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We prove that if an analytic subset A of a linear metric space X is not
contained in a 0 Z,-subset of X then for every Polish convex set K with dense
affine hull in X the sum A+ K is non-meager in X and the sets A+ A+ K and
A — A+ K have non-empty interior in the completion X of X. This implies
two results:

e an analytic subgroup A of a linear metric space X is a 0Z,-space if A is

not Polish and A contains a Polish convex set K with dense affine hull in

X

e a dense convex analytic subset A of a linear metric space X is a o Z,,-space

if A contains no open Polish subspace and A contains a Polish convex set
K with dense affine hull in X.

Key words: Z-set, oZ-space, analytic set, topological group, convex set,
linear metric space.

A topological space X is analytic if it is a metrizable continuous image of a Polish
space. A Polish space is a separable topological space homeomorphic to a complete metric
space. It is well-known [11, 14.2] that each Borel subset of a Polish space is analytic. By
Lusin-Sierpinski Theorem [11, 21.6], each analytic subset A of a Polish space X has the
Buaire property, i.e., (A\U) U (U \ A) is meager in X for some open set U C X.

By the classical result of S. Banach [1], each non-complete analytic topological group
is meager, i.e., can be represented as the countable union of nowhere dense subsets. This
result can be easily derived from the following known fact attributed to Piccard [14] and
Pettis [15] (see [11, 9.9]).

Theorem 1 (Piccard-Pettis). If two analytic subsets A, B of a Polish group X are non-
meager in X, then the set AB has non-empty interior and AA™' is a neighborhood of
unit in G.
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Meager subsets of a topological space X form a o-ideal M(X) = 0Zy(X) which is
the largest ideal among o-ideals 0 Z,,(X) generated by Z,-sets in X. A subset A C X
of a topological space X is called a Z,,-set in X if A is closed in X and the complement
X\ Aisn-dense in X. A subset B C X is called n-dense in X if the set C'(I", B) of maps
I™ — B is dense in the space C'(I", X) of all continuous functions f : I" — X defined on
the n-dimensional cube I" = [0, 1]™. The function space C(I", X) is endowed with the
compact-open topology. Observe that a subset D C X is dense if and only if D is 0-dense
in X. It is clear that each n-dense set D C X is k-dense in X for every k < n.

The following properties of Z,,-sets follow immediately from the definitions:

e asubset A C X is a Zy-set if and only if A is closed and nowhere dense in X;

e for any numbers 0 < n < m < w every Z,,-set in X is a Z,-set in X

e asubset A C X isa Z,-set in X if and only if A is a Z,,-set in X for every n € N.
By 0 Z,(X) we shall denote the o-ideal generated by Z,,-sets in X. It consists of subsets
that can be covered by countably many Z,-sets in X. A topological space X is called a
0Zy-space if X € 0Z,(X). It follows that 0 Z,,(X) C 6Z,(X) for any numbers 0 <n <
m < w. So, the o-ideal 0 Z,,(X) is the smallest ideal among the o-ideals 0 Z,,(X).

Z,-Sets and oZ,-spaces play an important role in Infinite-Dimensional Topology,
see [6], [7], [8], [12], [13]. In [9, 4.4] Dobrowolski and Mogilski asked the following problem
related to the mentioned classical result of Banach [1].

Problem 1 (Dobrowolski, Mogilski, 1990). Is each non-complete analytic linear metric
space a 0Z,,-space?

This problem was answered in negative by Banakh [3] (see also [6, 5.5.19]) who
proved that the linear hull lin(E) of the Erdés set E = £, N Q“ in the separable Hilbert
space {5 fails to be a oZ,,-space.

Yet, the following weaker version of Problem 1 still remains open (see [2], [4, 2.2]).

Problem 2 (Banakh, 1997). Is each non-complete analytic linear metric space a oZ,-
space for every n € N?

In this paper we shall give some partial positive answers to Problems 1 and 2,
detecting analytic subsets in metrizable topological groups G that belong to the o-ideals
0Z,(G) for all n < w. In fact, we shall work with the smaller o-ideals 0Zp(G) and
072, (@) defined as follows.

By a metrizable group we shall understand a metrizable topological group. It is
known that for any metrizable group G there exists a completely-metrizable group G
containing G as a dense subgroup. The group G is unique up to isomorphism and is
called the Raikov completion of G. The Raikov completion of a separable metrizable
group is a Polish group. For two subsets A, B of a group G by A- B or just AB we denote
their product {ab:a € A, b€ B} in G.

Let G be a topological group and G be its Raikov completion. Let D be a family of
subsets of G. A closed subset A C G is called a Zp-set in X if there exists a set D € D
such that the set D - A has empty interior in G, where A denotes the closure of A in G.
By 0Zp(G) we denote the o-ideal generated by Zp-sets in G.

Proposition 1. Let D be a family of n-dense subsets of a topological group G. Then
each Zp-set A in G is a Zy-set in G and hence 0Zp(G) C 0Z,(G).
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Proof. Assume that A is a Zp-set in X. Given a continuous map f : I" — G and a
neighborhood Uy C G of the unit 1¢, we need to find a continuous map f': 1" — G\ A
such that f'(z) € f(z)-Up for all z € I". Let G be the Raikov completion of the topological
group G and A be the closure of A in G.

Find an open neighborhood Uy C G of the unit 1¢ such that Uy N G = Uy and
choose a neighborhood U1 C X of 1¢ such that U1U1U1 - Uo Since A is a ZD set in G,
there exists a set D € D such that the set D - A has empty interior in G. The n-density
of the set D in G implies the n—density of its inverse D=1 = {x’l x € D}. Then there
exists a continuous map f; : I" — D~ such that f,(z) € f(z)- Uy for all z € I".

Since the set D - A has empty interior in G, there is a point u € Uy \ D - A. For this
point we get (D~ -u) N A = @. Consider the map fy : I" — G, fo : z — fi1(2)u, and
observe that fo(I") ﬂfl C (D7 t-u)N A, = @. Since the set f2(I") is compact, there is a
neighborhood Us C U of the unit 1¢ such that (f2(I™) - ﬁg) N A = @. Using the density
of G in G, choose a point w € G N (Uy - u). Then the map f3 : I" — G defined by

f3(2) = fa(2) -u'w = fi(2) - uuTrw = f1(2) -w € G
for z € I" has the properties: f3(I") C G\ A= G\ A and for every z € I"

f3(2) = fi(z)uu" w € f1(2) 0,0, C f(2)U0,0,U, C f(2)U,,

which implies f(z)~'fs(z) € GNUy = Uy and finally f3(z) € f(2)Up. The map fs : " —
G\ A witnesses that A is a Z,-set in G. O

For a topological group G by D,,(G) we shall denote the family of all n-dense subsets
in G. To simplify notation, ZD .(c)-sets will be called Z,-sets in G. Also we shall denote
the c-ideal UZDH(G)(G) by 0Z,(G). This o-ideal is generated by all Z,-sets in G. Tt

consists of subsets that can be covered by countably many Z,-sets in G. Proposition 1
implies that

0Z,(G) C 0Z,(G)

for any topological group G. Zn-Sets in separable metrizable groups admit the following
convenient characterization.

Proposition 2. A closed subset A of a separable metrizable group G is a Zy,-set in G
for some n < w if and only if there exists a o-compact n-dense subset D C G such that
for every compact set K C D the set K - D is nowhere dense in G.

Proof. Since G is separable and metrizable, the Raikov completion G of G is a Polish
group. To prove the “if” part, assume that there exists a o-compact n-dense subset D C G
such that for every compact set K C D the set K - A is nowhere dense in G. Then the
set K- A C K- A is nowhere dense in G and the set D - A is meager in G. Since G is
Polish, the set D - A has empty interior in G and hence A is a Z,-set in G.

To prove the “only if” part, assume that A is a Z,-set and find an n-dense subset
D' C G such that the set D’- A has empty interior in G. The the function space C (1", D’)
is dense in C(I", G). Since the function space C'(I", D’) is metrizable and separable, we
can find a countable dense subset {fi}re, in C(I",D’). Then D = |J,, fe(I") is a
o-compact n-dense subset in G. It remains to show that for each compact set K C D
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the set K - A is nowhere dense in G. Consider the multiplication map p : K x A— G,
w: (z,y) — xy, and observe that for any compact subset C' C G the preimage

p O ={(z,y) e KxA:ayecC}C K x (K'0)

is compact. By [10, 3.7.18], the map  is closed, which implies that the set KA = (K xA)
is closed in G. Since the set D x A has empty interior in G, the closed subset KA C DA
is nowhere dense in G. Then its subset K A is nowhere dense in G. O

Let D be a family of subsets of a topological group G. A subset T' C G is called
D-thick if for every non-empty open set U C T there exist a set D € D and a countable
set C' C G such that D C C-U. A set T C G is called n-thick in G if it is D,,(G)-thick.
The latter means that for every non-empty open set U C T there is a countable set
C C G such that the set CU in n-dense in G.

Theorem 2. Let D be a family of subsets in a separable metrizable group G. If an analytic
subset A of G does not belong to the o-ideal JZD(X), then for any D-thick subset T C G
and any dense Polish subspace P C T the set PA is not meager in G, the set PAPA
has non-empty interior in the Raikov completion G of G, and the set PAA™'P~! is a
neighborhood of unit in G.

Proof. Assume that A ¢ 0Zp(G) and T is an D-thick set in G. On the Polish group G
consider the o-ideal Z generated by the family {A : A € 6Zp(G)} of closed subsets of
the Polish group G. It follows from A ¢ o0Zp(G) that A ¢ Z. By the Solecki dichotomy
[16], the analytic set A ¢ Z contains a Polish subspace B ¢ Z. Replacing B by a smaller
closed subset of B, we can assume that each non-empty open subspace U C B does not
belong to the ideal Z.

Given a dense Polish subspace P C T', we shall show that the set PB is not meager
in G. To derive a contradiction, assume that PB is meager in G and find closed nowhere
dense subsets N, C G, k € w, such that PB C Urew Ne- By the continuity of the
multiplication in G, for every k € w the set

My ={(z,y) € Px B:zy € Ny}

is closed in the Polish space P x B. Since P x B C {J;,¢,, My, we can apply the Baire
Theorem and find two non-empty open sets V C P and U C B such that V x U C My
for some k € w. It follows that the set V x U C Ny, is nowhere dense in G. Here V is the
closure of V in G and U is the closures of U in G.

Since the set T is D-thick in G, and the set V' N T has non-empty interior in 7', for
some countable set S C G the set S -V contains a set D € D.

By the choice of P, the non-empty open set U C P does not belong to the ideal
7 and hence U N G is not a Zp-set in G. Then for the set D € D the set DU has
non-empty interior in G and hence is not meager in G. On the other hand, the set
DU C SVU C S - Ni is meager in G being the union of countably many translations of
the nowhere dense set Ng. This contradiction shows that the set PB is not meager in G
and consequently the analytic set PA D PB is not meager in the Polish group G. By
the Piccard-Pettis Theorem 1, the set PAPA has non-empty interior in G and the set
PA(PA)~! is a neighborhood of the unit in G. O
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A topological space X is called densely-Polish if A contains a dense Polish subspace.
It is known that an analytic space A is densely-Polish if and only if A is Baire.

Corollary 1. Let D be a family of subsets of a separable metrizable group G. If analytic
subsets A, B of G do not belong to the ideal UZD(G), then for any densely-Polish D-
thick sets E,F in X the sets EA, FB are not meager in G and the sets EAFB and
EAB~'F~! have non-empty interior in the Raikov completion G of G.

Proof. Let E, C F and F, C F be dense Polish subspaces of the densely-Polish spaces
E and F, respectively. By Theorem 2, the analytic sets E,A and F, B are not meager in
the Polish space G. By the Piccard-Pettis Theorem 1, the sets E,AF,B ¢ EAFB and
E.,AB7'F ! ¢ EAB~'F~! have non-empty interior in the Polish group G. (]

Corollary 1 implies the next three corollaries.

Corollary 2. Let D be a family of subsets in a separable metrizable group G and A be
an analytic subgroup in G. If A ¢ 0Zp(X), then for any densely-Polish D-thick subsets
E,F C G the set EAF~! have non-empty interior in the completion G of G.

Corollary 3. Let D be a family of subsets of a separable metrizable group G. If G is not
Polish and G contains a densely-Polish D-thick subset P, then each analytic subset A of
X belongs to the o-ideal o Zp(X).

Proof. By Corollary 1, for every analytic set A ¢ 0Zp(G) of G the set PAPA C G has
non-empty interior in the Raikov completion G of G. Then G also has non-empty interior
in G and hence coincides with the Polish group G, which is a desired contradiction. O

A subset A of an abelian group G is called additive if A+ A C A. In particular, each
subgroup of G is an additive set. Corollary 1 implies:

Corollary 4. Let D be a family of subsets in an abelian separable metrizable group G
and A be an additive set in G. If A ¢ 0Zp(X), then for any densely-Polish D-thick
subsets F, F C X the set A+ E+ F has non-empty interior in the Raikov completion G
of G.

A similar result holds for convex subsets in linear metric spaces.

Corollary 5. Let D be a family of subsets of a separable linear metric space X, and let
A be a convex subset of X. If A ¢ 0Zp(X), then for any densely-Polish D-thick subsets
E,F C X the set A+ E + F has non-empty interior in the completion X of X.

Proof. 1t follows that the homothetic copy 4 = {1a:a € A} of A does not belong to

the ideal 0Zp(X). By Corollary 1, the set A+ 1A+ F + F has non-empty interior in
X. The convexity of A guarantees that %A + %A C A and hence the set
1 1
A+E+FD §A+§A+E+F

has non-empty interior in X, too. O
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Applying the above results to the family D,,(G) of n-dense subsets in a topological
group G, we get the following corollaries. In these corollaries we use the obvious fact that a
topological group G containing an n-thick separable subset is separable. By Proposition 1,

0Z2,(G) = 0Zp,()(G) C 02,(G).

By Proposition 2, a closed subset A of a separable metrizable group G is a Zp-set in X
if and only if there exists a o-compact n-dense set D C G such that for every compact
set K C D the set K - A is nowhere dense in G.

We recall that a subset T' of a topological group G is n-thick if and only if for any
non-empty open set U C T there is a countable subset A C G such that the set A-U
is n-dense in G. Observe that each non-empty subset of a separable metrizable group
is O-thick. Because of that the following corollary of Theorem 2 can be considered as a
generalization of the Piccard-Pettis Theorem 1.

Corollary 6. If for some n < w an analytic subset A of a metrizable group G does not
belong to the o-ideal UZn(X), then for any n-thick subset T C G and any dense Polish
subspace P C T the set PA is not meager in G, the set PAPA has non-empty interior
in G, and the set PAA~' P~ is a neighborhood of unit in G.

Corollary 7. If for some n < w analytic subsets A, B of a metrizable group G do not
belong to the ideal aZn(G), then for any densely-Polish n-thick sets E, F in X the sets
EA, FB are not meager in G and the sets EAFB and EAB™'F~! have non-empty
interior in the Raikov completion G of G.

Corollary 8. Let A be an analytic subgroup of a separable metrizable group G. If A ¢
0Z,(X) for some n € w, then for any densely-Polish n-thick subsets E,I' C G the set
EAF~" has non-empty interior in the completion G of G.

Corollary 9. If for some n < w a non-complete metrizable topological group G contains
a densely-Polish n-thick subset, then each analytic subset of X belongs to the o-ideal
0Z,(X) CoZy(X).

Corollary 10. Let A be an additive subset of an abelian metrizable topological group G.
If A¢ 0Z,(X) for some n < w, then for any densely-Polish n-thick subsets E,F C X
the set A+ E + F' has non-empty interior in the completion G of G.

Corollary 11. Let A be an convex analytic subset of a linear metric space X. If A ¢
07, (X) for some n < w, then for any densely-Polish n-thick subsets E, F' C X the set
A+ E + F has non-empty interior in the completion X of X.

In light of the above results, it is important to recognize n-thick sets in topological
groups and linear metric spaces. A characterization of n-thick convex sets is quite simple.

Proposition 3. For a conver subset C in a separable linear metric space X the following
conditions are equivalent:

(1) C is n-thick in X for every n < w;

(2) C is n-thick in X for some n > 1;

(3) the linear space R - (C — C) is dense in X;

(4) the affine hull of C is dense in X;
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(5) C is {L}-thick in X for some dense linear subspace L of X.

Proof. We shall prove the implications (1) = (2) = (3) = (4) = (5). The first impli-
cations (1) = (2) is trivial.

(2) = (3) Assuming that the convex set C' is n-thick in X for some n > 1, we shall
prove that the linear space L =R - (C — C) is dense in X. Since C is n-thick in X, there
is a countable set S C X such that the set S + C is n-dense in X. Then the set S + L
also is n-dense in X. Consider the quotient space X/L and the quotient linear operator
q: X — X/L. Since the set q(S + L) = ¢(S) is countable, for each connected subspace
A of S+ L the image q(A) is a singleton, which means that contained in a single coset
x + L. Now the density of the C(I", S + L) in C(I", L) implies that L = X.

(3) = (4) Assume that the linear space L = R - (C' — C) is dense in X. Since for
any point ¢ € C the shift ¢ + L coincides with the affine hull aff{(C) of C, the set aff(C)
is dense in X, too.

(4) = (5) Assume that the affine hull aff(C) of C is dense in X. Replacing C by
a suitable shift, we can assume that zero belongs to C' and hence the affine hull of C
coincides with the linear hull of C. We shall prove that the convex set C' is {L}-thick
for any dense linear subspace L C R - (C — C) of countable algebraic dimension. In this
case we can find a countable subset {zj }rc. in C such that zo = 0 and the linear hull of
the set {x, }new contains the linear space L. For every n € w by A,, and L,, denote the
convex and liner hulls of the finite set F,, = {xo,...,2,} C C. It is clear L C {J,,¢,, Ln
and L, = S, + A, C S, + C for some countable set S,, C L,. Given a non-empty open
subset U C C, we should find a countable set S C X such that L C S+ U. Fix any point
u € U and find a neighborhood U C X of zero such that (u + U) N C C U. For every
n € N find a neighborhood V C X of zero such that for any points vy,...,v, € V and
real numbers ty,...,¢, € [0,1] we get > . tiz; € U. Next, find ¢, € (0, 1] such that
e, - (F, —u) C V. The choice of V guarantees that e, (A, —u) C U and hence

L, = (1 - En)u +éep-Ly= (1 - 5n)u + En(Sn + An) =5, + (1 - sn)u +enl, =
=, +u+en(Ay —u) CenSn+ (CN(u+T))CenS, +U.
Then the countable set .S = Uf;l €nSy has the required property:

Lc|JL,cS+U.
n=1
(5) = (1) Assume that C is {L}-thick for some dense linear subspace L C X. By
Lemma 1, L is w-dense in X, so C' is w-thick and hence n-thick for every n < w. O

Lemma 1. Let A C B be convez sets in a linear metric space X. If A is dense in B,
then A is w-dense in B.

Proof. It suffices to check that A is n-dense in B for every n € N (see [7, V.2.1]). Given
a continuous map f : I — B and a neighborhood Uy C X of zero, we need to find
a continuous map g : I — A such that g(z) € f(z) + Up for all z € I". Choose an
open neighborhood W C X of zero such that for any points wy,...,w, € W+ W — W
and numbers Ag,..., A, € T = [0,1] we get Y. j X\jw; € Up. Consider the open cover
W= {f"Yax+W):2 € X} of I". Since I" is an n-dimensional (para)compact space,
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there exists an finite open cover V of I" such that for every z € I" the family V, = {V €
V:z € V} contains at most n+ 1 sets and its union |JV, is contained in some set of the
cover W. By the paracompactness of I", there is a partition of unity {A\y : I" — [0, 1]}y ey
subordinated to the cover V. The latter means that A;;'((0,1]) C V for all V € V, and
> vevAv = L. For every set V' € V fix a point 2y € V' and by the density of A in B
find a point yy € AN (f(zv)+ W). Consider the map g : I" — L defined by the formula
9(2) = D yep Av(2)yy for z € I". It is clear that g(I,,) is contained in the convex hull
A of the finite set {yy }vey C A. We claim that g(z) — f(z) € Uy for all z € Z. By the
choice of the cover V, the set |JV, is contained in some set f~1(W + z), z € X. Then
for every V € V, we get f(zv) — f(2) € W — W and hence

yy — f(2) eW+ flzy) = f(z) CW4+W —W.
Then
9(2) = f(2) = > W(2)(yv — f(2)) € Uy

VeV,
by the choice of the neighborhood W. The map g witnesses that A is n-dense in B. [

A convex subset C' of a linear topological space X is called aff-dense in X if the
affine hull of C is dense in X. By Proposition 3, a convex subset of a separable linear
metric space is afFdense if and only if it is w-thick in X.

Theorem 3. If a non-complete linear metric space X contains a densely-Polish aff-dense
convex set C, then every analytic subset of X belongs to the o-ideal Z;1,(X) for some
dense linear subspace L of X.

Proof. Being densely-Polish, the convex set C is separable and so is its affine hull aff(C).
Since aff(C) is dense in X, the space X is separable and its completion X is a Polish
linear metric space. By Proposition 3, the Polish convex set C C X is {L}-thick for
some dense linear subspace L C X. To finish the proof apply Corollary 3 to the family
D ={L}. O

For a separable linear metric space X by L..(X) we denote the family of dense
linear subspaces in X. To simplify notation, denote the union ULGLOO(X) oZry(X) by

0Z.,(X). Observe that a set A C X belongs to the family ¢ Z.,(X) if and only if there
exists a dense linear subspace L C X (of countable algebraic dimension) in X and a
sequence (A, )ne. of closed subsets of X such that A C |, .,, An and for every compact
subset K C L the sets K + A,,, n € w, are nowhere dense in X.

It follows that

02:0(X) C0Z,(X) CoZ,(X)

for every separable linear metric space X.

Theorem 4. For any analytic subsets A, B ¢ O'ZOO(X) of a linear metric space X and
any densely-Polish aff-dense convex set C' in X the sumset A+ B + C' has non-empty
interior in the completion X of X. Moreover, if A is additive or convex, then the sum
A+ C has non-empty interior in X.
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Proof. By Proposition 3, the affFdense convex sets C is {L}-thick for some dense linear
subspace L of X. Then its homothetic copy %C also is {L}-thick. The convexity of C
implies that 2C + 1C C C. Applying Corollary 1 to the family D = {L} and observi-
ng that the o-ideal JZ{L}(G) C 0Z4(G) does not contain the analytic sets A, B, we
conclude that the sets A + %C’ + B+ %C C A+ B + C have non-empty interior in the
completion X of X. By the same reason, the sets

1 1
A+A+§C+§CCA+A+C'

and A + A+ C + C have non-empty interior in X.
If Ais additive, then A+ A C A and hence the set A+C D A+ A+C has non-empty
interior in X. If A is convex in X, then 1(A+ A) C A and hence the set

1
A+C>D §(A+A+C+C)
has non-empty interior in X. O

The following two theorems detect analytic groups and analytic convex sets which
are oZ,,-spaces, thus giving partial positive answers to Problems 1 and 2.

Theorem 5. An analytic subgroup A of a linear metric space X is a oZ,,-space provided
that A is not Polish and A contains a densely-Polish aff-dense convex subset C of X.

Proof. Since A is a group, the set N- (C'— C) is contained in the group A. The convexity
of C implies that L = N-(C —C) =R-(C — () is a linear subspace in X. The aff-density
of C implies that the linear space L C A is dense in X. By Lemma 1, the dense linear
subspace L is w-dense in X and so is the subgroup A D L. Since the sum A+ C = A has
empty interior in X, the set A belongs to the o-ideal 024, (X) C 02,(X) by Theorem 4.
Since A is w-dense in X, the inclusion A € 0Z,(X) implies A € 0Z,,(A), which means
that A is a 0 Z,,-space. O

A similar result holds for convex sets.

Theorem 6. A dense convex subset A of a linear metric space X is a 0Z,,-space provided
that A is analytic, A contains an aff-dense densely-Polish convex subset C' of X and A
has empty interior in the completion X of X.

Proof. Since the sets %(A +C) C A has empty interior in X, we can apply Corollary 11

and conclude that A € 0Z,,(X) C 02,(X). By Lemma 1, the dense convex subset A of
X is w-dense in X, which implies that A € 0Z,,(A). O

Finally, we study properties of analytic linear metric spaces containing aff-dense
Polish convex sets.

A linear subspace L of a linear metric space X is called an operator image if L =
T'(B) for some linear continuous operator T': B — X defined on a Banach space B. The
topology of operator images was studied in [5]. We shall prove that each affdense Polish
convex set in a linear metric space is {L}-thick for some dense operator image L C X.
For this we need the following known folklore fact.
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Proposition 4. Each Polish convexr set A in a linear metric space contains a shift of
a compact convex subset K = —K such that the linear space L = R - K is dense in the
linear hull of A — A.

Proof. Replacing the convex set A by a suitable shift of A, we can assume that A contains
7€10.

Fix an invariant metric d generating the topology of the linear metric space X and
let X be the completion of the linear metric space (X, d). For a point z € X and a real
number € > 0 by B(z,e) = {y € X : d(x,y) < e} and B(x,e) = {y € X : d(y,z) < e} we
denote the open and closed e-balls centered at x, respectively. The space A, being Polish,
is a Gs-set in X. So, we can write it as A = Mheco Un for a descreasing family (U, )new
of open sets in X. Fix a countable dense set {a, }ne., in A.

Construct inductively two sequences of positive real numbers (€, )nee, and (An)new
such that for every n € w the following conditions are satisfied:

(1) max{An,en} < Qn%;
(2) for every point z in the compact set

A, = {ZtkAkak tto,...,tn €10,2]}} C A
k=0
we get B(x,e,) C U, and x + [0,2)\,]a, C B(x,&,).
The conditions (1), (2) imply that for every sequence (tp)necw € [0,2] the series
Znew tpAnay, converges in X to some point of the convex set A = ﬂnew U,,. Put
€= ,cw Antn and observe that for every sequence (t,)new € [—1,1]¢ the series

c+ Z th Ay = Z(l + tn)Anan

new new

converges to a point of A. It follows that the set

K= {Ztn)‘nan : (tn)new € [171]w}

is compact, convex, symmetric, and ¢+ K C A. It is clear that R- K D {ay, }ne. is dense
in the linear hull R - (4 — A) of the set A — A. O

Lemma 2. If a linear metric space X contains an aff-dense Polish convex set P, then
X contains an aff-dense compact conver set K = —K, which is {L}-thick for some dense
operator image L C X.

Proof. By Proposition 4, there is a compact convex set S = —S in X such that p+S5 C P
for some p € P and the linear space R - S is dense in R - (P — P) and hence is dense
in X. Choose a countable dense set {x, }ne, in S and find a sequence of real numbers
(M )new € (0,1]“ such that the linear operator

oo
T:ly =X, T:(tn)new Y tndnTn,
n=1
is well-defined and continuous. Here ¢; is the Banach space of real sequences t = (t,)new
with the norm ||t|| =3 . |tn] < 00. It is clear that the operator image T'(¢1) is dense in

ncw
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X. Denote by B = {t € ¢; : ||t|| < 1} the closed unit ball of the Banach space ¢; and let
K be the closure of the set T'(B) in S. It is clear that K is a compact convex symmetric
subset of S and the affine hull R - K D T'(¢1) is dense in X. We claim that the convex
set K is {T'({1)}-thick. Given a non-empty open set U C K we need to find a countable
set A C X such that T'(¢;) C A+ U. Since the set T'(B) is dense in K, the intersection
U NT(B) is not empty and hence the preimage V = T~1(U) contains some non-empty
open subset of the ball B. The separability of the Banach space ¢; yields a countable set
Ay C £y such that ¢; = Ay + V. Then the countable set A = T'(A4;) has the required
property: T(¢1) =T(A1)+T(V)C A+ U. O

For a linear metric space X denote by Loo (X) the family of dense operator images
in X. To simplify notations, denote the family ULEEOO(X) 021 (X) by 0Z+(X). Since

Loo(X) C Loo(X), we get the inclusions
0Z2:(X) C0Z:0(X) C0Z,(X) C0oZy(X).

Proposition 5. A subset A of a separable metric linear space X belongs to the family
O'ZOO(X) if and only if there exists a o-compact dense operator image L in X and a
sequence (An)new of closed subsets of X such that A C |J,,c,, An for every n € w and
compact subset K C L the set K - A,, is nowhere dense in X.

Proof. The “if” part of this proposition can be proved by analogy with Proposition 2. To
prove the “only” if part, assume that A € afw(X). Then A € UZ{L}(X) for some dense
operator image L in X. Write L = T'(B) for some linear continuous operator T : B — X
defined on a Banach space B. Since the space L is separable, we can find a separable
Banach subspace B’ C B such that the operator image L' = T'(B’) is dense in T'(B).
Choose a bounded sequence (z,,)ne, in B’ whose linear hull is dense in B’. Tt is standard
to show that the operator

/. / /. tn
T :ly = B, T :(t)new HZ; o T
is well-defined, compact, and has dense image T’(¢3) in B’. Then the operator 7" o T :
¢, — X is compact and has dense image L' = T" o T'(¢2) in X. It follows from L' C L
that A € 0Z1(X) C 0Z1,(X). So, we lose no generality assuming that B = /5 and the
operator T is compact. By the compactness of the operator 7" and the reflexivity of /o,
the image T'(Bj) of the closed unit ball in By of the Hilbert space ¢5 is compact. This
implies that the operator image L = T'({3) is o-compact. Since A € UZ{L}(X), there is
a sequence (A,)ne, of closed subsets A,, of X such that L + A, has empty interior in
X. Then for every compact subset K C L the closed set K + A,, has empty interior and
hence is nowhere dense in X. Then the set K + A,, is nowhere dense in X. O

Applying Corollary 1 and Lemma 2 to the family Lo (X), we can prove the following
corollary (by analogy with Theorem 4).

Theorem 7. For any analytic subsets A, B ¢ ogoo(X) of a linear metric space X and
any aff-dense convex Polish set C' in X, the sumset A+ B 4+ C has non-empty interior
in the completion X of X. Moreover, if A is additive or convex, then the sumset A+ C
has non-empty interior in X.
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This theorem has

Corollary 12. If a non-complete linear metric space X contains a Polish aff-dense
convez set C, then every analytic subset of X belongs to the o-ideal Z;1,(X) for some
dense operator image L in X.

10.
11.
12.
13.
14.
15.

16.
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ITPO ¢Z,-MHO2KVHN B TOIIOJIOTTYHUX I'PYIIAX I
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Tomororiunmii mpoctip X HA3UBAETHCSA GHANIMUYHUM, AKILO BIH € METPH-
30BHUM HENEPEPBHUM 06Pa30M IOJIBCHKOro (TO6TO IOBHO-METPU30BHOIO CEIa-
pabenpaOr0) MpocTopy. lo6pe BimOMO, MO KOKHA GOPENTiBChKA TIMHOKIHA
MOJILCHKOTO MPOCTOPY € AHAJITUIHUM ITPOCTOPOM. 3TiTHO 3 KIACUIHOIO Teope-
moio Credana Banaxa Big 1931 poky, KOKHA HEIIOBHA aHAJITUYHA TOLIOJIOTI-
9HA TPYIHa € XyH0I0, TOOTO € 00’€IHAHHAM 3JIiYeHHO] KiJbKOCTI Hife He Hiab-
HUX TIIMHOXKUH. XY/l MIMHOXXUHN TOMIOJIOTIYHOTO MPOCTOPy X YTBOPIOIOTH
o-imean 0Zy(X), mo € Haiiblibmmm cepen o-ineanis 02, (X), mo nopomKy-
IOThCA Zyp-MHOXKUHAMA B X. 3aMKHeHa miaMHOXWHA A C X TOIMOJIOriYHOrO
npocropy X HasuBaerbcst Zn-muoocunoro B X, muoxuna C([0,1]", X \ A)
Bino6paxens [0,1]" — B Bciogu miabHa y npocropi nenepepsHux (GyHKUii
C([0,1]", X), naximenoMy KOMIAKTHO-BIAKpUTOI Tomosoriero. Tomosorianmit
npoctip X Ha3WBAETLCA 0 Zn-npocmopom, akmo X € 0Z,(X). Jlerko 6aum-
i, o 02, (X) C 0Z,(X) miug poslbaux uucen 0 < n < m < w, 38Big-
KU BUILIMBAE, 10 o-inean oZ,(X) e Hafimenmum cepen o-ineanmis oZ,(X).
Bignosimaoun ua 3amuranna T.Jo6posonbebkoro Ta €. Morinsebkoro (1990),
aBrop wi€l crarri nosis y 1999 poui, mwo siniiina o6onouka lin(E) npocropy
Epmema E = /2 N Q¥ B cemapabesibHOMY Tian0epTOBOMY HpOCTOpi f2 HE €
0 Z,,-ipoctopoM. TuMm He MeHIIe, H0CI HEBIZIOMO UM KOXKEH HENOBHUI aHaJIi-
TUYHUN JIHIAHUI MeTPUYHUN [IPOCTIP € 0 Z,-IIPOCTOPOM i KOKHOIro n € N,
V wiit crarTi MOMAHO YACTKOBUI pO3B'A30K M€l mpobyiemu. A came, T0BEIEHO,
o AKNI0 aHagTUYIHA migMaoxkuaa A ninifiHoro merpuynoro mpocropy X He
MICTUTBCH Y 0 Z,,-IiAMHOKUHI 11pOcTOPY X, TOAl A/ KOXKHOI IOJIBCHKOI OILy-
k101 miamuao)uaEn K C X 3 BCIOAM MIiJIBHOIO adiHHOK 000J0HKOI B X, cyma
A+ K nmexyna B X i muoxuau A+ A+ K ta A — A+ K MaoTh HEIIOPOKHIO
BHyTpimuicTs B monosHenHi X mpocropy X. 3Bimcw Bummmsae, 1o
e anajitmyHa miarpyna A JiHifiHOrO MeTpmIHOro mpocTopy X € 0Z,-
POCTOPOM, dKIO A He € HOIbChKOI i A MICTUTH MHOJILCHKY OILyKILYy
migMaOKMHY K 3 BCIOAM mijibHOIO adinHO0 000/10HKOIO B X

® BCIOJM INIJIbHA ONYKJIA aHAJITHYHA MiIMHOXKWHA A y JiHIHOMY MeTpu-
qnomy tpocropi X € oZ,-npoctopoMm, akmo A He MICTUTH BIAKPHUTOro
MOJIHCHKOTO THAITPOCTOPY i A MICTHTH MOIBCHKY OMYKJLYy TIMHOXKUHY K
3 BCIOJIM TILIBHOIO a(iHHOIO 000T0HKOI B X .

K006t crosa: Z-MHOXKUHA, 0Z-TTPOCTIP, AHAJTITHYIHA MHOXKHUHA, TOIOJIO-
ridHa rpyma, OmyKJia MHOXKHWHA, JTIHIHHUN MeTPUIHUN TPOCTIp.



