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Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië âèáiðêîâî¨ îöiíêè êîåôiöi¹íòà, ùî
îïèñó¹ ñòàâëåííÿ iíâåñòîðà äî ðèçèêó, ïîðòôåëþ ç ìàêñèìàëüíèì âiäíî-
øåííÿì Øàðïà çà óìîâè áàãàòîâèìiðíîãî åëiïòè÷íîãî ðîçïîäiëó âåêòîðà
äîõiäíîñòåé éîãî àêòèâiâ. Íà éîãî ïiäñòàâi çàïðîïîíîâàíî ìåòîä òåñòóâàí-
íÿ ñòàòèñòè÷íî¨ åêâiâàëåíòíîñòi ïîðòôåëiâ ç ìàêñèìàëüíèì âiäíîøåííÿì
Øàðïà òà ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.

Êëþ÷îâi ñëîâà: áàãàòîâèìiðíèé åëiïòè÷íèé ðîçïîäië, àñèìïòîòè÷íèé
ðîçïîäië, âèáiðêîâà îöiíêà, âiäíîøåííÿ Øàðïà, êîåôiöi¹íò, ÿêèé îïèñó¹
ñòàâëåííÿ iíâåñòîðà äî ðèçèêó.

1. Âñòóï

Òåîðiÿ ïîðòôåëÿ çàñíîâàíà Ìàðêîâiöåì [1] âiäiãðà¹ âàæëèâó ðîëü ó ôiíàíñîâié
ìàòåìàòèöi. Çàâäÿêè ñâî¨é ïðîñòîòi òà ðåçóëüòàòàì, ÿêi ëåãêî iíòåðïðåòóâàòè, âî-
íà íàäçâè÷àéíî ïîïóëÿðíà íà ïðàêòèöi. Âàæëèâèìè â òåîði¨ ïîðòôåëÿ ¹ åôåêòèâíi
ïîðòôåëi, òîáòî ïîðòôåëi äëÿ ÿêèõ íåìîæëèâî çáiëüøèòè î÷iêóâàíó äîõiäíiñòü íå
çáiëüøóþ÷è ðèçèê, òà ¨õ îá'¹äíàííÿ � åôåêòèâíà ìíîæèíà [2]. Ìîæíà íàâåñòè äå-
êiëüêà ìåòîäiâ ïîáóäîâè åôåêòèâíî¨ ìíîæèíè. Çàïðîïîíîâàíèé Ìàðêîâiöåì ìåòîä
ïîëÿãà¹ ó ðîçâ'ÿçóâàííi çàäà÷i ìàêñèìiçàöi¨ î÷iêóâàíî¨ äîõiäíîñòi çà çàäàíîãî ðiâíÿ
ðèçèêó. Çìiíþþ÷è ðiâåíü ðèçèêó âiä íàéìåíøîãî äî +∞ îòðèìà¹ìî åôåêòèâíó ìíî-
æèíó. Äðóãèé ñïîñiá ïîëÿãà¹ ó ìàêñèìiçàöi¨ î÷iêóâàíî¨ êîðèñíîñòi ïðè çìiíi çíà÷åííÿ
êîåôiöi¹íòà, ÿêèé îïèñó¹ ñòàâëåííÿ iíâåñòîðà äî ðèçèêó (íàäàëi, êîåôiöi¹íò ðèçèêó)
âiä 0 äî +∞. ßêèì áè ìåòîäîì íå áóäóâàëàñÿ åôåêòèâíà ìíîæèíà, âàãè òà õàðà-
êòåðèñòèêè åôåêòèâíèõ ïîðòôåëiâ, çàëåæàòü âiä ïàðàìåòðiâ ðîçïîäiëó äîõiäíîñòåé
àêòèâiâ. Îñêiëüêè íà ïðàêòèöi öi ïàðàìåòðè íåâiäîìi, òî óñi ðåçóëüòàòè  ðóíòóþòüñÿ

2010 Mathematics Subject Classi�cation: 91G10, 62F03, 62F12

c© Çàáîëîöüêèé, Ì., Çàáîëîöüêèé, Ò., 2019



ÒÅÑÒÓÂÀÍÍß ÅÊÂIÂÀËÅÍÒÍÎÑÒI ÏÎÐÒÔÅËIÂ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 129

íà ¨õíiõ îöiíêàõ, ÿêi ¹ âèïàäêîâèìè âåëè÷èíàìè. Îòæå, âèïàäêîâèìè âåëè÷èíàìè ¹ i
âàãè òà õàðàêòåðèñòèêè åôåêòèâíèõ ïîðòôåëiâ. Ñòàòèñòè÷íi òà éìîâiðíiñíi âëàñòè-
âîñòi õàðàêòåðèñòèê ðiçíèõ ïîðòôåëiâ äîñëiäæóþòü ó áàãàòüîõ ïðàöÿõ. Çîêðåìà â [3]
i [4], âiäïîâiäíî, çíàéäåíî ðîçïîäiëè âàã òà õàðàêòåðèñòèê ïîðòôåëiâ ç ìàêñèìàëü-
íîþ î÷iêóâàíîþ êîðèñíiñòþ, òàíãåíñiàëüíîãî òà ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïó-
ùåííÿ íîðìàëüíî¨ ðîçïîäiëåíîñòi äîõiäíîñòåé àêòèâiâ. Çà öüîãî æ ïðèïóùåííÿ â [5]
çíàéäåíî òî÷íi, à â [6] çà ñëàáøèõ ïðèïóùåíü íà äîõiäíîñòi àêòèâiâ ïîðòôåëÿ àñèì-
ïòîòè÷íi ðîçïîäiëè õàðàêòåðèñòèê ïîðòôåëiâ ç íàéìåíøèì ðiâíåì VaR òà CVaR.
Îêðåìî ñåðåä åôåêòèâíèõ ïîðòôåëiâ âàðòî âiäçíà÷èòè ïîðòôåëü ç ìàêñèìàëüíèì
âiäíîøåííÿì Øàðïà. Îñêiëüêè âiäíîøåííÿ Øàðïà îäèí ç íàéãîëîâíiøèõ ïîêàçíè-
êiâ åôåêòèâíîñòi óïðàâëiííÿ ïîðòôåëåì, òî òàêèé ïîðòôåëü ñòàíîâèòü iíòåðåñ ÿê
åòàëîí åôåêòèâíîñòi óïðàâëiííÿ. Âëàñòèâîñòi âèáiðêîâèõ îöiíîê âàã öüîãî ïîðòôå-
ëÿ äîñëiäæåíî â [3] òà [7] i äîâåäåíî, ùî äëÿ âèáiðêîâèõ îöiíîê âàã ïîðòôåëÿ íå iñíó¹
ìàòåìàòè÷íîãî ñïîäiâàííÿ òà íåìîæëèâî äëÿ íèõ ïîáóäóâàòè íåçìiùåíó îöiíêó. Ç
öèõ ðåçóëüòàòiâ âèïëèâà¹ âiäñóòíiñòü ìàòåìàòè÷íîãî ñïîäiâàííÿ i äëÿ îöiíîê î÷iêó-
âàíî¨ äîõiäíîñòi òà äèñïåðñi¨ ïîðòôåëÿ, à òîìó íåêîðåêòíî ïîðiâíþâàòè ïîðòôåëi íà
ïiäñòàâi öèõ õàðàêòåðèñòèê. Òàêîæ äîâîëi âàæêî â öüîìó âèïàäêó iíòåðïðåòóâàòè
îòðèìàíi ðåçóëüòàòè.

Çíàéäåíî àíàëiòè÷íèé âèðàç äëÿ îá÷èñëåííÿ êîåôiöi¹íòà ðèçèêó ïîðòôåëÿ ç
ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà, äîñëiäæåíî àñèìïòîòè÷íi âëàñòèâîñòi éîãî âè-
áiðêîâî¨ îöiíêè òà ïîáóäîâàíî iíòåðâàë äîâiðè. Íà îñíîâi öèõ ðåçóëüòàòiâ çàïðîïî-
íîâàíî ìåòîä òåñòóâàííÿ ñòàòèñòè÷íî¨ åêâiâàëåíòíîñòi ïîðòôåëiâ ç ìàêñèìàëüíèì
âiäíîøåííÿì Øàðïà òà ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.

2. Îçíà÷åííÿ òà ôîðìóëþâàííÿ ðåçóëüòàòiâ

Íåõàé Pt öiíà àêòèâó, Xt = 100 lnPt/Pt−1 éîãî äîõiäíiñòü â ìîìåíò ÷àñó
t, Xt = (Xt1, Xt2, ..., Xtk)

′ âåêòîð äîõiäíîñòåé k àêòèâiâ ïîðòôåëÿ, M(Xt) = µ
i D(Xt) = Σ. Ïîçíà÷èìî wi ÷àñòêó i-ãî àêòèâó â ïîðòôåëi, à âåêòîð ÷àñòîê
w = (w1, w2, ..., wk) íàçâåìî âåêòîðîì âàã ïîðòôåëÿ àáî ïðîñòî ïîðòôåëåì. Ïðèïó-
ñòèìî, ùî Xt ∼ Ek(µ,Σ/γ2, ψ), òîáòî Xt ìà¹ áàãàòîâèìiðíèé åëiïòè÷íèé ðîçïîäië,
õàðàêòåðèñòè÷íà ôóíêöiÿ ÿêîãî íàüóâà¹ âèãëÿäó

M(exp(ix′Xt)) = exp(iµ′x)ψ(x′Dx), x ∈ Rk, D = Σ/γ2, γ2 = −2ψ′(0).

Ôóíêöiþ ψ íàçèâàþòü õàðàêòåðèñòè÷íèì ãåíåðàòîðîì åëiïòè÷íîãî ðîçïîäiëó. Äî
êëàñó áàãàòîâèìiðíèõ åëiïòè÷íèõ ðîçïîäiëiâ íàëåæàòü ðîçïîäiëè, ÿêi ÷àñòî âèêî-
ðèñòîâóþòü ó ôiíàíñîâié ìàòåìàòèöi, çîêðåìà, áàãàòîâèìiðíi ðîçïîäiëè Ñòüþäåíòà,
Ëàïëàñà òà íîðìàëüíèé. Äåòàëüíiøó iíôîðìàöiþ ñòîñîâíî áàãàòîâèìiðíèõ åëiïòè-
÷íèõ ðîçïîäiëiâ ìîæíà çíàéòè ó [8]. ßêùî Xw;t = w′Xt äîõiäíiñòü ïîðòôåëÿ â
ìîìåíò ÷àñó t, òî î÷iêóâàíà äîõiäíiñòü Rw òà äèñïåðñiÿ Vw ïîðòôåëÿ îá÷èñëþ-
þòüñÿ çà ôîðìóëàìè Rw = M(Xw;t) = µ′w òà Vw = D(Xw;t) = w′Σw. Âiäíî-
øåííÿ Øàðïà SRw ïîðòôåëÿ ç âàãàìè w çà âiäñóòíîñòi áåçðèçèêîâîãî ðîçìiùå-
ííÿ êîøòiâ âèçíà÷à¹òüñÿ ÿê âiäíîøåííÿ î÷iêóâàíî¨ äîõiäíîñòi äî äèñïåðñi¨, òîáòî
SRw = Rw/Vw = µ′w/w′Σw. Âàãè ïîðòôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàð-
ïà wSR îòðèìóþòü ç îïòèìiçàöiéíî¨ çàäà÷i SRw → max, çà óìîâè, ùî w′1 = 1 òà
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äîðiâíþþòü [3]

(1) wSR =
Σ−1µ

1′Σ−1µ
,

äå 1 � k-âèìiðíèé âåêòîð, åëåìåíòàìè ÿêîãî ¹ îäèíèöi. Áóäü-ÿêèé ïîðòôåëü åôå-
êòèâíî¨ ìíîæèíè ìîæíà îòðèìàòè ÿê ðîçâ'ÿçîê çàäà÷i ìàêñèìiçàöi¨ î÷iêóâàíî¨ êî-
ðèñíîñòi ïîðòôåëÿ

(2) Uw = Rw −
β

2
Vw → max, w′1 = 1,

çà ïåâíîãî çíà÷åííÿ êîåôiöi¹íòà ðèçèêó β. Îñêiëüêè ïîðòôåëü ç ìàêñèìàëüíèì âiä-
íîøåííÿì Øàðïà íàëåæèòü åôåêòèâíié ìíîæèíi, òî iñíó¹ òàêå çíà÷åííÿ êîåôiöi-
¹íòà ðèçèêó β = βSR, çà ÿêîãî ïîðòôåëi ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà òà
ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ ìàòåìàòè÷íî åêâiâàëåíòíi. Ðîçâ'ÿçîê çàäà÷i
(2) íàáóâà¹ âèãëÿäó [3]

(3) wEU =
Σ−11

1′Σ−11
+ β−1Rµ,

äå R = Σ−1 − Σ−1
11′Σ−1

1′Σ−1
1

. Ïåðåïèøåìî (1) íàñòóïíèì ÷èíîì

wSR =
Σ−1µ

1′Σ−1µ
− Σ−11

1′Σ−11
+

Σ−11

1′Σ−11
=

Σ−11

1′Σ−11
+

+
1

1′Σ−1µ

(Σ−1µ1′Σ−11−Σ−111′Σ−1µ

1′Σ−11

)
=

Σ−11

1′Σ−11
+

1

1′Σ−1µ
Rµ.(4)

Ïðèðiâíÿâøè (3) i (4), îòðèìà¹ìî

(5) βSR = 1′Σ−1µ.

Îñêiëüêè çíà÷åííÿ êîåôiöi¹íòà βSR çàëåæèòü âiä íåâiäîìèõ ïàðàìåòðiâ ðîçïîäiëó
âåêòîðà äîõiäíîñòåé àêòèâiâ µ òà Σ, òî âèêîðèñòàòè îòðèìàíèé ðåçóëüòàò íà ïðàê-
òèöi íåìîæëèâî. Äëÿ îöiíêè öèõ ïàðàìåòðiâ âèêîðèñòîâó¹ìî âèáiðêó ïîïåðåäíiõ
çíà÷åíü âåêòîðiâ äîõiäíîñòåé àêòèâiâ X1, X2, . . . ,Xn. Ìà¹ìî âèáiðêîâi îöiíêè

(6) µ̂ =
1

n

n∑
j=1

Xj , Σ̂ =
1

n− 1

n∑
j=1

(Xj − µ̂)(Xj − µ̂)′ ,

ïàðàìåòðiâ µ òà Σ. Ïiäñòàâèâøè îöiíêè (6) ó (5), îòðèìà¹ìî âèáiðêîâó îöiíêó ïàðà-

ìåòðà βSR, ÿêó ïîçíà÷èìî β̂SR. Âèáiðêîâi îöiíêè µ̂ òà Σ̂ ¹ âèïàäêîâèìè âåëè÷èíàìè,

à òîìó β̂SR òåæ ¹ âèïàäêîâîþ âåëè÷èíîþ. Äëÿ ïðèéíÿòòÿ óïðàâëiíñüêèõ ðiøåíü íå-

îáõiäíî äîñëiäèòè éìîâiðíiñíi âëàñòèâîñòi β̂SR.

Òåîðåìà 1. Íåõàé X1, X2, ..., Xn íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi k-
âèìiðíi âåêòîðè òà X1 ∼ Ek(µ,Σ/γ2, ψ). Òîäi

√
n(β̂SR − βSR)

d→ N (0, σ2
SR), n→ +∞,

äå

σ2
SR = (1 + λµ′Rµ)1′Σ−11 + 2λ(1′Σ−1µ)2,(7)
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λ = ψ′′(0)/(ψ′(0))2 òà
d→ ïîçíà÷à¹ çáiæíiñòü çà ðîçïîäiëîì.

Äîâåäåííÿ. Ïîçíà÷èìî RGMV =
µ′Σ−1

1

1′Σ−1
1

òà VGMV = 1

1′Σ−1
1
âiäïîâiäíî î÷iêóâà-

íó äîõiäíiñòü i äèñïåðñiþ ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ àáî, iíøèìè ñëîâà-
ìè, ìiíiìàëüíi çíà÷åííÿ î÷iêóâàíî¨ äîõiäíîñòi òà ðèçèêó äëÿ ïîðòôåëiâ åôåêòèâíî¨
ìíîæèíè, s = µ′Rµ òà ÷åðåç R̂GMV , V̂GMV , ŝ ¨õíi âèáiðêîâi îöiíêè. Öi òðè ââåäå-
íi ïàðàìåòðè ïîâíiñòþ âèçíà÷àþòü åôåêòèâíó ìíîæèíó [4]. Íåõàé 03 � 3-âèìiðíèé
íóëü-âåêòîð i

(8) Ω =

 VGMV (1 + λs) 0 0
0 2λV 2

GMV 0
0 0 4s+ 2λs2

 .

Îñêiëüêè [9]

√
n

 R̂GMV

V̂GMV

ŝ

−
 RGMV

VGMV

s

 d→ N (03,Ω) , n→ +∞,

òà

βSR = 1′Σ−1µ = RGMV /VGMV ,

òî çàñòîñîâóþ÷è äåëüòà-ìåòîä [10, c. 211], îòðèìà¹ìî

√
n(β̂SR − βSR)

d→ N (0,g′Ωg), n→ +∞,

äå g = ( ∂βSR

∂RGMV
, ∂βSR

∂VGMV
, ∂βSR

∂s )′. Âðàõóâàâøè(8) òà ðiâíîñòi

∂βSR
∂RGMV

=
1

VGMV
,
∂βSR
∂VGMV

= −RGMV

V 2
GMV

,
∂βSR
∂s

= 0,

ç îñòàííüîãî ñïiââiäíîøåííÿ îòðèìà¹ìî òâåðäæåííÿ òåîðåìè 1. �

Çàóâàæèìî, ùî àñèìïòîòè÷íà äèñïåðñiÿ σ2
SR (äèâ. (7)) âèïàäêîâî¨ âåëè÷èíè√

n(β̂SR − βSR) çàëåæèòü âiä íåâiäîìèõ ïàðàìåòðiâ µ òà Σ ðîçïîäiëó Xt. Ç òåîðåìè
1 òà òåîðåìè 1.14 [11, ñ. 8] âèïëèâà¹ òâåðäæåííÿ.

Íàñëiäîê 1. Âèáiðêîâà îöiíêà σ̂2
SR êîíñèñòåíòíà, òîáòî

σ̂2
SR

a.s.−→ σ2
SR, n→ +∞,

äå
a.s.−→ ïîçíà÷à¹ çáiæíiñòü ìàéæå íàïåâíî.

Òàêîæ ç òåîðåìè 1 âèïëèâà¹, ùî (1 − γ)-äîâið÷èé iíòåðâàë äëÿ βSR íàáóâà¹
âèãëÿäó

(9)

[
1′Σ̂

−1
µ̂− σ̂SR√

n
z1−γ/2,1

′Σ̂
−1

µ̂+
σ̂SR√
n
z1−γ/2

]
.

Òóò zγ � γ-êâàíòèëü ñòàíäàðòíîãî íîðìàëüíîãî ðîçïîäiëó.

Íàñëiäîê 2. Óñi ïîðòôåëi ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ, äëÿ ÿêèõ çíà-

÷åííÿ êîåôiöi¹íòà ðèçèêó íàëåæèòü iíòåðâàëó (9), ñòàòèñòè÷íî åêâiâàëåíòíi

ïîðòôåëþ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà.
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3. Âèñíîâêè

Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië âèáiðêîâî¨ îöiíêè êîåôiöi¹íòà ðèçèêó ïîðò-
ôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà òà ïîáóäîâàíî äîâið÷èé iíòåðâàë äëÿ
öüîãî êîåôiöi¹íòà çà óìîâè áàãàòîâèìiðíîãî åëiïòè÷íîãî ðîçïîäiëó âåêòîðà äîõiäíî-
ñòåé éîãî àêòèâiâ. Îòðèìàíèé ðåçóëüòàò çíà÷íî ñïðîùó¹ iíòåðïðåòàöiþ ðåçóëüòà-
òiâ îòðèìàíèõ äëÿ õàðàêòåðèñòèê ïîðòôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà,
îñêiëüêè äà¹ ìîæëèâiñòü çàìiíèòè éîãî íà ñòàòèñòè÷íî åêâiâàëåíòíèé ïîðòôåëü ç
ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.
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TESTING OF EQUIVALENCY OF PORTFOLIOS WITH THE
MAXIMUM SHARPE RATIO AND THE MAXIMUM EXPECTED

UTILITY
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In the paper statistical properties of the sample estimator of the risk aversi-
on coe�cient of the portfolio with the maximum Sharpe ratio are considered.
Because the Sharpe ratio is very popular measure of portfolio management
e�ciency considered portfolio is often used as a benchmark of management
e�ciency. From other point of view practical usefulness of this portfolio is
questionable. This is due to the fact that mathematical expectations of the
sample estimators of its weights, expected return and variance do not exi-
st. Therefore the results obtained based on comparison of characteristics of
investor's portfolio with the characteristics of considered portfolio are not reli-
able. To eliminate this drawback in the paper an analytic expression for the
risk aversion coe�cient of the portfolio with the maximum Sharpe ratio is
presented. Asymptotic distribution of the sample estimator of the investor's
risk aversion coe�cient of the considered portfolio is found under assumpti-
ons that the vector of asset returns follows multivariate elliptical distribution.
Based on it a method for testing the statistical equivalence of portfolios with
the maximum Sharpe ratio and the maximum expected utility is presented. As
a result investor has a possibility to replace portfolio with the maximum Sharpe
ratio with a statistically equivalent portfolio with the maximum expected utili-
ty for which statistical properties of the sample estimators of weights, expected
return and variance are more attractive.

Key words: multivariate elliptical distribution, asymptotic distribution,
sample estimator, Sharpe ratio, risk aversion coe�cient.


