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Äîñëiäæåíî ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞ êîñêií÷åííèõ ÷àñòêîâèõ
içîìåòðié ìíîæèíè íàòóðàëüíèõ ÷èñåë N. Çîêðåìà, ïîáóäîâàíî êëàñ ãîìî-
ìîðôíèõ ðåòðàêòiâ ìîíî¨äà IN∞, åëåìåíòè ÿêîãî ìiñòÿòü ïiäìîíî¨ä CN,
ïîðîäæåíèé çñóâàìè ìíîæèíè N, òàêi, ùî CN ¹ ãîìîìîðôíèì ðåòðàêòîì
êîæíîãî òàêîãî ìîíî¨äà.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, içîìåòðiÿ, ÷àñòêîâà ái¹êöiÿ, ãîìîìîðôíèé
ðåòðàêò, êîíãðóåíöiÿ, áiöèêëi÷íèé ìîíî¨ä.

Ìè êîðèñòóâàòèìåìîñü òåðìiíîëîãi¹þ ç [8, 16, 17].
Íàäàëi ó òåêñòi ïîòóæíiñòü ìíîæèíè A ïîçíà÷àòèìåìî ÷åðåç |A| i ìíîæèíó

íàòóðàëüíèõ ÷èñåë � ÷åðåç N.
ßêùî âèçíà÷åíå ÷àñòêîâå âiäîáðàæåííÿ α : X ⇀ Y ç ìíîæèíè X ó ìíîæèíó

Y , òî ÷åðåç domα i ranα áóäåìî ïîçíà÷àòè éîãî îáëàñòü âèçíà÷åííÿ òà îáëàñòü

çíà÷åíü, âiäïîâiäíî, à ÷åðåç (x)α i (A)α � îáðàçè åëåìåíòà x ∈ domα òà ïiäìíîæè-
íè A ⊆ domα ïðè ÷àñòêîâîìó âiäîáðàæåííi α, âiäïîâiäíî. ×àñòêîâå âiäîáðàæåííÿ
α : X ⇀ Y íàçèâà¹òüñÿ êî-ñêií÷åííèì, ÿêùî ìíîæèíè X \ domα òà Y \ ranα ¹ ñêií-
÷åííèìè.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äèíèé
åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1. Â iíâåðñíié íàïiâãðóïi S
âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå íàïiâãðóïà
iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

Íåõàé Iλ � ìíîæèíà âñiõ ÷àñòêîâèõ âçà¹ìíî îäíîçíà÷íèõ ïåðåòâîðåíü íåíó-
ëüîâîãî êàðäèíàëà λ ç âèçíà÷åíîþ íà íié íàïiâãðóïîâîþ îïåðàöi¹þ

x(αβ) = (xα)β ÿêùî x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, äëÿ α, β ∈ Iλ.
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Íàïiâãðóïà Iλ íàçèâà¹òüñÿ ñèìåòðè÷íèì iíâåðñíèì ìîíî¨äîì (ñèìåòðè÷íîþ ií-

âåðñíîþ íàïiâãðóïîþ) íàä êàðäèíàëîì λ (äèâ. [8]). Ñèìåòðè÷íèé iíâåðñíèé ìîíî¨ä
ââåäåíèé Âàãíåðîì ó ïðàöi [2] i âií âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a i b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëèâà¹, ùî
(ca, cb), (ad, bd) ∈ K, äëÿ âñiõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K ìè òàêîæ áóäåìî çàïèñó-
âàòè aKb, i â öüîìó âèïàäêó áóäåìî ãîâîðèòè, ùî åëåìåíòè a i b ¹ K-åêâiâàëåíòíèìè.
Íà êîæíié íàïiâãðóïi S iñíóþòü òàêi êîíãðóåíöi¨: óíiâåðñàëüíà US = S×S òà îäèíè-
÷íà (äiàãîíàëü) ∆S = {(s, s) : s ∈ S}. Òàêi êîíãðóåíöi¨ íàçèâàþòüñÿ òðèâiàëüíèìè.
Êîíãðóåíöiÿ K íà íàïiâãðóïi S íàçèâà¹òüñÿ ãðóïîâîþ, ÿêùî ôàêòîð-íàïiâãðóïà S/K
¹ ãðóïîþ. Êîæíà êîíãðóåíöiÿ K íà íàïiâãðóïi S ïîðîäæó¹ ïðèðîäíèé ãîìîìîðôiçì

K\ : S → S/K, ÿêèé ñòàâèòü ó âiäïîâiäíiñòü êîæíîìó åëåìåíòîâi s ∈ S éîãî êëàñ K-
åêâiâàëåíòíîñòi [s]K. Òàêîæ, êîæåí íàïiâãðóïîâèé ãîìîìîðôiçì h : S → T ïîðîäæó¹
êîíãðóåíöiþ kerh íà S

(s, t) ∈ kerh òîäi i ëèøå òîäi, êîëè (s)h = (t)h, s, t ∈ S,

i â öüîìó âèïàäêó êîíãðóåíöiÿ kerh íàçèâà¹òüñÿ ÿäðîì ãîìîìîðôiçìó h (äèâ. [8]).
Ïåðåòâîðåííÿ íàïiâãðóïè S, ÿêå ¹ ãîìîìîðôiçìîì, íàçèâà¹òüñÿ åíäîìîðôiçìîì.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê

e 4 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì.
Îçíà÷èìî âiäíîøåííÿ 6 íà iíâåðñíié íàïiâãðóïi S òàê

s 4 t òîäi i ëèøå òîäi, êîëè s = te,

äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íàçèâà¹òüñÿ ïðè-

ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [16]. Î÷åâèäíî, ùî çâóæåííÿ
ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 iíâåðñíî¨ íàïiâãðóïè S íà ¨¨ â'ÿçêó E(S) ¹ ïðè-
ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ ôàêòîðè-

çîâíîþ, ÿêùî äëÿ êîæíîãî åëåìåíòà s ∈ S iñíó¹ åëåìåíò g ãðóïè îäèíèöü íàïiâãðóïè
S òàêèé, ùî s 4 g ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 íà S.

×àñòêîâå ïåðåòâîðåííÿ α : (X, d) ⇀ (X, d) ìåòðè÷íîãî ïðîñòîðó (X, d) íàçèâà-
¹òüñÿ içîìåòðè÷íèì àáî ÷àñòêîâîþ içîìåòði¹þ, ÿêùî d(xα, yα) = d(x, y) äëÿ äî-
âiëüíèõ x, y ∈ domα ⊆ (X, d). Î÷åâèäíî, ùî êîìïîçèöiÿ äâîõ ÷àñòêîâèõ içîìåòðié
ìåòðè÷íîãî ïðîñòîðó (X, d) çíîâó ¹ ÷àñòêîâîþ içîìåòði¹þ, à òàêîæ, ùî îáåðíåíå ÷àñ-
òêîâå âiäîáðàæåííÿ äî ÷àñòêîâî¨ içîìåòði¨ ¹ ÷àñòêîâîþ içîìåòði¹þ. Îòîæ, ÷àñòêîâi
içîìåòði¨ ìåòðè÷íîãî ïðîñòîðó (X, d) ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ ÷àñòêîâèõ ïåðå-
òâîðåíü ¹ iíâåðñíèì ïiäìîíî¨äîì ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà íàä êàðäèíàëîì
|X|.

Íàïiâãðóïà ID∞ óñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié ìíîæèíè öiëèõ ÷èñåë
Z îçíà÷åíà â ïðàöi Áåçóùàê [5], äå îïèñàíî ¨¨ òâiðíi òà äîâåäåíî, ùî âîíà ìà¹ åêñ-
ïîíåíöiàëüíèé ðiñò. Çàóâàæèìî, ùî íàïiâãðóïà ID∞ iíâåðñíà i ¹, î÷åâèäíî, ïiäíà-
ïiâãðóïîþ íàïiâãðóïè âñiõ ÷àñòêîâèõ êîñêií÷åííèõ ái¹êöié ìíîæèíè öiëèõ ÷èñåë Z,
à åëåìåíòè íàïiâãðóïè ID∞ � öå ñàìå çâóæåííÿ içîìåòðié ìíîæèíè öiëèõ ÷èñåë Z
íà êîñêií÷åííi ïiäìíîæèíè â ðîçóìiííi Ëîóñîíà (äèâ. [16, c. 9]. Ó ïðàöi [1] îïèñàíî
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âiäíîøåííÿ �ðiíà òà ãîëîâíi iäåàëè íàïiâãðóïè ID∞. Ó [3] äîâåäåíî, ùî ôàêòîð-
íàïiâãðóïà ID∞/Cmg çà ìiíiìàëüíîþ ãðóïîâîþ êîíãðóåíöi¹þ Cmg içîìîðôíà ãðóïi
Iso(Z) óñiõ içîìåòðié ìíîæèíè Z, íàïiâãðóïà ID∞ ¹ F -iíâåðñíîþ íàïiâãðóïîþ, à
òàêîæ, ùî íàïiâãðóïà ID∞ içîìîðôíà íàïiâïðÿìîìó äîáóòêó Iso(Z)nh P∞(Z) âiëü-
íî¨ íàïiâ ðàòêè ç îäèíèöåþ (P∞(Z),∪) ãðóïîþ Iso(Z). Òàêîæ ó [3] äîñëiäæóâàëàñÿ
òîïîëîãiçàöiÿ íàïiâãðóïè ID∞ òà çàäà÷à içîìîðôíîãî çàíóðåííÿ äèñêðåòíî¨ íàïiâ-
ãðóïè ID∞ ó ãàóñäîðôîâi òîïîëîãi÷íi íàïiâãðóïè áëèçüêi äî êîìïàêòíèõ.

Íåõàé IN∞ � ìíîæèíà óñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié ìíîæèíè íàòó-
ðàëüíèõ ÷èñåë N çi çâè÷àéíîþ ìåòðèêîþ d(n,m) = |n−m|, n,m ∈ N. Îñêiëüêè ìíî-
æèíà IN∞ çàìêíåíà ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ ÷àñòêîâèõ âiäîáðàæåíü i âçÿòòÿ
îáåðíåíîãî ÷àñòêîâîãî âiäîáðàæåííÿ, òî IN∞ � iíâåðñíèé ïiäìîíî¨ä ñèìåòðè÷íî-
ãî iíâåðñíîãî ìîíî¨äà Iω. ×åðåç I ïîçíà÷àòèìåìî òîòîæíå âiäîáðàæåííÿ ìíîæèíè
íàòóðàëüíèõ ÷èñåë N. Î÷åâèäíî, ùî I � îäèíèöÿ ìîíî¨äà IN∞.

Ó ïðàöi [4] äîñëiäæåíî àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè IN∞. Çîêðåìà â [4],
îïèñàíî âiäíîøåííÿ �ðiíà íà íàïiâãðóïi IN∞, ¨¨ â'ÿçêó òà äîâåäåíî, ùî IN∞ � ïðî-
ñòà E-óíiòàðíà F -iíâåðñíà íàïiâãðóïà. Òàêîæ îïèñàíà íàéìåíøà ãðóïîâà êîíãðóåí-
öiÿ Cmg íà ìîíî¨äi IN∞ òà äîâåäåíî, ùî ôàêòîð-íàïiâãðóïà IN∞/Cmg içîìîðôíà
àäèòèâíié ãðóïi öiëèõ ÷èñåë. Íàâåäåíî ïðèêëàä êîíãðóåíöi¨ íà ìîíî¨äi IN∞, ÿêà íå
¹ ãðóïîâîþ. Òàêîæ äîâåäåíî, ùî êîíãðóåíöiÿ íà IN∞ ¹ ãðóïîâîþ òîäi i ëèøå òîäi,
êîëè ¨¨ çâóæåííÿ íà äîâiëüíó ïiäíàïiâãðóïó S â IN∞, ÿêà içîìîðôíà áiöèêëi÷íié íà-
ïiâãðóïi, ¹ ãðóïîâîþ êîíãðóåíöi¹þ íà S. Âëàñòèâîñòi íàïiâãðóïè IN∞ òà íàïiâãðóï,
ÿêi ¨¨ ìiñòÿòü, âèâ÷àëèñÿ â ïðàöÿõ [7, 9, 10, 11, 12, 13, 14]. Íàïiâãðóïà óñiõ ÷àñòêî-
âèõ êîñêií÷åííèõ içîìåòðié n-ãî ñòåïåíÿ ìíîæèíè íàòóðàëüíèõ ÷èñåë ç åâêëiäîâîþ
ìåòðèêîþ äîñëiäæóâàëàñÿ â [15].

Ãîìîìîðôíîþ ðåòðàêöi¹þ íàçèâà¹òüñÿ âiäîáðàæåííÿ ç íàïiâãðóïè S â S, ÿêå
¹ îäíî÷àñíî ðåòðàêöi¹þ òà ãîìîìîðôiçìîì [8]. Îáðàç íàïiâãðóïè S ïðè ¨¨ ãîìîìîð-
ôíié ðåòðàêöi¨ íàçèâà¹òüñÿ ãîìîìîðôíèì ðåòðàêòîì. Òîáòî ãîìîìîðôíèé ðåòðàêò
íàïiâãðóïè S � öå òàêà ïiäíàïiâãðóïà T â S, ùî iñíó¹ ãîìîìîðôiçì ç S íà T , äëÿ
ÿêîãî ïiäíàïiâãðóïà T ¹ ìíîæèíîþ âñiõ éîãî íåðóõîìèõ òî÷îê. Î÷åâèäíî, ùî êîæíå
òîòîæíå âiäîáðàæåííÿ íàïiâãðóïè S ¹ ¨¨ ãîìîìîðôíîþ ðåòðàêöi¹þ, à òàêîæ, ÿêùî
e � iäåìïîòåíò â S, òî ñòàëå âiäîáðàæåííÿ h : S → S, x 7→ e ¹ ãîìîìîðôíîþ ðå-
òðàêöi¹þ íàïiâãðóïè S. Òàêi ãîìîìîðôíi ðåòðàêöi¨ íàïiâãðóïè S áóäåìî íàçèâàòè
òðèâiàëüíèìè, à îáðàçè íàïiâãðóïè S ñòîñîâíî íèõ �òðèâiàëüíèìè ãîìîìîðôíèìè
ðåòðàêòàìè.

Äîáðå âiäîìî (äèâ. [8, �1.12]), ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íà-
ïiâãðóïi CN, ïîðîäæåíié ÷àñòêîâèìè ïåðåòâîðåííÿìè α òà β ìíîæèíè íàòóðàëüíèõ
÷èñåë N, ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

domα = N, ranα = N \ {1}, (n)α = n+ 1

i

domβ = N \ {1}, ranβ = N, (n)β = n− 1.

Î÷åâèäíî, ùî CN ¹ ïiäìîíî¨äîì â IN∞. Çà íàñëiäêîì 1.32 ç [8] óñi ãîìîìîðôiçìè
áiöèêëi÷íî¨ íàïiâãðóïè C (p, q) ¹, àáî içîìîðôiçìàìè, àáî æ ãðóïîâèìè, i î÷åâèäíî,
ùî êîæåí àâòîìîðôiçì áiöèêëi÷íî¨ íàïiâãðóïè C (p, q) ¹ òîòîæíèì âiäîáðàæåííÿì.
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Çâiäñè âèïëèâà¹, ùî âñi ãîìîìîðôíi ðåòðàêöi¨ áiöèêëi÷íîãî ìîíî¨äà C (p, q), à îòæå
i ìîíî¨äà CN ¹ òðèâiàëüíèìè.

Çàóâàæèìî, ùî ïiäìîíî¨ä CN ¹ ãîìîìîðôíèì ðåòðàêòîì ó ìîíî¨äi IN∞ ([4, íà-
ñëiäîê 13]). Òîìó ïðèðîäíî âèíèêà¹ çàäà÷à: îïèñàòè âñi íåòðèâiàëüíi ãîìîìîðôíi

ðåòðàêòè ìîíî¨äà IN∞. Öå ïèòàííÿ ïîñòàâëåíî Î. Ãóòiêîì íà ñåìiíàði �Òåîðiÿ ïî-
ëiãîíiâ i ñïåêòðàëüíi ïðîñòîðè� ó Ëüâiâñüêîìó óíiâåðñèòåòi â 2017 ðîöi. Òàêîæ âií
óòî÷íèâ öå ïèòàííÿ: ÷è iñíóþòü íåòðèâiàëüíi ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞
âiäìiííi âiä CN?

Ìè äîñëiäæó¹ìî ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞. Çîêðåìà, ïîáóäîâàíî êëàñ
ãîìîìîðôíèõ ðåòðàêòiâ ìîíî¨äà IN∞, åëåìåíòè ÿêîãî ìiñòÿòü ïiäìîíî¨ä CN òàêi, ùî
CN ¹ ãîìîìîðôíèì ðåòðàêòîì êîæíîãî òàêîãî ìîíî¨äà.

Íåõàé β � äîâiëüíèé åëåìåíò íàïiâãðóïè IN∞. Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí
åëåìåíò íàïiâãðóïè IN∞ ¹ çâóæåííÿì ÷àñòêîâîãî çñóâó ìíîæèíè íàòóðàëüíèõ ÷èñåë
íà êîñêií÷åííó ïiäìíîæèíó â N i (N,6) � öiëêîì âïîðÿäêîâàíà ìíîæèíà, òî iñíó¹
íàéìåíøå íàòóðàëüíå ÷èñëî ndβ ∈ domβ òàêå, ùî n ∈ domβ äëÿ âñiõ íàòóðàëüíèõ
n > ndβ òà iñíó¹ íàéìåíøå íàòóðàëüíå ÷èñëî nrβ ∈ ranβ òàêå, ùî n ∈ ranβ äëÿ âñiõ
íàòóðàëüíèõ n > nrβ .

Òâåðäæåííÿ 1. Íåõàé S � íàïiâãðóïà òà H : IN∞ → S � íåãðóïîâèé ãîìîìîð-

ôiçì. ßêùî (α)H = (β)H äëÿ äåÿêèõ α, β ∈ IN∞, òî ndα = ndβ i nrα = nrβ.

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè α, β ¹ iäåìïîòåíòàìè ìîíî¨äà IN∞.
Ïðèïóñòèìî ïðîòèëåæíå: iñíóþòü α, β ∈ E(IN∞) òàêi, ùî ndα 6= ndβ . Íå çìåíøóþ÷è
çàãàëüíîñòi ìîæåìî ââàæàòè, ùî ndα < nd

β . Ïðèéìåìî n0 = ndα + 1 i íåõàé ε0 �
òîòîæíå âiäîáðàæåííÿ ìíîæèíè {n ∈ N : n > n0}. Òîäi ε0 ∈ IN∞, i îñêiëüêè ndα <
ndβ , òî î÷åâèäíî, ùî ε0 · α 4 ε0 · β, ε0 · α 6= ε0 · β i ε0 · α, ε0 · β ∈ E(CN). Òîäi
çà òåîðåìîþ 22 [4] ãîìîìîðôíèé îáðàç (IN∞)H ¹ ïiäãðóïîþ â S, à öå ñóïåðå÷èòü
ïðèïóùåííþ. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ ðiâíiñòü ndα = ndβ .

Íåõàé α, β � äîâiëüíi ðiçíi åëåìåíòè ìîíî¨äà IN∞ òàêi, ùî (α)H = (β)H. Îñêiëü-
êè ìîíî¨ä IN∞ ¹ iíâåðñíèì, òî (αα−1)H = (ββ−1)H i (α−1α)H = (β−1β)H. Òàêîæ,
îñêiëüêè dom γ = dom(γγ−1) i ran γ = dom(γ−1γ) äëÿ äîâiëüíîãî γ ∈ IN∞, òî ç
îçíà÷åíü ÷èñåë ndγ i nrγ âèïëèâà¹, ùî ndγ = ndγγ−1 i nrγ = ndγ−1γ . Äàëi, âèêîðèñòàâøè

òâåðäæåííÿ äîâåäåíå äëÿ iäåìïîòåíòiâ, îòðèìó¹ìî ðiâíîñòi ndα = ndβ i nrα = nrβ . �

Äëÿ äîâiëüíîãî åëåìåíòà α ∈ IN∞ îçíà÷èìî:

• ~α � çâóæåííÿ ÷àñòêîâîãî âiäîáðàæåííÿ α : N⇀ N íà ìíîæèíó{
n ∈ N : n > ndα

}
;

• ιdα � òîòîæíå âiäîáðàæåííÿ ìíîæèíè dom ~α =
{
n ∈ N : n > ndα

}
;

• ιrα � òîòîæíå âiäîáðàæåííÿ ìíîæèíè ran ~α = {n ∈ N : n > nrα}.
Ó ïðàöi [4] îçíà÷åíî åíäîìîðôiçì HCN : IN∞ → IN∞, α 7→ ~α, òà äîâåäåíî, ùî

ïiäìîíî¨ä CN íàïiâãðóïè IN∞ ¹ ãîìîìîðôíèì ðåòðàêòîì. Òâåðäæåííÿ 2 îïèñó¹ êîí-
ãðóåíöiþ, ÿêà ¹ ÿäðîì öüîãî åíäîìîðôiçìó.

Òâåðäæåííÿ 2. Äëÿ åëåìåíòiâ α, β ∈ IN∞ òàêi óìîâè ¹ åêâiâàëåíòíèìè:

(i) (α)HCN = (β)HCN ;

(ii) ιdαα = ιdββ;
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(iii) αιrα = βιrβ;

(iv) ιdαα = βιrβ;

(v) αιrα = ιdββ.

Äîâåäåííÿ. Çà îçíà÷åííÿìè ÷àñòêîâèõ âiäîáðàæåíü ιdα, ιrα i åíäîìîðôiçìó
HCN : IN∞ → IN∞ ìà¹ìî, ùî (α)HCN = ιdαα = αιrα äëÿ äîâiëüíîãî åëåìåíòà α ∈ IN∞,
çâiäêè âèïëèâàþòü åêâiâàëåíòíîñòi òâåðäæåíü ëåìè. �

Îçíà÷åííÿ 1. Íåõàé n0 � äîâiëüíå íàòóðàëüíå ÷èñëî òà p � äîâiëüíå íàòóðàëüíå
÷èñëî ñòðîãî áiëüøå çà 1. ×åðåç ι〈−p〉n0 ïîçíà÷èìî òîòîæíå âiäîáðàæåííÿ ìíîæèíè

An0
=

{
{n ∈ N : n > n0} , ÿêùî n0 − p /∈ N;
{n ∈ N : n > n0} ∪ {n0 − p} , ÿêùî n0 − p ∈ N.

Íà ìîíî¨äi IN∞ îçíà÷èìî âiäíîøåííÿ ∼〈−p〉 òàê:

α ∼〈−p〉 β òîäi i òiëüêè òîäi, êîëè ι
〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β.

Î÷åâèäíî, ùî ∼〈−p〉 � ðåôëåêñèâíå, ñèìåòðè÷íå òà òðàíçèòèâíå âiäíîøåííÿ íà
íàïiâãðóïi IN∞.

Òàêîæ ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ çà ëåìîþ 1 ç [4] ¹ ÷àñòêîâèì
çñóâîì ìíîæèíè íàòóðàëüíèõ ÷èñåë N, òî âèêîíó¹òüñÿ ïåðøå âèïëîâëåííÿ ëåìè 1,
à ¨¨ äðóãå âèñëîâëåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç îçíà÷åííÿ åêâiâàëåíòíîñòi ∼〈−p〉.

Ëåìà 1. Íåõàé p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2. Òîäi

(1) ι
〈−p〉
nd
α
α = αι

〈−p〉
nr
α

äëÿ êîæíîãî α ∈ IN∞;
(2) ÿêùî α ∼〈−p〉 β äëÿ α, β ∈ IN∞, òî ndα = ndβ i nrα = nrβ.

Òâåðäæåííÿ 3. ßêùî p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2, òî ∼〈−p〉 � êîíãðóåíöiÿ

íà íàïiâãðóïi IN∞.

Äîâåäåííÿ. Íåõàé α ∼〈−p〉 β äëÿ äåÿêèõ α, β ∈ IN∞ i γ � äîâiëüíèé åëåìåíò íàïiâ-
ãðóïè IN∞.

Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì çñóâîì
ìíîæèíè N, òî iñíóþòü öiëi ÷èñëà zα, zβ i zγ òàêi, ùî

(i)α = i+ zα, (j)β = j + zβ i (k)γ = k + zγ

äëÿ äîâiëüíèõ i ∈ domα, j ∈ domβ i k ∈ dom γ. Òàêîæ ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β

âèïëèâà¹, ùî zα = zβ , à çà ëåìîþ 1(2) îòðèìó¹ìî ðiâíîñòi ndα = ndβ i nrα = nrβ .
Î÷åâèäíî, ùî âèêîíó¹òüñÿ ëèøå îäèí ç òàêèõ âèïàäêiâ:

(a) nrα < ndγ ; (b) nrα = ndγ ; (c) nrα > ndγ .

Çàóâàæèìî ñïî÷àòêó, îñêiëüêè ìîíî¨ä IN∞ ¹ ïiäìîíî¨äîì ñèìåòðè÷íîãî iíâåð-
ñíîãî ìîíî¨äà IN íàä ìíîæèíîþ N, òî

dom(αγ) = (dom γ ∩ ranα)α−1, ran(αγ) = (dom γ ∩ ranα)γ,

dom(βγ) = (dom γ ∩ ranβ)β−1, ran(βγ) = (dom γ ∩ ranβ)γ.
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Ïðèïóñòèìî, ùî nrα < nd
γ . Ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì

çñóâîì ìíîæèíè N ([4, ëåìà 1]) i ç ðiâíîñòåé ndα = ndβ i zα = zβ âèïëèâà¹, ùî

ndαγ = (ndγ )α−1 = ndβγ = (ndγ )β−1 > ndα.

Ðîçãëÿíåìî äâà ìîæëèâi âèïàäêè.

1. ßêùî ndα + 1 = ndαγ , òî n
d
αγ − p /∈ domα i ndαγ − p /∈ domβ, à îòæå

ndαγ − p /∈ dom(ι
〈−p〉
nd
αγ
αγ) = dom(ι

〈−p〉
nd
βγ

βγ) =
{
n ∈ N : n > ndαγ

}
.

Òîäi, î÷åâèäíî, ùî (i)ι
〈−p〉
nd
αγ
αγ = (i)ι

〈−p〉
nd
αγ
βγ = i + zα + zγ äëÿ âñiõ i ∈

dom(ι
〈−p〉
nd
αγ
αγ).

2. ßêùî ndα + 1 < ndαγ , òî n
d
αγ − p ∈ domα i ndαγ − p ∈ domβ, à îòæå,

ndαγ − p ∈ dom(ι
〈−p〉
nd
αγ
αγ) = dom(ι

〈−p〉
nd
βγ

βγ) =
{
n ∈ N : n > ndαγ

}
∪
{
ndαγ − p

}
.

Î÷åâèäíî, ùî

(i)ι
〈−p〉
nd
αγ
αγ = (i)ι

〈−p〉
nd
αγ
βγ = i+ zα + zγ

äëÿ âñiõ i ∈ dom(ι
〈−p〉
nd
αγ
αγ).

Ïðèïóñòèìî, ùî nrα = ndγ . Òîäi

ndαγ = (nrα)α−1 = ndα = ndβ = (nrβ)β−1 = ndβγ ,

îñêiëüêè zα = zβ , ndα = ndβ i nrα = nrβ , à îòæå, ìàòèìåìî, ùî

ι
〈−p〉
nd
αγ
αγ = ι

〈−p〉
nd
α
αγ = ι

〈−p〉
nd
β

βγ = ι
〈−p〉
nd
βγ

βγ.

Ïðèïóñòèìî, ùî nrα > nd
γ . Ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì

çñóâîì ìíîæèíè N ([4, ëåìà 1]) i ç ðiâíîñòåé ndα = ndβ i zα = zβ âèïëèâà¹, ùî
ndαγ = ndα = ndβ = ndβγ , à îòæå, ìà¹ìî, ùî

ι
〈−p〉
nd
αγ
αγ = ι

〈−p〉
nd
α
αγ = ι

〈−p〉
nd
β

βγ = ι
〈−p〉
nd
βγ

βγ.

Îòîæ, ìè äîâåëè, ùî ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β âèïëèâà¹ ðiâíiñòü ι〈−p〉
nd
αγ
αγ =

ι
〈−p〉
nd
βγ

βγ äëÿ äîâiëüíîãî åëåìåíòà γ íàïiâãðóïè IN∞.

Ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β òà ëåìè 1(1) âèïëèâà¹, ùî αι〈−p〉nr
α

= βι
〈−p〉
nr
β

. Îñêiëüêè

IN∞ � iíâåðñíà íàïiâãðóïà, òî

ι
〈−p〉
nd
α−1

α−1 = ι
〈−p〉
nr
α
α−1 =

(
αι
〈−p〉
nr
α

)−1
=
(
βι
〈−p〉
nr
β

)−1
= ι
〈−p〉
nr
β
β−1 = ι

〈−p〉
nd
β−1

β−1.

Òîäi ç ïåðøî¨ ÷àñòèíè äîâåäåííÿ âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà γ íàïiâãðóïè
IN∞ ñïðàâäæó¹òüñÿ ðiâíiñòü

ι
〈−p〉
nd
α−1γ−1

α−1γ−1 = ι
〈−p〉
nd
β−1γ−1

β−1γ−1.
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Äàëi, ñêîðèñòàâøèñü òèì, ùî IN∞ � iíâåðñíà íàïiâãðóïà òà ëåìîþ 1(1), îòðèìó¹ìî

ι
〈−p〉
nd
γα
γα = γαι

〈−p〉
nr
γα

= γαι
〈−p〉
nd
α−1γ−1

= γβι
〈−p〉
nd
β−1γ−1

= γβι
〈−p〉
nr
γβ

= ι
〈−p〉
nd
γβ

γβ.

Îòæå, ∼〈−p〉 � êîíãðóåíöiÿ íà IN∞. �

Òåîðåìà 1. Íåõàé p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2. Òîäi âiäîáðàæåííÿ

H
〈−p〉
CN

: IN∞ → IN∞, α 7→ ι
〈−p〉
nd
α
α, ¹ åíäîìîðôiçìîì. Áiëüøå òîãî ïiäìîíî¨ä

C
〈−p〉
N =

{
ι
〈−p〉
nd
α
α : α ∈ IN∞

}
¹ ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè IN∞.

Äîâåäåííÿ. Íåõàé α i β � äîâiëüíi åëåìåíòè íàïiâãðóïè IN∞. Ñïî÷àòêó äîâåäåìî
ðiâíiñòü

(1) dom
(
ι
〈−p〉
nd
αβ

αβ
)

= dom
(
ι
〈−p〉
nd
α
αι
〈−p〉
nd
β

β
)
.

Ðîçãëÿíåìî äâà ìîæëèâi âèïàäêè.
1. Íåõàé nrα > n

d
β . Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñ-

òêîâèì çñóâîì ìíîæèíè N, òî ndαβ = (nrα)α−1 = ndα. Çíîâó çà ëåìîþ 1 [4] îòðèìà¹ìî,
ùî

dom
(
ι
〈−p〉
nd
αβ

αβ
)

=


{
n ∈ N : n > ndα

}
∪
{
ndα − p

}
, ÿêùî ndα − p ∈ domα

i (ndα − p)α ∈ domβ;{
n ∈ N : n > ndα

}
, â iíøîìó âèïàäêó,

dom
(
ι
〈−p〉
nd
α
α
)

=

{ {
n ∈ N : n > ndα

}
∪
{
ndα − p

}
, ÿêùî ndα − p ∈ domα;{

n ∈ N : n > ndα
}
, â iíøîìó âèïàäêó,

i

dom
(
ι
〈−p〉
nd
β

β
)

=

{ {
n ∈ N : n > (ndα)α

}
∪
{

(ndα − p)α
}
, ÿêùî (ndα − p)α ∈ domβ;{

n ∈ N : n > (ndα)α
}
, â iíøîìó âèïàäêó.

Îòæå, ÿêùî nrα > n
d
β , òî âèêîíó¹òüñÿ ðiâíiñòü (1).

2. Íåõàé nrα < ndβ . Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñò-
êîâèì çñóâîì ìíîæèíè N, òî ndαβ = (ndβ)α−1 > ndα. Çíîâó çà ëåìîþ 1 [4] îòðèìà¹ìî,
ùî

dom
(
ι
〈−p〉
nd
αβ

αβ
)

=


{
n ∈ N : n > (ndβ)α−1

}
∪ ÿêùî (ndβ)α−1 − p ∈ domα

∪
{

(ndβ)α−1 − p
}
, i (ndβ)α−1 − p ∈ domβ;{

n ∈ N : n > (ndβ)α−1
}
, â iíøîìó âèïàäêó,

dom
(
ι
〈−p〉
nd
α
α
)

=


{
n ∈ N : n > (ndβ)α−1

}
∪ ÿêùî (ndβ)α−1 − p ∈ domα;

∪
{

(ndβ)α−1 − p
}
,{

n ∈ N : n > (ndβ)α−1
}
, â iíøîìó âèïàäêó,

i

dom
(
ι
〈−p〉
nd
β

β
)

=


{
n ∈ N : n > ndβ

}
∪
{
ndβ − p

}
, ÿêùî ndβ − p ∈ domβ;{

n ∈ N : n > ndβ

}
, â iíøîìó âèïàäêó.
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Îòæå, ÿêùî nrα < ndβ , òî âèêîíó¹òüñÿ ðiâíiñòü (1).
Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì çñóâîì

ìíîæèíè N, òî iñíóþòü öiëi ÷èñëà zα i zβ òàêi, ùî

(i)α = i+ zα i (j)β = j + zβ ,

äëÿ äîâiëüíèõ i ∈ domα i j ∈ domβ, òî ç îçíà÷åííÿ ÷àñòêîâîãî âiäîáðàæåííÿ ι〈−p〉n0

âèïëèâà¹, ùî
(n)ι

〈−p〉
nd
αβ

αβ = (n)αβ = (n+ zα)β = n+ zα + zβ

i
(n)ι

〈−p〉
nd
α
αι
〈−p〉
nd
β

β = (n)αι
〈−p〉
nd
β

β = (n+ zα)ι
〈−p〉
nd
β

β = (n+ zα)β = n+ zα + zβ ,

äëÿ âñiõ n ∈ dom
(
ι
〈−p〉
nd
αβ

αβ
)

= dom
(
ι
〈−p〉
nd
α
αι
〈−p〉
nd
β

β
)
. Îòîæ, ìè äîâåëè, ùî âiäîáðàæåí-

íÿ H
〈−p〉
CN

: IN∞ → IN∞ ¹ ãîìîìîðôiçìîì.

Î÷åâèäíî, ùî C
〈−p〉
N � ïiäìîíî¨ä ìîíî¨äà IN∞ i (α)H

〈−p〉
CN

= α äëÿ äîâiëüíîãî

α ∈ C
〈−p〉
N . �

Ç îçíà÷åííÿ åíäîìîðôiçìiâ HCN : IN∞ → IN∞ i H〈−p〉CN
: IN∞ → IN∞ âèïëèâà¹

Íàñëiäîê 1. Íåõàé p1 i p2 � äîâiëüíi ðiçíi íàòóðàëüíi ÷èñëà > 2. Òîäi

H
〈−p1〉
CN

◦ H〈−p2〉CN
= H

〈−p2〉
CN

◦ H〈−p1〉CN
= HCN ,

à îòæå, ïiäìîíî¨ä CN ¹ ãîìîìîðôíèì ðåòðàêòîì ìîíî¨äà C
〈−p〉
N , äëÿ äîâiëüíîãî

p > 2.

Çàóâàæåííÿ 1. Êîæíà ãðóïîâà êîíãðóåíöiÿ íà ìîíî¨äi IN∞, ÿêà âiäìiííà âiä óíi-
âåðñàëüíî¨, ïîðîäæó¹ ãîìîìîðôiçì íàïiâãðóïè IN∞, ÿêèé íå ìîæå áóòè ¨¨ åíäîìîð-
ôiçìîì, îñêiëüêè âñi H -êëàñè â IN∞ ¹ òðèâiàëüíèìè (äèâ. [4, òâåðäæåííÿ 1]).

Òàêîæ, î÷åâèäíî, ùî ïiäïðîñòið N[p] = N \ {1, . . . , p} â N içîìåòðè÷íèé ñà-
ìîìó ïðîñòîðó N äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà p, ñòîñîâíî âiäîáðàæåííÿ
h[p] : n 7→ n+ p. Öÿ içîìåòðiÿ ïîðîäæó¹ ií'¹êòèâíèé åíäîìîðôiçì H[p] : IN∞ → IN∞,
ÿêèé íå ìà¹ æîäíî¨ íåðóõîìî¨ òî÷êè òà âèçíà÷à¹òüñÿ H[p] : α 7→ α[p], äå domα[p] =
{n ∈ N : n− p ∈ domα}, ranα[p] = {n ∈ N : n− p ∈ ranα} i (i)α[p] = (i − p)α + p, äëÿ
âñiõ i ∈ domα[p].
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ON HOMOMORPHIC RETRACTS OF THE MONOID IN∞
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A homomorphic retraction is a map from a semigroup S into S which is both
a retraction and a homomorphism. The image of the homomorphic retraction
is called a homomorphic retract.
A partial transformation α : (X, d) ⇀ (X, d) of a metric space (X, d) is called
isometric or a partial isometry, if d(xα, yα) = d(x, y) for all x, y ∈ domα. It is
obvious that the composition of two partial isometries of a metric space (X, d)
is a partial isometry, and the converse partial map to a partial isometry is a
partial isometry. Hence the set of partial isometries of a metric space (X, d)
with the operation of composition of partial isometries is an inverse submonoid
of the symmetric inverse monoid over the set X.
A partial transformation α : X ⇀ X of a set X is called co-�nite if both sets
X \ domα and X \ ranα are �nite.
Let IN∞ be the set of all partial co�nite isometries of the set of positive integers
N with the usual metric d(n,m) = |n − m|, n,m ∈ N. Then IN∞ with the
operation of composition of partial isometries is an inverse submonoid of Iω.
We study homomorphic retracts of the monoid IN∞ of co-�nite partial isometri-
es of the set of positive integers N. In particular, we construct a class of
homomorphic retracts of IN∞, whose elements contain the submonoid CN,
where CN is generated by shifts of the set N such that CN is a homomorphic
retract of any element from this class. This gives a positive answer on Gutik's
question: Do there exist non-trivial homomorphic retracts distinct from CN?
This question was posed on the seminar S-acts Theory and Spectral Spaces at
the Lviv University in 2017.

Key words: semigroup, isometry, partial bijection, homomorphic retract,
congruence, bicyclic monoid.


