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Ðîçãëÿóòî íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ Øàõà

z2w′′ + +(β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = A(z),

äå A(z) =

∞∑
n=0

anz
n, à ðàäióñ çáiæíîñòi îñòàííüîãî ñòåïåíåâîãî ðÿäó R[A] >

1. Âèçíà÷åíî óìîâè íà êîåôiöi¹íòè an ñòåïåíåâîãî ðîçâèíåííÿ ôóíêöi¨ A(z)
òà íà ïàðàìåòðè β0, β1, γ0, γ1, γ2, çà ÿêèõ íåîäíîðiäíå ðiâíÿííÿ Øàõà
ìà¹ áëèçüêi äî îïóêëèõ â îäèíè÷íîìó êðóçi ðîçâ'ÿçêè. Îêðåìî ðîçãëÿíóòî
âèïàäêè γ2 = 0 òà γ2 > 0, êîæåí iç ÿêèõ òåæ ðîçïàäà¹òüñÿ íà ïiäâèïàäêè.

Êëþ÷îâi ñëîâà: íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ, áëèçüêiñòü äî
îïóêëîñòi.

1. Âñòóï i äîïîìiæíi ëåìè

Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1} ôóíêöiÿ

(1) f(z) =

∞∑
n=0

fnz
n

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Äîáðå âiäîìî [1, c. 203], ùî óìîâà
Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi f . Ôóíê-
öiÿ f íàçèâà¹òüñÿ [2], [1, c. 583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóêëà â D
ôóíêöiÿ Φ òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨ ôóíêöiÿ f
õàðàêòåðèçó¹òüñÿ òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) ìîæíà çàïîâíèòè ïðîìåíÿìè,
ÿêi âèõîäÿòü ç ∂G i ïîâíiñòþ ëåæàòü â G. Êîæíà áëèçüêà äî îïóêëî¨ ôóíêöiÿ ¹
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îäíîëèñòîþ â D, i òîìó f ′(0) 6= 0. Çâiäñè âèïëèâà¹, ùî f ¹ áëèçüêîþ äî îïóêëî¨ òîäi
i òiëüêè òîäi, êîëè òàêîþ ¹ ôóíêöiÿ

(2) g(z) = z +

∞∑
n=2

gnz
n,

äå gn = fn/f1.
Ñ. Øàõ [3] âêàçàâ óìîâè íà äiéñíi êîåôiöi¹íòè β0, β1, γ0, γ1, γ2 äèôåðåíöiàëü-

íîãî ðiâíÿííÿ

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = 0,

çà ÿêèõ iñíó¹ öiëèé òðàíñöåíäåíòíèé ðîçâ'ÿçîê f òàêèé, ùî àáî âñi éîãî ïîõiäíi,
àáî ïàðíi ïîõiäíi, àáî íåïàðíi ïîõiäíi ¹ áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè. Äîñ-
ëiäæåííÿ Ñ. Øàõà ïðîäîâæåíî ó [4,5]. Ìè ðîçãëÿíåìî íåîäíîðiäíå äèôåðåíöiàëüíå
ðiâíÿííÿ Øàõà

(3) z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w =

∞∑
n=0

anz
n

ç êîìïëåêñíèìè ïàðàìåòðàìè, äå ðàäióñ çáiæíîñòi ðÿäó A(z) =

∞∑
n=0

anz
n äîðiâíþ¹

R[A] ∈ (0, +∞].
Íàéïåðøå çàóâàæèìî, ùî [6] àíàëiòè÷íà â äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò

ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) òîäi i òiëüêè òîäi, êîëè

(4) γ2f0 = a0, (β1 + γ2)f1 + γ1f0 = a1

i äëÿ n ≥ 2

(5) (n(n+ β1 − 1) + γ2)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an.

Â [6] äîâåäåíî òàêó ëåìó.

Ëåìà 1. ßêùî ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3) i n(n + β1 − 1) + γ2 6= 0 äëÿ

âñiõ n ≥ 2, òî R[f ] = R[A].

Äîáðå âiäîìà [7], [8, c. 9] òàêà ëåìà Àëåêñàíäåðà.

Ëåìà 2. ßêùî êîåôiöi¹íòè àíàëiòè÷íî¨ â D ôóíêöi¨ (2) çàäîâîëüíÿþòü óìîâó

(6) 1 ≥ 2g2 ≥ 3g3 ≥ · · · ≥ ngn ≥ (n+ 1)gn+1 ≥ · · · > 0

òî âîíà áëèçüêà äî îïóêëî¨.

Îñêiëüêè äëÿ êîåôiöi¹íòiâ ðîçâ'ÿçêó ðiâíÿííÿ (3) ïðàâèëüíà ðåêóðåíòíà ôîð-
ìóëà (5), òî áóäå êîðèñíîþ òàêà ëåìà.

Ëåìà 3. Íåõàé g0 = 0, g1 = 1 i

(7) gn+1 = ξngn + ηngn−1 + bn, n ≥ 1,

äå ξn, ηn, bn - äîäàòíi ÷èñëà. Ïðèïóñòèìî, ùî:

1) 2(ξ1 + b1) ≤ 1;
2) (n+ 1)bn ≤ nbn−1 äëÿ âñiõ n ≥ 2;
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3)
3

2
ξ2 + 3η2 ≤ 2ξ1;

4)
n+ 1

n
ξn ≤

n

n− 1
ξn−1 i

n+ 1

n− 1
ηn ≤

n

n− 2
ηn−1 äëÿ âñiõ n ≥ 3.

Òîäi ïðàâèëüíi íåðiâíîñòi (6).

Äîâåäåííÿ. Îñêiëüêè g2 = ξ1 + b1, òî ç óìîâè 1) âèïëèâà¹ íåðiâíiñòü 1 ≥ 2g2. Äëÿ
n = 2 ìà¹ìî g3 = ξ2g2 + η2 + b2, i îòæå, ç îãëÿäó íà óìîâó 3) i óìîâó 2) ç n = 2
îòðèìó¹ìî

3g3 = 3ξ2g2 + 3η2 + 3b2 ≤
3

2
ξ2 + 3η2 + 3b2 ≤ 2ξ1 + 2b1 = 2g2.

Ïðèïóñòèìî, ùî n ≥ 3 i 1 ≥ 2g2 ≥ 3g3 ≥ · · · ≥ ngn. Òîäi ç îãëÿäó íà óìîâè 2) i 4)

(n+ 1)gn+1 − ngn = (n+ 1)ξngn + (n+ 1)ηngn−1 + (n+ 1)bn−
− nξn−1gn−1 − nηn−1gn−2 − nbn−1 =

=
n+ 1

n
ξnngn −

n

n− 1
ξn−1(n− 1)gn−1 +

n+ 1

n− 1
ηn(n− 1)gn−1−

− n

n− 2
ηn−1(n− 2)gn−2 + (n+ 1)bn − nbn−1 ≤

≤ n

n− 1
ξn−1(ngn − (n− 1)gn−1) +

n

n− 2
ηn−1((n− 1)gn−1 − (n− 2)gn−2) ≤ 0

Ëåìó 3 äîâåäåíî. �

Ââàæàþ÷è, ùî n(n + β1 − 1) + γ2 6= 0 äëÿ âñiõ n ≥ 2, ðåêóðåíòíó ôîðìóëó (5)
ìîæåìî ïåðåïèñàòè ó âèãëÿäi

fn = − β0(n− 1) + γ1
n(n+ β1 − 1) + γ2

fn−1 −
γ0

n(n+ β1 − 1) + γ2
fn−2 +

an
n(n+ β1 − 1) + γ2

.

Äëÿ òîãî, ùîá âèêîðèñòàòè ëåìó 3 áóäåìî ââàæàòè, ùî β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, γ2 ≥ 0,
β1 ≥ −1 i an ≥ 0 (n ≥ 2). Òîäi

(8) fn =
|β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

fn−1 +
|γ0|

n(n+ β1 − 1) + γ2
fn−2 +

an
n(n+ β1 − 1) + γ2

.

Ç ïåðøî¨ ðiâíîñòi (4) âèïëèâà¹, ùî âèáið f0 çàëåæèòü âiä òîãî, ÿêèì ¹ ïàðàìåòð
γ2. Äîñëiäæåííÿ ïî÷íåìî ç ïðîñòiøîãî âèïàäêó.

2. Âèïàäîê γ2 = 0

Ç (4) âèïëèâà¹, ùî a0 = 0, òîáòî f0 ìîæå áóòè áóäü-ÿêèì; âèáåðåìî f0 = 0. Òîäi
β1f1 = a1. Òîìó ìîæëèâi äâà òàêi âàðiàíòè:

2à) β1 = a1 = 0;
2á) β1 6= 0 i a1 6= 0.

Çà óìîâè 2à) f1 ìîæå áóòè áóäü-ÿêèì; âèáåðåìî f1 = 1. Òîìó ðîçâ'ÿçîê ðiâíÿííÿ
(3) øóêàòèìåìî ó âèãëÿäi

(9) f(z) = z +

∞∑
n=2

fnz
n,
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äå êîåôiöi¹íòè fn, ÿê âèäíî ç (8), âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(10) fn+1 =
|β0|n+ |γ1|
n(n+ 1)

fn +
|γ0|

n(n+ 1)
fn−1 +

an+1

n(n+ 1)
.

Ôîðìóëà (10) çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî fn = gn i

ξn =
|β0|n+ |γ1|
n(n+ 1)

, ηn =
|γ0|

n(n+ 1)
, bn =

an+1

n(n+ 1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ, âiäïîâiäíî, ç óìîâàìè:
1a) |β0|+ |γ1|+ a2 ≤ 1;

2a)
an+1

n
≤ an
n− 1

äëÿ âñiõ n ≥ 2;

3a) |γ0| ≤ |β0|+ 3|γ1|/2;

4a)
|β0|n+ |γ1|

n2
≤ |β0|(n− 1) + |γ1|

(n− 1)2
i
|γ0|
n
≤ |γ0|
n− 2

äëÿ âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4a) ¹ î÷åâèäíèìè, òî çà ëåìàìè 1�3 îòðèìó¹ìî
òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé γ2 = a0 = β1 = a1 = 0, β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, |β0|+ |γ1|+ a2 ≤ 1

i |γ0| ≤ |β0| + 3|γ1|/2, à R[A] ≥ 1 i 0 <
an+1

n
≤ an

n− 1
äëÿ âñiõ n ≥ 2. Òîäi iñíó¹

ðîçâ'ÿçîê (9) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] = R[A], ÿêèé áëèçüêèé äî îïóêëî¨

â D ôóíêöi¹þ.

Çà óìîâè 2á) ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) íàáóâà¹ âèãëÿäó

(11) f(z) =
a1
β1
z +

∞∑
n=2

fnz
n,

äå êîåôiöi¹íòè fn âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

n(n+ β1 − 1)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an,

ç ÿêî¨ çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0 i n+ β1 − 1 6= 0 äëÿ âñiõ n ≥ 2 âèïëèâà¹, ùî

(12) fn+1 =
|β0|n+ |γ1|

(n+ 1)(n+ β1)
fn +

|γ0|
(n+ 1)(n+ β1)

fn−1 +
an+1

(n+ 1)(n+ β1)
.

Ïðèïóñòèìî, ùî a1/β1 ∈ (0,+∞). Îñêiëüêè äëÿ êîåôiöi¹íòiâ âiäïîâiäíî¨ ôóíêöi¨ (2)
âèêîíó¹òüñÿ gn = β1fn/a1, òî ç (12) âèïëèâà¹ ðåêóðåíòíà ôîðìóëà

gn+1 =
β1
a1
fn+1 =

=
|β0|n+ |γ1|

(n+ 1)(n+ β1)
fn
β1
a1

+
|γ0|

(n+ 1)(n+ β1)
fn−1

β1
a1

+
β1
a1

an+1

(n+ 1)(n+ β1)
=

=
|β0|n+ |γ1|

(n+ 1)(n+ β1)
gn +

|γ0|
(n+ 1)(n+ β1)

gn−1 +
β1
a1

an+1

(n+ 1)(n+ β1)
,

ÿêà çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|

(n+ 1)(n+ β1)
, ηn =

|γ0|
(n+ 1)(n+ β1)

, bn =
β1
a1

an+1

(n+ 1)(n+ β1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1)�4) ëåìè 3 çáiãàþòüñÿ òåïåð âiäïîâiäíî ç óìîâàìè:
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1b) |β0|+ |γ1|+ a2
β1

a1
≤ (1 + β1);

2b)
an+1

n+ β1
≤ an
n− 1 + β1

äëÿ âñiõ n ≥ 2;

3b) |γ0| ≤
|β0|

1 + β1
+

(3 + β1)|γ1|
2(1 + β1)

;

4b)
|β0|n+ |γ1|
n(n+ β1)

≤ |β0|(n− 1) + |γ1|
(n− 1)(n− 1 + β1)

i
|γ0|

(n− 1)(n+ β1)
≤ |γ0|

(n− 2)(n− 1 + β1)
äëÿ

âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4b) î÷åâèäíi, òî çà ëåìàìè 1�3 îòðèìó¹ìî òàêó
òåîðåìó.

Òåîðåìà 2. Íåõàé γ2 = a0 = 0, β1 > −1, a1/β1 ∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0,

|β0|+ |γ1|+ a2
β1
a1
≤ (1 + β1) i |γ0| ≤

|β0|
1 + β1

+
(3 + β1)|γ1|
2(1 + β1)

, à R[A] ≥ 1 i 0 <
an+1

n+ β1
≤

an
n− 1 + β1

äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (11) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3)

ç R[f ] = R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

3. Âèïàäîê γ2 > 0

Ç (4) âèïëèâà¹, ùî f0 = a0/γ2 i (β1 + γ2)f1 = a1 − γ1f0. Îñêiëüêè f1 6= 0, òî ç
îãëÿäó íà (4) ìîæëèâi äâà òàêi âàðiàíòè:

3à) β1 + γ2 = a1 − γ1f0 = 0;
3á) β1 + γ2 6= 0 i a1 − γ1f0 6= 0.

ßêùî âèêîíó¹òüñÿ óìîâà 3à), òî ìîæíà âèáðàòè f1 = 1, i ðîçâ'ÿçîê äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (3) ìàòèìå âèãëÿä

(13) f(z) =
a0
γ2

+ z +

∞∑
n=2

fnz
n,

äå êîåôiöi¹íòè fn âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(n− 1)(n+ β1)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an,

ç ÿêî¨ çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, β1 > −2 i an+1 ≥ 0 äëÿ âñiõ n ≥ 1 âèïëèâà¹, ùî

(14) fn+1 =
|β0|n+ |γ1|
n(n+ 1 + β1)

fn +
|γ0|

n(n+ 1 + β1)
fn−1 +

an+1

n(n+ 1 + β1)
.

Ïðèéíÿâøè g(z) = f(z) − a0/γ2, îòðèìà¹ìî ôóíêöiþ (2) ç gn = fn. Òîìó ôîðìóëà
(14) çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|
n(n+ 1 + β1)

, ηn =
|γ0|

n(n+ 1 + β1)
, bn =

an+1

n(n+ 1 + β1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ òåïåð, âiäïîâiäíî, ç óìîâàìè:

1c) |β0|+ |γ1|+ a2 ≤
2 + β1

2
;

2c)
(n+ 1)an+1

n(n+ 1 + β1)
≤ nan

(n− 1)(n+ β1)
äëÿ âñiõ n ≥ 2;
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3c) |γ0| ≤
6 + β1

3(2 + β1)
|β0|+

18 + 5β1
6(2 + β1)

|γ1|;

4c)
(n+ 1)(|β0|n+ |γ1|)
n2(n+ 1 + β1)

≤ n(|β0|(n− 1) + |γ1|)
(n− 1)2(n+ β1)

i
(n+ 1)|γ0|

n(n− 1)(n+ 1 + β1)
≤

≤ n|γ0|
(n− 2)(n− 1)(n+ β1)

äëÿ âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4c) î÷åâèäíi, òî çà ëåìàìè 1�3 îòðèìó¹ìî òàêó
òåîðåìó.

Òåîðåìà 3. Íåõàé γ2 > 0, β1 > −2, β1 + γ2 = γ2a1 − γ1a0 = 0, β0 ≤ 0, γ0 ≤ 0,

γ1 ≤ 0, |β0|+ |γ1|+ a2 ≤ (2 + β1)/2 i |γ0| ≤
6 + β1

3(2 + β1)
|β0|+

18 + 5β1
6(2 + β1)

|γ1| , à R[A] ≥ 1 i

0 <
(n+ 1)an+1

n(n+ 1 + β1)
≤ nan

(n− 1)(n+ β1)
äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (13) äèôå-

ðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] = R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

Íåõàé, íàðåøòi, âèêîíó¹òüñÿ óìîâà 3á). Òîäi ç (4) îòðèìó¹ìî f0 = a0/γ2,

f1 =
a1 − γ1f0
β1 + γ2

=
γ2a1 − γ1a0
γ2(β1 + γ2)

,

i îòæå, ðîçâ'ÿçîê íàáóâà¹ âèãëÿäó

(15) f(z) =
a0
γ2

+
γ2a1 − γ1a0
γ2(β1 + γ2)

z +

∞∑
n=2

fnz
n,

äå çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, β1 ≥ −1 i an+1 ≥ 0 äëÿ n ≥ 1 êîåôiöi¹íòè fn
âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(16) fn+1=
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
fn+

|γ0|
(n+ 1)(n+ β1) + γ2

fn−1+
an+1

(n+ 1)(n+ β1) + γ2
.

Ïðèïóñòèìî, ùî
γ2a1 − γ1a0
γ2(β1 + γ2)

∈ (0,+∞). Ïðèéíÿâøè g(z) =

(
f(z)− a0

γ2

)
q, äå

q =
γ2(β1 + γ2)

γ2a1 − γ1a0
, îòðèìà¹ìî ôóíêöiþ (2) ç gn = qfn, n ≥ 1. Ç (16) îäåðæó¹ìî ðåêó-

ðåíòíó ôîðìóëó

gn+1 =
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
gn +

|γ0|
(n+ 1)(n+ β1) + γ2

gn−1 +
qan+1

(n+ 1)(n+ β1) + γ2
,

ÿêà çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
, ηn =

|γ0|
(n+ 1)(n+ β1) + γ2

, bn = q
an+1

(n+ 1)(n+ β1) + γ2
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ òåïåð, âiäïîâiäíî, ç óìîâàìè:

1d) |β0|+ |γ1|+ qa2 ≤ (1 + β1) + γ2/2;

2d)
(n+ 1)an+1

(n+ 1)(n+ β1) + γ2
≤ nan
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 2;

3d) |γ0| ≤
(12− 2γ2)|β0|+ (18 + 6β1 + γ2)|γ1|

12(1 + β1) + 6γ2
;
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4d)
n+ 1

n

|β0|n+ |γ1|
(n+ 1)(n+ β1) + γ2

≤ n

n− 1

|β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

i

n+ 1

n− 1

|γ0|
(n+ 1)(n+ β1) + γ2

≤ n

n− 2

|γ0|
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 3.

Äðóãà íåðiâíiñòü â óìîâi 4d) î÷åâèäíà. Îñêiëüêè (n+1)/n < n/(n−1), òî ïåðøà
íåðiâíiñòü â óìîâi 4d) ïðàâèëüíà, ÿêùî

|β0|n+ |γ1|
(n+ 1)(n+ β1) + γ2

≤ |β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 3. Öÿ íåðiâíiñòü ðiâíîñèëüíà íåðiâíîñòi

(n2 − n− β1 − γ2)|β0|+ |γ1|(2n+ β1) ≥ 0

äëÿ âñiõ n ≥ 3. Ïîçàÿê ôóíêöiÿ (x2 − x) ¹ çðîñòàþ÷îþ íà [3,+∞), òî îñòàííÿ íåðiâ-
íiñòü ïðàâèëüíà, ÿêùî (6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0.

Îòæå, ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé γ2 > 0, β1 > −1,
γ2a1 − γ1a0
γ2(β1 + γ2)

∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0,

|β0|+ |γ1|+ a2
γ2(β1 + γ2)

γ2a1 − γ1a0
≤ 1 + β1 +

γ2
2
, |γ0| ≤

(12− 2γ2)|β0|+ (18 + 6β1 + γ2)|γ1|
12(1 + β1) + 6γ2

i

(6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0, à R[A] ≥ 1 i

0 <
(n+ 1)an+1

(n+ 1)(n+ β1) + γ2
≤ nan
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (15) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] =
R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

4. Çàóâàæåííÿ

1. Óìîâà (6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0 âèêîíó¹òüñÿ, ÿêùî β1 + γ2 ≤ 6.
2. ßêùî 0 < (n + 1)an+1 ≤ nan, òîáòî ôóíêöiÿ A(z) çàäîâîëüíÿ¹ óìîâó ëåìè

Àëåêñàíäåðà, òî óìîâè íà an ó òåîðåìàõ 1�4 âèêîíóþòüñÿ.

3. Ïðèïóñòèìî, ùî γ2 = a0 = β1 = a1 = β0 = γ1 = γ0 = 0, à A(z) =

∞∑
n=2

anz
n

i R[A] ≥ 1. Òîäi ðiâíÿííÿ (3) ìàòèìå âèãëÿä w′′ =

∞∑
n=2

anz
n−2, à ðîçâ'ÿçêîì öüîãî

ðiâíÿííÿ áóäå ôóíêöiÿ

(17) f(z) = z +

∞∑
n=2

an
n(n− 1)

zn.

ßêùî 0 <
an+1

n
≤ an
n− 1

äëÿ âñiõ n ≥ 2, òîáòî âèêîíó¹òüñÿ óìîâà 2a), òî çà ëåìîþ

Àëåêñàíäåðà ôóíêöiÿ (17) áëèçüêà äî îïóêëî¨. Óìîâó 2a) çàäîâîëüíÿ¹ ïîñëiäîâíiñòü
an = 1/n!. Òîäi A(z) = ez − 1 − z � öiëà ôóíêöiÿ i ôóíêöiÿ (17) òàêîæ ¹ öiëîþ
ôóíêöi¹þ. Óìîâó 2a) çàäîâîëüíÿþòü òàêîæ êîåôiöi¹íòè àíàëiòè÷íî¨ â D ôóíêöi¨
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A(z) =
z2

(1− z)2
=

∞∑
n=2

(n − 1)zn. Ó öüîìó âèïàäêó f(z) = z +

∞∑
n=2

zn

n
= ln

1

1− z
¹

òàêîæ àíàëiòè÷íîþ â D ôóíêöi¹þ.
Çðîçóìiëî, ùî êîåôiöi¹íòè íå âñiõ áëèçüêèõ äî îïóêëèõ â D ôóíêöié çàäîâîëü-

íÿþòü óìîâè ëåìè Àëåêñàíäåðà. Íàïðèêëàä, çiðêîâà, i îòæå, áëèçüêà äî îïóêëî¨

ôóíêöiÿ f(z) =
z

1− z
¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′ + (z2 + z)w′ + w =
2z

(1− z)3
(β1 = β0 = γ2 = 1, γ0 = γ1 = 0),

àëå êîåôiöi¹íòè ôóíêöi¨ A(z) =
2z

(1− z)3
íå çàäîâîëüíÿþòü óìîâó 2d).
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An analytic univalent in D = {z : |z| < 1} function f(z) =
∞∑

n=0

fnz
n is said

to be convex in D if f(D) is a convex domain. According to W. Kaplan the
function f is said to be close-to-convex in D if there exists a convex in D function
Φ such that Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). We consider a nonhomogeneous Shah
di�erential equation

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = A(z),

where A(z) =
∞∑

n=0

anz
n, and radius of convergence of the last power series is

R[A] > 1. Conditions on coe�cients an of power expansion of the function
A(z) and on parameters β0, β1, γ0, γ1, γ2 under which a Shah equation has
close-to-convex in the unit disc solutions are investigated. We consider two
cases: γ2 = 0 and γ2 > 0. In the case γ2 = 0 two subcases are possible:
2a) β1 = a1 = 0 and 2b) β1 6= 0 and a1 6= 0. If γ2 = a0 = β1 = a1 = 0, β0 ≤ 0,
γ0 ≤ 0, γ1 ≤ 0, |β0| + |γ1| + a2 ≤ 1 and |γ0| ≤ |β0| + 3|γ1|/2, R[A] ≥ 1 and

0 <
an+1

n
≤ an
n− 1

for all n ≥ 2 it is proved that there exists a solution f(z) of

the nonhomogeneous Shah di�erential equation with R[f ] = R[A], which is a
close-to-convex in D function. In the case 2b) it is proved that if γ2 = a0 = 0,

β1 > −1, a1/β1 ∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, |β0|+ |γ1|+a2
β1
a1
≤ (1+β1)

and |γ0| ≤
|β0|

1 + β1
+

(3 + β1)|γ1|
2(1 + β1)

, R[A] ≥ 1 and 0 <
an+1

n+ β1
≤ an

n− 1 + β1
for all n ≥ 2 then there exists a solution f(z) of the nonhomogeneous Shah
di�erential equation with R[f ] = R[A], which is close-to-convex in D function.
In the case γ2 > 0 possible subcases are 3a) β1 + γ2 = a1 − γ1f0 = 0 and
3b) β1 + γ2 6= 0 and a1 − γ1f0 6= 0. In both of this subcases the su�cient
conditions on coe�cients an and on parameters β0, β1, γ0, γ1, γ2 under which
a nonhomogeneous Shah equation has close-to-convex in the unit disc solutions
are found.

Key words: nonhomogeneous di�erential equation, close-to-convex functi-
on.


