].
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Lemma 1. Let a(z) = Zakzk and o € (0,400). If the function o is univalent in
k=0
D, = {z: |z| < o} then |ay|o*~* < k|ay| for all k > 1.

oo oo

Lemma 2. Let a(z) = Zakzk. Ika|ak|gk_1 <|ai| for some g € (0,+00) then the
k=0 k=2

function « is univalent in D,.

2. GELFOND-LEONT’EV-GELFOND-LEONT’EV-SALAGEAN DERIVATIVES

Here for a function (1)) we will consider a more general form of the Gelfond-Leont’ev-
Saldgean derivative D} ¢ f.
We remark that if a function f is given by a gap power series

o)

(2) F)=fot+ D fr,12T fr £0( 2 0),
j=0

where 0 < k; 1 00 as 0 < j — oo, then

>/ g, \ ,
(3) Dirg f(2) =" ( 1y, ) fe 2,

=0 Ny

Theorem 1. If the function f is given by a gap power series then for the radius of
univalence of Gelfond-Leont’ev-Sdildgean derivative Dl’“[‘s]f the estimates

(4)
V21, (lkolkj-s-l)k"/kj
Ui lkg+1

V2

hold for every j > 1.
Proof. If function is univalent in D, then by Lemmal[]]

ik, \ ™"
|(lk7+1) fkj+1

o[ Dy 1% < (ky + 1)

fk0+1
fkj-‘rl

fk0+1
fk'j-‘rl

Ui Ui, +1 Fon k
(lkjlko-i-l <o l,[s]f} > (kj +1)

lllk kn
¢ < 1) (22) Ul
ko+1

<lkolkj+1>k"
Ui ko +1

i.e.
fk?o+1
Jrj+1

whence we obtain the right hand side of (4).
Now let 0 < x < (v/2 —1)/+/2. Then

k; ; -
Z(kj+1)w SZ(;+1):CJ_W—1§1.
Jj=1 j=1
Therefore, if
<lkolkj+1>k”/kj
l}{)Jlk0+1

Vio1,
V2

fko+l
T+

(5) 0=
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then
v=0% Jr;+1 (lk_jlk0+1>k"/kj _ V2-1
Trot1 | \lkolk,;+1 V2
and, thus,

Jrj+1
fk0+1

¢ =3k + 1M <1,

lko lk]‘ +1

> Lol g\ Fm
> Tk + 1) (et
j=1

whence

c- lly, n k. Lilg, Fn
Z(kj +1) |fkj+1|Q 1< m |fk0+1|.
0

j=1 Ly 1

Hence by Lemma [2[ the function Dfﬁs‘]f is univalent in D, and, thus, in view of

2-1 Uo gy 1\ /%9
©) oD ]2 Yot | st (Rt
’ \/Q fkj-i-l lkj lko-‘rl
for every j > 1, i.e. the left hand side of (4)) is correct. Theorem [i]is proved. O

If series has a radius of convergence R € (0, +o0) then

tim /G + 1) [ = R
j—o0 fkj—i-l

and, since lim a;b; < lim a; lim;_, 0 b, from (@) we get

j—o0 j—o0
Iyl o /K o .
( ko k‘jJrl) S R m P kolk;+1
lkjlkoJrl Jj—oo lk‘jlko+1

Similarly, since lim a;b; > lim a; lim;_, b;, from (6) we get
j—oo

fk)g-‘rl
T+

o[Dftg f] < lim %/ (k; +1)

j—o0

j—o0
k V2—-1 — Fror1 | (Teoli;+1 o/ V2-1 o Ukoli;+1 "
oD}t 1 2 ——— lim % /| ( L ) >~—=—R/| lim %=
: V2 oo Jrjr1 | \ i, Uk +1 V2 i=oo | lijlko+1

Therefore, we obtain the following statement.

Proposition 1. If a function f is given by the gap power series with the radius of
convergence R € (0, +00) then for the radius of univalence of Gelfond-Leont’ev-Sdldgean

derivative lefs]f the estimates

kn kn
51— [l N T
V2 R Im &) Reltl) < olDftg f] < R Tim % ko kit
V2 j=oe \[ i, lkgs1 : g=oo \[ li;lkg+1

Theorem [I] and Proposition [I] imply the following statement.

hold.
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Corollary 1. For the radius of univalence of Gelfond-Leont’ev-Sdldgean derivative
Df[s]f of function the estimates
n/j
j+1
()

f
hold for every j > 1. If, moreover, series has the radius of convergence R € (0, +00)

f
then . .
V2-1_(— [li — i
SR I L) <o DY fl <R T )
7 Jm () = o[Dligf1 < Jm =
We remark also that for j = 1 from (7)) we get

\/Q—l fl " fl
V2 | f ( ) < dDigsfl < f2

3. GELFOND-LEONT’EV-RUSCHEWEYH DERIVATIVES

h

fj+1

N1

fj+1

(7)

n/j
(%2) <emran < i+

Here for a function we will consider also a slightly more general form of the
Gelfond-Leont’ev-Ruscheweyh derivative

= Ln
D (= Z = fu?®.

1 n—i—k 1

We remark that if a function f is given by a gap power series then

U, Uk, .

K nlk; k;

(8) Dl [R]( ) E Tin fkj+12' +1
j=0 "kitkn

Theorem 2. If a function [ is given by a gap power series then for the radius of
univalence of Gelfond-Leont’ev-Ruscheweyh derivative Dl TR] f the estimates

V2 =1, M fros1 | leoli,+x Trot1 | koli;+k
9 ki 0 0"K; néngn Sk | o+ 0"RjTRn
O T Ve [l = 2Primll= 4 G+ D
hold for every j > 1.
Proof. If the function is univalent in D, then by Lemma
I, Uk _ g, 1
L fryrn| 0 < (By + 1) 720 | feg il
lk?g-‘r n lk0+ n
ie.
. Uiy tke, Ui
Dk" ki < ki+1 fko-‘rl i thn 0’
Q[ HR].ﬂ —( J ) fijrl lk0+knlkj
whence we obtain the right hand side of (9).
Now we put
(10) _ \/57 1 k fko"rl lkolkj"l‘kn
\/i fkj+1 lkjlk0+k7L
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Then as in the proof of Theorem [I] we obtain

o0

U, Uk e kg
D (kg D)7 ] < olbo gl

= i tks ko+kn

Hence by Lemma, [2| the function Dz )y 18 univalent in D, and, thus, in view of

2-1 Lol
(11) Q[le’[‘R]f] > V2 o | Fro+1 | tkoli;+kn
7 V2 Fregn | U Utk
for every j > 1, i.e. the left hand side of (9) is correct. Theorem [2]is proved. O

Using @, and repeating the proof of Proposition [1| we come to the next
statement.

Proposition 2. If a function f is given by the gap power series with the radi-
us of convergence R € (0, 4+00) then for the radius of univalence of Gelfond-Leont’ev-
Ruscheweyh derivative le’[”’R]f the following estimates we have

21 b G otk s,
V21 p i s lliorts e < g T g Rlbuths
\/§ j—ro0 lkjlko+kn ’ j—oo lkj Uk +k,,

Theorem [2] and Proposition [2]imply the following statement.

Corollary 2. For the radius of univalence of Gelfond-Leont’ev—Ruscheweyh derivative
Dip)f of a function the estimates

\/5\/;1‘ ZJJZ”<Q[ L fl < \/( +1)

hold for every j > 1. If, moreover, series has the radius of convergence R € (0, +00)
then

f1

fi+1

f1

fi+1

Litn

(12)

1l

V2-1 i — ]l
~Z "R Im {2 <D < R Tim ¢/ 2"
vz Blim g s elDig Sl B Lm gy
For j = 1 from we get
VZ-1|h
V2 | f2

fill
f2

n+1

ln+1 n
Il < o[Dp g fl <2

Choosing a function [ in one or another way , we obtain the corresponding estimates
for the radius of univalence.

L

Example 1. Let [, = exp{ak?}. Then JZ—H = exp{2aj + 1} and J+n = exp{2ajn}.
J

Therefore, if series has the radius of convergence R € (0, +00) then by Corollaries |1

and 2
V2-1
V2

R62an S Q[Dﬁ[s]f], Q[DZ[R]f} S ReQ‘m.
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Example 2. If [, = ¢* then l]li = q and ll]Jl”n = 1. Therefore, if series has the
_ i

J
radius of convergence R € (0, +00) then

V2 -1 . .
(13) NG R < o[D}'1g)f]; o[ D} 1 f1 < R
Example 3. If [, = 1 then lji = ! and Litn = jn! Therefore, if series
ple o B = h I, j+1 L, G+n) ’

has the radius of convergence R € (0, +00) then estimates hold.
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ITPO PAAIYCHY OJHOJINCTOCTI ITIOCJITJOBHUX IMTOXIIHWUX
IFEJIb®OHIA-JIEOHTHEBA-CAJIATEHA 1
IFEJIb®OHAJA-JIEOHTHEBA-PYIIIEBEA

Mupocaas Illepemera

JIveiecvrutl Haytonasbrul yrieepcumem iment leana Pparxa,
sys. Ynisepcumemcoka, 1, 79000, Jveis
e-mail: m.m.sheremeta@gmail.com

Hns amamituanol B kpysi {z : |z| < 1} byskuii f(z) = z + kazk
k=1

oo
i dopmampHOTrO CTemenesoro pamy l(z) = 1+ Zlkzk 3 Il > 0 omeparop
k=1
= (l—1\"
Dl f(z) = z + kz::2 (%) frz"® maswmaetncs moximmoro Temndomma-

o0

JleonTnepa-Caarena, a onepatop Df'(z f(2) = 2+ z
T 2 ln+k71

cst moxiguow lenbdonna-Jleonrsea-Pymeses. Yepes o[ f] mo3naunmo pasiyc
omnaosmcTocTi dyHkIil f. /loBemeHo, HATpUKIIAT, O JIsi KOXKHOTO 1 > 1

lk—lln

k
frz" HasuBaeTnH-

V2 -1 2\" r =)

V2 % (%) < olPis fl <2 % (é)
! V2=1|f]lnpa n fi) b
/3 | F| il = ebim il = 2|5 10,

Karouost crosa: amamitwmana dyHKIid, noxigaa lenbdonma-JleonTresa-
Cauarena, noxigna leasdonma-JleontneBa- Pymeses, paaiyc ogHOIMCTOCTI.
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