
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88. Ñ. 5�11

Visnyk of the Lviv Univ. Series Mech. Math. 2019. Issue 88. P. 5�11

http://publications.lnu.edu.ua/bulletins/index.php/mmf

doi: http://dx.doi.org/10.30970/vmm.2019.88.005-011

ÓÄÊ 511.3

SIMULTANEOUS APPROXIMATION OF VALUES OF JACOBI
ELLIPTIC FUNCTIONS IN THEIR REAL PERIODS

Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mails: ya_khol@franko.lviv.ua,

olga.mylyo@gmail.com

Let sni z be algebraically independent Jacobi elliptic functions, (4Ki, 2iK
′
i)

be the main periods and κ1, κ2 be algebraic moduli of sni z (i = 1, 2). We
estimate from below the simultaneous approximation of sn1 4K2, sn2 4K1.
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1. Introduction

Jacobi's elliptic function sn z satis�es the equation (sn′ z)2 = (1−sn2 z)(1−κ2 sn2 z)
([1]). The number κ is called the modul sn z, 0 < κ < 1, the number κ′ = (1 − κ2)1/2

is called its additional modulus. The pair of main periods of sn z is (4K, 2iK ′), where
K, K ′ are the complete elliptic integrals of the �rst kind that correspond to κ, κ′ [1].

Denote by sn1 z, sn2 z two algebraically independent Jacobi elliptic functions
determined by algebraic κ1, κ2 respectively, 0 < κ1 < 1, 0 < κ2 < 1; (4K1, 2iK ′1),
(4K2, 2iK ′2) are pairs of their main periods.

We denote by d(P ), L(P ) the degree and the length of the polynomial P with
integers coe�cients, by d(α), L(α) the degree and length of the algebraic number α [2];
ξi, i = 1, 2, algebraic numbers, ni = d(ξi) and Li = L(ξi) their degrees and lengths
respectively, n = degQ(ξ1, ξ2).

Theorem 1. Let

(1) T = n

[
lnL1

n1
+

lnL2

n2
+ lnn

]
.
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If there exists C > 0 such that for all k1, k2 ∈ Z, k2
1 + k2

2 6= 0, |k1|, |k2| < t, we have

(2) |k1K1 + k2K2| > exp(Ct3),

and at least one of the numbers sn1 4K2, sn2 4K1 is transcendent, then for arbitrary

algebraic numbers ξ1, ξ2,

(3) max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} > exp
(
−ΛT 2 lnT

)
,

where Λ > 0 is a constant that depends only on κ1,κ2.

The approximation estimate formulated in Theorem 1 can be used, for example, to
study the properties of elliptic Jacobi curves. Similar estimates for other numbers can be
found in [3]�[5].

2. Auxiliary statements

We formulate the basic lemmas, which are necessary to prove Theorem 1. Let ci, for
all i, be positive constants, dependent only on κ1 and κ2.

Lemma 1. For each integer m > 1, there exist polynomials with the integer coe�cients

P1,m and Q1,m such that

snmz =
P1,m(sn z, sn′ z)

Q1,m(κ2, sn z)
,

where L(P1,m), L(Q1,m) 6 exp(c1m
2), degP1,m, degQ1,m 6 m2, i = 1, 2.

Lemma 2. Let m ∈ N. Then there are polynomials Ps,l ∈ Z[x1, x2, x3] such that

(snl z)(s) =
ds

d ws
((sn z)l) = Ps,l(κ2, sn z, sn′ z),

degx1
Ps,l ≤ s+ l, degx2

Ps,l ≤ s+ 2l, degx3
Ps,l ≤ 1, L(Ps,l) ≤ exp(c2s log(s+ l)).

Proofs of Lemma 1 and Lemma 2 are similar to the proof of properties of the function
℘(z) [8].

Lemma 3 ([1]). If z, w, z + w are di�erent from the poles sn z, then

sn(z + w) =
sn z sn′ w + snw sn′ z

1− κ2 sn z2 snw2
.

Lemma 4 ([6]). Let α, β be arbitrary algebraic numbers, γ2 = (1−α2)(1−α2β2). Then

L(γ) < exp

(
6 degQ(α, β)

(
lnL(α)

d(α)
+

lnL(β)

d(β)
+ 1

))
, d(γ) ≥ degQ(α, β)

min(2d(α), 4d(β))
.

Lemma 5 ([4]). Let B,P ∈ N, Qp,b ∈ Z[x1, . . . , xn], 0 ≤ b < B, 0 ≤ p < P , L(Qp,b) ≤ L,
degxi Qp,b ≤ Ni; α1, . . . , αn be algebraic numbers, m = degQ(α1, . . . , αn). If P > mB,
then the system of linear equations

P−1∑
p=0

xpQp,b(α1, . . . , αn) = 0, 0 ≤ b < B,

has integer rational solutions A0, . . . , AP−1 such that

0 < max |Ai| < 1 + (LP )
mB

P−mB

(
n∏
i=1

(1 +Ni) (L(αi)(1 + d(αi)))
Ni
d(αi)

) mB
P−mB

.



SIMULTANEOUS APPROXIMATION OF VALUES ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 7

Lemma 6 ([2]). Let α1, . . . , αn be algebraic numbers, P ∈ Z[x1, . . . , xn], degxi P ≤ Ni,
m = degQ(α1, . . . , αn). If P (α1, . . . , αn) 6≡ 0, then

|P (α1, . . . , αn)| ≥ L(P )1−m
n∏
i=1

L(αi)
−Nim
d(αi) .

Denote by |f(z)|D = sup|z|≤D |f(z)|.

Lemma 7 ([5]). The functions σ(z) and σ(z−ω) sn z are integer and forM > 1 estimates

|σ(z − ω) sn z|M , |σ(z)|M ≤ CM
2

1

hold, ω is the corresponding half-life of the Weierstrass function and σ(z) be a σ-function
of Weierstrass which corresponds to the function ℘(z) associated with sn(z).

If ε is the distance from the nearest pole of sn z to z0 and |z0| ≤M , then |σ(z0)| ≥
εC−M

2

2 , where C1, C2 are constants dependent only on κ.

Lemma 8 (the Hermite formula, [2]). Let f(ζ) be a regular function in the circle Γ of

radius R, a1, . . . , am ∈ Γ, ai 6= aj if i 6= j, s ∈ N0. Then for an arbitrary inner point

z ∈ Γ, other than a1, . . . , am, the equality

f(z) =
1

2πi

∮
∂Γ

m∏
k=1

(
z − ak
ζ − ak

)s+1
f(ζ) dζ

ζ − z
−

− 1

2πi

m∑
i=1

s∑
τ=1

f (τ)(ai)

τ !

∮
|ζ−ai|=ρi

m∏
k=1

(
z − ak
ζ − ak

)s+1
(ζ − ai)τ

ζ − z
dζ

holds, where ρi is enough small, {ζ : |ζ − ai| ≤ ρi} ⊂ Γ and not contain points z i

ak, k 6= i.

Lemma 9 ([1], [7]). Let P ∈ C[x1, x2], P (x1, x2) 6≡ 0, be a polynomial of degree at

most D1 by x1 and D2 by x2, D1,D2 ≥ 1, sn1 z, sn2 z be algebraically Jacobi independent

elliptic functions. Then the number of zeros P (sn1 z, sn2 z) given with their multiplicities

at |z| < K does not exceed C3K
2(D1+D2), where C3 is some constant that is independent

of the polynomial.

3. Proof of Theorem 1

We will prove Theorem 1 using the second Gelfond method described in [2], [3].
Suppose that (1) does not hold, that is, for su�ciently large λ ∈ N,

(4) max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} < exp
(
−λ7 T 2 lnT

)
.

Let

(5) S = L = λ3 lnλT, N = λ
√
λT ,

(6) F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2 snl11 z snl22 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

where ζτ are the generic elements of Q(ξ1, ξ2).
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Denote by ϕi,1(z) = sni(z+ Ki
2 ), ϕi,2(w) = sni(w+ 3Ki

2 ), i = 1, 2. Then (Lemma 3)

sni(z + w) =
ϕi,1(z)ϕ′i,2(w) + ϕi,2(w)ϕ′i,1(z)

1− κ2
i ϕ

2
i,1(z)ϕ2

i,2(w)
=

Λi,1(z, w)

Λi,2(z, w)
.

Let

Gi,s,k,l(κi, z) =
ds

d ws
(Λki,1(z, w)Λli,2(z, w))|w=0.

The so de�ned polynomials satisfy degGi,s,k,l ≤ 4(k + l), lnL(Gi,s,k,l) ≤ s ln(s(k + l) +
c3(s+ k + l)) .

With (3) just like in [7], [8], we get

F (s)(z) =
ds

d ws
((Λ−L1,2 (z, w)Λ−L2,2 (z, w))(F (z + w)ΛL1,2(z, w)ΛL2,2(z, w)))|w=0 =

=

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0Fs,t(z),

where

(7) Fs,t(z) =

L∑
l1=0

L∑
l2=0

Cl1,l2

t∑
i=0

(
t

i

)
G1,t−i,l1,L−l1(κ1, z)G2,i,l2,L−l2(κ2, z).

Applying Lemma 4 for α = ξ1, β = κ1, γ = ξ3, we get the estimate d(ξ3) and
L(ξ3) of the number ξ3, which approximates sn′1 4K2, and in the case of α = ξ2, β = κ2,
γ = ξ4 we get the estimate d(ξ4) and L(ξ4) of the number ξ4, which approximates
sn′2 4K1. Denote by Fs,n1,n2

(ξ1, . . . , ξ4) and Fs,t,n1,n2
(ξ1, . . . , ξ4) the expressions derived

from F (s)(4n1K1 + 4n2K2) and Fs,t(4n1TK1 + 4n2K2) by replacing sn1 4K2, sn2 4K1,
sn′1K2, sn′2K1 by ξ1, . . . , ξ4 respectively and apply Lemma 5 to Fs,t,n1,n2

(ξ1, . . . , ξ4) . We
will consider Fs,t,n1,n2

(ξ1, . . . , ξ4) for 1 ≤ n1, n2 ≤ N , 0 ≤ t ≤ s ≤ S as N2S linear forms
of nL2 variables Cl1,l2,τ . Having used Lemmas 1 � 6 and (3)�(7), we choose not all equal
to zero Cl1,l2,τ such that for 1 ≤ n1, n2 ≤ N , 0 ≤ t ≤ s ≤ S,
(8) Fs,t,n1,n2(ξ1, . . . , ξ4) = 0,

(9) |Cl1,l2,τ | < exp(c4λ
6 lnλT 2 lnT ).

With (4), (3), (9) and Lemmas 1 � 5 we get for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ S,

(10) |F (s)(4n1K1 + 4n2K2)− Fs,n1,n2
(ξ1, . . . , ξ4)| < exp(−1

4
λ7T 2 lnT ).

From (8), (10) at 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ S we get

(11) |F (s)(4n1K1 + 4n2K2)| < exp(−1

4
λ7T 2 lnT ).

We show that (11) also holds for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS.
Let ℘i(u) and σi(u) correspond to the functions sni z, i = 1, 2, u = z(e1,i−e3,i)

−1/2,
[1],

G(z) = F (z)σL1 (u+ ω3,1)σL2 (u+ ω3,2),

where ωj,i is the half-period of ℘i(u). Choose the least possible integer r such that

(12) r > 32(N + 1)(|K1|+ |K2|+ |K ′1|+ |K ′2|).
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Denote by R = 48r. Then with Lemmas 1 � 5, Lemma 8 and (1), (3), (3), (9), (12),

(13) |G(z)|R < exp(−λ6 lnλT 2 lnT ).

From (13) we get for 0 ≤ s ≤ λS

(14) |G(s)(z)|r < exp(− 1
2λ

6 lnλT 2 lnT ).

For a su�ciently small ε in the ε-neighborhood of the points 4n1K1 the function
σ2(z − ω2) and in the ε-neighborhood of the points 4n2K2 the function σ1(z − ω1) has
no zeros, so from (2) and Lemma 7 for n1, n2 ≤ 32N we obtain

(15) |σi(z − ωi)|z∈V (ε,4n1K1+4n2K2) > exp(−c5λ5 lnλT 2).

From (13)�(15) for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS we get

(16) |F (s)(4n1K1 + 4n2K2)| < exp(−λ
6

3 lnλT 2 lnT ).

Given (10), for 1 ≤ n1, n2 ≤ N and 0 ≤ s ≤ λS, from (16) we obtain

(17) |Fs,n1,n2(ξ1, . . . , ξ4)| < exp(−λ
6

4 lnλT 2 lnT ).

Considering Fs,t,n1,n2
(ξ1, . . . , ξ4) as a value of the corresponding polynomial in

algebraic points, from lemma 6, (1), (3) we get for 0 ≤ t ≤ s ≤ λS, 1 ≤ n1, n2 ≤ N,
Fs,t,n1,n2(ξ1, . . . , ξ4) 6= 0, we obtain the estimate

(18) |Fs,t,n1,n2
(ξ1, . . . , ξ4)| > exp(−λ5 lnλT 2 lnT ).

From (3), (18) we get for 0 ≤ s ≤ λS, 1 ≤ n1, n2 ≤ N
(19) |Fs,n1,n2(ξ1, . . . , ξ4)| > exp(−2λ5 lnλT 2 lnT ).

Since (17) and (19) are con�icting, we get for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS,
(20) Fs,n1,n2(ξ1, . . . , ξ4) = 0.

From (20) it follows that the polynomial F (z) has at least c6λ
7 lnλT 2 zeros (with

multiplicities). From Lemma 9 we get that the number of zeros may not be more than
c7λ

6 lnλT 2, so for su�ciently large λ assumption (4) leads to a contradiction, which
proves the theorem.
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Íåõàé sn1 z, sn2 z � àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ ßêîái. Ïî-
çíà÷èìî ÷åðåç κ1, 0 < κ1 < 1, åëiïòè÷íèé ìîäóëü sn1 z, à ÷åðåç κ2, 0 < κ2 <
1, � åëiïòè÷íèé ìîäóëü sn2 z. Áóäåìî ïðèïóñêàòè, ùî κ1 òà κ2 àëãåáðè÷íi
÷èñëà. Òàêîæ ïîçíà÷èìî ÷åðåç (4K1, 2iK′1) ïàðó îñíîâíèõ ïåðiîäiâ sn1 z, à
÷åðåç ÷åðåç (4K2, 2iK′2) � ïàðó îñíîâíèõ ïåðiîäiâ sn2 z, äå K1, K2, K

′
1 òà

K′2 ¹ äiéñíèìè ÷èñëàìè.
Åëiïòè÷íà ôóíêöiÿ ßêîái sn1 z çàäîâîëüíÿ¹ ðiâíÿííÿ

(sn′1 z)
2 = (1− sn2

1 z)(1− κ2
1 sn2

1 z),

à åëiïòè÷íà ôóíêöiÿ ßêîái sn2 z çàäîâîëüíÿ¹ ðiâíÿííÿ

(sn′2 z)
2 = (1− sn2

2 z)(1− κ2
2 sn2

2 z).

×èñëà κ′1 = (1−κ2
1)1/2 òà κ′2 = (1−κ2

2)1/2 íàçèâàþòü äîäàòêîâèìè åëiïòè÷-
íèìè ìîäóëÿìè åëiïòè÷íèõ ôóíêöié ßêîái sn1 z i sn2 z. ×èñëà K1, K2, K

′
1

òà K′2 ¹ ïîâíi åëiïòè÷íi iíòåãðàëè ïåðøîãî ðîäó, ùî âiäïîâiäàþòü ÷èñëàì

κ1, κ2, κ′1 òà κ′2. Ïîêëàäåìî I(v) =

π/2∫
0

(1− v2 sin2 t)−1/2dt. Òîäi

K1 = I(κ1), K2 = I(κ2), K′1 = I(κ′1) òà K′2 = I(κ′2).

×èñëî a íàçèâàþòü àëãåáðè÷íèì ÷èñëîì, ÿêùî iñíó¹ òàêèé ìíîãî÷ëåí P (x)
ç öiëèìè êîåôiöi¹íòàìè, ùî P (a) = 0. Ìíîãî÷ëåí P (x) ∈ Z[x] íàçâåìî
îñíîâíèì ìíîãî÷ëåíîì äëÿ ÷èñëà a, ÿêùî âií çàäîâîëüíÿ¹ òàêi óìîâè:
P (a) = 0; ñòàðøèé êîåôiöi¹íò P (x) äîäàòíèé; êîåôiöi¹íòè P (x) âçà¹ìíî
ïðîñòi öiëi ÷èñëà; P (x) íåçâiäíèé íàä Q. Äîâæèíîþ P (x) íàçâåìî ñóìó ìî-
äóëiâ éîãî êîåôiöi¹íòiâ. Ñòåïåíåì ÷èñëà a íàçèâàþòü ñòåïiíü éîãî îñíîâ-
íîãî ìíîãî÷ëåíà P (x) i ïîçíà÷àþòü deg a, äîâæèíîþ ÷èñëà a íàçèâàþòü
äîâæèíó éîãî îñíîâíîãî ìíîãî÷ëåíà P (x) i ïîçíà÷àþòü L(a).
Íåõàé ξ1, ξ2 � äîâiëüíi àëãåáðè÷íi ÷èñëà, n1 = deg(ξ1), n2 = deg(ξ2),
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L1 = L(ξ1), L2 = L(ξ2) òà n = degQ(ξ1, ξ2).
Ó ñòàòòi îòðèìàíî îöiíêó ñóìiñíîãî íàáëèæåííÿ ÷èñåë sn1 4K2 òà sn2 4K1.

Òåîðåìà 1. Íåõàé

T = n

[
lnL1

n1
+

lnL2

n2
+ lnn

ßêùî iñíó¹ òàêà ïîñòiéíà C > 0, ùî äëÿ âñiõ k1, k2 ∈ Z, k21 + k22 6= 0,
|k1, |k2| < t, ñïðàâäæó¹òüñÿ

|k1K1 + k2K2| > exp(Ct3),

òà õî÷à á îäíå ç ÷èñåë sn1 4K2, sn2 4K1 ¹ òðàíñöåíäåíòíèì, òî äëÿ äî-

âiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, ξ2, ñïðàâäæó¹òüñÿ îöiíêà

max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} > exp
(
−ΛT 2 lnT

)
,

äå Λ > 0 ¹ êîíñòàíòà, çàëåæíà òiëüêè âiä κ1,κ2.

Çàóâàæèìî, ùî ÷èñëà, êðàòíi K2, íå ¹ ïîëþñàìè sn1 z, à ÷èñëà, êðàòíi
K1, íå ¹ ïîëþñàìè sn2 z.
Îöiíêè íàáëèæåíü, ïîäiáíi äî îòðèìàíî¨ â òåîðåìi 1, ìîæíà âèêîðèñòîâó-
âàòè äëÿ âèâ÷åííÿ àðèôìåòè÷íèõ âëàñòèâîñòåé åëiïòè÷íèõ êðèâèõ ßêîái.
Äîâåäåííÿ òåîðåìè 1 ïðîâîäèòüñÿ çà äîïîìîãîþ äðóãîãî ìåòîäó Ãåëüôîí-
äà. Ïðèïóñêà¹ìî, ùî äëÿ äîñòàòíüî âåëèêîãî λ ∈ N, âèêîíó¹òüñÿ

max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} < exp
(
−λ7 T 2 lnT

)
i ïîêàæåìî, ùî öå ïðèïóùåííÿ ïðèâîäèòü äî ïðîòèði÷÷ÿ.
Ïðè äîâåäåííi âèáèðà¹ìî òàêi çíà÷åííÿ ïàðàìåòðiâ

S = L = λ3 lnλT, N = λ
√
λT ,

òà äîïîìiæíó ôóíêöiþ

F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2 snl11 z snl22 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

äå ζτ ¹ òâiðíèìè åëåìåíòàìè Q(ξ1, ξ2).

Êëþ÷îâi ñëîâà: ñóìiñíi íàáëèæåííÿ, åëiïòè÷íà ôóíêöiÿ ßêîái.


