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The study of in�nitesimal transformations in Riemannian spaces is of
interest both theoretically and as an application. If a certain �eld is speci�ed
in the space Vn with the metric ds2, which admits an r-parametric group
of motions Gr, then this �eld has r conservation laws. The distribution of
relativistic gas according to the Maxwell-Boltzmann law is characterized by a
vector ξi(x), which is a Killing vector (if the gas consists of particles of nonzero
rest mass) or an in�nitely small conformal transformation vector (if the gas
consists of particles of zero rest mass). ([5], [6]) In this article, in�nitesimal
motions in symmetric Riemannian spaces of the �rst class Vn were studied. For
n = 4 the basis of the Lie group G8 of examined transformations is explicitly
found and the structure of this group is given.

Key words: second approximation space, in�nitesimal transformations, Lie
group.

1. Preliminary information

P. A. Shirokov ([2, 7]) found all irreducible symmetric Riemannian spaces Vn(x; g(x))
of the �rst class. The metric tensor gij(x) of such spaces in a Riemannian coordinate
system with origin at a point M0(x

h = 0) has the following form:

(1) gij(x) = g
◦
ij +

1

3

(
h
◦
iα h
◦
jβ − h

◦
ij h
◦
αβ

)
xαxβ ,
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where

(2)

(
gij
◦

)
=

(
0 Em
Em 0

)
,

(3)

(
h
◦
ij

)
=



e1 0 · · · 0 · · · 0
0 e2 · · · 0 · · · 0
...

...
...

...
...

...
0 · · · em−1 0 · · · 0
0 0 · · · em · · · 0
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0
...

...
...

...
...

...
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0

,


Em is the unit matrix, (ei = ±1, i = 1, 2, ...,m).

In (2) and (3), gij
◦

and hij
◦
, in the terminology of P. A. Shirokov, are values of

the components of the �rst and second fundamental tensors at the beginning of the
Riemannian coordinate system.

For an arbitrary Riemannian space Vn(x; g(x)) S. M. Pokas ([3, 4]) introduced the

concept of a second approximation space Ṽ 2
n (y; g̃(y)):

(4) g̃ij(y) = g
◦
ij +

1

3
R
◦
iαβjy

αyβ ,

where g
◦
ij = gij(M0), R

◦
iαβj = Riαβj(M0), and M0 ∈ Vn is an arbitrary point of the

initial space Vn.
Comparison of (1) and (4) shows that the symmetric Riemannian space of the �rst

class Vn is isometric to the space of the second approximation Ṽ 2
n . Therefore, the Lie

group of the in�nitesimal transformations G̃r of the space Ṽ 2
n is isomorphic to the Lie

group of the in�nitesimal transformations Gr of the symmetric Riemannian space of the
�rst class Vn.

In this article, we will use the results of the study of in�nitesimal motions in Ri-

emannian space of the second approximation Ṽ 2
n . The following statement was proved

([3]).

Proposition 1. Forexistence of an analytic Killing vector ξ̃h(y) in the Riemannian space

of the second approximation Ṽ 2
n (y; g̃(y)), in the following form:

(5) ξ̃h(y) = ah· + ah·l y
l + ah·l1l2 y

l1yl2 + . . .+ ah·l1...lp y
l1 · . . . · ylp + . . .

where a
p

h = ah·l1...lpy
l1 . . . ylp , ah· , a

h
·l1 , a

h
·l1l2 , . . . , a

h
·l1...lk are some constants, the following

conditions are necessary and su�cient:

(6) a
2p

h
· =

(−1)p+1

2p− 1
aαt(p)hα
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(7) a
2p+1

h
· = 0

(8) aα·(i g◦ j)α
= 0

(9) aα·(iR◦
j)(l1l2)α + aα·(l1 R◦

l2)(ij)α = 0

(10) a
2p−1

α
·(it

h
j)α + a

2p

α
· µαij = 0

(p = 1, 2, . . .).

In the conditions (6)�(10), the following notation is introduced:

thk =
1

3
R
◦
h
·l1l2k y

l1yl2 , µkij =
1

3
R
◦
k(ij)l y

l,

t
(p)h
k = thα1

tα1
α2
· . . . · tαp

k , (p = 2, 3, . . .)

ah·i
2p+1

=
1

2p+ 2

∂

∂yi

(
ah·

2p+2

)
Considering the fact that the matrix of the tensor h

◦ij
in (3) is nilpotent, the relations

(5)�(10) take the following form:

(11) ξp(x) = ap· + ap·l x
l +

1

3
aα·

(
h
◦
l1α h◦

p
l2
− h
◦
l1l2 h◦

p
α

)
xl1xl2

(12) aα· (i g◦ j)α
= 0

aα· i

(
h
◦
jl1 h◦

l2α + h
◦
jl2 h◦

l1α − 2h
◦
l1l2 h◦

jα

)
+

+ aα· j

(
h
◦
il1 h◦

l2α + h
◦
il2 h◦

l1α − 2h
◦
l1l2 h◦

iα

)
+

+ aα· l1

(
h
◦
il2 h◦

jα + h
◦
jl2 h◦

iα −−2h
◦
ij h
◦
l2α

)
+

+ aα· l2

(
h
◦
il1 h◦

jα + h
◦
jl1 h◦

iα − 2h
◦
ij h
◦
l1α

)
= 0.

(13)

Thus the statement is proved.

Proposition 2. An analytic Killing vector exists in a symmetric Riemannian space of

the �rst class Vn if and only if its components have the form (11), where ah· are arbitrary
constants, and ah·l satisfy the algebraic equations (12) and (13).

Remark 1. From (11)�(13) we arrive at the well-known result ([1]) that the maximal
order r of Lie groups of motions in Riemannian space Vn satis�es the inequality:

r ≤ n(n+ 1)

2
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2. Infinitesimal transformations in a symmetric Riemannian space

of the first class V4

Let us consider the case n = 4, then the matrices

∣∣∣∣∣∣∣∣g◦ ij
∣∣∣∣∣∣∣∣ and ∣∣∣∣∣∣∣∣h◦ ij

∣∣∣∣∣∣∣∣ have the form:

∣∣∣∣∣∣∣∣gij
◦

∣∣∣∣∣∣∣∣ =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ,

∣∣∣∣∣∣∣∣hij
◦

∣∣∣∣∣∣∣∣ =


e1 0 0 0
0 e2 0 0
0 0 0 0
0 0 0 0


(14)

(ei = ±1, i = 1, 2).
Giving values from 1 to 4 to the indices i and j in the equations (12),we obtain

conditions for the constants ai·j :

a3·1 = a4·2 = a1·3 = a2·4 = 0,

a4·1 = −a3·2,
a3·3 = −a1·1,
a3·4 = −a2·1,
a4·3 = −a1·2,
a4·4 = −a2·2,
a2·3 = −a1·4

Exploring equations (13), we get the �nal form of the matrix
∥∥ai·j∥∥:

∥∥ai·j∥∥ =

∥∥∥∥∥∥∥∥
a1·1 a1·2 0 0
a2·1 −a1·1 0 0
0 a3·2 −a1·1 −a2·1
−a3·2 0 −a1·2 a1·1

∥∥∥∥∥∥∥∥ .

Thus, there are exactly 4 independent arbitrary constants among ai·j : a
1
·1, a

1
·2, a

2
·1, a

3
·2.

Considering that among ah· there are also 4 independent constants (a1, a2, a3, a4), the
following statement is true:

Proposition 3. In the symmetric Riemannian space V4 of the �rst class there exist at

least 8 linearly independent Killing vectors with constant coe�cients
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The vectors ξh|p(x), where p = 1, . . . , 8, included in the basis of the group Gr, have

the following form:

ξh1|(x) = δh1 −
1

3
ε1ε2

[
(x2)2δh3 − x1x2δh4

]
,

ξh2|(x) = δh2 −
1

3
ε1ε2

[
x1x2δh3 − (x1)2δh4

]
,

ξh3|(x) = δh3 ,

ξh4|(x) = δh4 ,

ξh5|(x) = x1δh1 − x2δh2 − x3δ3h + x4δh4 ,

ξh6|(x) = x2δh1 − x3δh4 ,

ξh7|(x) = x1δh2 − x4δh3 ,

ξh8|(x) = x2δh3 − x1δh4 .

(15)

Let us calculate the commutators of two operators ([8, 9]) whose components are
the vectors ξhp|(x):

[X1, X2] = −ε1ε2 X8,

[X1, X3] = 0,

[X2, X3] = 0,

[X1, X4] = 0,

[X2, X4] = 0,

[X3, X4] = 0,

[X1, X5] = −X1,

[X2, X5] = X2,

[X3, X5] = X5,

[X4, X5] = −X4,

[X1, X6] = 0,

[X2, X6] = −X1,

[X3, X6] = X4,

[X4, X6] = 0,(16)

[X5, X6] = 2X6,

[X1, X7] = −X2,

[X2, X7] = 0,

[X3, X7] = 0,

[X4, X7] = X3,

[X5, X7] = −2X7,

[X6, X7] = X5,
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[X1, X8] = X4,

[X2, X8] = −X3,

[X3, X8] = 0,

[X4, X8] = 0,

[X5, X8] = −2X8,

[X6, X8] = 0,

[X7, X8] = 0.

Since commutators of any two operators, whose components are vectors ξhp|(x), are

linearly expressed through the same operators, we come to the theorem:

Proposition 4. The symmetric Riemannian space of the �rst class V4 admits a Lie

group of motions G8 with basis (15) and structure (16).
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Äîñëiäæåííÿ íåñêií÷åííî ìàëèõ ïåðåòâîðåíü ó ðiìàíîâèõ ïðîñòîðàõ
ñòàíîâëÿòü òåîðåòè÷íèé i ïðàêòè÷íèé iíòåðåñ. ßêùî âêàçàíî ïåâíå ïîëå
ó ïðîñòîði Vn ç ìåòðèêîþ ds2 äîïóñêà¹ r-ïàðàìåòðè÷íó ãðóïó ðóõiâ Gr,
òî öå ïîëå ìà¹ r çàêîíiâ çáåðåæåííÿ. Ïîøèðåííÿ ðåëÿòèâiñòñüêîãî ãàçó
çà çàêîíîì Ìàêñâåëëà-Áîëüöìàíà õàðàêòåðèçó¹òüñÿ âåêòîðîì ξ i (x), ùî
¹ âåêòîðîì Êiëëiíãà (ÿêùî ãàç ñêëàäà¹òüñÿ ç ÷àñòèíîê ç íåíóëüîâîþ ìà-
ñîþ ñïîêîþ) àáî íåñêií÷åííî ìàëèì âåêòîðîì êîíôîðìíîãî ïåðåòâîðåííÿ
(ÿêùî ãàç ñêëàäà¹òüñÿ ç ÷àñòèíîê ç íóëüîâîþ ìàñîþ ñïîêîþ) ([5], [6]). Äî-
ñëiäæåíî íåñêií÷åííî ìàëi ðóõè â ñèìåòðè÷íèõ ðiìàíîâèõ ïðîñòîðàõ ïåð-
øîãî êëàñó Vn. Äëÿ n = 4 â ÿâíîìó âèãëÿäi çíàéäåíî áàçèñ ãðóïè Ëi G8

ðîçãëÿíóòèõ ïåðåòâîðåíü i íàâåäåíà ñòðóêòóðà öi¹¨ ãðóïè.

Êëþ÷îâi ñëîâà: ïðîñòið äðóãîãî íàáëèæåííÿ, íåñêií÷åííî ìàëi ïåðå-
òâîðåííÿ, ãðóïà Ëi.
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