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Âèâ÷à¹ìî óìîâè iñíóâàííÿ ñïåöiàëüíîãî içîìîðôiçìó ìiæ âiëüíèìè òî-
ïîëîãi÷íèìè ãðóïàìè, ùî çáåðiãà¹ iíâàðiàíòíiñòü ïiäãðóï, à òàêîæ äîñëiä-
æóþòüñÿ ñïiââiäíîøåííÿ ìiæ åêâiâàëåíòíiñòþ íàáîðiâ äëÿ ðiçíèõ ôóíêòî-
ðiâ òîïîëîãi÷íî¨ àëãåáðè.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, âiëüíà àáåëåâà òîïîëîãi÷íà
ãðóïà, ñïåöiàëüíèé içîìîðôiçì âiëüíèõ ãðóï, ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ,
âiëüíå òîïîëîãi÷íå êiëüöå, âiëüíå àáåëåâå òîïîëîãi÷íå êiëüöå.

1. Âñòóï

Ìè ïðîäîâæó¹ìî âèâ÷àòè åêâiâàëåíòíèõ çà Ìàðêîâèì íàáîðè òèõîíîâñüêèõ
ïðîñòîðiâ, ðîçïî÷àòi â [4]. Ó äðóãîìó ïiäðîçäiëi ìè âèâ÷à¹ìî óìîâè iñíóâàííÿ ñïåöi-
àëüíîãî içîìîðôiçìó ìiæ âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè. Ó òðåòüîìó ïiäðîçäiëi
äîñëiäæó¹ìî åêâiâàëåíòíiñòü íàáîðiâ äëÿ ðiçíèõ ôóíêòîðiâ òîïîëîãi÷íî¨ àëãåáðè.

Òåðìiíîëîãiÿ i ïîçíà÷åííÿ âçÿòî ç [4]. Òóò ìè ëèøå íàãàäà¹ìî, ùî ÷åðåç F (X)
ïîçíà÷à¹ìî âiëüíó òîïîëîãi÷íó ãðóïó òèõîíîâñüêîãî ïðîñòîðó X ó ñåíñi Ìàðêîâà,
÷åðåç A(X) � âiëüíó àáåëåâó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ó ñåíñi Ìàðêîâà, ÷åðåç
L(X) � âiëüíèé ëîêàëüíî-îïóêëèé ïðîñòið íàä X. Äëÿ ïiäïðîñòîðó Y ïðîñòîðó
X ïîçíà÷èìî ÷åðåç G(Y,X) (àáî ñêîðî÷åíî G(Y )) ãðóïîâó îáîëîíêó ìíîæèíè Y ó
F (X).

Îçíà÷åííÿ 1. Íåõàé {Xi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó
X, {Yi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Ñêàæåìî, ùî ñiì'ÿ
(X, {Xi : i ∈ I}) ¹ M -åêâiâàëåíòíîþ ñiì'¨ (Y, {Yi : i ∈ I}), ÿêùî iñíó¹ òîïîëîãi÷íèé
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içîìîðôiçì h : F (X) → F (Y ) òàêèé, ùî h(Ai) ⊆ G(Bi) i h
−1(Bi) ⊆ G(Ai) äëÿ âñiõ

i ∈ I. Ïîçíà÷àòèìåìî öå òàê

(X, {Xi : i ∈ I})
M∼ (Y, {Yi : i ∈ I}).

Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîðè
âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íîãî òà âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðèìà¹ìî
ïîíÿòòÿ A-åêâiâàëåíòíèõ i L-åêâiâàëåíòíèõ íàáîðiâ.

2. Åêâiâàëåíòíiñòü íàáîðiâ i ñïåöiàëüíi içîìîðôiçìè

Ñêàæåìî, ùî içîìîðôiçì i : F (X) → F (Y ) ¹ ñïåöiàëüíèì, ÿêùî êîìïîçèöiÿ
e∗Y ◦i ¹ ïîñòiéíèì âiäîáðàæåííÿì, äå e∗Y : F (Y )→ Z � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹
ôóíêöiþ eY : Y → Z, ÿêà òîòîæíî ðiâíà 1 íà Y . Àíàëîãi÷íî îçíà÷ó¹òüñÿ ïîíÿòòÿ ñïå-
öiàëüíîãî içîìîðôiçìó ìiæ âiëüíèìè àáåëåâèìè òîïîëîãi÷íèìè ãðóïàìè. Ó [2] áóëî
âñòàíîâëåíî, ùî äëÿ äîâiëüíèõ äâîõ M -åêâiâàëåíòíèõ ïðîñòîðiâ iñíó¹ ñïåöiàëüíèé
içîìîðôiçì ìiæ ¨õíiìè âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè. Ó [3] i [11] öåé ðåçóëüòàò
áóëî óçàãàëüíåíî íà âèïàäîê M -åêâiâàëåíòíèõ âiäîáðàæåíü i M -åêâiâàëåíòíèõ ïàð.

Áóäåìî ãîâîðèòè, ùî ïiäïðîñòið A òîïîëîãi÷íîãî ïðîñòîðó X ¹ ∗-çâ'ÿçíèì â
X, ÿêùî äëÿ äîâiëüíèõ äâîõ íåïåðåòèííèõ âiäêðèòî-çàìêíåíèõ ïiäìíîæèí U òà V
òàêèõ, ùî U ∪ V = X ìà¹ìî, ùî äëÿ A ⊆ U òà A ⊆ V .

Óçàãàëüíþþ÷è òåîðåìó 3.9 ç [2] äîâåäåìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), i ïðîñòið A =

⋃
s∈S

Xs ¹

∗-çâ'ÿçíèì â X, òî çâóæåííÿ êîæíîãî òîïîëîãi÷íîãî içîìîðôiçìó i : F (X)→ F (Y )
íà ïiäãðóïó G(A) ¹ ñïåöiàëüíèì içîìîðôiçìîì.

Äîâåäåííÿ. Íåõàé eY : Y → Z � ôóíêöiÿ, ÿêà òîòîæíî ðiâíà 1 íà Y , e∗Y : F (Y ) →
Z � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ ôóíêöiþ eY . Äîâåäåìî, ùî i ◦ e∗Y |A = const.
Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé z1, z2 ∈ i ◦ e∗Y (A) i z1 < z2. Òîäi F1 = (−∞, z1]
òà F2 = (z1,+∞) � äèç'þíêòíi âiäêðèòî-çàìêíåíi, âçà¹ìîäîïîâíþâàíi ïiäìíîæèíè
â Z. Òîäi âiäêðèòî-çàìêíåíi ìíîæèíè U = (i ◦ e∗Y )−1(F1) òà V = (i ◦ e∗Y )−1(F2)
çàäîâîëüíÿþòü òàêi óìîâè:

U ∪ V = X, U ∩ V = ∅, U ∩A 6= ∅, V ∩A 6= ∅,

ùî ñóïåðå÷èòü ∗-çâ'ÿçíîñòi ìíîæèíè A â X. �

Òåîðåìà 1 òà ¨¨ äîâåäåííÿ ¹ íåçíà÷íîþ ìîäèôiêàöi¹þ òåîðåìè 3.1 ç [2] òà ¨¨
äîâåäåííÿ.

Òåîðåìà 1. ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), i ïðîñòið A =

⋂
s∈S

Xs ¹ íå-

ïîðîæíiì, òî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X)→ F (Y ) òàêèé,
ùî i(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S.

Ùîá äîâåñòè öå òâåðäæåííÿ, íàì ïîòðiáíî äåêiëüêà ëåì.

×åðåç Z áóäåìî ïîçíà÷àòè àäèòèâíó ãðóïó öiëèõ ÷èñåë íàäiëåíó äèñêðåòíîþ
òîïîëîãi¹þ.
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Íåõàé A ⊆ X,ϕ : F (X)→ Z íåïåðåðâíèé ãîìîìîðôiçì òàêèé, ùî ϕ(G(A)) = Z.
Ïîçíà÷èìî ÷åðåç

ordAϕ = min{| k |: k ∈ ϕ(A)\{0}}.

Ëåìà 1. ßêùî ordAϕ > 1, òî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X)
òàêèé, ùî j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i ordA(ϕ ◦ j) < ordAϕ.

Äîâåäåííÿ. Íåõàé ordAϕ = q > 1. Òîäi iñíó¹ åëåìåíò a0 ∈ A òàêèé, ùî ϕ(a0) = s,
‖s‖ = q. Îñêiëüêè ϕ(A) ïîðîäæó¹ Z, òî iñíó¹ p ∈ ϕ(A), ùî íå äiëèòüñÿ íà q. Ïîäiëèìî
p íà q ç îñòà÷åþ

p = ms+ r, 0 < r < q = ‖s‖.
Ïîçíà÷èìî äëÿ êîæíîãî k ∈ Z ÷åðåçXk = X∩ϕ−1(k). ÒîäiXk � âiäêðèòî-çàìêíåíèé
ïiäïðîñòið â X. Îçíà÷èìî âiäîáðàæåííÿ j0 : X → F (X) òàê:

j0(x) =

{
x, ÿêùî x /∈ Xp;

a−m0 x, ÿêùî x ∈ Xp.

Íåõàé j : F (X)→ F (X) � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ j0(x). Âiäîá-
ðàæåííÿ j0(x) íåïåðåðâíå ç îãëÿäó íà íåïåðåðâíiñòü îïåðàöi¨ ìíîæåííÿ â òîïîëîãi÷-
íié ãðóïi F (X) i âiäêðèòî-çàìêíåíîñòi ìíîæèí Xk, k ∈ Z. Îçíà÷èìî âiäîáðàæåííÿ
j∗0 : X → F (X) çà ôîðìóëîþ

j∗0 (x) =

{
x, ÿêùî x /∈ Xp;
am0 x, ÿêùî x ∈ Xp.

Íåõàé j∗ : F (X)→ F (X) � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ j∗0 (x). Ëåã-
êî áà÷èòè, ùî j∗ � íåïåðåðâíèé ãîìîìîðôiçì, îáåðíåíèé äî j. Îòæå, j � òîïîëî-
ãi÷íèé içîìîðôiçì. Íåõàé a1 ∈ Xp ∩A. Òîäi

ϕ ◦ j(a1) = ϕ(a−m0 x1) = −mϕ(a0) + ϕ(x1) = −ms+ p = r < q.

Î÷åâèäíî, ùî j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. �

Ïîíèæóþ÷è çà äîïîìîãîþ ëåìè 1 ïîðÿäîê içîìîðôiçìó ϕ, ìè çà ñêií÷åííó êiëü-
êiñòü ðàçiâ îòðèìà¹ìî òàêó ëåìó.

Ëåìà 2. Iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî j(G(Xs)) =
G(Ys) äëÿ âñiõ s ∈ S i ordA(ϕ ◦ j) = 1.

Îòæå, iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî äëÿ äåÿêîãî
åëåìåíòà a0 ∈ A âèêîíó¹òüñÿ îäíà ç óìîâ ϕ◦ j(a0) = 1 àáî ϕ◦ j(a0) = −1 i j(G(A)) =
G(A). Ó äðóãîìó âèïàäêó ðîçãëÿíåìî êîìïîçèöiþ içîìîðôiçìó j ç içîìîðôiçìîì
α çàäàíèì äëÿ åëåìåíòiâ ïðîñòîðó X çà ïðàâèëîì α(x) = x, ÿêùî ϕ ◦ j(x) 6= 1 i
α(x) = x−1, ÿêùî ϕ ◦ j(x) = −1. Î÷åâèäíî α � òîïîëîãi÷íèé içîìîðôiçì, ïðè÷îìó
(ϕ ◦ α ◦ j)(a0) = 1 i (ϕ ◦ α ◦ j)(G(Xs)) = G(Xs äëÿ âñiõ s ∈ S.

Ìè äîâåëè òàêå òâåðäæåííÿ.

Ëåìà 3. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òàêîãî, ùî

ϕ(G(A)) = Z, iñíóþòü òîïîëîãi÷íèé içîìîðôiçì j : F (X)→ F (X) i åëåìåíò a0 ∈ A
òàêi, ùî j(G(Xs)) = G(Xs) äëÿ âñiõ s ∈ S i (ϕ ◦ j)(a0) = 1.
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Ëåìà 4. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òàêîãî, ùî

ϕ(G(A)) = Z iñíó¹ òîïîëîãi÷íèé içîìîðôiçì u : F (X) → F (X) òàêèé, ùî

u(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i (ϕ ◦ u)(X) = 1.

Äîâåäåííÿ. Âèáåðåìî içîìîðôiçì j : F (X)→ F (X) i åëåìåíò a0 ∈ A òàêi ÿê ó ëåìi 3
Ïîçíà÷èìî Fk = X ∩ (ϕ ◦ j)−1(k) äëÿ êîæíîãî k ∈ Z. Òîäi ìíîæèíè Fk, k ∈ Z ¹
âiäêðèòî-çàìêíåíi â X, ïðè÷îìó a0 ∈ F1. Âèçíà÷èìî âiäîáðàæåííÿ l0 : X → F (X)

çà ïðàâèëîì l0(x) = a−k+1
0 x, ÿêùî x ∈ Fk, k ∈ Z i íåõàé l : F (X) → F (X) � ãî-

ìîìîðôiçì, ùî ïðîäîâæó¹ âiäîáðàæåííÿ l0. Î÷åâèäíî, âiäîáðàæåííÿ l0 íåïåðåðâíå,
à îòæå, íåïåðåðâíèì ¹ ãîìîìîðôiçì l. Âiäîáðàæåííÿ l∗0 : X → F (X) îçíà÷åíå ÿê

l∗0(x) = ak−10 x, ÿêùî x ∈ Fk, k ∈ Z ¹ íåïåðåðâíèì, à îòæå, íåïåðåðâíèì ¹ ãîìîìîð-
ôiçì l∗ : F (X) → F (X), ùî éîãî ïðîäîâæó¹. Ëåãêî áà÷èòè, ùî l∗ � ãîìîìîðôiçì,
îáåðíåíèé äî l, òîìó l ¹ òîïîëîãi÷íèì àâòîìîðôiçìîì ãðóïè F (X).

Ïðèéìåìî u = j◦l, òîäi u : F (X)→ F (X)� òîïîëîãi÷íèé içîìîðôiçì. Äîâåäåìî,
ùî u � ïîòðiáíèé àâòîìîðôiçì ãðóïè F (X). ßêùî x ∈ X, òî x ∈ Fk ïðè äåÿêîìó
k ∈ Z. Òîäi

ϕ(u(x)) = ϕ(j(l(x))) =

= ϕ(j(a−k+1
0 x)) =

= ϕ(j(a0)× (−k + 1) + ϕ(j(x)) =

= −k + 1 + k = 1.

Îñêiëüêè j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i l(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S, òî
u(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. �

Äîâåäåííÿ òåîðåìè 1. Íåõàé i : F (X) → F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé,
ùî i(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. Íåõàé òàêîæ e∗Y : F (X) → Z � ãîìîìîðôiçì,
ùî ïðîäîâæó¹ ôóíêöiþ eY , ÿêà òîòîæíî ðiâíà 1 íà ïðîñòîði Y . Î÷åâèäíî, ùî e∗Y ◦
i(G(Xs)) = e∗Y (Ys) = Z. Çàñòîñîâóþ÷è ëåìó 4 äî ãîìîìîðôiçìó ϕ = e∗Y ◦i, îòðèìà¹ìî
ñïåöiàëüíèé içîìîðôiçì i∗ = i ◦ u : F (X)→ F (Y ) òàêèé, ùî i∗(G(Xs)) = G(Ys). �

Ïîäiáíî ìîæåìî äîâåñòè òâåðäæåííÿ àíàëîãi÷íå äî òåîðåìè 1 äëÿ A-åêâiâàëåíò-
íèõ íàáîðiâ. Ìîäèôiêàöiÿ àíàëîãi÷íîãî òâåðäæåííÿ äëÿ L-åêâiâàëåíòíèõ íàáîðiâ
ïðîâîäèòüñÿ àíàëîãi÷íî äî âiäïîâiäíî¨ òåîðåìè ç [2].

Òâåðäæåííÿ 2. Íåõàé (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S}), ïðîñòîðè A =
⋂
s∈S

Xs

i B =
⋂
s∈S

Ys íåïîðîæíi, a ∈ A, b ∈ B � äîâiëüíi òî÷êè. Òîäi iñíó¹ ñïåöiàëüíèé

òîïîëîãi÷íèé içîìîðôiçì h : A(X) → A(Y ) òàêèé, ùî h(G(Xs)) = G(Ys) äëÿ âñiõ

s ∈ S i h(a) = b.

Äîâåäåííÿ. Íåõàé (X,A)
A∼ (Y,B). Çà òåîðåìîþ 1 iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé

içîìîðôiçì j : A(X)→ A(Y ) òàêèé, ùî j(G(A)) = G(B). Íåõàé

W = λ1a1 + λ2a2 + ...+ λnan = j−1(b),
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äå ai ∈ A. Îñêiëüêè j ñïåöiàëüíèé içîìîðôiçì, òî

n∑
i=1

λi = 1. Ðîçãëÿíåìî âiäîáðà-

æåííÿ f, g : X → A(X) îçíà÷åíi çà ôîðìóëàìè

f(x) = x+W − a i g(x) = x−W + a.

Íåõàé f∗, g∗ : A(X)→ A(X) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ. Òîäi

f∗ ◦ g∗(x) = f∗(x−W + a) =

= (x+W − a)− [λ1(x1 +W − a) + λ2(x2 +W − a) + . . .+

+ λn(xn +W − a)] + (a+W − a) =

= x+W − a− [λ1x1 + λ2x2 + . . .+ λnxn]−

(
n∑

i=1

λi

)
× (W − a) +W =

= x+W − a−W − 1× (W − a) +W = x.

Îòæå, f∗ ◦ g∗ = g∗ ◦ f∗ = 1A(X). Îòîæ, f
∗ ñïåöiàëüíèé àâòîìîðôiçì òàêèé, ùî

f∗(a) =W i f∗(G(Xs)) = G(Xs). Tîäi h = j◦f∗ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì
òàêèé, ùî

h(G(Xs)) = j ◦ f∗(G(Xs)) = j(G(Xs)) = G(Ys)

i h(a) = j ◦ f∗(a) = j(W ) = b. �

Àíàëîãi÷íå òâåðäæåííÿ ïðàâèëüíå òàêîæ äëÿ âiäíîøåííÿ L-åêâiâàëåíòíîñòi òî-
ïîëîãi÷íèõ ïðîñòîðiâ.

Íåõàé {Xs : s ∈ S} � ñiì'ÿ çàìêíåíèõ äèç'þíêòíèõ ïiäïðîñòîðiâ â X. Ïîçíà-
÷èìî ÷åðåç p : X → X/{Xs : s ∈ S} � ïðîåêöiþ, ÿêà ñòÿãó¹ êîæåí ïiäïðîñòið Xs

ó òî÷êó. ßêùî íà ïðîñòîði X/{Xs : s ∈ S} îçíà÷èòè íàéñèëüíiøó öiëêîì ðåãóëÿð-
íó òîïîëîãiþ, ùî ðîáèòü âiäîáðàæåííÿ p íåïåðåðâíèì, òîäi âiäîáðàæåííÿ p áóäå
R-ôàêòîðíèì.

Íàñëiäîê 1. Íåõàé

(X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S})

i ïðîñòið A =
⋂
s∈S

Xs çàìêíåíèé òà íåïîðîæíié. Òîäi

(X/A, {Xs/A : s ∈ S}) M∼ (Y/B, {Ys/B : s ∈ S}),

äå B =
⋂
s∈S

Ys (òóò íà Xs/A i Ys/B âèçíà÷åíî òîïîëîãi¨ iíäóêîâàíi âiäïîâiäíî ç

X/A òà Y/B).

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X, òà âiäìi÷åíî¨ òî÷êè a ∈ X ïîçíà÷èìî ÷åðåç
AG(X, a) âiëüíó àáåëåâó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç îäèíèöåþ a.

Òâåðäæåííÿ 3. Íåõàé

(X, {Xs : s ∈ S})
A∼ (Y, {Ys : s ∈ S}),
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ïðîñòîðè A =
⋂
s∈S

Xs, B =
⋂
s∈S

Ys íåïîðîæíiì, a ∈ A, b ∈ B � äîâiëüíi òî÷êè.

Òîäi iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : AG(X, a)→ AG(Y, b) òàêèé, ùî h(G(Xs)) =
G(Ys) äëÿ âñiõ s ∈ S.
Äîâåäåííÿ. Çà òâåðäæåííÿì 2 iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé i : A(X) → A(Y ) òà-
êèé, ùî i(a) = b. òà i(G(Xs) = G(Ys) Òîòîæíå âiäîáðàæåííÿ X → X ïðîäîâæó¹òüñÿ
äî íåïåðåðâíîãî ãîìîìîðôiçìó fx : A(X) → AG(X, a) ó âiëüíó àáåëåâó ãðà¹âñüêó
òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç îäèíèöåþ â òî÷öi a. Àíàëîãi÷íî òîòîæíå âiäîáðà-
æåííÿ Y → Y ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó fy : A(Y ) → AG(Y, b)
ó âiëüíó àáåëåâó ãðà¹âñüêó òîïîëîãi÷íó ãðóïó ïðîñòîðó Y ç îäèíèöåþ â òî÷öi b.
Íåïåðåðâíå âiäîáðàæåííÿ mx : X → AG(Y, b), îçíà÷åíå ÿê m(x) = fy ◦ i|X , ìà¹ òó
âëàñòèâiñòü, ùî mx(a) = b, à îòæå, ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó
jx : AG(X, a) → AG(Y, b). Àíàëîãi÷íî íåïåðåðâíå âiäîáðàæåííÿ my : Y → AG(X, a),
îçíà÷åíå ÿê m(y) = fx ◦ i−1|Y , ìà¹ òó âëàñòèâiñòü, ùî my(b) = a, îòæå, ïðîäîâæó-
¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó jy : AG(Y, b)→ AG(X, a). Îòðèìà¹ìî, ùî

jy ◦ jx(x) = fx ◦ i ◦ i−1(x) = x

äëÿ âñiõ x ∈ X. Àíàëîãi÷íî

jx ◦ jy(y) = fy ◦ i−1 ◦ i(y) = y

äëÿ âñiõ y ∈ Y . Îòæå, jx � òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ ãðà¹âñüêèõ
ãðóï AG(X, a) i AG(Y, b). �

Óçàãàëüíþþ÷è òåîðåìó 3.9 ç [2], äîâåäåííÿ çàëèøà¹òüñÿ àíàëîãi÷íèì. Ñôîðìó-
ëþ¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, {Xs : s ∈ S} � ñiì'ÿ

äèç'þíêòíèõ ïiäïðîñòîðiâ â X, {Ys : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ â Y ,
ïðè÷îìó R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ ãàóñäîðôîâèìè.

ßêùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X)→ F (Y ) òàêèé, ùî i(G(Xs)) = G(Ys)

äëÿ âñiõ s ∈ S, à éîãî çâóæåííÿ íà ïiäãðóïó G(A), äå A =
⋃
s∈S

Xs, ¹ ñïåöiàëü-

íèì içîìîðôiçìîì, òî R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹

M -åêâiâàëåíòíèìè.

Íàñëiäîê 2. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, {Xs : s ∈ S} � ñiì'ÿ

äèç'þíêòíèõ ïiäïðîñòîðiâ â X, {Ys : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ â Y ,
ïðè÷îìó R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ ãàóñäîðôîâèìè.

ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), à ìíîæèíà A =

⋃
s∈S

Xs çâ'ÿçíà â X, òî

R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ M -åêâiâàëåíòíèìè.

Äîâåäåííÿ. Ç òåîðåìè 1 âèïëèâà¹, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X) →
F (Y ) òàêèé, ùî i(G(A)) = G(B). Ç òåîðåìè 3.9. ðîáîòè Îêóí¹âà [9] âèïëèâà¹, ùî
iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X/A) → F (X/B) òàêèé, ùî j ◦ q∗A = q∗B ◦ i,
äå q∗A : F (X) → F (X/A), q∗B : F (Y ) → F (Y/B) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ qA i qB , âiäïîâiäíî, òîáòî qA
M∼ qB . �
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3. Åêâiâàëåíòíiñòü íàáîðiâ i âiëüíi òîïîëîãi÷íi àëãåáðè

Ðîçâèâà¹ìî iäå¨, ÿêi ïîâ'ÿçàíi ç içîìîðôíîþ êëàñèôiêàöi¹þ âiëüíèõ òîïîëîãi÷-
íèõ íàïiâãðóï, ãðóï òà êiëåöü ç ðîáîòè [1], à òàêîæ iäå¨ ïîâ'ÿçàíi ç içîìîðôíîþ êëàñè-
ôiêàöi¹þ âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï [7]. Íàñ öiêàâèòèìóòü içîìîðôiçìè âiëüíèõ
òîïîëîãi÷íèõ àëãåáð, ùî çàëèøàþòü iíâàðiàíòíèìè ñiì'¨ ïiäàëãåáð. Òàêîæ äîñëiäæó-
¹ìî óìîâè òîïîëîãî-àëãåáðè÷íî¨ åêâiâàëåíòíîñòi ãîìîìîðôiçìiâ, ÿêi ïðîäîâæóþòü
íåïåðåðâíi âiäîáðàæåííÿ òèõîíîâñüêèõ ïðîñòîðiâ. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó ïî-
çíà÷èìî ÷åðåç S(X) âiëüíó òîïîëîãi÷íó íàïiâãðóïó íàä ïðîñòîðîì X, ÷åðåç SA(X)
âiëëüíó àáåëåâó òîïîëîãi÷íó íàïiâãðóïó íàä ïðîñòîðîì X, ÷åðåç R(X) � âiëüíå òî-
ïîëîãi÷íå êiëüöå íàä ïðîñòîðîìX, ÷åðåç RA(X) � âiëüíå àáåëåâå òîïîëîãi÷íå êiëüöå
íàä ïðîñòîðîì X. Äëÿ âiëüíî¨ òîïîëîãi÷íî¨ àëãåáðè F (X) íàä ïðîñòîðîì X òà ïiä-
ïðîñòîðó Y ⊆ X ïîçíà÷èìî ÷åðåç 〈Y 〉 ïiäàëãåáðó â F (X), ïîðîäæåíó ìíîæèíîþ
òâiðíèõ Y .

Òâåðäæåííÿ 5. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Òîäi òàêi óìîâè
åêâiâàëåíòíi:

(1) iñíó¹ ãîìåîìîðôiçì h : X → Y òàêèé, ùî h(Xs) = Ys äëÿ âñiõ s ∈ S;
(2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï i : S(X) →

S(Y ) òàêèé, ùî i(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
(3) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ íàïiâãðóï

j : SA(X)→ SA(Y ) òàêèé, ùî j(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé i : S(X) → S(Y ) � ãîìîìîðôíå ïðîäîâæåííÿ âiäîáðà-
æåííÿ h : X → Y äî ãîìîìîðôiçìó âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï. Çà ïîáóäóâîþ
i(Xs) = Ys, òîáòî i(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Iìïëiêàöiÿ (2)⇒ (3) äîâîäèòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ 2.10 ç [4].

(3) ⇒ (1) Íåõàé j : SA(X) → SA(Y ) òàêèé, ùî j(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.
Íàãàäà¹ìî, ùî àòîìîì íàçèâà¹òüñÿ åëåìåíò òîïîëîãi÷íî¨ íàïiâãðóïè, ÿêèé íå ìîæíà
ïîäàòè ó âèãëÿäi äîáóòêó äâîõ åëåìíòiâ, êîæåí ç ÿêèõ âiäìiííèé âiä íåéòðàëüíîãî.
Î÷åâèäíî, ùî ïðè içîìîðôiçìi òîïîëîãi÷íèõ íàïiâãðóï îáðàçîì ìíîæèíè àòîìiâ ïåð-
øî¨ íàïiâãðóïè ¹ ìíîæèíà àòîìiâ äðóãî¨ íàïiâãðóïè. Çàëèøà¹òüñÿ çàóâàæèòè, ùî
ìíîæèíîþ àòîìiâ íàïiâãðóïè SA(X) ¹ X. Òîìó çâóæåííÿ içîìîðôiçìó j : SA(X) →
SA(Y ) íà ïiäïðîñòið X ¹ ãîìåîìîðôiçìîì h : X → Y òàêèì, ùî h(Xs) = Ys. �

Íèæ÷å ìè ðîçãëÿäà¹ìî (àáåëåâi) òîïîëîãi÷íi êiëüöÿ; îçíà÷åííÿ ìîæíà çíàéòè
â ìîíîãðàôi¨ [6].

Òâåðäæåííÿ 6. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y . Òîäi òàêi óìîâè
åêâiâàëåíòíi:

(1) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï

h : A(X)→ A(Y ) òàêèé, ùî h(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
(2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ òîïîëîãi÷íèõ êiëåöü i : R(X) →

R(Y ) òàêèé, ùî i(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
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(3) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ êiëåöü

j : RA(X)→ RA(Y ) òàêèé, ùî j(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. Iìïëiêàöi¨ (1) ⇒ (2) òà (2) ⇒ (3) äîâîäÿòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ
2.10 [4].

(3) ⇒ (1) Íåõàé j : RA(X) → RA(Y ) � içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëî-
ãi÷íèõ êiëåöü òàêèé, ùî j(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S. Îñêiëüêè êîæíà àáåëåâà
òîïîëîãi÷íà ãðóïà ïiñëÿ ââåäåííÿ íà íié íóëüîâîãî ìíîæåííÿ ïåðåòâîðþ¹òüñÿ íà
àáåëåâå êiëüöå, òî òîòîæíi âiäîáðàæåííÿ idX : X → X òà idY : Y → Y ïðîäîâæóþ-
òüñÿ äî íåïåðåðâíèõ ãîìîìîðôiçìiâ pX : RA(X)→ A(X) òà pY : RA(Y )→ A(Y ). ßê
áóëî âñòàíîâëåíî ó [1] iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : A(X) → A(Y ) òàêèé, ùî
pY ◦ j = i ◦ pX . Çà ïîáóäîâîþ h(Xs) ⊆ G(Ys), h−1(Ys) ⊆ G(Xs). �

Òâåðäæåííÿ 7. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � íåïåðåðâíi âiäîáðàæåííÿ

òîïîëîãi÷íèõ ïðîñòîðiâ. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) iñíóþòü ãîìåîìîðôiçìè h1 : X1 → X2 òà h2 : Y1 → Y2 òàêi, ùî h2 ◦ f1 =
f2 ◦ h1;

(2) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï

i1 : S(X1) → S(X2) òà i2 : S(Y1) → S(Y2) òàêi, ùî i2 ◦ f∗1 = f∗2 ◦ i1, äå
f∗1 : S(X1) → S(Y1), f

∗
2 : S(X2) → S(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ f1 òà f2;
(3) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ íàïiâãðóï

j1 : SA(X1) → SA(X2) òà j2 : SA(Y1) → SA(Y2) òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå
f∗1 : SA(X1) → SA(Y1), f

∗
2 : SA(X2) → SA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé h1 : X1 → X2 òà h2 : Y1 → Y2 � ãîìåîìîðôiçìè òàêi,
ùî h2 ◦ f1 = f2 ◦ h1. Ïðîäîâæåííÿ i1 : S(X1) → S(X2) òà i2 : S(Y1) → S(Y2) ãîìåî-
ìîðôiçìiâ h1 òà h2 äî íåïåðåðâíèõ ãîìîìîðôiçìiâ ¹ òîïîëîãi÷íèìè içîìîðôiçìàìè.
Îñêiëüêè

i2 ◦ f∗1 |X1 = h2 ◦ f1 = f2 ◦ h1 = f∗2 ◦ i1|X1
,

òî i2 ◦ f∗1 = f∗2 ◦ i1.
Iìëiêàöiÿ (2)⇒ (3) äîâîäèòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ 2.2 ç [11].

(3) ⇒ (1) Íåõàé j1 : SA(X1) → SA(X2) òà j2 : SA(Y1) → SA(Y2) � òîïîëîãi÷íi
içîìîðôiçìè òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå f∗1 : SA(X1) → SA(Y1), f

∗
2 : SA(X2) →

SA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f1 òà f2. ßê óæå çàçíà÷àëîñü,
ó äîâåäåííi òâåðäæåííÿ 5 j1(X1) = X2, j2(Y1) = Y2. Òîìó âiäîáðàæåííÿ h1 = j1|X1 ,
h2 = j2|Y1 ¹ ãîìåîìîðôiçìàìè òàêèìè, ùî h2 ◦ f1 = f2 ◦ h1. �

Òâåðäæåííÿ 8. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � íåïåðåðâíi âiäîáðàæåííÿ

òèõîíîâñüêèõ ïðîñòîðiâ. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï

h1 : A(X1) → A(X2) òà h2 : A(Y1) → A(Y2) òàêi, ùî i2 ◦ Af∗1 = Af∗2 ◦ i1, äå
Af∗1 : A(X1) → A(Y1), Af

∗
2 : A(X2) → A(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2;
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(2) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ òîïîëîãi÷íèõ êiëåöü i1 : R(X1)→
R(X2) òà i2 : R(Y1)→ R(Y2) òàêi, ùî i2 ◦Rf∗1 = Rf∗2 ◦ i1, äå Rf∗1 : R(X1)→
R(Y1), Rf

∗
2 : R(X2)→ R(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ

f1 òà f2;
(3) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ êiëåöü

j1 : RA(X1)→ RA(X2) òà j2 : RA(Y1)→ RA(Y2) òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå
f∗1 : RA(X1) → RA(Y1), f

∗
2 : RA(X2) → RA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. Iìïëiêàöi¨ (1) ⇒ (2) òà (2) ⇒ (3) äîâîäÿòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ
2.2 [11].

(3) ⇒ (1) Íåõàé p1 : RA(X1) → A(X1), p2 : RA(X2) → A(X2), q1 : RA(Y1) →
A(Y1), q2 : RA(Y2) → A(Y2) � ïðèðîäíi ãîìîìîðôiçìè, îïèñàíi ó òâåðäæåííi 6. Äëÿ
içîìîðôiçìó j1 : RA(X1)→ RA(X2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï h1 : A(X1) → A(X2) òàêèé, ùî h1 ◦ p1 = p2 ◦ j1. Àíàëîãi÷íî äëÿ
içîìîðôiçìó j2 : RA(Y1) → RA(Y2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï h2 : A(Y1) → A(Y2) òàêèé, ùî h2 ◦ q1 = q2 ◦ j2. Çà ïîáóäîâîþ
Af1 ◦ p1 = q1 ◦ f∗1 i Af2 ◦ p2 = q2 ◦ f∗2 . Íåõàé x ∈ X1, òîäi p1(x) = x. Îòîæ,

h1 ◦Af2(x) = j1 ◦ q2 ◦Af2(x) =
= j1 ◦ f∗2 ◦ q2(x) =
= f∗1 ◦ j2 ◦ q2(x) =
= f∗1 ◦ q1 ◦ h2(x) =
= Af1 ◦ h2(x).

�

Òâåðäæåííÿ 9. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � A-åêâiâàëåíòíi âiäîáðàæåí-

íÿ. Òîäi äëÿ äîâiëüíèõ x1 ∈ X1 òà x2 ∈ X2 iñíóþòü òîïîëîãi÷íi içîìîðôiçìè

âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ â ñåíñi Ãðà¹âà s1 : AG(X1, x1) → AG(X2, x2) òà

s2 : AG(Y1, f(x1))→ AG(Y2, f(x2)) òàêi, ùî s2 ◦ f∗∗1 = f∗∗2 ◦ s1, äå f∗∗1 : AG(X1, x1)→
AG(Y1, f(x1)) i f∗∗2 : AG(X2, x2) → AG(Y2, f(x2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. Ç òîãî, ùî âiäîáðàæåííÿ f1 : X1 → Y1, f2 : X2 → Y2 ¹ A-åêâiâàëåíòíèìè,
çà òåîðåìîþ ç [3] âèïëèâà¹, ùî iñíóþòü òîïîëîãi÷íi içîìîðôiçìè h1 : A(X1)→ A(X2)
òà h2 : A(Y1)→ A(Y2) òàêi, ùî 2 ◦ f∗1 = f∗2 ◦ i1, äå f∗1 : A(X1)→ A(Y1), f

∗
2 : AG(X2)→

AG(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f1 òà f2. Íåõàé pi : A(Xi)→
AG(Xi, xi), qi : A(Yi) → AG(Yi, f(xi)) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü òîòîæíi
âêëàäåííÿ Xi ↪→ Xi òà Yi ↪→ Yi. ßê áóëî âñòàíîâëåíî ó [10], ÿêùî äëÿ içîìîð-
ôiçìó h1 : A(X1) → A(X2) âèêîíó¹òüñÿ óìîâà h1(x1) = x2, òî iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì s1 : AG(X1, x1) → AG(X2, x2) òàêèé, ùî s1 ◦ p1 = g1 ◦ h1. Àíàëîãi÷íî
äîâîäèòüñÿ, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì s2 : AG(Y1, f(x1)) → AG(Y2, f(x2))
òàêèé, ùî s2 ◦ p2 = g2 ◦ h2. Çà ïîáóäîâîþ f∗∗1 ◦ p1 = q1 ◦ f∗1 i f∗∗2 ◦ p2 = q2 ◦ f∗2 . Íåõàé
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x ∈ X1, òîäi p1(x) = x. Îòîæ,

s1 ◦ f∗∗2 (x) = h1 ◦ q2 ◦ f∗∗2 (x) =

= h1 ◦ f∗2 ◦ q2(x) =
= f∗1 ◦ h2 ◦ q2(x) =
= f∗1 ◦ q1 ◦ s2(x) =
= f∗∗1 ◦ s2(x).

�

Àíàëîãi÷íî äîâîäèòüñÿ òàêå òâåðäæåííÿ

Òâåðäæåííÿ 10. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � L-åêâiâàëåíòíi âiäîáðàæåí-

íÿ. Òîäi äëÿ äîâiëüíèõ x1 ∈ X1 òà x2 ∈ X2 iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëü-

íèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ â ñåíñi Ãðà¹âà i1 : LG(X1, x1) → LG(X2, x2) òà

i2 : LG(Y1, f(x1)) → LG(Y2, f(x2)) òàêi, ùî i2 ◦ f∗1 = f∗2 ◦ i1, äå f∗1 : LG(X1, x1) →
LG(Y1, f(x1)) i f

∗
2 : LG(X2, x2)→ LG(Y2, f(x2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âi-

äîáðàæåííÿ f1 òà f2.
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Let X be a Tychonov space. By F (X) we denote the free topological group
of X in the sense of Markov. For any subspace Y of X we denote by G(Y,X)
(or simply G(Y )) the group hull of Y in F (X).
Given families {Xi : i ∈ I}, {Yi : i ∈ I} of subspaces of topological spacesX and
Y respectively, we say that (X, {Xi : i ∈ I}) isM-equivalent to (Y, {Yi : i ∈ I}),
if there exists a topological isomorphism h : F (X)→ F (Y ) such that h(Ai) ⊆
G(Bi) and h−1(Bi) ⊆ G(Ai) for all i ∈ I.
An isomorphism i : F (X) → F (Y ) is called special if the composition e∗Y ◦ i
is a constant map, where e∗Y : F (Y ) → Z is the homomorphism extending the
map eY : Y → Z which is identically 1 on Y . Okunev proved that, for any two
M -equivalent space, there exists a special homomorphism between their free
topological groups. In his previous papers, the author extended this result over
the case of M -equivalent maps and M -equivalent pairs of topological spaces.
Generalizing these results we consider the conditions for existence of special
isomorphisms between free topological groups preserving subgroups. Also we
consider relations between F -equivalence of bundles of subspaces of topological
spaces for some functors of topological algebra (e.g, the functors of free (Abeli-
an) topological group, free (Abelian) topological ring, and free locally convex
space.

Key words: free topological group, free Abelian topological group, special
isomorphism of the free groups, bundle of topological spaces, free topological
ring, free Abelian topological ring.


