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The study of infinitesimal transformations in Riemannian spaces is of
interest both theoretically and as an application. If a certain field is specified
in the space V, with the metric ds? which admits an r-parametric group
of motions G,, then this field has r conservation laws. The distribution of
relativistic gas according to the Maxwell-Boltzmann law is characterized by a
vector &' (z), which is a Killing vector (if the gas consists of particles of nonzero
rest mass) or an infinitely small conformal transformation vector (if the gas
consists of particles of zero rest mass). ([5],[6]) In this article, infinitesimal
motions in symmetric Riemannian spaces of the first class V,, were studied. For
n = 4 the basis of the Lie group Gs of examined transformations is explicitly
found and the structure of this group is given.

Key words: second approximation space, infinitesimal transformations, Lie
group.

1. PRELIMINARY INFORMATION

P. A. Shirokov ([2,[7]) found all irreducible symmetric Riemannian spaces V,,(x; g(x))
of the first class. The metric tensor g;;(x) of such spaces in a Riemannian coordinate
system with origin at a point My(z" = 0) has the following form:

1
(1) 9ij(7) =945+ 3 <éliaélj6_iolijfola[3) e,

2020 Mathematics Subject Classification: 53C25
© Bilokobylskyi, I., Krutoholova, A., Pokas, S., 2020



Illia BILOKOBYLSKYI, Alina KRUTOHOLOVA, Serhii POKAS

70 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2020. Bumyck 90
where
0 FEn
@ ()= (a &)
e7 O 0 0
0 e2 0 0
0 em—1 0 0
0 0 . €m 0
®) <€L J) 0 0 - 0 0’
0 0 e 0 0
0 0 .. 0 --- 0
0o 0 .- 0O --- 0

E,, is the unit matrix, (¢; = +1, i =1,2,...,m).
In and , gij and h;j;, in the terminology of P. A. Shirokov, are values of

the components of the first and second fundamental tensors at the beginning of the
Riemannian coordinate system.

For an arbitrary Riemannian space V,,(z; g(z)) S. M. Pokas ([3, []) introduced the
concept of a second approximation space ‘N/T?(y, 9(y)):

~ 1
(4) 9ij(y) = 945 + 3 Riasiy™y",
o o
where 9,; = g;;(Mo), Riagj = Riapj(Mo), and My € V, is an arbitrary point of the
initial space V,.

Comparison of (I) and (d) shows that the symmetric Riemannian space of the first
class V,, is isometric to the space of the second approximation V,2. Therefore, the Lie
group of the infinitesimal transformations G, of the space V,2 is isomorphic to the Lie
group of the infinitesimal transformations G, of the symmetric Riemannian space of the
first class V,,.

In this article, we will use the results of the study of infinitesimal motions in Ri-
emannian space of the second approximation V,2. The following statement was proved

(13-

Proposition 1. Forezistence of an analytic Killing vector Eh (y) in the Riemannian space
of the second approzimation V,2(y;g(y)), in the following form:

Zh h bl h il L l l
(5) '(y)=a'+aly +aq, vy .o tal g Yy
where gh = af}l‘_'lpyll oyl al a?}l,aﬁllz, . ,af}l‘_'lk are some constants, the following
conditions are necessary and sufficient:
—1)p+1
(6) al = ( 1) aat(p)h

2p’ 2p—1 «
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ho_
(7) o= 0
0 458 0 =0
9) 0% Byt + 00 Ri)ija =0
a 1h « _
(10) o1 (itj)a T sy Haij = 0
(p=1,2,...).
In the conditions (6)—(L0), the following notation is introduced:
1 1
th = 3 103311216 Yy, g = 3 Io%k(ij)z Y,
h a ap
(P —gh o (p=12,3,...)

1 0
CLZ = - a,h
oapt1 2p+2 0y \apio

Considering the fact that the matrix of the tensor A;; in is nilpotent, the relations
(B)—(10) take the following form:

1
(11) &) =4y + 30 (haht — b ) ot
(12) afx(igj)a =0
a®; <hjl1 Riza +hjia hiya — 2}oll1l2 élja> +

+a’; <iolil1 @lza +éu12 @zla —2@1112 @ia) +
(13)
+a%y, (hilz hija+ hjis hia — _thjhlza> +

+a’%, (hih hjo+ hji hia —2hij hlla) =0.
Thus the statement is proved.

Proposition 2. An analytic Killing vector exists in a symmetric Riemannian space of
the first class V,, if and only if its components have the form (11)), where a” are arbitrary
constants, and a” satisfy the algebraic equations and (13).

Remark 1. From (1I)-(13) we arrive at the well-known result ([I]) that the maximal
order r of Lie groups of motions in Riemannian space V,, satisfies the inequality:
1
r< n(n2+ )



Illia BILOKOBYLSKYI, Alina KRUTOHOLOVA, Serhii POKAS
72 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2020. Bumyck 90

2. INFINITESIMAL TRANSFORMATIONS IN A SYMMETRIC RIEMANNIAN SPACE
OF THE FIRST CLASS Vj

Let us consider the case n = 4, then the matrices ||9;;|| and Hhij have the form:
0 01 0
-] oo0 01
9ill=1 10 0 0 |’
01 00
(14)
ec 0 0 O
_ 0 e 0 O
‘ hjj o 0 0 0 O
0 0 0O

(e, =x1,i=1,2).
Giving values from 1 to 4 to the indices ¢ and j in the equations ,We obtain
conditions for the constants a’;:

(1_31 = ag = a,13 = a24 =0,
at = —a’,
a-33 = 70'-117
a®, = —ad?,
0}3 = _a-127
at, = —ad%,
a% = —aly

Exploring equations , we get the final form of the matrix ||a?j’|:

a.ll a.lg 0 0
L I G R
0 ay —ay —ay
fa?Q 0 fa,12 a,l1

Thus, there are exactly 4 independent arbitrary constants among a’; : a'j, a’y, a?%, a’%.
Considering that among a there are also 4 independent constants (a',a?,a®, a?), the
following statement is true:

Proposition 3. In the symmetric Riemannian space Vy of the first class there exist at
least 8 linearly independent Killing vectors with constant coefficients
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The vectors 5(;(@, where p = 1,...,8, included in the basis of the group G,, have
the following form:

1
&y (x) = o) — 3162 [(2%)%6% — a'a?6}],

1
§§| x) =6 — €L [z'2?sl — (2')26]],
gi})’ll xXr) = 6§,
(15) &1 (x) = o4,

(z)
(z)
(z)
Eéll (z) = 1ot — 2260 — 2363 + 2ol
(z)
(z)
(z)

Let us calculate the commutators of two operators ([8, @]) whose components are
the vectors & (2):

[ ]
[X1, X53] =0,
[X2, X3] =0,
[X1, X4] =0,
[X2, X4] =0,
[X5, X4] =0,
(X1, X5] = — X1,
[X2, X5] = Xo,
(X5, X5] = X5,
(X4, X5] = — X4,
[X1, X6] =0,
(X2, Xg] = — X1,
(X3, Xe] = X4,
(16) [X4, X6] =0,
[X5, X6] = 2X6,
(X1, X7] = —Xo,
[X2, X7] =0,
(X3, X7] =0,
(X4, X7] = X3,
[ ]
[ J
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(X1, Xs] = X4,
(X2, Xg] = - X3,
(X3, Xs] =0,
(X4, X5] =0,
(X5, Xs] = —2XG5,
(X6, X5] =0,
[X7,Xs] =0

Since commutators of any two operators, whose components are vectors 51’:‘ (z), are
linearly expressed through the same operators, we come to the theorem:

Proposition 4. The symmetric Riemannian space of the first class V4 admits a Lie
group of motions Gg with basis and structure (16]).
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HECKIHYEHHO MAJII ITEPETBOPEHHA CUMETPUYHOTI'O
PIMAHOBOI'O ITPOCTOPY IIEPIIIOI'O KJIACY

L BULIOKOBUJIBCBbKUM, Anina KPYTOTI'OJIOBA,
Cepriii IIOKACDb

Odecvruti naytonarvrul ynieepcumem imens I. I. Meunuxosa,
eya. Jseopancvra, 2, 65000, Odeca
e-mails: indalamar4200@gmail.com, v_ pokas@Qonu.edu.ua

IocmimKeHHsT HECKIHYEHHO MAaJjnX IIePeTBOPEHb y PIMAHOBUX MPOCTOPAX
CTAHOBJIATH TEOPETUYHUU 1 HpakTU4IHMi iHTepec. ZIKIo BKAa3aHO II€BHE I[OJIe
y mpocropi Vi, 3 Merpukoio ds? momyckae r-mapaMeTpHYHy rpyiy pyxis G,
TO Tl TI0JIe MAa€ r 3aKOHIB 30epekeHHsi. [lommupeHHs PeISTHBICTCHKOTO Ta3y
3a 3akonom Makcsesna-Bosbumana xapakrepusyerbca Bexropom € 1 (), mo
€ BexkTopoMm Kisutiara (SKmIo ra3 CKIaJaEThCsa 3 YaCTHHOK 3 HEHYJIbOBOIO Ma-
COIO CIIOKOI0) a60 HECKIHIEHHO MAJIMM BEKTOPOM KOH(DOPMHOTO IEPETBOPEHHS
(K10 ra3 cKJIaJAaeTbC 3 YACTUHOK 3 HYJIbOBOIO Macolo cuokoio) ([5], [6]). Ho-
CJILIXKEHO HEeCKIHYeHHO MaJll PYyXW B CHMETPUYHHX PIMAHOBHX IPOCTOPAX IIEp-
moro knacy Vy,. g n = 4 B aBHOMy BurIsanl 3uaiinexno 6a3uc rpymu JIi Gy
POBIJISIHY TUX IIEPETBOPEHD 1 HaBeAeHa CTPYKTypa L€l rpymu.

Karouost caosa: mpocTip aApyroro HaOJIMKeHHs, HECKIHIYEHHO MaJii Iepe-
TBOpeHHd, Tpyma Jli.
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