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Ââîäèìî ïîíÿòòÿ λ-ïîëiöèêëi÷íîãî ðîçøèðåííÿ Áðóêà-Ðåéëi ìîíî¨äà S
iç âèçíà÷åíèì ãîìîìîðôiçìîì θ, ÿêå ¹ àíàëîãîì ðîçøèðåííÿ Áðóêà-Ðåéëi
ìîíî¨äà S. Îïèñó¹ìî iäåìïîòåíòè íàïiâãðóïè (Pλ(θ, S), ∗) òà âiäíîøåííÿ
�ðiíà íà (Pλ(θ, S), ∗). Äîâîäèìî, ùî (Pλ(θ, S), ∗) � 0-ïðîñòà íàïiâãðóïà
äëÿ äîâiëüíî¨ íàïiâãðóïè S. Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè íà
ìîíî¨ä S i ãîìîìîðôiçì θ, çà âèêîíàííÿ ÿêèõ íàïiâãðóïà (Pλ(θ, S), ∗) ¹
ðåãóëÿðíîþ, iíâåðñíîþ, 0-áiïðîñòîþ, êîìáiíàòîðíîþ, êîíãðóåíö-ïðîñòîþ,
÷è iíâåðñíîþ 0-E-óíiòàðíîþ. Òàêîæ âèâ÷à¹ìî òîïîëîãiçàöi¨ íàïiâãðóïè
(Pλ(θ, S), ∗).

Êëþ÷îâi ñëîâà: íàïiâãðóïà, ïîëiöèêëi÷íèé ìîíî¨ä, ðîçøèðåííÿ, íàïiâ-
òîïîëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà.

1. Âñòóï. Òåðìiíîëîãiÿ òà ïîçíà÷åííÿ

Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [6, 7, 8, 9, 11, 17, 20, 22]. ßêùî f : X → Y
� âiäîáðàæåííÿ, òî äëÿ äîâiëüíî¨ òî÷êè y ∈ Y ÷åðåç f−1(y) áóäåìî ïîçíà÷àòè ïîâíèé
ïðîîáðàç òî÷êè y ñòîñîâíî âiäîáðàæåííÿ f .

Íàïiâãðóïà � öå íåïîðîæíÿ ìíîæèíà ç âèçíà÷åíîþ íà íié áiíàðíîþ àñîöiàòèâ-
íîþ îïåðàöi¹þ.

ßêùî S � íàïiâãðóïà, òî ÷åðåç S1 ïîçíà÷àòèìåìî S ç ïðè¹äíàíîþ îäèíèöåþ
òà âiäíîøåííÿ �ðiíà R, L , J , D i H íà S âèçíà÷àþòüñÿ òàê:

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;
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D = L ◦R = R ◦L ;

H = L ∩R

(äèâ. [8, �2.1] àáî [12]). Òàêîæ, ÷åðåçHS(1S) áóäåìî ïîçíà÷àòè ãðóïó îäèíèöü ìîíî¨äà
S, i â öüîìó âèïàäêó, î÷åâèäíî, ùî HS(1S) ¹ H -êëàñîì îäèíèöi 1S ìîíî¨äà S.

Íåõàé S � íàïiâãðóïà. ×åðåç E(S) ïîçíà÷àòèìåìî ìíîæèíó iäåìïîòåíòiâ â
S. Íàïiâãðóïîâà îïåðàöiÿ âèçíà÷à¹ ÷àñòêîâèé ïîðÿäîê 6 íà E(S)

e 6 f ⇔ ef = fe = e.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Íàïiâ ðàòêà �
öå êîìóòàòèâíà íàïiâãðóïà iäåìïîòåíòiâ. ×åðåç Z(S) áóäåìî ïîçíà÷àòè öåíòð íàïiâ-
ãðóïè S, òîáòî Z(S) = {s ∈ S : sx = xs äëÿ âñiõ x ∈ S}.

ßêùî C � êîíãðóåíöiÿ íà íàïiâãðóïi S, òî ÷åðåç [s]C ïîçíà÷àòèìåìî êëàñ åêâi-
âàëåíòíîñòi C, ÿêèé ìiñòèòü åëåìåíò s ∈ S.

Íàïiâãðóïà S íàçèâà¹òüñÿ:

• ïðîñòîþ, ÿêùî S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ;
• 0-ïðîñòîþ, ÿêùî S ìiñòèòü íóëü i S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ âiä-
ìiííèõ âiä {0};

• áiïðîñòîþ, ÿêùî S ìiñòèòü ¹äèíèé D-êëàñ;
• 0-áiïðîñòîþ, ÿêùî S ìà¹ íóëü i S ìiñòèòü äâà D-êëàñè: {0} i S \ {0};
• êîìáiíàòîðíîþ, ÿêùî óñi H -êëàñè â S ¹ îäíîåëåìåíòíèìè;
• êîíãðóåíö-ïðîñòîþ, ÿêùî S ìà¹ ëèøå îäèíè÷íó é óíiâåðñàëüíó êîíãðóåíöi¨.

Íàãàäà¹ìî, ùî íà iíâåðñíié íàïiâãðóïi S íàïiâãðóïîâà îïåðàöiÿ âèçíà÷à¹ ÷àñò-
êîâèé ïîðÿäîê 6 íà S

x 6 y ⇐⇒ iñíó¹ e ∈ E(S) òàêèé, ùî x = ey.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà S.
Iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ:

• Å-óíiòàðíîþ, ÿêùî ç es ∈ E(S) âèïëèâà¹, ùî s ∈ E(S) äëÿ äîâiëüíèõ e ∈
E(S) i s ∈ S [23];

• 0-Å-óíiòàðíîþ, ÿêùî S ìiñòèòü íóëü 0S i ç es ∈ E(S) âèïëèâà¹, ùî s ∈ E(S)
äëÿ äîâiëüíèõ e ∈ E(S) \ {0S} i s ∈ S [18, 27].

Íàïiâòîïîëîãi÷íîþ (òîïîëîãi÷íîþ) íàïiâãðóïîþ íàçèâà¹òüñÿ òîïîëîãi÷íèé
ïðîñòið ç íàðiçíî íåïåðåðâíîþ (íåïåðåðâíîþ) íàïiâãðóïîâîþ îïåðàöi¹þ. Iíâåðñíà
òîïîëîãi÷íà íàïiâãðóïà ç íåïåðåðâíîþ iíâåðñi¹þ íàçèâà¹òüñÿ òîïîëîãi÷íîþ iíâåðñ-
íîþ íàïiâãðóïîþ.

Òîïîëîãiÿ τ íà íàïiâãðóïi S íàçèâà¹òüñÿ:

• òðàíñëÿöiéíî íåïåðåðâíîþ, ÿêùî (S, τ) � íàïiâòîïîëîãi÷íà íàïiâãðóïà;
• íàïiâãðóïîâîþ, ÿêùî (S, τ) � òîïîëîãi÷íà íàïiâãðóïà.

Áiöèêëi÷íèé ìîíî¨ä C (p, q) � öå íàïiâãðóïà ç îäèíèöåþ 1 ïîðîäæåíà äâîìà
åëåìåíòàìè p i q, ùî çàäîâîëüíÿ¹ óìîâó pq = 1. Íà C (p, q) íàïiâãðóïîâà îïåðàöiÿ
âèçíà÷à¹òüñÿ òàê:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.
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Áiöèêëi÷íèé ìîíî¨ä C (p, q) ¹ êîìáiíàòîðíîþ, áiïðîñòîþ, F -iíâåðñíîþ íàïiâãðóïîþ
[17] i âiäiãðà¹ âàæëèâó ðîëü â àëãåáðè÷íié òåîði¨ íàïiâãðóï i â òåîði¨ òîïîëîãi÷íèõ
íàïiâãðóï. Çîêðåìà, äîáðå âiäîìèé ðåçóëüòàò Àíäåðñîíà [3] ñòâåðäæó¹, ùî (0-)ïðîñòà
íàïiâãðóïà ¹ öiëêîì (0-)ïðîñòîþ òîäi i òiëüêè òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíî¨
êîïi¨ áiöèêëi÷íîãî ìîíî¨äà.

Ó 1970 ðîöi Íiâà òà Ïåððî çàïðîïîíóâàëè òàêå óçàãàëüíåííÿ áiöèêëi÷íîãî ìî-
íî¨äà ([17], [19]). Äëÿ áóäü-ÿêîãî íåíóëüîâîãî êàðäèíàëà λ ïîëiöèêëi÷íèé ìîíî¨ä Pλ
� öå íàïiâãðóïà ç íóëåì òàêà, ùî

Pλ =
〈
{pi}i∈λ, {p−1i }i∈λ | pip

−1
i = 1 i pip

−1
j = 0 äëÿ i 6= j

〉
.

Î÷åâèäíî, ùî ó âèïàäêó λ = 1 íàïiâãðóïà P1 içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó ç
ïðè¹äíàíèì íóëåì.

Ðîíàëüä Áðóê ó ìîíîãðàôi¨ [5], âèêîðèñòîâóþ÷è áiöèêëi÷íèé ìîíî¨ä, ïîáóäó-
âàâ êîíñòðóêöiþ àëãåáðè÷íîãî çàíóðåííÿ äîâiëüíî¨ íàïiâãðóïè S ó ïðîñòèé ìîíî¨ä
B(S) (äèâ. [9, �8.3]). Ðåéëi [21] òà Óîðí [28] óçàãàëüíèëè êîíñòðóêöiþ Áðóêà, ïî-
áóäóâàâøè ðîçøèðåííÿ Áðóêà�Ðåéëi BR(S, θ), äëÿ îïèñàííÿ ñòðóêòóðè áiïðîñòèõ
ðåãóëÿðíèõ ω-íàïiâãðóï (äèâ. [20, ðîçäië II]). Òîïîëîãiçàöi¨ íàïiâãðóï Áóêà òà Áðóêà�
Ðåéëi âèâ÷àëèñÿ â ïðàöÿõ [1, 2, 14, 15]. Ñòðóêòóðó òîïîëîãi÷íèõ iíâåðñíèõ ëîêàëüíî
êîìïàêòíèõ áiïðîñòèõ ω-íàïiâãðóï âèâ÷àëè â ïðàöÿõ [24, 25, 26]. Ìè áóäó¹ìî òà äî-
ñëiäæó¹ìî àíàëîã ðîçøèðåííÿ Áðóêà�Ðåéëi íàïiâãðóï äëÿ λ-ïîëiöèêëi÷íîãî ìîíî¨äà
òà äîñëiäæó¹ìî éîãî âëàñòèâîñòi.

Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë. Íàäàëi, ÷åðåç λ∗ áóäåìî ïîçíà÷àòè
âiëüíèé ìîíî¨ä íàä àëôàâiòîì λ, à ÷åðåç ε � ïîðîæí¹ ñëîâî â λ∗. Äëÿ áóäü-ÿêîãî
ñëîâà a ∈ λ∗ ïîçíà÷èìî:

|a| � äîâæèíó ñëîâà a;
suff(a) = {b ∈ λ∗ : iñíó¹ ñëîâî c ∈ λ∗ òàêå, ùî cb = a} � ìíîæèíó âñiõ ñóôiê-
ñiâ ñëîâà a;
suffo(a) = {b ∈ λ∗ : iñíó¹ ñëîâî c ∈ λ∗ \ {ε} òàêå, ùî cb = a} � ìíîæèíó âñiõ
âëàñíèõ ñóôiêñiâ ñëîâà a.

Íåõàé S � ìîíî¨ä i θ : S → HS(1) � ãîìîìîðôiçì ç S ó éîãî ãðóïó îäèíèöü
HS(1). Ìíîæèíà Pλ(θ, S) = (S × (Pλ \ {0})) t {0} ç áiíàðíîþ îïåðàöi¹þ

(1) (s, a−11 a2) ∗ (t, b−11 b2) =



(
θ|u|(s)t, (ua1)−1b2

)
, ÿêùî iñíó¹ ñëîâî u ∈ λ∗

òàêå, ùî b1 = ua2;(
sθ|v|(t), a−11 vb2

)
, ÿêùî iñíó¹ ñëîâî v ∈ λ∗

òàêå, ùî a2 = vb1;

0, â iíøîìó âèïàäêó,

i

(s, a−11 a2) ∗ 0 = 0 ∗ (s, a−11 a2) = 0 ∗ 0 = 0,

äå θn(s) = θ ◦ · · · ◦ θ︸ ︷︷ ︸
n

(s) äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n i θ0(s) = s íàçèâà¹òüñÿ

λ-ïîëiöèêëi÷íèì ðîçøèðåííÿì Áðóêà-Ðåéëi ìîíî¨äà S ç âèçíà÷åíèì ãîìîìîðôiçìîì
θ.
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Ìè äîâîäèìî, ùî òàê âèçíà÷åíà áiíàðíà îïåðàöiÿ ∗ íà Pλ(θ, S) ¹ àñîöiàòèâ-
íîþ, à òàêîæ îïèñó¹ìî iäåìïîòåíòè íàïiâãðóïè (Pλ(θ, S), ∗) òà âiäíîøåííÿ �ðiíà
íà (Pλ(θ, S), ∗). Äîâåäåíî, ùî (Pλ(θ, S), ∗) � 0-ïðîñòà íàïiâãðóïà äëÿ äîâiëüíî¨
íàïiâãðóïè S. Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè íà ìîíî¨ä S ãîìîìîðôiçì θ,
çà âèêîíàííÿ ÿêèõ íàïiâãðóïà (Pλ(θ, S), ∗) ¹ ðåãóëÿðíîþ, iíâåðñíîþ, 0-áiïðîñòîþ,
êîìáiíàòîðíîþ, êîíãðóåíö-ïðîñòîþ, ÷è iíâåðñíîþ 0-E-óíiòàðíîþ. Òàêîæ âèâ÷à¹òüñÿ
òîïîëîãiçàöiÿ íàïiâãðóïè (Pλ(θ, S), ∗). Îòðèìàíi ðåçóëüòàòè àíîíñîâàíî â [16].

2. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè Pλ(θ, S)

Òâåðäæåííÿ 1. (Pλ(θ, S), ∗) ¹ íàïiâãðóïîþ.

Äîâåäåííÿ. Íåõàé (s, a−11 a2), (t, b−11 b2) i (r, c−11 c2) � äîâiëüíi íåíóëüîâi åëåìåíòè ìíî-
æèíè Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

1. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i c1 = vb2. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= (θ|v|(θ|u|(s)t)r, (vua1)−1c2) =

= (θ|v|+|u|(s)θ|v|(t)r, (vua1)−1c2) =

= (θ|vu|(s)θ|v|(t)r, (vua1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

2. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i c1 = vb2. Òîäi ðîçãëÿíåìî ìîæëèâi
ïiäâèïàäêè.

a) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî u = wv. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (sθ|wv|(t), a−11 wvb2) ∗ (r, c−11 c2) =

= (sθ|wv|(t), a−11 wc1) ∗ (r, c−11 c2) =

= (sθ|wv|(t)θ|w|(r), a−11 wc2) =

= (sθ|w|+|v|(t)θ|w|(r), a−11 wc2)) =

= (sθ|w|(θ|v|(t)r), a−11 wc2)) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2)) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

b) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî v = wu. Òîäi:

((s, a−11 a2) ∗ (s, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (θ|w|(sθ|u|(t))r, (wa1)−1c2) =

= (θ|w|(s)θ|w|+|u|(t)r, (wa1)−1c2) =
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= (θ|w|(s)θ|wv|(t)r, (wa1)−1c2) =

= (θ|w|(s)θ|v|(t)r, (wa1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (wa2)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (wub1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

c) Ó âèïàäêó u /∈ suff(v) i v /∈ suff(u) îòðèìó¹ìî, ùî

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

3. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i b2 = vc1. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= (θ|u|(s)tθ|v|(r), (ua1)−1vc2) =

= (s, a−11 a2) ∗ (tθ|v|(r), b−11 vc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

4. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i b2 = vc1. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (sθ|u|(t)θ|uv|(r), a−11 uvc2) =

= (sθ|u|(t)θ|u|+|v|(r), a−11 uvc2) =

= (sθ|u|(tθ|v|(r)), a−11 uvc2) =

= (s, a−11 a2) ∗ (tθ|v|(r), b−11 vc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

5. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2, b2 /∈ suff(c1) i c1 /∈ suff(b2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

6. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî c1 = ub2, a2 /∈ suff(b1) i b1 /∈ suff(a2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 =

= (s, a−11 a2) ∗ (θ|u|(t)r, (ub1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).
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7. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1, b2 /∈ suff(c1) i c1 /∈ suff(b2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

8. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b2 = uc1 i a2 /∈ suff(b1) i b1 /∈ suff(a2). Òîäi

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 =

= (s, a−11 a2) ∗ (tθ|u|(r), b−11 uc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

9. Ó âèïàäêó a2 /∈ suff(b1), b1 /∈ suff(a2), b2 /∈ suff(c1) i c1 /∈ suff(b2) ìà¹ìî, ùî

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 = (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

Îòîæ, áiíàðíà îïåðàöiÿ ∗ íà Pλ(θ, S) àñîöiàòèâíà. �

Íàäàëi, ÿêùî íå çàçíà÷åíî iíøå, òî áóäåìî ââàæàòè, ùî S � ìîíî¨ä ç îäèíèöåþ
1S i ãðóïîþ îäèíèöü HS(1S). Òàêîæ ÷åðåç 1Pλ i 0Pλ ïîçíà÷àòèìåìî îäèíèöþ òà íóëü
ïîëiöèêëi÷íîãî ìîíî¨äà Pλ, à ÷åðåç 0 � íóëü íàïiâãðóïè Pλ(θ, S).

Òâåðäæåííÿ 2. Íåíóëüîâèé åëåìåíò (s, a−11 a2) íàïiâãðóïè Pλ(θ, S) ¹ iäåìïîòåí-
òîì òîäi i òiëüêè òîäi, êîëè s ∈ E(S) i a1 = a2.

Äîâåäåííÿ. (⇒) Íåõàé (e, a−11 a2) � íåíóëüîâèé iäåìïîòåíò íàïiâãðóïè Pλ(θ, S). Ðîç-
ãëÿíåìî ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a1 = ua2, òî

(e, a−11 a2) = (e, a−11 a2) ∗ (e, a−11 a2) = (θ|u|(e) · e, (ua1)−1a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ua1. Òîìó u = ε, à îòæå,

e = θ|u|(e) · e = θ0(e) · e = e · e

i a1 = a2.
2. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ua1, òî

(e, a−11 a2) = (e, a−11 a2) ∗ (e, a−11 a2) = (e · θ|u|(e), a−11 ua2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a2 = ua2. Òîìó u = ε, à îòæå,

e = e · θ|u|(e) = e · θ0(e) = e · e

i a1 = a2.
(⇐) Íåõàé e � äîâiëüíèé iäåìïîòåíò íàïiâãðóïè S i a � äîâiëüíå ñëîâî ç λ∗. Òîäi

(e, a−1a) ∗ (e, a−1a) = (e2, a−1a) = (e, a−1a). �

Òâåðäæåííÿ 3. Iäåìïîòåíòè êîìóòóþòü ó Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè
iäåìïîòåíòè êîìóòóþòü ó íàïiâãðóïi S.
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Äîâåäåííÿ. (⇒) Íåõàé e, f � äîâiëüíi iäåìïîòåíòè íàïiâãðóïè S. Òîäi åëåìåíòè
(e, 1Pλ) i (f, 1Pλ) ¹ iäåìïîòåíòàìè íàïiâãðóïè Pλ(θ, S). Îñêiëüêè iíäåìïîòåíòè â
Pλ(θ, S) êîìóòóþòü, òî

(e · f, 1Pλ) = (e, 1Pλ) ∗ (f, 1Pλ) = (f, 1Pλ) ∗ (e, 1Pλ) = (f · e, 1Pλ),

à îòæå, e · f = f · e.
(⇐) Íåõàé (e, a−1a) i (f, b−1b) � äîâiëüíi íåíóëüîâi iäåìïîòåíòè íàïiâãðóïè

Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a = ub. Òîäi

(e, a−1a) ∗ (f, b−1b) = (e · θ|u|(f), a−1ub) =

= (e · 1S , a−1ub) =

= (1S · e, a−1ub) =

= (θ|u|(f) · e, (ub)−1a) =

= (f, b−1b) ∗ (e, a−1a).

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b = ua. Òîäi

(e, a−1a) ∗ (f, b−1b) = (θ|u|(e) · f, (ua)−1b) =

= (1S · f, a−1ub) =

= (f · 1S , a−1ub) =

= (f · θ|u|(e), b−1ua) =

= (f, b−1b) ∗ (e, a−1a).

3. ßêùî a /∈ suff(b) i b /∈ suff(a), òî

(e, a−1a) ∗ (f, b−1b) = 0 = (f, b−1b) ∗ (e, a−1a).

Î÷åâèäíî, ùî êîæåí åëåìåíò íàïiâãðóïè Pλ(θ, S) êîìóòó¹ ç ¨¨ íóëåì. �

Íåõàé S � íàïiâãðóïà. Äëÿ äîâiëüíèõ a−11 a2 ∈ Pλ, A ⊆ S i s ∈ S ïîçíà÷èìî

Sa−1
1 a2

=
{

(t, a−11 a2) ∈Pλ(θ, S) : t ∈ S
}
,

Aa−1
1 a2

=
{

(t, a−11 a2) ∈Pλ(θ, S) : t ∈ A ⊆ S
}
,

P sλ =
{

(s, b−11 b2) ∈Pλ(θ, S) : b−11 b2 ∈ Pλ \ {0Pλ}
}
∪ {0}.

Òâåðäæåííÿ 4. 1. Ìíîæèíà Sa−1
1 a2

ç iíäóêîâàíîþ ç Pλ(θ, S) îïåðàöi¹þ içî-

ìîðôíà íàïiâãðóïi S òîäi i òiëüêè òîäi, êîëè a1 = a2.
2. Ìíîæèíà P sλ ç iíäóêîâàíîþ ç Pλ(θ, S) îïåðàöi¹þ içîìîðôíà ïîëiöèêëi÷íîìó

ìîíî¨äó Pλ òîäi i òiëüêè òîäi, êîëè s � iäåìïîòåíò íàïiâãðóïè S.

Äîâåäåííÿ. 1. ßêùî a1 6= a2, òî ç òâåðæåííÿ 2 âèïëèâà¹, ùî Sa−1
1 a2

íå ¹ ïiäíàïiâ-
ãðóïîþ íàïiâãðóïè Pλ(θ, S).

Ó âèïàäêó a1 = a2 âèçíà÷èìî âiäîáðàæåííÿ f : Sa−1
1 a2

→ S çà ôîðìóëîþ

f((s, a−11 a2)) = s. Î÷åâèäíî, ùî âiäîáðàæåííÿ f ¹ ái¹êòèâíèì. Äîâåäåìî, ùî âîíî
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çáåðiãà¹ îïåðàöiþ. Íåõàé (s, a−11 a2) i (t, a−11 a2) � äîâiëüíi åëåìåíòè ç Sa−1
1 a2

. Òîäi

f((s, a−11 a2) ∗ (t, a−11 a2)) = f((st, a−11 a2)) = st = f((s, a−11 a2)) · f((t, a−11 a2)).

Îòæå, f ¹ içîìîðôiçìîì.
2. ßêùî s íå ¹ iäåìïîòåíòîì íàïiâãðóïè S, òî

(s, 1Pλ) ∗ (s, 1Pλ) = (ss, 1Pλ) /∈ P sλ ,

à îòæå, P sλ íå ¹ ïiäíàïiâãðóïîþ íàïiâãðóïè Pλ(θ, S).
Ó âèïàäêó, êîëè s � iäåìïîòåíò íàïiâãðóïè S, òî âèçíà÷èìî âiäîáðàæåííÿ

f : P sλ → Pλ çà ôîðìóëàìè f((s, a−11 a2)) = a−11 a2 i f(0) = 0Pλ . Î÷åâèäíî, ùî òàê
îçíà÷åíå âiäîáðàæåííÿ f ¹ ái¹êòèâíèì. Äîâåäåìî, ùî âîíî çáåðiãà¹ îïåðàöiþ. Íåõàé
(s, a−11 a2), (s, b−11 b2) ∈ P sλ . Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

a) Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi:

f((s, a−11 a2) ∗ (s, b−11 b2)) = f((θ|u|(s)s, a−11 u−1b2)) =

= f((1Ss, a
−1
1 u−1b2)) =

= f((s, a−11 u−1b2)) =

= a−11 u−1b2 =

= a−11 a2 · b−11 b2 =

= f((s, a−11 a2)) ∗ f((s, b−11 b2)).

b) Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi:

f((s, a−11 a2) ∗ (s, b−11 b2)) = f((sθ|u|(s), a−11 ub2)) =

= f((s1S , a
−1
1 ub2)) =

= f((s, a−11 ub2)) =

= a−11 ub2 =

= a−11 a2 · b−11 b2 =

= f((s, a−11 a2)) ∗ f((s, b−11 b2)).

c) ßêùî (s, a−11 a2) ∗ (s, b−11 b2) = 0, òî

f((s, a−11 a2) ∗ (s, b−11 b2)) = 0 = a−11 a2 · b−11 b2 = f((s, a−11 a2)) ∗ f((s, b−11 b2)).

�

Òâåðäæåííÿ 5. Åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâãðóïi
Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè b1 = a2, b2 = a1 i t � iíâåðñíèé åëåìåíò äî s â
íàïiâãðóïi S.

Äîâåäåííÿ. (⇒) Íåõàé åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâ-
ãðóïi Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.



28
Îëåã ÃÓÒIÊ, Ïàâëî ÕÈËÈÍÑÜÊÈÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90

1. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i a1 = vb2. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (θ|u|(s)t, (ua1)−1b2) ∗ (s, a−11 a2) =

= (θ|v|(θ|u|(s)t)s, (vua1)−1a2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = vua1. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i b2 = a1.
2. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a1 = ub2 i a2 = vb1. Òîäi

(t, b−11 b2) ∗ (s, a−11 a2) ∗ (t, b−11 b2) = (θ|u|(t)s, (ub1)−1a2) ∗ (t, b−11 b2) =

= (θ|u|(t)sθ|v|(t), (ub1)−1vb2) =

= (t, b−11 b2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî b1 = ub1 i b2 = vb2. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i
b2 = a1.

3. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i b2 = va1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (θ|u|(s)t, (ua1)−1b2) ∗ (s, a−11 a2) =

= (θ|u|(s)tθ|v|(s), (ua1)−1va2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ua1 i a2 = va2. Òîìó u = ε i v = ε, à îòæå, b1 = a2
i b2 = a1.

4. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i b2 = va1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (sθ|u|(t), a−11 ub2) ∗ (s, a−11 a2) =

= (sθ|u|(t)θ|v|(s), a−11 uva2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a2 = vua2. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i b2 = a1.
Îòæå, ÿêùî åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâãðóïi

Pλ(θ, S), òî b1 = a2 i b2 = a1. Òîìó

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (s, a−11 a2) ∗ (t, a−12 a1) ∗ (s, a−11 a2) =

= (sts, a−11 a2) =

= (s, a−11 a2)

i

(t, b−11 b2) ∗ (s, a−11 a2) ∗ (t, b−11 b2) = (t, a−12 a1) ∗ (s, a−11 a2) ∗ (t, a−12 a1) =

= (tst, a−12 a1) =

= (t, a−12 a1).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = sts, à ç äðóãî¨ âèïëèâà¹, ùî t = tst. Îòæí,
åëåìåíò t ¹ iíâåðñíèì äî åëåìåíòà s ó íàïiâãðóïi S.
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(⇐) Íåõàé s � äîâiëüíèé åëåìåíò íàïiâãðóïè S i s−1 � iíâåðñíèé åëåìåíò äî s
ó íàïiâãðóïi S. Òîäi

(s, a−11 a2) ∗ (s−1, a−12 a1) ∗ (s, a−11 a2) = (ss−1s, a−11 a2) = (s, a−11 a2)

i

(s−1, a−12 a1) ∗ (s, a−11 a2) ∗ (s−1, a−12 a1) = (s−1ss−1, a−11 a2) = (s−1, a−12 a1).

�

Ç òâåðäæåííÿ 5 âèïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 1. Íàïiâãðóïà Pλ(θ, S) � ðåãóëÿðíà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � ðåãóëÿðíà.

Íàñëiäîê 2. Íàïiâãðóïà Pλ(θ, S) � iíâåðñíà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � iíâåðñíà.

Ëåìà 1. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè

Pλ(θ, S). ßêùî (s, a−11 a2) ∗ (t, b−11 b2) = (r, c−11 c2) 6= 0, òî a1 ∈ suff(c1) i b2 ∈ suff(c2).

Äîâåäåííÿ. Ðîçãëÿíåìî ìîæëèâi âèïàäêè, êîëè (r, c−11 c2) 6= 0.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) = (s, a−11 ub1) ∗ (t, b−11 b2) = (s · θ|u|(t), a−11 ub2).

2. Iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî b1 = va2. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) = (s, a−11 a2) ∗ (t, (va2)−1b2) = (θ|v|(s) · t, (va1)−1b2).

Îòæå, a1 ∈ suff(c1) i b2 ∈ suff(c2). �

Òåîðåìà 1. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè
Pλ(θ, S). Òîäi:

1) (s, a−11 a2)L (t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sL t â S i a2 = b2;

2) (s, a−11 a2)R(t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sRt â S i a1 = b1;

3) (s, a−11 a2)H (t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sH t â S i a−11 a2 =
b−11 b2;

4) (s, a−11 a2)D(t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sDt â S.

Äîâåäåííÿ. 1. (⇒) Íåõàé (s, a−11 a2)L (t, b−11 b2) â Pλ(θ, S). Òîäi iñíóþòü åëåìåíòè
(r, c−11 c2) i (q, d−11 d2) íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(s, a−11 a2) = (r, c−11 c2) ∗ (t, b−11 b2) i (t, b−11 b2) = (q, d−11 d2) ∗ (s, a−11 a2).

Ç ïåðøî¨ ðiâíîñòi òà ëåìè 1 âèïëèâà¹, ùî b2 ∈ suff(a2), à ç äðóãî¨ ðiâíîñòi òà ëåìè
1 âèïëèâà¹, ùî a2 ∈ suff(b2). Òîìó a2 = b2, à öå îçíà÷à¹, ùî iñíóþòü ñëîâà u, v ∈ λ∗
òàêi, ùî a1 = ud2 i b1 = vc2. Îòæå,

(s, a−11 a2) = (r, c−11 c2) ∗ (t, b−11 b2) = (θ|v|(r)t, (vc1)−1b2)

i
(t, b−11 b2) = (q, d−11 d2) ∗ (s, a−11 a2) = (θ|u|(q)s, (ud1)−1a2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = θ|v|(r)t, à ç äðóãî¨ ðiâíîñòi âèïëèâà¹, ùî t =
θ|u|(q)s. Îòæå, sL t â íàïiâãðóïi S.
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(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òàêi,
ùî sL t â S i a2 = b2. Òîäi iñíóþòü åëåìåíòè r i q íàïiâãðóïè S òàêi, ùî s = rt i
t = qs. Òîìó

(s, a−11 a2) = (r, a−11 b1) ∗ (t, b−11 b2) i (t, b−11 b2) = (q, b−11 a1) ∗ (s, a−11 a2).

Îòæå, (s, a−11 a2)L (t, b−11 b2) â íàïiâãðóïi Pλ(θ, S).
2. (⇒) Íåõàé (s, a−11 a2)R(t, b−11 b2) â Pλ(θ, S). Òîäi iñíóþòü åëåìåíòè (r, c−11 c2) i

(q, d−11 d2) íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(s, a−11 a2) = (t, b−11 b2) ∗ (r, c−11 c2) i (t, b−11 b2) = (s, a−11 a2) ∗ (q, d−11 d2).

Ç ïåðøî¨ ðiâíîñòi òà ëåìè 1 âèïëèâà¹, ùî b1 ∈ suff(a1), à ç äðóãî¨ ðiâíîñòi òà ëåìè 1
âèïëèâà¹, ùî a1 ∈ suff(b1). Òîìó a1 = b1, à öå îçíà÷à¹, ùî iñíóþòü ñëîâà u, v ∈ λ∗
òàêi, ùî a2 = ud1 i b2 = vc1. Îòîæ, îòðèìó¹ìî, ùî

(s, a−11 a2) = (t, b−11 b2) ∗ (r, c−11 c2) = (tθ|v|(r), b−11 vc2)

i

(t, b−11 b2) = (s, a−11 a2) ∗ (q, d−11 d2) = (sθ|u|(q), a−11 ud2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = tθ|v|(r), à ç äðóãî¨ ðiâíîñòi âèïëèâà¹, ùî t =
sθ|u|(q). Îòæå, sRt â íàïiâãðóïi S.

(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òàêi,
ùî sL t â S i a1 = b1. Òîäi iñíóþòü åëåìåíòè r i q íàïiâãðóïè S òàêi, ùî s = tr i
t = sq. Òîìó

(s, a−11 a2) = (t, b−11 b2) ∗ (r, b−12 b2) i (t, b−11 b2) = (s, a−11 a2) ∗ (q, a−12 a2).

Îòæå, (s, a−11 a2)R(t, b−11 b2) â íàïiâãðóïi Pλ(θ, S).
3. Âèïëèâà¹ ç òâåðäæåíü 1 i 2.
4. (⇒) Íåõàé (s, a−11 a2)D(t, b−11 b2) ó íàïiâãðóïi Pλ(θ, S). Òîäi iñíó¹ åëåìåíò

(r, c−11 c2) ∈Pλ(θ, S) òàêèé, ùî (s, a−11 a2)L (r, c−11 c2) i (r, c−11 c2)L (t, b−11 b2). Çà òâåðä-
æåííÿìè 1 i 2 îòðèìà¹ìî, ùî sL r i rRt â S, à îòæå, sDt ó íàïiâãðóïi S.

(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òà-
êi, ùî sDt â S. Òîäi iñíó¹ åëåìåíò r íàïiâãðóïè S òàêèé, ùî sL r i rRt. Òîìó
(s, a−11 a2)L (r, b−11 a2) i (r, b−11 a2)R(t, b−11 b2). Îòæå, (s, a−11 a2)D(t, b−11 b2) ó íàïiâãðó-
ïi Pλ(θ, S). �

Ç òåîðåìè 1 i íàñëiäêó 2 âèïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 3. Íàïiâãðóïà Pλ(θ, S) � êîìáiíàòîðíà òîäi i òiëüêè òîäi, êîëè íàïiâ-
ãðóïà S � êîìáiíàòîðíà.

Íàñëiäîê 4. Íàïiâãðóïà Pλ(θ, S) � 0-áiïðîñòà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � áiïðîñòà.

Òâåðäæåííÿ 6. Íàïiâãðóïà Pλ(θ, S) ¹ 0-ïðîñòîþ äëÿ äîâiëüíî¨ íàïiâãðóïè S.
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Äîâåäåííÿ. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè
Pλ(θ, S) i u � íåïîðîæí¹ ñëîâî âiëüíîãî ìîíî¨äà λ∗. Òîäi

((θ|u|(t))−1, a−11 ub1) ∗ (t, b−11 b2) ∗ (s, (ub2)−1a2) =

= ((θ|u|(t))−1 · θ|u|(t), a−11 ub2) ∗ (s, (ub2)−1a2) =

= (1S , a
−1
1 ub2) ∗ (s, (ub2)−1a2) =

= (s, a−11 a2),

çâiäêè âèïëèâà¹, ùî íàïiâãðóïà Pλ(θ, S) ¹ 0-ïðîñòîþ. �

Òâåðäæåííÿ 7. Íàïiâãðóïà Pλ(θ, S) � êîíãðóåíö-ïðîñòà òîäi i òiëüêè òîäi, êîëè
S � òðèâiàëüíà íàïiâãðóïà.

Äîâåäåííÿ. ßêùî S � îäíîåëåìåíòíà ìíîæèíà, òî íàïiâãðóïà Pλ(θ, S) içîìîðôíà λ-
ïîëiöèêëi÷íîìó ìîíî¨äó Pλ. Îñêiëüêè λ-ïîëiöèêëi÷íèé ìîíî¨ä ¹ êîíãðóåíö-ïðîñòîþ
íàïiâãðóïîþ (äèâ. íàïðèêëàä [4, òåîðåìà 2.5]), òî ó öüîìó âèïàäêó íàïiâãðóïà
Pλ(θ, S) ¹ êîíãðóåíö-ïðîñòîþ.

Íåõàé íàïiâãðóïà S íå ¹ îäíîåëåìåíòíîþ ìíîæèíîþ. Òîäi âiäíîøåííÿ

C =
{

((x, a−11 a2), (y, a−11 a2)) : x, y ∈ S, a−11 a2 ∈ Pλ
}
∪ {(0,0)}

¹ íåòðèâiàëüíîþ êîíãðóåíöi¹þ íà Pλ(θ, S), ïðè÷îìó, î÷åâèäíî, ùî ôàêòîð-íàïiâ-
ãðóïà Pλ(θ, S)/C içîìîðôíà λ-ïîëiöèêëi÷íîìó ìîíî¨äó Pλ. �

Òâåðäæåííÿ 8. Iíâåðñíà íàïiâãðóïà Pλ(θ, S) ¹ 0-E-óíiòàðíîþ òîäi i òiëüêè òîäi,
êîëè íàïiâãðóïà S ¹ iíâåðñíîþ E-óíiòàðíîþ òà θ−1(1S) = E(S).

Äîâåäåííÿ. (⇒) ßêùî íàïiâãðóïà Pλ(θ, S) � iíâåðñíà, òî ç íàñëiäêó 2 âèïëèâà¹, ùî
íàïiâãðóïà S ¹ òàêîæ iíâåðñíîþ. Íåõàé s � åëåìåíò íàïiâãðóïè S i e � iäåìïîòåíòè
íàïiâãðóïè S òàêi, ùî es ∈ E(S). Òîäi (e, 1Pλ) ∗ (s, 1Pλ) = (es, 1Pλ). Îñêiëüêè (e, 1Pλ)
i (ex, 1Pλ) � iäåìïîòåíòè íàïiâãðóïè Pλ(θ, S) òà iíâåðñíà íàïiâãðóïà Pλ(θ, S) ¹ 0-E-
óíiòàðíîþ, òî (x, 1Pλ) ∈ E(Pλ(θ, S)), à îòæå, s ¹ iäåìïîòåíòîì íàïiâãðóïè S. Òîìó
iíâåðñíà íàïiâãðóïà S ¹ E-óíiòàðíîþ.

Íåõàé s � åëåìåíò íàïiâãðóïè S òàêèé, ùî θ(s) = 1S i a � ñëîâî â λ∗ òàêå, ùî
|a| = 1. Òîäi

(1S , a
−1a) ∗ (s, 1Pλ) = (θ(s), a−1a) = (1S , a

−1a).

Îñêiëüêè (1S , a
−1a) � iäåìïîòåíò íàïiâãðóïè Pλ(θ, S) é iíâåðñíà íàïiâãðóïà Pλ(θ, S)

¹ 0-E-óíiòàðíîþ, òî åëåìåíò (s, a−1a) ìiñòèòüñÿ â E(Pλ(θ, S)), à îòæå, s � iäåìïîòåíò
íàïiâãðóïè S.

(⇐) Íåõàé (e, a−1a) � íåíóëüîâèé iäåìïîòåíò íàïiâãðóïè Pλ(θ, S) i (s, b−11 b2) �
åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(e, a−1a) ∗ (s, b−11 b2) ∈ E(Pλ(θ, S)) \ {0}.
Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua, òî

(e, a−1a) ∗ (s, b−11 b2) = (θ|u|(e) · s, (ua)−1b2) = (s, b−11 b2).

Îñêiëüêè (s, b−11 b2) ¹ iäåìïîòåíòîì íàïiâãðóïè Pλ(θ, S), òî ç òâåðäæåííÿ 2 âèïëèâà¹,
ùî b1 = b2 i s ¹ iäåìïîòåíòîì íàïiâãðóïè S. Îòæå, (s, b−11 b2) ∈ E(Pλ(θ, S)).
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2. ßêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a = vb1, òî

(e, a−1a) ∗ (s, b−11 b2) = (e · θ|v|(s), a−1vb2).

Îñêiëüêè (e · θ|v|(s), a−1vb2) ¹ iäåìïîòåíòîì íàïiâãðóïè Pλ(θ, S), òî vb1 = a = vb2
i θ|v|(s) ¹ iäåìïîòåíòîì íàïiâãðóïè S. Âðàõîâóþ÷è ïîïåðåäí¹ i òå, ùî θ−1(1S) =
E(S) îòðèìó¹ìî, ùî b1 = b2 i s ∈ E(S). Îòæå, (s, b−11 b2) ¹ iäåìïîòåíòîì íàïiâãðóïè
Pλ(θ, S).

Òîìó iíâåðñíà íàïiâãðóïà Pλ(θ, S) � 0-E-óíiòàðíà. �

Òâåðäæåííÿ 9. Íåíóëüîâèé åëåìåíò (s, a−11 a2) íàïiâãðóïè Pλ(θ, S) íàëåæèòü

öåíòðó Z(Pλ(θ, S)) òîäi i òiëüêè òîäi, êîëè s ∈ Z(S), s = θ(s) i a−11 a2 = 1Pλ .

Äîâåäåííÿ. (⇒) Íåõàé (s, a−11 a2) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè
Pλ(θ, S). Òîäi

(s, a−11 a2a1) = (s, a−11 a2) ∗ (1S , a1) = (1S , a1) ∗ (s, a−11 a2) = (s, a2)

i

(s, a−11 ) = (s, a−11 a2) ∗ (1S , a
−1
2 ) = (1S , a

−1
2 ) ∗ (s, a−11 a2) = (s, (a1a2)−1a2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ε, à ç äðóãî¨ âèïëèâà¹, ùî b = ε. Òîìó a−11 a2 =
1Pλ .

Íåõàé (s, 1Pλ) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè Pλ(θ, S) i t � äîâiëüíèé
åëåìåíò íàïiâãðóïè S. Òîäi

(s · t, 1Pλ) = (s, 1Pλ) ∗ (t, 1Pλ) = (t, 1Pλ) ∗ (s, 1Pλ) = (t · s, 1Pλ).

Òîìó s · t = t · s, à îòæå, s íàëåæèòü öåíòðó íàïiâãðóïè S.
Íåõàé (s, 1Pλ) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè Pλ(θ, S) i a � ñëîâî ç

λ∗ òàêå, ùî |a| = 1. Òîäi

(s, a) = (s, 1Pλ) ∗ (1S , a) = (1S , a) ∗ (s, 1Pλ) = (θ(s), a).

Çâiäñè âèïëèâà¹, ùî s = θ(s).
(⇐) Íåõàé (t, a−11 a2) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) i s � åëåìåíò ç

öåíòðó íàïiâãðóïè S òàêèé, ùî s = θ(s). Òîäi

(s, 1Pλ) ∗ (t, a−11 a2) = (θ|a1|(s) · t, a−11 a2) =

= (s · t, a−11 a2) =

= (t · s, a−11 a2) =

= (t · θ|a2|(s), a−11 a2) =

= (t, a−11 a2) ∗ (s, 1Pλ).

Òîìó (s, 1Pλ) íàëåæèòü öåíòðó íàïiâãðóïè Pλ(θ, S). �

Òâåðäæåííÿ 10. Åëåìåíò (s, a−11 a2) ç íàïiâãðóïè Pλ(θ, S) íàëåæèòü ãðóïi îäè-

íèöü H(1Pλ(θ,S)) òîäi i òiëüêè òîäi, êîëè s ∈ H(1S) i a−11 a2 = 1Pλ .
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Äîâåäåííÿ. (⇒) Ç ëåìè 1 âèïëèâà¹ òàêå: ÿêùî åëåìåíò (s, a−11 a2) íàëåæèòü ãðóïi
îäèíèöü H(1Pλ(θ,S)) íàïiâãðóïè Pλ(θ, S), òî a−11 a2 = 1Pλ .

Íåõàé åëåìåíò (s, 1Pλ) íàëåæèòü ãðóïi îäèíèöü H(1Pλ(θ,S)). Òîäi iñíó¹ åëåìåíò
(t, 1Pλ) ãðóïè îäèíèöü íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(st, 1Pλ) = (s, 1Pλ) ∗ (t, 1Pλ) = (t, 1Pλ) ∗ (s, 1Pλ) = (ts, 1Pλ) = (1S , 1Pλ).

Òîìó s ¹ åëåìåíòîì ãðóïè îäèíèöü íàïiâãðóïè S.
(⇐) Íåõàé s � åëåìåíò ãðóïè îäèíèöü íàïiâãðóïè S. Òîäi

(s, 1Pλ) ∗ (s−1, 1Pλ) = (s · s−1, 1Pλ) =

= (s−1 · s, 1Pλ) =

= (s−1, 1Pλ) ∗ (s, 1Pλ) =

= (1S , 1Pλ).

Îòæå, (s, 1Pλ) ¹ åëåìåíòîì ãðóïè îäèíèöü íàïiâãðóïè Pλ(θ, S). �

Òâåðäæåííÿ 11. Ìíîæèíè {x ∈Pλ(θ, S) : a ∗ x = b} i {x ∈Pλ(θ, S) : x ∗ a = b} �
ñêií÷åííi äëÿ áóäü-ÿêèõ íåíóëüîâèõ åëåìåíòiâ a, b ∈ Pλ(θ, S) òîäi i òiëüêè òîäi,
êîëè ìíîæèíè {x ∈ S : sx = t}, {x ∈ S : xs = t} i θ−1(s) � ñêií÷åííi äëÿ áóäü-ÿêèõ
s, t ∈ S.

Äîâåäåííÿ. (⇒) ßêùî ìíîæèíà {x ∈ S : sx = t} � íåñêií÷åííà äëÿ äåÿêèõ s, t ∈ S,
òî ìíîæèíà {x ∈Pλ(θ, S) : (s, 1Pλ) ∗ x = (t, 1Pλ)} � íåñêií÷åííà. ßêùî æ ìíîæèíà
{x ∈ S : xs = t} � íåñêií÷åííà äëÿ äåÿêèõ s, t ∈ S, òî ìíîæèíà

{x ∈Pλ(θ, S) : x ∗ (s, 1Pλ) = (t, 1Pλ)}
� íåñêií÷åííà. Îòæå, ìíîæèíè {x ∈ S : sx = t} i {x ∈ S : xs = t} � ñêií÷åííi äëÿ áóäü-
ÿêèõ s, t ∈ S.

Ïðèïóñòèìî, ùî ìíîæèíà θ−1(t) � íåñêií÷åííà äëÿ äåÿêîãî åëåìåíòà t ∈ S. Òîäi
ìíîæèíà

{(x, 1Pλ) ∈Pλ(θ, S) : (1S , a) ∗ (x, 1Pλ) = (t, a)}
¹ íåñêií÷åííîþ äëÿ äîâiëüíîãî ñëîâà a ∈ λ∗.

(⇐) Íåõàé (s, a−11 a2), (t, b−11 b2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Äîâå-
äåìî, ùî ìíîæèíà{

(x, y−11 y2) ∈Pλ(θ, S) : (s, a−11 a2) ∗ (x, y−11 y2) = (t, b−11 b2)
}

¹ ñêií÷åííîþ. Ç òâåðäæåííÿ 2.7 [4] âèïëèâà¹, ùî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ
y−11 y2 λ-ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèõ, ùî a−11 a2 · y−11 y2 = b−11 b2. Íåõàé c

−1
1 c2 �

îäèí ç öèõ åëåìåíòiâ. Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi

(s, a−11 a2) ∗ (x, y−11 y2) = (θ|u|(s)x, a−11 u−1y2) = (t, b−11 b2).

Îñêiëüêè ìíîæèíè {x ∈ S : sx = t} i {x ∈ S : xs = t} � ñêií÷åííi äëÿ áóäü-ÿêèõ
s, t ∈ S, òî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ x íàïiâãðóïè S òàêèõ, ùî θ|u|(s)x = t.

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

(s, a−11 a2) ∗ (x, y−11 y2) = (sθ|u|(x), a−11 uy2) = (t, b−11 b2).
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Îñêiëüêè ìíîæèíè {x ∈ S : sx = t}, {x ∈ S : xs = t} i θ−1(s) � ñêií÷åííi äëÿ
áóäü-ÿêèõ s, t ∈ S, òî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ x íàïiâãðóïè S òàêèõ,
ùî sθ|u|(x) = t.

Ïîçàÿê ñêií÷åííå îá'¹äíàííÿ ñêií÷åííèõ ìíîæèí ¹ ñêií÷åííîþ ìíîæèíîþ, òî
ìíîæèíà {

(x, y−11 y2) ∈Pλ(θ, S) : (s, a−11 a2) ∗ (x, y−11 y2) = (t, b−11 b2)
}

ñêií÷åííà. Àíàëîãi÷íî äîâîäèòüñÿ, ùî ìíîæèíà{
(x, y−11 y2) ∈Pλ(θ, S) : (x, y−11 y2) ∗ (s, a−11 a2) = (t, b−11 b2)

}
ñêií÷åííà. �

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà íàïiâãðóïi Pλ(θ, S) i òâåðäæåííÿ 2.7 [4]
âèïëèâà¹ òàêèé íàñëiäîê

Íàñëiäîê 5. Äëÿ äîâiëüíèõ a, a1, b, b1 ∈ λ∗, s, t ∈ S êîæíà ç ìíîæèí

A =
{

(t, u−1v) ∈Pλ(θ, S) : (s, a−1b) ∗ (t, u−1v) ∈ Sa−1
1 b1

}
,

÷è

B =
{

(t, u−1v) ∈Pλ(θ, S) : (t, u−1v) ∗ (s, a−1b) ∈ Sa−1
1 b1

}
ïåðåòèíà¹ íå áiëüøå, íiæ ñêií÷åííó êiëüêiñòü ïiäìíîæèí âèãëÿäó Sc−1d íàïiâãðó-
ïè Pλ(θ, S).

Òâåðäæåííÿ 12. Íåõàé S, T � äîâiëüíi íàïiâãðóïè òà C1, C2 � êîíãðóåíöi¨ íà
íàïiâãðóïàõ S i T , âiäïîâiäíî. ßêùî f : S → T � içîìîðôiçì òàêèé, ùî sC1t òîäi
i òiëüêè òîäi, êîëè f(s)C1f(t) äëÿ äîâiëüíèõ s, t ∈ S, òî âiäîáðàæåííÿ f : S/C1 →
T/C2, îçíà÷åíå f([s]C1

) = [f(s)]C2
, ¹ içîìîðôiçìîì.

Äîâåäåííÿ. Î÷åâèäíî, ùî âiäîáðàæåííÿ f âèçíà÷åíî êîðåêòíî òà ¹ ái¹êòèâíèì. Äî-
âåäåìî, ùî f çáåðiãà¹ îïåðàöiþ. Íåõàé [a]C1

, [b]C1
∈ S/C1. Îñêiëüêè C1 � êîíãðóåíöiÿ

íà íàïiâãðóïi S, òî

f([a]C1
· [b]C1

) = f([ab]C1
) = [f(ab)]C2

= [f(a) · f(b)]C2
= [f(a)]C2

· [f(b)]C2
,

çâiäêè âèïëèâà¹ íàøå òâåðäæåííÿ. �

Òâåðäæåííÿ 13. Íåõàé S i T � ìîíî¨äè òà θ : S → HS(1T ) i φ : T → HT (1T ) �
ãîìîìîðôiçìè. ßêùî f : Pλ(θ, S) → Pλ(φ, T ) � içîìîðôiçì, òî íàïiâãðóïà S içî-
ìîðôíà íàïiâãðóïi T òà iñíó¹ àâòîìîðôiçì fp ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèé,
ùî f(Sa−1

1 a2
) = Tfp(a−1

1 a2)
.

Äîâåäåííÿ. Îñêiëüêè

S1Pλ
= {a ∈Pλ(θ, S) : a ∗ b 6= 0 i a ∗ b 6= 0 äëÿ äîâiëüíîãî b ∈Pλ(θ, S)}

i

T1Pλ = {a ∈Pλ(φ, T ) : a ∗ b 6= 0 i a ∗ b 6= 0 äëÿ äîâiëüíîãî b ∈Pλ(φ, T )} ,

òî f(S1Pλ
) = T1Pλ . Îòæå, çà òâåðäæåííÿì 4 íàïiâãðóïà S içîìîðôíà íàïiâãðóïi T .

Âèçíà÷èìî êîíãðóåíöiþ C1 íà íàïiâãðóïi Pλ(θ, S) òàê: (s, a−11 a2)C1(t, b−11 b2),
ÿêùî a−11 a2 = b−11 b2 i 0C10, òà àíàëîãi÷íî: (s, a−11 a2)C1(t, b−11 b2), ÿêùî a−11 a2 = b−11 b2
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i 0C10 � êîíãðóåíöiþ C2 íà íàïiâãðóïi Pλ(φ, T ). Äîâåäåìî, ùî (s, a−11 a2)C1(t, b−11 b2)
òîäi i òiëüêè òîäi, êîëè f((s, a−11 a2))C2f((t, b−11 b2)). Çàôiêñó¹ìî (s, a−1), (s, a) ∈
Pλ(θ, S). Òîäi (1S , a) ∗ (s, a−1) = (s, 1Pλ) i (s, a) ∗ (1S , a

−1) = (s, 1Pλ). Îñêiëü-
êè f((s, 1Pλ)) = (t, 1Pλ) äëÿ äåÿêîãî åëåìåíòà t ∈ T , òî f((s, a−1)) = (r, b−1) i
f((s, a)) = (q, b) äëÿ äåÿêèõ r, q ∈ T i b ∈ λ∗. Çàóâàæèìî, ùî ñëîâî b íå çàëåæèòü
âiä âèáîðó åëåìåíòà s. Òîìó f(s, a−1) ∈ Sb−1 i f(s, a) ∈ Sb äëÿ äîâiëüíîãî åëåìåíòà
s ∈ S.

Íåõàé (s, a−11 a2), (t, a−11 a2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Ç òåî-
ðåìè 1 âèïëèâà¹, ùî (s, a−11 )R(s, a−11 ), (s, a2)L (s, a−11 a2), (t, a−11 )R(t, a−11 a2) i
(t, a2)L (t, a−11 a2) â Pλ(θ, S). Ç âèùå äîâåäåíîãî òà òîãî, ùî içîìîðôiçì çáå-
ðiãà¹ R- i L -êëàñè âèïëèâà¹, ùî (s, a−11 a2)C1(t, b−11 b2) òîäi i òiëüêè òîäi, êîëè
f((s, a−11 a2))C2f((t, b−11 b2)). Îòæå, çà òâåðäæåííÿì 12 içîìîðôiçì f ïîðîäæó¹ içî-
ìîðôiçì f : Pλ(θ, S)/C1 → Pλ(φ, T )/C1. Îñêiëüêè êîæíà ç íàïiâãðóï Pλ(θ, S)/C1

i Pλ(φ, T )/C1 içîìîðôíà λ-ïîëiöèêëi÷íîìó ìîíî¨äîâi, òî iñíó¹ àâòîìîðôiçì fp
ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèé, ùî f([(s, a−11 a2)]C1) =

[
(s, fp(a

−1
1 a2))

]
C2
. �

ßêùî f : Pλ(θ, S)→Pλ(φ, T ) � içîìîðôiçì, òî ÷åðåç fTS ïîçíà÷èìî içîìîðôiçì
ìiæ íàïiâãðóïàìè S i T , ÿêèé ïîðîäæó¹òüñÿ içîìîðôiçìîì f |S1Pλ

, ùî ¹ çâóæåííÿì
içîìîðôiçìó f íà ïiäìîíî¨ä S1Pλ

, ÿêèé içîìîðôíèé ïîëiöèêëi÷íîìó ìîíî¨äîâi Pλ.
Ç òâåðäæåííÿ 13 âèïëèâà¹ òàêèé íàñëiäîê:

Íàñëiäîê 6. Íåõàé ãðóïè îäèíèöü íàïiâãðóï S i T ¹ òðèâiàëüíèìè. Òîäi íàïiâãðóïè
Pλ(θ, S) i Pλ(φ, T ) ¹ içîìîðôíèìè òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà S içîìîðôíà
íàïiâãðóïi T .

Òåîðåìà 2. Íåõàé ãðóïè îäèíèöü íàïiâãðóï S i T ¹ òðèâiàëüíèìè. ßêùî
f : Pλ(θ, S)→Pλ(φ, T ) � içîìîðôiçì, òî f((s, a−11 a2)) = (fTS (s), fp(a

−1
1 a2)).

Äîâåäåííÿ. Íåõàé f((1S , a)) = (s, b) i f((1S , a
−1)) = (t, b−1). Òîäi ç ðiâíîñòåé

(1S , a) ∗ (1S , a
−1) = (1S , 1Pλ) i (1S , a

−1) ∗ (1S , a) = (1S , a
−1a)

i òâåðäæåííÿ 4 âèïëèâà¹, ùî s, t ∈ H(1T ), à îòæå, s = t = 1T . Ðîçãëÿíåìî ðiâíiñòü

(1S , a1) ∗ (s, a−11 a2) ∗ (1S , a
−1
2 ) = (s, 1Pλ).

Îñêiëüêè f((1S , a1)) = (1T , fp(a1)), f((1S , a
−1
2 )) = (1T , fp(a

−1
2 )), f((s, a−11 a2)) =

(t, fp(a
−1
1 a2)) i f((s, 1Pλ)) = (fTS (s), 1Pλ), òî t = fTS (s). �

3. Òîïîëîãiçàöiÿ íàïiâãðóïè Pλ(θ, S)

Òâåðäæåííÿ 14. ßêùî (S, τS) � ãàóñäîðôîâà íàïiâòîïîëîãi÷íà íàïiâãðóïà òà
θ : S → H(1S) � íåïåðåðâíèé ãîìîìîðôiçì, òî (Pλ(θ, S), τst) � ãàóñäîðôîâà íàïiâ-
òîïîëîãi÷íà íàïiâãðóïà, äå τst � òîïîëîãiÿ ïîðîäæåíà áàçîþ

Bst = {Ua−1b : U ∈ B, a, b ∈ λ∗} ∪ {0}
i B � áàçà òîïîëîãi¨ τS.

Äîâåäåííÿ. Ñiì'ÿ ïiäìíîæèí Bst çàäîâîëüíÿ¹ óìîâè (B1)�(B2) [11], à îòæå, âîíà ¹
áàçîþ òîïîëîãi¨ τst íà íàïiâãðóïi Pλ(θ, S). Î÷åâèäíî, ùî (Pλ(θ, S), τst) � ãàóñäîð-
ôîâèé ïðîñòið.
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Äîâåäåìî, ùî (Pλ(θ, S), τst) � íàïiâòîïîëîãi÷íà íàïiâãðóïà. Íåõàé s, t � äîâiëüíi
åëåìåíòè íàïiâãðóïè S. Ç íàðiçíî¨ íåïåðåðâíîñòi îïåðàöi¨ íà (S, τS) âèïëèâà¹, ùî
äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó U(st) åëåìåíòà st â (S, τS) iñíóþòü âiäêðèòi îêîëè
U1(s), U2(t) åëåìåíòiâ s, t â (S, τS). âiäïîâiäíî, òàêi, ùî U1(s) · t ⊆ U(st) i s · U2(t) ⊆
U(st).

Íåõàé (s, a−11 a2), (t, b−11 b2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Ðîçãëÿíåìî
ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2, òî

(s, a−11 a2) ∗ (t, b−11 b2) = (θ|u|(s)t, a−11 u−1b2).

Íåõàé Wa−1
1 u−1b2

� äîâiëüíèé âiäêðèòèé îêië òî÷êè (θ|u|(s)t, a−11 u−1b2) ó òîïîëîãi÷-

íîìó ïðîñòîði (Pλ(θ, S), τst), äå W � âiäêðèòèé îêië òî÷êè θ|u|(s)t â (S, τS). Òîäi ç
íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (S, τS) i ç íåïåðåðâíîñòi ãîìîìîðôiç-
ìó θ âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè V (s) i V (t) òî÷îê s i t ó ïðîñòîði (S, τS),
âiäïîâiäíî, òàêi, ùî θ|u|(V (s)) · t ⊆W i θ|u|(s) · V (t) ⊆W . Òîäi

V (s)a−1
1 a2

∗ (t, b−11 b2) ⊆Wa−1
1 u−1b2

i (s, a−11 a2) ∗ V (t)b−1
1 b2

⊆Wa−1
1 u−1b2

.

2. ßêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a2 = vb1, òî

(s, a−11 a2) ∗ (t, b−11 b2) = (sθ|v|(t), a−11 vb2).

Íåõàé Wa−1
1 vb2

� äîâiëüíèé âiäêðèòèé îêië òî÷êè (sθ|v|(t), a−11 vb2) ó òîïîëîãi÷íîìó

ïðîñòîði (Pλ(θ, S), τst), äå W � âiäêðèòèé îêië òî÷êè sθ|v|(t) â (S, τS). Òîäi ç íàðiç-
íî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (S, τS) i ç íåïåðåðâíîñòi ãîìîìîðôiçìó θ
âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè V (s) i V (t) òî÷îê s i t â (S, τS), âiäïîâiäíî,
òàêi, ùî V (s) · θ|v|(t) ⊆W i s · θ|v|(V (t)) ⊆W . Òîäi

V (s)a−1
1 a2

∗ (t, b−11 b2) ⊆Wa−1
1 vb2

i (s, a−11 a2) ∗ V (t)b−1
1 b2

⊆Wa−1
1 vb2

.

3. ßêùî (s, a−11 a2) ∗ (t, b−11 b2) = 0, òî

V (s)a−1
1 a2

∗ (t, b−11 b2) = {0} i (s, a−11 a2) ∗ V (t)b−11 b2 = {0}

äëÿ äîâiëüíèõ âiäêðèòèõ îêîëiâ V (s) i V (t) òî÷îê s i t, âiäïîâiäíî, â (S, τS).

Òàêîæ, ìà¹ìî, ùî V (s)a−1
1 a2
∗ {0} = {0}, {0} ∗ V (s)a−1

1 a2
= {0} i {0} ∗ {0} = {0}

äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó V (s) òî÷êè s â (S, τS). �

Çàóâàæåííÿ 1. (i) Îñêiëüêè òîïîëîãi÷íèé ïðîñòið (Pλ(θ, S), τst) ¹ òîïîëîãi÷-
íîþ ñóìîþ ω · λ êîïié ïðîñòîðó (S, τS) òà içîëüîâàíî¨ òî÷êè {0}, òî íà-
ïiâòîïîëîãi÷íà íàïiâãðóïà (Pλ(θ, S), τst) óñïàäêîâó¹ óñi âëàñòèâîñòi ïðîñòî-
ðó (S, τS), ùî çáåðiãàþòüñÿ íåñêií÷åííîþ òîïîëîãi÷íîþ ñóìîþ òîïîëîãi÷íèõ
ïðîñòîðiâ. Çîêðåìà, ìåòðèêó dS ç S íà Pλ(θ, S) ìîæíà ïðîäîâæèòè òàê:

dst((s, a
−1
1 a2), (t, b−11 b2)) =

{
d(s, t), ÿêùî a−11 a2 = b−11 b2;

1, â iíøîìó âèïàäêó.

Î÷åâèäíî, ùî òîïîëîãiÿ, ïîðîäæåíà ìåòðèêîþ dst íà Pλ(θ, S), çáiãà¹òüñÿ ç
òîïîëîãi¹þ τst.

(ii) Òâåðäæåííÿ 14 âèêîíó¹òüñÿ äëÿ òîïîëîãi÷íèõ i òîïîëîãi÷íèõ iíâåðñíèõ íà-
ïiâãðóï.
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Òâåðäæåííÿ 15. Íåõàé (Pλ(θ, S), τ) � íàïiâòîïîëîãi÷íà íàïiâãðóïà. Òîäi äëÿ äî-
âiëüíèõ ñëiâ a1, a2, b1, b2,∈ λ∗ òîïîëîãi÷íi ïiäïðîñòîðè Sa−1

1 a2
i Sb−1

1 b2
¹ ãîìåîìîðô-

íèìè, à Sa−1
1 a1

òà Sb−1
1 b1

� òîïîëîãi÷íî içîìîðôíi ïiäíàïiâãðóïè â (Pλ(θ, S), τ).

Äîâåäåííÿ. Îçíà÷èìî âiäîáðàæåííÿ φ
b−1
1 b2

a−1
1 a2

: Pλ(θ, S) → Pλ(θ, S) òà φ
a−1
1 a2

b−1
1 b2

:

Pλ(θ, S)→Pλ(θ, S) ôîðìóëàìè

φ
b−1
1 b2

a−1
1 a2

(s) = (1S , b
−1
1 a1)∗s∗ (1S , a

−1
2 b2) i φ

a−1
1 a2

b−1
1 b2

(s) = (1S , a
−1
1 b1)∗s∗ (1S , b

−1
2 a2).

Âiäîáðàæåííÿ φb
−1
1 b2

a−1
1 a2

òà φa
−1
1 a2

b−1
1 b2

¹ íåïåðåðâíèìè ÿê êîìïîçèöi¨ çñóâiâ ó íàïiâòîïîëî-

ãi÷íié íàïiâãðóïi (Pλ(θ, S), τ), à òàêîæ âèêîíóþòüñÿ ðiâíîñòi φa
−1
1 a2

b−1
1 b2

(φ
b−1
1 b2

a−1
1 a2

(s)) = s

i φb
−1
1 b2

a−1
1 a2

(φ
a−1
1 a2

b−1
1 b2

(t)) = t äëÿ äîâiëüíèõ s ∈ Sa−1
1 a2

i t ∈ Sb−1
1 b2

, à îòæå, ¨õ çâóæåí-

íÿ φb
−1
1 b2

a−1
1 a2
|S
a
−1
1 a2

i (φ
a−1
1 a2

b−1
1 b2

)|S
a
−1
1 a2

¹ ãîìåîìîðôiçìàìè ïiäïðîñòîðiâ Sa−1
1 a2

i Sb−1
1 b2

â

(Pλ(θ, S), τ). Ó âèïàäêó ïiäíàïiâãðóï Sa−1
1 a1

òà Sb−1
1 b1

, î÷åâèäíî, ùî âiäîáðàæåííÿ

φ
b−1
1 b1

a−1
1 a1
|S
a
−1
1 a1

¹ içîìîðôiçìîì. �

Ëåìà 2. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðóïi
Pλ(θ, S). Òîäi:

(i) äëÿ äîâiëüíî¨ òî÷êè (s, ε) iñíó¹ ¨¨ âiäêðèòèé îêië V ⊆ Sε;
(ii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, w) òàêèé, ùî V ⊆ Sw;
(iii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S i äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, w−1) òàêèé, ùî V ⊆ Sw−1 ;
(iv) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S i äîâiëüíèõ íåïîðîæíiõ ñëiâ u, v ∈ λ∗

iñíó¹ âiäêðèòèé îêië V òî÷êè (s, u−1v), ùî ìiñòèòü ëèøå òî÷êè âèãëÿäó
(t, x−1y), äå x � ñóôiêñ ñëîâà u, a y � ñóôiêñ ñëîâà v.

Äîâåäåííÿ. (i) Çàôiêñó¹ìî äîâiëüíó ëiòåðó x ∈ λ. Òîäi
(s, ε) ∗ (1s, x

−1x) = (θ(s), x−1x) i (1s, x
−1x) ∗ (s, ε) = (θ(s), x−1x).

ÍåõàéW � âiäêðèòèé îêië òî÷êè (θ(s), x−1x), ùî íå ìiñòèòü íóëÿ 0. Ç íàðiçíî¨ íåïå-
ðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V
òî÷êè (s, ε) òàêèé, ùî V ∗ (1s, x

−1x) ⊆W i (1s, x
−1x)∗V ⊆W . Îñêiëüêè (1s, x

−1x) �
iäåìïîòåíò íàïiâãðóïè Pλ(θ, S), òî ç ãàóñäîðôîâîñòi ïðîñòîðó (Pλ(θ, S), τ) âèïëè-
âà¹, ùî

Ax = (1s, x
−1x) ∗Pλ(θ, S) ∪Pλ(θ, S) ∗ (1s, x

−1x)

� çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ). Çâiäñè âèïëèâà¹, ùî, íå çìåíøóþ÷è çàãàëü-
íîñòi, ìîæåìî ââàæàòè, ùî V ⊆Pλ(θ, S) \Ax.

Çàôiêñó¹ìî äîâiëüíèé åëåìåíò (t, c−1d) ∈ V . Çàóâàæèìî, ùî
(t, c−1d) = (t, c−1d) ∗ (1S , d

−1d) i (t, c−1d) = (1S , c
−1c) ∗ (t, c−1d).

Ç íàïiâãðóïîâî¨ îïåðàöi¨ (1) âèçíà÷åíî¨ íà Pλ(θ, S) âèïëèâà¹, ùî x /∈ suff(d) i x /∈
suff(c). Îòîæ, ÿêùî c 6= ε i d 6= ε, i âðàõóâàâøè, ùî x � ëiòåðà àëôàâiòó λ, òî



38
Îëåã ÃÓÒIÊ, Ïàâëî ÕÈËÈÍÑÜÊÈÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90

îòðèìó¹ìî ðiâíîñòi

(1S , d
−1d) ∗ (1S , x

−1x) = 0 i (1S , c
−1c) ∗ (1S , x

−1x) = 0,

ç ÿêèõ âèïëèâà¹, ùî

(t, c−1d) ∗ (1S , x
−1x) = (t, c−1d) ∗ (1S , d

−1d) ∗ (1S , x
−1x) = (t, c−1d) ∗ 0 = 0 ∈W

i

(1S , x
−1x) ∗ (t, c−1d) = (1S , x

−1x) ∗ (1S , c
−1c) ∗ (t, c−1d) = 0 ∗ (t, c−1d) = 0 ∈W.

Îòðèìàëè ïðîòèði÷÷ÿ. Îòîæ c = d = ε, à îòæå, V ⊆ Sε.
(ii) Çà òâåðäæåííÿì (i) äëÿ òî÷êè (s, ε) iñíó¹ ¨¨ âiäêðèòèé îêiëW ⊆ Sε. Îñêiëüêè

(s, w) ∗ (1S , w
−1) = (s, ε) äëÿ äîâiëüíîãî ñëîâà w ∈ λ∗, òî ç íàðiçíî¨ íåïåðåðâíîñòi

íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V òî÷êè
(s, w) òàêèé, ùî V ∗ (1S , w

−1) ⊆W . ßêùî (t, c−1d) ∈ V , òî ç ðiâíîñòi

(t, c−1d) ∗ (1S , w
−1) =


(t, c−1d1), ÿêùî w ∈ suffo(d) i d = d1w;
(t, c−1), ÿêùî d = w;

(θ|w1|(t), c−1w−11 ), ÿêùî d ∈ suffo(w) i w = w1d;
0, â iíøèõ âèïàäêàõ

òà âêëþ÷åííÿ W ⊆ Sε îòðèìó¹ìî, ùî c = d1 = w1 = ε, à îòæå, d = w. Çâiäêè
âèïëèâà¹, ùî V ⊆ Sw.

Äîâåäåííÿ òâåðäæåííÿ (iii) àíàëîãi÷íå äî (ii).

(iv) Çàôiêñó¹ìî äîâiëüíèé åëåìåíò (s, u−1v) íàïiâãðóïè Pλ(θ, S). Î÷åâèäíî, ùî
âèêîíóþòüñÿ ðiâíîñòi

(s, u−1v) ∗ (1S , v
−1) = (s, u−1) i (1S , u) ∗ (s, u−1v) = (s, v).

Ç òâåðäæåíü (ii) i (iii) âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè W(s,u−1) i W(s,v) òî÷îê
(s, u−1) i (s, v) â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ), âiäïîâiäíî, òàêi, ùîW(s,u−1) ⊆
Su−1 i W(s,v) ⊆ Sv. Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ)

âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V(s,u−1v) òî÷êè (s, u−1v) òàêèé, ùî

V(s,u−1v) ∗ (1S , v
−1) ⊆W(s,u−1) i (1S , u) ∗ V(s,u−1v) ⊆W(s,v).

Çàôiêñó¹ìî äîâiëüíó òî÷êó (t, x−1y) ∈ V(s,u−1v). Òîäi

(t, x−1y) ∗ (1S , v
−1) = (t1, u

−1) i (1S , u) ∗ (t, x−1y) = (t2, v),

äëÿ äåÿêèõ t1, t2 ∈ S. Ç êîæíî¨ ç öèõ ðiâíîñòåé âèïëèâà¹, ùî x ¹ ñóôiêñîì ñëîâà u,
a y ¹ ñóôiêñîì ñëîâà v. �

Äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ ïîçíà÷èìî

P
[u−1v]
λ (θ, S) =

{
(s, u−1a−1bv) ∈Pλ(θ, S) : s ∈ S, a, b ∈ λ∗

}
.

Ëåìà 3. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðóïi

Pλ(θ, S). Òîäi äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ ïiäïðîñòið P
[u−1v]
λ (θ, S) â (Pλ(θ, S), τ)

ãîìåîìîðôíèé ïðîñòîðó (Pλ(θ, S), τ).
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Äîâåäåííÿ. Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹,
ùî âiäîáðàæåííÿ

f : Pλ(θ, S)→P
[u−1v]
λ (θ, S), x 7→ (1S , u

−1) ∗ x ∗ (1S , v)

i
h : P

[u−1v]
λ (θ, S)→Pλ(θ, S), x 7→ (1S , u) ∗ x ∗ (1S , v

−1)

¹ íåïåðåðâíèìè. Î÷åâèäíî, ùî f ◦ h i h ◦ f � òîòîæíi âiäîáðàæåííÿ ìíîæèí

P
[u−1v]
λ (θ, S) i Pλ(θ, S), âiäïîâiäíî, çâiäêè âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Ç ëåì 2 i 3 âèïëèâà¹ íàñëiäîê 7.

Íàñëiäîê 7. Íåõàé u, v ∈ λ∗ i τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ
íà íàïiâãðóïi Pλ(θ, S). Òîäi:

(i) äëÿ äîâiëüíî¨ òî÷êè (s, u−1v) iñíó¹ ¨¨ âiäêðèòèé îêië V ∩ P
[u−1v]
λ (θ, S) ⊆

Su−1v;
(ii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, u−1wv) òàêèé, ùî V ∩P
[u−1v]
λ (θ, S) ⊆ Su−1wv;

(iii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé
îêië V òî÷êè (s, u−1w−1v) òàêèé, ùî V ∩P

[u−1v]
λ (θ, S) ⊆ Su−1w−1v.

Ëåìà 4. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðó-
ïi Pλ(θ, S) òàêà, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêèõ íåïîðîæíiõ ñëiâ u, v ∈ λ∗. Òîäi Su−1 i Sv � çàìêíåíi ïiä-
ìíîæèíè â (Pλ(θ, S), τ).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, u−1) ∗ (1S , v) = (s, u−1v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , v) ∈ Su−1v.

Òîäi

(t, x−1y) ∗ (1S , v) = (t · θ|y|(1S), x−1yv) =

= (t · 1S , x−1yv) =

= (t, x−1yv),

à îòæå, y = ε i x = u. Îòîæ ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v ñòîñîâíî ïðàâîãî
çñóâó íà åëåìåíò (1S , v) ¹ ìíîæèíà Su−1 . Îñêiëüêè çñóâè â (Pλ(θ, S), τ) íåïåðåðâíi
âiäîáðàæåííÿ, òî çà òåîðåìîþ 1.4.1 ç [11], Su−1 � çàìêíåíà ïiäìíîæèíà â òîïîëî-
ãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Àíàëîãi÷íî, äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , u
−1) ∗ (s, v) = (s, u−1v).

ßêùî (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , u
−1) ∗ (t, x−1y) ∈ Su−1v,
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òî

(1S , u
−1) ∗ (t, x−1y) = (θ|x|(1S) · t, u−1x−1y) =

= (1S · t, u−1x−1y) =

= (t, u−1x−1y),

à îòæå, y = v i x = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v

ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , u
−1) ¹ ìíîæèíà Sv. Äàëi çíîâó ç òåîðåìè 1.4.1

[11] âèïëèâà¹, ùî Sv � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ). �

Ëåìà 5. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Su−1 � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêîãî íåïîðîæíüîãî ñëîâà u ∈ λ∗. Òîäi Sε � çàìêíåíà ïiäìíî-
æèíà â (Pλ(θ, S), τ).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , u
−1) ∗ (s, ε) = (s, u−1).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , u
−1) ∗ (t, x−1y) ∈ Su−1 .

Òîäi

(1S , u
−1) ∗ (t, x−1y) = (θ|x|(1S) · t, u−1x−1y) =

= (1S · t, u−1x−1y) =

= (t, u−1x−1y),

à îòæå, x = y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1 ñòîñîâ-
íî ëiâîãî çñóâó íà åëåìåíò (1S , u

−1) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ)
íåïåðåðâíi âiäîáðàæåííÿ, òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíîæèíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). �

Ëåìà 6. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Sv � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêîãî íåïîðîæíüîãî ñëîâà v ∈ λ∗. Òîäi Sε � çàìêíåíà ïiäìíî-
æèíà â (Pλ(θ, S), τ).

Äîâåäåííÿ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëü-
íîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, ε) ∗ (1S , v) = (s, v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , v) ∈ Sv.
Òîäi

(t, x−1y) ∗ (1S , v) = (t · θ|y|(1S), x−1yv) =

= (t · 1S , x−1yv) =

= (t, x−1yv),
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à îòæå, x = y = ε. Îòîæ ïîâíèì ïðîîáðàçîì ìíîæèíè Sv ñòîñîâíî ïðàâîãî çñóâó
íà åëåìåíò (1S , v) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè,
òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). �

Òåîðåìà 3. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Sε � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). Òîäi Su−1v � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ
u, v ∈ λ∗.

Äîâåäåííÿ. Òåîðåìó äîâåäåìî iíäóêöi¹þ ïî äîâæèíi ñëiâ u, v ∈ λ∗.
Ñïî÷àòêó äîâåäåìî, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äî-

âiëüíèõ ñëiâ u, v ∈ λ∗, äîâæèíè ÿêèõ íå ïåðåâèùóþòü 1.
Íåõàé a � äîâiëüíà ëiòåðà àëôàâiòó λ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â

Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, a) ∗ (1S , a
−1) = (s · 1S , ε) = (s, ε).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî (t, x−1y) ∗
(1S , a

−1) ∈ Sε. Òîäi

(t, x−1y) ∗ (1S , a
−1) =


(θ(t)), x−1a−1), ÿêùî y = ε; (11)

(t, x−1), ÿêùî y = a; (12)
(t, x−1y1), ÿêùî y = y1a òà y1 6= ε; (13)

0, â iíøèõ âèïàäêàõ. (14)

Î÷åâèäíî, ùî âèïàäêè (11), (13) òà (14) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(12). Îòîæ îòðèìà¹ìî, ùî x = ε i y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì
ìíîæèíè Sε ñòîñîâíî ïðàâîãî çñóâó íà åëåìåíò (1S , a

−1) ¹ ìíîæèíà Sa. Îñêiëüêè
çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sa � çàìêíåíà
ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Äàëi, äëÿ äîâiëüíî¨ ëiòåðè b àëôàâiòó λ, ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â
Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , b) ∗ (s, b−1) = (1S · s, ε) = (s, ε).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Sε.

Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (21)

(t, y), ÿêùî x = b; (22)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (23)

0, â iíøèõ âèïàäêàõ. (24)

Î÷åâèäíî, ùî âèïàäêè (21), (23) òà (24) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(22). Îòîæ ìà¹ìî, ùî x = b i y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíî-
æèíè Sε ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹ ìíîæèíà Sb−1 . Îñêiëüêè çñóâè â
(Pλ(θ, S), τ) ¹ íåïåðåðâíèìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sb−1 � çàìêíåíà ïiäìíî-
æèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).
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Íåõàé a òà b � äîâiëüíi ëiòåðè àëôàâiòó λ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨
â Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , b) ∗ (s, b−1a) = (s, a).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Sa.

Ðîçãëÿíåìî äâà âèïàäêè a = b é a 6= b. Ïðèïóñòèìî, ùî a = b. Òîäi

(1S , a) ∗ (t, x−1y) =


(θ(t)), ay), ÿêùî x = ε; (31)

(t, y), ÿêùî x = a; (32)
(t, x−11 y), ÿêùî x = x1a òà x1 6= ε; (33)

0, â iíøèõ âèïàäêàõ. (34)

Î÷åâèäíî, ùî âèïàäêè (33) òà (34) íåìîæëèâi, à îòæå, âèêîíóþòüñÿ âèïàäêè (31)
òà (32). Ó âèïàäêó (31) ìàòèìåìî, ùî x = y = ε òà ó âèïàäêó (32) ìà¹ìî, ùî
x = y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Sa ñòîñîâíî ëiâîãî
çñóâó íà åëåìåíò (1S , a) ¹ ìíîæèíà Sa−1a ∪Sε. Ç íåïåðåðâíîñòi çñóâiâ ó (Pλ(θ, S), τ)
òà òåîðåìè 1.4.1 [11] âèïëèâà¹, ùî Sa−1a∪Sε � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ).
Çà ëåìîþ 2(i), Sε � âiäêðèòà ïiäìíîæèíà â (Pλ(θ, S), τ), à îòæå, Sa−1a � çàìêíåíà
ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Ïðèïóñòèìî, ùî a 6= b. Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (41)

(t, y), ÿêùî x = b; (42)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (43)

0, â iíøèõ âèïàäêàõ. (44)

Î÷åâèäíî, ùî âèïàäêè (41), (43) òà (44) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(42). Îòîæ ìà¹ìî, ùî x = b i y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíî-
æèíè Sa ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹ ìíîæèíà Sb−1a. Îñêiëüêè çñóâè
â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sb−1a �
çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Òåïåð äîâåäåìî êðîê iíäóêöi¨: ç òîãî, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â
(Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ äîâæèíè < k âèïëèâà¹, ùî Sw−1z � çàìê-
íåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ w, z ∈ λ∗ äîâæèíè 6 k.

Íåõàé u ∈ λ∗ � ñëîâî äîâæèíè k i v ∈ λ∗ � ñëîâî äîâæèíè < k. Íåõàé b ∈ λ �
îñòàííÿ ëiòåðà ñëîâà u, òîáòî u = u1b äëÿ äåÿêîãî ñëîâà u1 ∈ λ∗ äîâæèíè k−1. Òîäi

(1S , b) ∗ (s, u−1v) = (1S , b) ∗ (s, b−1u−11 v) = (s, u−11 v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Su−1
1 v.

Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (51)

(t, y), ÿêùî x = b; (52)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (53)

0, â iíøèõ âèïàäêàõ. (54)
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Îñêiëüêè ñëîâî u1 ∈ λ∗ ìà¹ äîâæèíó k− 1, òî âèïàäêè (51), (52) i (54) íåìîæëèâi, à
îòæå, âèêîíó¹òüñÿ âèïàäîê (53). Îòîæ ìà¹ìî, ùî x = u1b i y = v. Çâiäñè âèïëèâà¹,
ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1

1 v ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹
ìíîæèíà Su−1v. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî
çà òåîðåìîþ 1.4.1 ç [11], Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ).

Íåõàé u ∈ λ∗ � ñëîâî äîâæèíè 6 k i v ∈ λ∗ � ñëîâî äîâæèíè k. Íåõàé a ∈ λ �
îñòàííÿ ëiòåðà ñëîâà v, òîáòî v = v1a äëÿ äåÿêîãî ñëîâà v1 ∈ λ∗ äîâæèíè k− 1. Òîäi

(s, u−1v) ∗ (1S , a
−1) = (s, u−1v1a) ∗ (1S , a

−1) =

= (s · 1S , u−1v1) =

= (s, u−1v1).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , a
−1) ∈ Su−1v1 .

Òîäi

(t, x−1y) ∗ (1S , a
−1) =


(θ(t)), x−1a−1), ÿêùî y = ε; (61)

(t, x−1), ÿêùî y = a; (62)
(t, x−1y1), ÿêùî y = y1a òà y1 6= ε; (63)

0, â iíøèõ âèïàäêàõ. (64)

Îñêiëüêè ñëîâî v1 ∈ λ∗ ìà¹ äîâæèíó k − 1, òî âèïàäêè (61), (62) òà (64) íåìîæëèâi,
à îòæå, âèêîíó¹òüñÿ âèïàäîê (63). Îòîæ ìà¹ìî, ùî x = u i y = v1a. Çâiäñè âèïëèâà¹,
ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v1 ñòîñîâíî ïðàâîãî çñóâó íà åëåìåíò (1S , a

−1)
¹ ìíîæèíà Su−1v. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè,
òî çà òåîðåìîþ 1.4.1 ç [11], Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). Öå çàâåðøó¹ äîâåäåííÿ êðîêó iíäóêöi¨, à îòæå, âèêîíó¹òüñÿ òâåðäæåí-
íÿ òåîðåìè. �

Íåõàé (S, τS) � íàïiâòîïîëîãi÷íèé ìîíî¨ä i θ : S → HS(1) � íåïåðåðâíèé ãîìî-
ìîðôiçì ç S ó éîãî ãðóïó îäèíèöü HS(1). Áóäåìî ãîâîðèòè, ùî íàïiâòîïîëîãi÷íèé
ìîíî¨ä (Pλ(θ, S), τPλ

) ¹ òîïîëîãi÷íèì λ-ïîëiöèêëi÷íèì ðîçøèðåííÿì Áðóêà-Ðåéëi
ìîíî¨äà (S, τS) iç âèçíà÷åíèì ãîìîìîðôiçìîì θ â êëàñi íàïiâòîïîëîãi÷íèõ íàïiâ-
ãðóï STS, ÿêùî âiäîáðàæåííÿ Υ: (S, τS)→ (Pλ(θ, S), τPλ

), îçíà÷åíå çà ôîðìóëîþ
Υ: s 7→ (s, ε), ¹ òîïîëîãî-àëãåáðè÷íèì âêëàäåííÿì i (S, τS), (Pλ(θ, S), τPλ

) ∈ STS.
ßêùî íàïiâòîïîëîãi÷íà íàïiâãðóïà (S, τS) íå ìiñòèòü îäèíèöi, òî ïðè¹äíàâøè îäèíè-
öþ 1S äî (S, τS) ÿê içîëüîâàíó òî÷êó òà îçíà÷èâøè ãîìîìîðôiçì θ : S → HS(1), s 7→ 1,
ìè àíàëîãi÷íî, ÿê i â [1], îòðèìó¹ìî òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåííÿì Áðó-
êà ìîíî¨äà (S, τS). Çàóâàæèìî, ùî ç òâåðäæåííÿ 15 âèïëèâà¹, ùî òîïîëîãi÷íèé içî-
ìîðôiçì âêëàäåííÿ Υ: (S, τS) → (Pλ(θ, S), τPλ

) ìîæíà âèçíà÷àòè é çà ôîðìóëîþ
Υ: s 7→ (s, w−1w), äå w � äîâiëüíå ñëîâî âiëüíîãî ìîíî¨äà λ∗.

Ç òâåðäæåííÿ 14 âèïëèâà¹, ùî äëÿ äîâiëüíî¨ íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè
(S, τS) iñíó¹ òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåííÿ Áðóêà-Ðåéëi (Pλ(θ, S), τ)
íàïiâãðóïè (S, τS) iç âèçíà÷åíèì ãîìîìîðôiçìîì θ â êëàñi íàïiâòîïîëîãi÷íèõ íà-
ïiâãðóï òàêå, ùî äëÿ äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v

âiäêðèòî-çàìêíåíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ) i íóëü 0 ¹ içîëüîâàíîþ
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òî÷êîþ öüîãî ïðîñòîðó. Òîìó ïðèðîäíî âèíèêà¹ òàêå çàïèòàííÿ: çà ÿêèõ óìîâ íà
íàïiâòîïîëîãi÷íó íàïiâãðóïó (S, τS) óñi òîïîëîãi÷íi λ-ïîëiöèêëi÷íi ðîçøèðåííÿ
Áðóêà-Ðåéëi (Pλ(θ, S), τ) íàïiâãðóïè (S, τS) ìàþòü îäíó, ÷è îáèäâi ç öèõ âèùå
ïåðåëi÷åíèõ âëàñòèâîñòåé?

Íà çàâåðøåííi ìè äà¹ìî ÷àñòêîâó âiäïîâiäü íà çàïèòàííÿ: çà ÿêèõ óìîâ ïiäìíî-
æèíà Su−1v âiäêðèòî-çàìêíåíà â äîâiëüíîìó òîïîëîãi÷íîìó λ-ðîçøèðåííi Áðóêà-
Ðåéëi (Pλ(θ, S), τ) íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè (S, τS)?

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ êîìïàêòíèì, ÿêùî êîæíå
âiäêðèòå ïîêðèòòÿ ïðîñòîðó X ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ.

Íàïiâòîïîëîãi÷íà íàïiâãðóïà S íàçèâà¹òüñÿ H-çàìêíåíîþ â êëàñi ãàóñäîðôî-
âèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï STS, ÿêùî S ∈ STS i êîæíà íàïiâòîïîëîãi÷íà
íàïiâãðóïà T ∈ STS, ùî ìiñòèòü íàïiâãðóïó S, ìiñòèòü íàïiâãðóïó S ÿê çàìêíåíèé
ïiäïðîñòið [13].

Òåîðåìà 4. Íåõàé (S, τS) � ãàóñäîðôîâèé íàïiâòîïîëîãi÷íèé ìîíî¨ä, θ : S → HS(1)
� íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåí-
íÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâ-
ãðóï. ßêùî (S, τS) ìiñòèòü ëiâèé (ïðàâèé, äâîái÷íèé) iäåàë, ÿêèé ¹ H-çàìêíåíîþ
íàïiâãðóïîþ â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï, òî äëÿ äîâiëüíèõ
ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà â òîïîëîãi÷-
íîìó ïðîñòîði (Pλ(θ, S), τ).

Äîâåäåííÿ. Çà òåîðåìîþ 3 íàì äîñòàòíüî äîâåñòè, ùî Sε � çàìêíåíà ïiäìíîæèíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ), îñêiëüêè â öüîìó âèïàäêó ç ëåìè 2 âèïëèâà¹,
ùî âñi ìíîæèíè âèãëÿäó Su−1v âiäêðèòi â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Ïðèïóñòèìî, ùî íàïiâãðóïà (S, τS) ìiñòèòü ëiâèé iäåàë I, ùî ¹ H-çàìêíåíîþ
íàïiâãðóïîþ â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. Òîäi

Iε = {(s, ε) : s ∈ I}
¹ çàìêíåíîþ ïiäíàïiâãðóïîþ â íàïiâòîïîëîãi÷íié íàïiâãðóïi (Pλ(θ, S), τ). Çàôiêñó-
¹ìî äîâiëüíèé åëåìåíò (s0, ε) ∈ Iε. Î÷åâèäíî, ùî (t, ε) ∗ (s0, ε) ∈ Iε äëÿ äîâiëüíîãî
åëåìåíòà t ∈ S. Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî
(t, x−1y) ∗ (s0, ε) ∈ Sε. Òîäi

(t, x−1y) ∗ (s0, ε) =


(ts0, ε), ÿêùî x = y = ε; (71)

(ts0, x
−1), ÿêùî x 6= ε i y = ε; (72)

(tθ|y|(s), x−1y), ÿêùî x 6= ε i y 6= ε. (73)

Î÷åâèäíî, ùî âèïàäêè (72) òà (73) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê (71).
Îòîæ ìà¹ìî, ùî x = y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Iε
ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (s0, ε) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ)
¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíî-
æèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). Äàëi ñêîðèñòà¹ìîñÿ òåîðåìîþ 3.

Äîâåäåííÿ ó âèïàäêó ïðàâîãî, ÷è äâîái÷íîãî iäåàëó, àíàëîãi÷íå. �

Ç òåîðåìè 4 âèïëèâà¹ íàñëiäîê 8.

Íàñëiäîê 8. Íåõàé (S, τS) � ãàóñäîðôîâèé íàïiâòîïîëîãi÷íèé ìîíî¨ä, θ : S →
HS(1) � íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå
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ðîçøèðåííÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ
íàïiâãðóï. ßêùî (S, τS) ìiñòèòü êîìïàêòíèé ëiâèé (ïðàâèé, äâîái÷íèé) iäåàë, òî
äëÿ äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà
â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Òåîðåìà 5. Íåõàé (S, τS) � ãàóñäîðôîâèé òîïîëîãi÷íèé iíâåðñíèé ìîíî¨ä, θ : S →
HS(1) � íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå
ðîçøèðåííÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ ií-
âåðñíèõ íàïiâãðóï. ßêùî íàïiâãðóïà S ìiñòèòü ìiíiìàëüíèé iäåìïîòåíò, òî äëÿ
äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Äîâåäåííÿ. Îñêiëüêè â òîïîëîãi÷íié iíâåðñíié íàïiâãðóïi S iíâåðñiÿ òà íàïiâãðóïîâà
îïåðàöiÿ íåïåðåðâíi, òî êîæíà ìàêñèìàëüíà ïiäãðóïà â S, à îòæå, i êîæåí H -êëàñ, ¹
çàìêíåíîþ ïiäìíîæèíîþ â S [10]. Çâiäñè âèïëèâà¹, ÿêùî e0 � ìiíiìàëüíèé iäåìïî-
òåíò íàïiâãðóïè S, òî ìàêñèìàëüíà ïiäãðóïà H(e0, ε) â Pλ(θ, S), ùî ìiñòèòü iäåìïî-
òåíò (e0, ε), ¹ çàìêíåíîþ ïiäìíîæèíîþ â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). Äàëi
äîâåäåííÿ àíàëîãi÷íå äî òåîðåìè 4. �

Çàóâàæåííÿ 2. Íàïiâãðóïà Áðóêà�Ðåéëi B(S, θ) íàä ìîíî¨äîì S (äèâ. [20, ïiäðîç-
äië II.5]) ¹, î÷åâèäíî, ïiäíàïiâãðóïîþ â Pλ(θ, S). Çàóâàæèìî, ùî ç òåîðåì 3 i 4
âèïëèâàþòü îñíîâíi ðåçóëüòàòè, îòðèìàíi â ïðàöÿõ [1, 2, 15] äëÿ òîïîëîãi÷íèõ ðîç-
øèðåíü Áðóêà�Ðåéëi òîïîëîãi÷íèõ i íàïiâòîïîëîãi÷íèõ íàïiâãðóï.
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In the paper we introduce a notion of the Bruck-Reilly λ-polycyclic extensi-
on of a monoid S with a homomorphism θ which is an analogue of the
Bruck-Reilly extension of a monoid S. We describe idempotens of the semi-
group (Pλ(θ, S), ∗) and Green's relations on (Pλ(θ, S), ∗). It is proved that
(Pλ(θ, S), ∗) is a 0-simple semigroup for any semigroup S. We �nd necessary
and su�cient conditions on a monoid S and a homomorphism θ under which
the semigroup (Pλ(θ, S), ∗) is regular, inverse, 0-bisimple, combinatorial,
congruence free, or inverse 0-E-unitary. Also we study topologizations of the
semigroup (Pλ(θ, S), ∗).

Key words: semigroup, polycyclic monoid, extension, semitopological semi-
group, topological semigroup.
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