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In industry, structural elements with small cracks are widely used; however,
little research has been done on relatively simple methods for lifetime evaluati-
on of such structural elements. This study proposes a generalization of the
equivalent area method for a case of small fatigue cracks using an alternative
representation of the relation between the crack propagation rate and the crack
tip opening. A tension problem for a three-dimensional body with an elliptical
crack has been solved analytically by applying the generalized equivalent area
method and numerically by the Runge-Kutta method. The comparison of the
obtained solutions has shown a good correlation of the results that con�rms
the potential application of the generalized equivalent area method to short
crack problems.

Key words: short cracks, fatigue fracture of three-dimensional bodies, elli-
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1. Introduction

For a simpli�ed determination of residual lifetime of materials and structural
elements, the equivalent area method can be applied, which helps to calculate lifetime
for di�erent problems, such as long cracks [1, p. 85-89], [2], elliptical edge cracks [1, p. 87-
89] and creep cracks [3].

However, in structural elements under operation, mostly small cracks prevail, since
structural elements with long cracks are subject to repair or replacement. Even though
structural elements with short cracks are mostly under operation, the approximated
investigation methods for such cases are relatively little developed. In this study, an
attempt has been made to formulate such method for a case of small cracks; namely, to
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generalize the equivalent area method which has been formulated earlier [1, p. 85-89] for
the long cracks.

2. Mathematical Model for Fatigue Growth of a Small Crack
with a Convex Contour

Consider a three-dimensional body with a plane small crack of an initial area S0

subject to cyclic loading of an amplitude p and a period of cycle T (�g. 1). The external
loading is applied in a way that the stress-strain state is symmetric about the crack plane.
In this case, the stress-strain state in the fracture process zone in front of the crack tip
can be described only by its opening δI [4, p. 29-30].

The problem is to determine the number of load cycles N = N∗, when as result of
fatigue fracture the crack rises to the critical size S = S∗ and the body collapses.

Fig. 1. Three-dimensional body with a small plane crack

Since the crack size is small and the self-similarity conditions are not met [4, p. 29],
the energy approach in deformation parameters [2] is used to solve the problem.

Taking into account that under fatigue loading, the crack grows by small jumps of
size ∆Sc over a large number of cycles ∆Nc, the crack growth can be considered to be
continuous from the initial size S = S0 to the �nal one S = S∗ [5]. Then the crack growth
rate V can be written as follows:

V =
dS

dN
≈ ∆Sc

∆Nc
.

For each crack jump ∆Sc, the energy balance has the following form [2,6]:

A = W + Γ, (1)

where A is the work of external forces, W the deformation energy, and Γ the fracture
energy of a body for the crack area change.
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The deformation energy W generated with the crack propagation on a jump size
∆Sc, consists of the following components [5]:

W = Ws +W (1)
p (S)−W (2)

p (t),

where WS is the elastic component of W ; W
(1)
p (S) is the part of the work of plastic

deformations that depends only on the crack area S; W
(2)
p (t) is the part of the work of

plastic deformations that depends only on time t (respectively, the number of loading
cycles N = tT−1) and is generated by the body during its unloading and compression of
the fracture process zone.

From the condition of the energy rate balance [2, 6]

∂A

∂N
=
∂W

∂N
+
∂Γ

∂N

and with respect to the energy balance (1), we obtain [6]

∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)] dS
dN
− ∂W

(2)
p

∂N
= 0. (2)

Then from equation (2), the crack growth rate can be derived [6]

dS

dN
=

[
∂W

(2)
p

∂N

]/
∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)]
. (3)

According to [2, 5], the denominator in (3) can be rewritten in the form

∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)]
= γf − L−1

∫
L

σt(ξ)δtmax(0, ξ)dξ, (4)

where L is the crack contour; γf the speci�c fracture energy at fatigue crack propagation
that is determined by the formula γf = σtδc; σt the average strain in the fracture process
zone; δtmax(0, ξ) the maximal opening δt(0, ξ) of the fracture process zone near the crack
contour per cycle for the stress σt; δc the critical opening of the fracture process zone,
and ξ is the coordinate on the crack contour L.

To determine the work of plastic deformationsW
(2)
p (t) generated by the body during

its unloading and compression of the fracture process zone, let us �rst calculate the length
of the crack jump during its fatigue propagation [7, p. 133]:

lfp ≈ α0∆δt(0, ξ) = α0 [δtmax(0, ξ)− δtmin(0, ξ)] ,

where α0 is a constant determined from an experiment, and δtmin(0, ξ) is the minimal
opening δt(0, ξ) of the fracture process zone per cycle.

Since the opening δt(x, ξ) changes little in a small neighbourhood of the crack
contour and it is considered to be constant over the variable x [7],

δt(x, ξ) ≈ δt(0, ξ) at 0 ≤ x ≤ x∗, (5)

the work of plastic deformations W
(2)
p (t) can be expressed by the formula [8]:

W (2)
p (N) = α0N

∫
L

σt[δtmax(0, ξ)− δtmin(0, ξ)]
2
dξ −W (2)

0

 , (6)
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where W
(2)
0 is the energy per cycle that does not initiate fatigue fracture of the material,

de�ned as [8]

W
(2)
0 =

∫
L

σt(ξ)N(δthmax − δthmin)
2
dξ,

δthmax and δthmin is the maximal and the minimal values of the lower threshold of the
opening of the fracture process zone near the crack contour δth at which the crack does
not propagate.

Then, the combination of (6), (4) and (3) gives the following formula for the fatigue
crack growth rate [8]:

dS

dN
=

α0(1−Rδ)
2
∫
L

σt
[
δ2tmax(0, ξ)− δ2thmin

]
dξ

σtδfc − L−1
∫
L

σt(ξ)δtmax(0, ξ)dξ

, (7)

where δfc is the critical value of the fracture process zone δt under fatigue loading.
Initial and �nal conditions for this problem are the following:

N = 0, S(0) = S0; (8)

and, respectively,

N = N∗, S(N∗) = S∗. (9)

The critical area value S∗, at which the fracture occurs, can be expressed from the critical
crack opening displacement criterion [4, p. 139]:

δt(S∗) = δfc. (10)

Hence, the mathematical model (7)�(10) allows calculating the period of subcritical
growth of a small fatigue crack with a convex contour.

3. Generalization of the Equivalent Area Method for Small
Cracks

The application of the mathematical model (7)�(10) for determination of residual
lifetime for cracks of arbitrary contours involves mathematical di�culties [2]. In order to
simplify the solution process, let us generalize the equivalent area method for the case of
short fatigue cracks.

Suppose that the energy valuesW
(1)
p andW

(2)
p slightly di�er for two arbitrary small

cracks of convex contours L and equal area S under the condition of homogenous tensile
stresses p. In this regard, one of these con�gurations can be replaced by a circle of radius
r and equal length S = πr2. According to the assumption, a crack of an arbitrary convex

contour L and an equal length has the energy values W
(1)
p and W

(2)
p that only slightly

di�er from the corresponding values for a circular crack W
(1)(c)
p and W

(2)(c)
p [2].

Thus, the character of the area change for a crack with an arbitrary convex contour
L and a crack of a circular contour with the equal area S are close. This concept is in
agreement with the ideas described in [1, p. 85-89].
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Let us use this approach to the problem in consideration. Based on the equivalent
area method, let us substitute the small plane crack of a convex contour for a circular
crack of the initial radius r0 and the equal area [1, p. 85]:

S0 = S
(c)
0 , (11)

where S0 is the initial area of the plane crack, and S
(c)
0 = πr20 is the area of the equivalent

circular crack.
From relation (11), the value of the initial radius of the equivalent short crack can

be obtained [1, p. 87]:

r0 =
√
S0/π.

The growth rate of the circular crack based on (7) can be written in the following
form as a function of the opening of its fracture process zone [8]:

V = α0

(
1−R2

)2(δ(c)I )2 − δ2th
δIc − δ(c)I

, (12)

where R is the load ratio, and δ
(c)
I is the opening of the fracture process zone of the

circular crack.
Consequently, the solution of the problem, similarly to [3], can be reduced to the

following mathematical model:

dr

dN
= α0

(
1−R2

)2(δ(c)I )2 − δ2th
δIc − δ(c)I

(13)

with initial

N = 0, r(0) = r0 =
√
S0/π (14)

and �nal conditions

N = N∗, r (N∗) = r∗. (15)

The critical value of the circular crack radius r∗ can be found using the critical crack
opening displacement criterion (10):

δ
(c)
I (r∗) = δIc. (16)

Thus, the problem is reduced to the determination of the opening of the fracture
process zone for a circular crack.

4. Evaluation of the Opening of the Fracture Process Zone in
Front of the Contour of a Circular Crack

Consider an in�nite elastic body with an inner disc-shaped crack of radius a (�g. 2)
subject to tension at in�nity by uniformly distributed loading of intensity p, directed
orthogonally to the crack face [4, p. 199].

During the loading process, a plastic zone appears in the neighbourhood of the crack
contour in the form of a plain ring of the size R − a, where R is the boundary radius
between the regions of elastic and plastic deformations [4, p. 199].
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Fig. 2. Uniaxial tension of a tree-dimensional body with a disc-shaped
crack [4, p. 199]

The opening of the fracture process zone δI for the generalized Sack's problem is
given by the formula [4, p. 200]:

δI =

8aσt(1− ν2) ·

(
1−

√
1−

(
p
σt

)2)
πE

, (17)

where ν is Poisson's ratio, σt the yield stress, and E Young's modulus.
Based on formula (17), the following expression can be obtained via numerical

analysis for determination of the opening of the fracture process zone:

δI =
4ap2(1− ν2)

πσtE
4

√
1−

(
p
σt

)2 , (18)

or in the SIF parameters

δI =
K2
I (1− ν2)

σtE
4

√
1−

(
p
σt

)2 , (19)

where the stress intensity factor (SIF) KI for Sack's problem is given by [9, p. 131]:

KI =
2
√
ap√
π
. (20)

A comparison of the openings of the fracture process zone obtained by the proposed
formula (18) and (17), conducted for a specimen from steel 65Ã (analogue to 1066) with
the following properties: E = 2 · 105 ÌPà, σt = 910 ÌPà [10], shows that the proposed
formula models quite well the exact relation between the opening of the fracture process
zone and the crack size for di�erent load values for the generalized Sack's problem.
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To solve the generalised Sack's problem and determine the critical loading under
uniaxial loading of a three-dimensional body, the following relation can be used [4, p. 202]:

p∗ =

{
σt, a < a∗;

σt
√

2a∗/a
√

1− a∗/2a , a > a∗.
(21)

Relation (19) can be also employed to determine the critical loading of a three-
dimensional body. It is known [4, p. 201] that the critical crack size for the generalised
Sack's problem is calculated by the formula:

a∗ =
πEδI

8σt(1− ν2)
. (22)

Then having substituted (22) into the obtained formula for determination of the
opening of the fracture process zone in front of a crack contour (18) and having grouped
the dimensionless loading values p∗/σt and crack sizes a/a∗, we obtain the following
expression for the critical loading:

1

16

(
p∗
σt

)8(
a

a∗

)4

+

(
p∗
σt

)2

= 1. (23)

Fig. 3 presents the comparison of the solutions obtained by formulas (21) and (23).
It is shown that formula (23) is correct for solving of the generalized Sack's problem and
contrary to (21), models the relation between the stress and the crack size by one relation
in the whole range of the dimensionless crack size. Thus, formula (23) is valid both for
spontaneous fracture (a/a∗ > 1) and for subcritical crack growth (a/a∗ < 1).

Fig. 3. Solution comparison of the generalized Sack's problem: solid
line is the exact solution by the formula (21), dashed line solution by
(23)

In addition, let us conduct a numerical experiment based on the generalized Sack's
problem for the steel 65Ã (analogue to 1066) using the proposed formula for determination



GENERALIZATION OF THE EQUIVALENT AREA METHOD
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89 113

of the opening of the fracture process zone (19). On Gri�th's problem, it has been
veri�ed [8, 11, 12] that the approach to present the crack growth rate via the opening in
its tip is invariant contrary to the employment of a stress intensity factor. Let us use this
approach to Sack's problem for a three-dimensional body.

It is considered that the crack sizes are kept within the range 1 ≤ a ≤ 10 mm.
The material properties (steel 65Ã (analogue to 1066) tempered at 600 �) [10] R = 0.1,
E = 2.1 · 105 ÌPà, σt = 910 ÌPà, ν = 0.3, ∆Kth = 7.4 MPa

√
m, ∆Kfc = 118 MPa

√
m

are used to calculate the initial data and experimental parameters: Kth = 8.2 MPa
√
m,

Kfc = 131.1 MPa
√
m, δc = 8.99 · 10−5 m, δth = 3.54 · 10−7 m, α0 = 0.197.

The experiment is conducted for �ve crack propagation series at di�erent fatigue
loading values p: 1 � 500 ÌPà, 2 � 700 ÌPà, 3 � 800 ÌPà, 4 � 850 ÌPà, 5 � 875 ÌPà.

For each loading series, we �nd the stress intensity factor by formula (20), the
opening of the fracture process zone by formula (19) and the crack growth rate using
(12).

Based on the obtained values, graphical relations are built between the crack growth
rate and the SIF V ∼ KI (�g. 4) as well as between the crack growth rate and the opening
of the fracture process zone in front of the crack contour V ∼ δI (�g. 5).

Fig. 4. Relation between the crack growth rate V and the stress intensi-
ty factorKI at the series of loading p: 1 (�) � 875 ÌPà, 2 (�) � 850 ÌPà,
3 (*) � 800 ÌPà, 4 (•) � 700 ÌPà, 5 (◦) � 500 ÌPà

Fig. 4 shows that points obtained at di�erent load levels are located on parallel
curves. Thus, one value of SIF corresponds to several values of crack growth rate V
at di�erent load levels p. This di�erence in the results emerges due to plasticity, since
the plasticity zone formation for the case of small cracks is not considered in the SIF-
approach contrary to the δI -approach. Higher divergence level is observed for higher load
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levels due to the increase of the plasticity zone and expressed in formula (19) by the

factor 4

√
1− (p/σp )

2
.

Fig. 5. Relation between the crack growth rate V and the opening of
the fracture process zone δI at the series of loading p: � � 875 ÌPà,
� � 850 ÌPà, * � 800 ÌPà, • � 700 ÌPà, ◦ � 500 ÌPà

On the contrary to the �g. 4, one value of the opening of the fracture process zone
δI corresponds to one value of the crack growth rate V , as all the values for di�erent load
levels are located on a single curve (�g. 5). This indicates the invariant character of the
crack growth rate representation in the coordinates V ∼ δI towards the load level.

Thus, for the three-dimensional problem, the obtained result is similar to the one
for the plane problem: the representation of the crack growth rate via the opening of the
fracture process zone δI is invariant on the contrary to the rate representation using the
stress intensity factor KI .

5. Generalization of the Equivalent Area Method for Small
Cracks (Continuation)

Let us return to the equivalent area method for short cracks. Considering that the

opening of the fracture process zone in front of the crack contour δ
(c)
I can be calculated

by formula (19) proposed above, a formula for determination of subcritical crack growth
period N∗ is obtained from expression (13) taking into account the relations (19), (20)
and the boundary conditions (14), (15):

N∗ =
πEσt

4

√
1− (p/σt )

2

α0(1−R2)
2

r∗∫
r0

δIπEσt
4

√
1− (p/σt )

2 − 4rp2
(
1− ν2

)
16r2p4(1− ν2)

2 −
(
δthπEσt

4

√
1− (p/σt )

2

)2 dr. (24)
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After integration, the relation between the period of subcritical crack growth N∗ and
crack radius r can be represented as

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

[
δIc
δth

ln

∣∣∣∣∣∣4rp
2
(
1− ν2

)
− δthπEσt 4

√
1− (p/σt )

2

4rp2 (1− ν2) + δthπEσt
4

√
1− (p/σt )

2

×
4
√
S0/π p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
S0/π p2(1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣−

− ln

∣∣∣∣∣∣∣∣∣
16r2p4

(
1− ν2

)2 − (δthπEσt 4

√
1− (p/σt )

2

)2

16S0/π p4 (1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(25)

The critical value of the crack radius r∗, obtained by the critical crack opening
displacement criterion (16) using the formula for the opening of the fracture process
zone (18),

r∗ =
δIcπEσt

4

√
1− (p/σt )

2

8p2(1− ν2)
, (26)

corresponds to the following lifetime of the body:

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

×
[
δIc
δth

ln

∣∣∣∣δIc − δthδIc + δth
·

4
√
S0/π p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
S0/π p2 (1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
(
δ2Ic − δ2th

)(
πEσt

4

√
1− (p/σt )

2

)2

16S0/π p4(1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(27)

Thus, formulas (25) and (27) give the solution for the problem of cyclical tension
of a three-dimensional body with a small crack of an arbitrary convex contour using the
equivalent area method through the radius of an equivalent circle crack.

6. Solution of the Problem of Cyclical Tension of a Body with a
Small Elliptical Crack Contour Using the Equivalent Area

Method

In order to verify the accuracy of the proposed approach for the approximate lifetime
evaluation of structural elements using the equivalent area method, let us consider a
speci�c example: a uniform three-dimensional body with an inner small elliptical crack
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with semiaxes a0 and b0 (�g. 6). The body is subject to uniformly distributed cyclic
tension p applied at the in�nity. The problem is to determine a period of subcritical
growth N = N∗ when the crack grows to the critical values a∗, b∗ and the body collapses.

Fig. 6. Three-dimensional body with an elliptical crack [3]

Introduce a cartesian coordinate system Oxyz so that the crack is located on the
plane z = 0, axis x coincides with the major semiaxis of the ellipse 2a and axis y with
the minor semiaxis 2b.

The solution of the problem is sought by two methods: the generalized equivalent
area method and the numerical Runge-Kutta method, and the obtained results are
compared.

Based on the equivalent area method [1, p. 85�89], the elliptical crack with semiaxes
a0 and b0 is substituted by a circular crack of an equal area and initial radius r0:

S
(e)
0 = S

(c)
0 , (28)

where S
(e)
0 = πa0b0 is the initial area of the elliptical crack, and S

(c)
0 = πr20 is the initial

area of an equivalent circular crack (�g. 7).
From relation (28), the value of the initial radius of an equivalent circular crack can

be obtained:

r0 =
√
a0b0. (29)

Similarly to the previous case, the solution of the problem is reduced to the
mathematical model (13)�(15) taking into account the initial condition (29).

Then from relation (24) after integration in the range of (29) and (26), a formula
for determination of the period of subcritical crack growth N∗ depending on the radius
r can be derived:
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N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

[
δIc
δth

ln

∣∣∣∣∣∣4rp
2
(
1− ν2

)
− δthπEσt 4

√
1− (p/σt )

2

4rp2 (1− ν2) + δthπEσt
4

√
1− (p/σt )

2

×
4
√
a0b0p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
a0b0p2(1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
16r2p4

(
1− ν2

)2 − (δthπEσt 4

√
1− (p/σt )

2

)2

16a0b0p4 (1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(30)

The critical value of the crack radius r∗, found in (30), corresponds to the following
lifetime of the body:

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

×
[
δIc
δth

ln

∣∣∣∣δIc − δthδIc + δth
·

4
√
a0b0p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
a0b0p2 (1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
(
δ2Ic − δ2th

)(
πEσt

4

√
1− (p/σt )

2

)2

16a0b0p4(1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(31)

Hence, formulas (30) and (31) represent the solution of the problem of cyclic tension
of a three-dimensional body with an elliptical crack using the equivalent area method as
a function of a radius of an equivalent circular crack.

Fig. 7. Elliptical and equivalent circular crack [1, p. 86]



118
Nataliya YADZHAK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

7. Lifetime Calculation of a Body with an Elliptical Crack by
the Runge-Kutta Method

Finally, let us �nd an exact solution of the problem of cyclic tension of a three-
dimensional body with an elliptical crack.

It is known [1, p. 85], [3] that for long cracks, the form of an elliptical crack only sli-
ghtly di�ers from the elliptical in the process of its constant motion. Hence, the propagati-
on of such crack can be modelled through the motion in the direction of its two semiaxes.

Under assumption that a small fatigue crack in the process of its growth also remai-
ns elliptical, the equation of motion for this crack dS/dN, that characterises the area
change with change of the number of the loading cycles, can be reduced to two equati-
ons: equations that describe the change of the major and minor semiaxes of the ellipse.

In this case to solve the problem, the kinetics of crack motion in both semiaxes has
to be known. Thus, analogically to (13), we obtain:

da

dN
= f

(
δ
(e)
Ia

)
;

db

dN
= f

(
δ
(e)
Ib

)
,

(32)

where f
(
δ
(e)
Ia

)
and f

(
δ
(e)
Ib

)
are the functions that describe the growth rate of an elliptical

crack through the opening of the fracture process zone in front of its contour δ
(e)
Ia and

δ
(e)
Ib in the direction of the major a and minor b semiaxes of the ellipse.

The functions f
(
δ
(e)
Ia

)
and f

(
δ
(e)
Ib

)
, build analogically to (12), have the form:

f
(
δ
(e)
Ia

)
= α0

(
1−R2

)2(δ(e)Ia )2 − δ2th
δIc − δ(e)Ia

;

f
(
δ
(e)
Ib

)
= α0

(
1−R2

)2(δ(e)Ib )2 − δ2th
δIc − δ(e)Ib

,

(33)

where according to (19), the openings of the fracture process zone are given by:

δ
(e)
Ia =

(
K

(e)
Ia

)2
(1− ν2)

σtE
4

√
1−

(
p
σt

)2 ; δ
(e)
Ib =

(
K

(e)
Ib

)2
(1− ν2)

σtE
4

√
1−

(
p
σt

)2 . (34)

It is known, that the stress intensity factor for an inner elliptical crack changes along
its contour in the following way [1, p. 99], [11, p. 88]:

KI = p

√
πb

E(k)

4

√
sin2β +

b2

a2
cos2β, (35)
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where β is the angular parameter, k2 = 1− b2

a2 , and E(k) is the elliptic integral of second
order:

E(k) =

π
2∫

0

√
1− k2sin2θdθ. (36)

The coordinates of an arbitrary point on the crack contour are given by the angular
parameter β and the semiaxes by the relations [1, p. 88]:

x = a cosβ, y = b sinβ. (37)

Then based on (37) and (35), the SIF has the following forms for the major semiaxis of
the ellipse at x = a:

K
(e)
Ia =

pb
√
π√

aE(k)
, (38)

and for the minor semiaxis at y = b, respectively

K
(e)
Ib =

p
√
πb

E(k)
. (39)

Taking into consideration functions (33), the opening of the fracture process zone (34)
and the SIFs (38), (39), we obtain from system (32):



da

dN
=

α0

(
1−R2

)2
a(E(k))

2
Eσt

4

√
1−(p/σt)

2
·

(
πb2p2

(
1−ν2

))2−(a(E(k))
2
δthEσt

4

√
1−(p/σt)

2

)2

a(E(k))
2
δIcEσt

4

√
1− (p/σt)

2 − πb2p2 (1− ν2)
;

db

dN
=

α0

(
1−R2

)2
(E(k))

2
Eσt

4

√
1−(p/σt)

2
·

(
πbp2

(
1− ν2

))2 − ((E(k))
2
δthEσt

4

√
1− (p/σt)

2

)2

(E(k))
2
δIcEσt

4

√
1− (p/σt)

2 − πbp2 (1− ν2)
.

(40)
For the sake of simplicity, the integral E(k), introduced by formula (36), can be expanded
to series by the parameter k [3]:

E(k) =
π

2

[
1−

∞∑
n=1

(
(2n− 1)!!

2nn!

)2
k2n

2n− 1

]
. (41)

The solution of obtained system (40) with consideration of initial conditions:

N = 0, a(0) = a0, b(0) = b0

is sought numerically by the Runge-Kutta method.
The calculation is performed for steel 65Ã (analogue to 1066) with the following

properties [10]: α0 = 0.197, ν = 0.3, E = 2.1 · 105 ÌPà, σt = 910 MPa, ∆Kth =
7.4 MPa

√
m; ∆Kfc = 118 MPa

√
m, load ratio R = 0.1, having applied loading p =

900 MPa to a cracked body with the initial crack sizes a0 = 1 mm, b0 = 0.5 mm.
According to the critical crack opening displacement criterion (10),

δ
(e)
Ia (a∗, b∗) = δIc, δ

(e)
Ib (a∗, b∗) = δIc,
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critical sizes of the elliptical crack for the considered problem are a∗ = 7 mm, b∗ = 7 mm.
The corresponding critical size of the equivalent circular crack due to (26) is also
r∗ = 7 mm.

As can be seen from the �g. 8, the curves that describe the relation of subcritical
growth period of an elliptical crack N∗ on its area S∗, obtained using the approximate
generalised equivalent area method and the exact numerical Runge-Kutta method, are
quite close. This indicates high accuracy of the generalized equivalent area method.

Fig. 8. Relation of subcritical growth period of an elliptical crack N∗
on its area S∗: dashed line is obtained by the generalised equivalent area
method, solid line by the Runge-Kutta method

Hence, the generalized equivalent area method can be applied to solve a problem
of fatigue tension of a three-dimensional body with an elliptical crack that signi�cantly
simpli�es the solution process compared to the exact method as well as enables to obtain
an analytical relation N∗ ∼ S∗.

8. Conclusions

This study proposes a generalization of the equivalent area method, that is widely
used to solve the problems with long cracks, for a case of short cracks. Firstly, a formula
has been obtained to express the crack growth rate as a function of opening of the fracture
process zone in front of the crack contour, and the invariancy of this approach has been
shown for a three-dimensional cracked body. Secondly, the equivalent area method has
been generalized for a case of short cracks. Based on the problem of fatigue tension of a
three-dimensional body with an elliptical crack, it has been shown that the solution by
the generalized equal area method with employment of the proposed relation between
the crack growth rate and the opening of the fracture process zone di�ers little from the
exact solution obtained numerically by the Runge-Kutta method.
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ÓÇÀÃÀËÜÍÅÍÍß ÌÅÒÎÄÓ ÅÊÂIÂÀËÅÍÒÍÈÕ ÏËÎÙ ÍÀ

ÂÈÏÀÄÎÊ ÌÀËÈÕ ÂÒÎÌÍÈÕ ÒÐIÙÈÍ Ó ÒÐÈÂÈÌIÐÍÈÕ
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âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ
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Â iíæåíåðíié ïðàêòèöi øèðîêî åêñïëóàòóþòüñÿ åëåìåíòè êîíñòðóêöié
ç ìàëèìè òðiùèíàìè, ïðîòå âiäíîñíî ïðîñòi ìåòîäè îöiíêè äîâãîâi÷íîñòi
òàêèõ êîíñòðóêòèâíèõ åëåìåíòiâ ðîçðîáëåíî íåäîñòàòíüî. Çàïðîïîíîâàíî
óçàãàëüíåííÿ ìåòîäó åêâiâàëåíòíèõ ïëîù íà âèïàäîê ìàëèõ âòîìíèõ òði-
ùèí iç âèêîðèñòàííÿì àëüòåðíàòèâíîãî ïðåäñòàâëåííÿ çàëåæíîñòi øâèä-
êîñòi ðîñòó òðiùèíè âiä ðîçêðèòòÿ çîíè ïåðåäðóéíóâàííÿ áiëÿ êîíòóðó
òðiùèíè. Ðîçâ'ÿçàíî çàäà÷ó âòîìíîãî ðîçòÿãó òðèâèìiðíîãî òiëà ç åëiïòè-
÷íîþ òðiùèíîþ ïiä âïëèâîì âòîìíèõ íàâàíòàæåíü àíàëiòè÷íî çà äîïîìî-
ãîþ ìåòîäó åêâiâàëåíòíèõ ïëîù i ÷èñåëüíî ìåòîäîì Ðóíãå-Êóòòà. Ïîðiâ-
íÿííÿ îòðèìàíèõ ðîçâ'ÿçêiâ äîâåäåíî äîáðó çáiæíiñòü ðåçóëüòàòiâ, ùî ïiä-
òâåðäæó¹ ìîæëèâiñòü âèêîðèñòàííÿ óçàãàëüíåíîãî ìåòîäó åêâiâàëåíòíèõ
ïëîù äëÿ ðîçâ'ÿçàííÿ çàäà÷ ç ìàëèìè òðiùèíàìè.

Êëþ÷îâi ñëîâà: ìàëi òðiùèíè, âòîìíå ðóéíóâàííÿ òðèâèìiðíèõ òië,
åëiïòè÷íà òðiùèíà, ìåòîä åêâiâàëåíòíèõ ïëîù, ðîçêðèòòÿ çîíè ïåðåäðóé-
íóâàííÿ.
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