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Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mails: ya_ khol@franko.lviv.ua,
olga.mylyo@gmasil.com

Let sn; z be algebraically independent Jacobi elliptic functions, (4K;, 2iK})
be the main periods and s, s be algebraic moduli of sn; z (i = 1,2). We
estimate from below the simultaneous approximation of sn; 4K3, snp 4K;.
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1. INTRODUCTION

Jacobi’s elliptic function sn z satisfies the equation (sn’ z)2 = (1—sn? 2)(1 -2 sn? 2)
([1]). The number s is called the modul snz, 0 < s < 1, the number »’ = (1 — »?)'/2
is called its additional modulus. The pair of main periods of snz is (4K, 2iK’), where
K, K’ are the complete elliptic integrals of the first kind that correspond to s, s [1].

Denote by snj z, sngz two algebraically independent Jacobi elliptic functions
determined by algebraic s, s respectively, 0 < 367 < 1, 0 < 300 < 1; (4K4, 2iK7),
(4K5, 2iK}) are pairs of their main periods.

We denote by d(P), L(P) the degree and the length of the polynomial P with
integers coefficients, by d(«), L(«) the degree and length of the algebraic number « [2];
&, 1 = 1,2, algebraic numbers, n; = d(§;) and L; = L(;) their degrees and lengths
respectively, n = deg Q(&1, &2).

Theorem 1. Let
In Ll In L2

_|_
ni n2

(1) T=n +lnn|.
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If there exists C' > 0 such that for all ki, ks € Z, k? + k3 # 0, |k1|, |ka| < t, we have

(2) k1K1 + ko K| > exp(Ct?),

and at least one of the numbers sni 4Ky, sng 4K is transcendent, then for arbitrary
algebraic numbers &1, &o,

(3) max{|sn; 4Ky — &, |sng 4Ky — &} > exp (fAT2 lnT) ,

where A > 0 is a constant that depends only on 31, »s.

The approximation estimate formulated in Theorem 1 can be used, for example, to
study the properties of elliptic Jacobi curves. Similar estimates for other numbers can be
found in [3]-[5].

2. AUXILIARY STATEMENTS
We formulate the basic lemmas, which are necessary to prove Theorem 1. Let ¢;, for
all 7, be positive constants, dependent only on sz and .

Lemma 1. For each integer m > 1, there exist polynomials with the integer coefficients
P and Q1 such that

Py (snz,sn’ 2)

Q1.m(>%,snz)’

where L(P1 ), L(Q1.m) < exp(cim?), deg Py ,,, deg Q1. <m?, i =1, 2.

Lemma 2. Let m € N. Then there are polynomials Ps; € Z[x1, 2, x3] such that

snmz =

‘ ds
(sn 2)®) = W((sn 2)1) = P, (5%, sn 2,81 2),
w

deg,, Psy < s+1, deg,, Ps; < s+2l, deg, Ps; <1, L(Ps;) < exp(caslog(s +1)).
Proofs of Lemma 1 and Lemma, 2 are similar to the proof of properties of the function

p(z) [8].

Lemma 3 ([1]). If z, w, z +w are different from the poles sn z, then

snzsn’ w +snwsn’ z

sn(z +w) = 1 — 22sn22snw?

Lemma 4 ([6]). Let o, 3 be arbitrary algebraic numbers, v* = (1 —a?)(1 — a?p?). Then
InL(e) | InL(B) )) deg Q(a, 8)
L(v) < exp ( 6 deg Q(c, + +1)), dly)=>— .
() < e (Baenle.) (s + 50 72 in@da). 44(3)
Lemma 5 ([4]). Let B,P € N, Qpp € Z[z1,...,2,],0<b<B,0<p< P, L(Qpp) <
deg,. Qpp < Ni; ai,...,ay be algebraic numbers, m = degQ(ay,...,ay). If P > mB,
then the system of linear equations

P—-1
Zmep,b(al,u.,an):O, 0§b<B,
p=0

has integer rational solutions Aq, ..., Ap_1 such that

n

0 < max |4;] < 1+ (LP)7"n5 (Ha +N;) (L) (1 + d(ai)))dﬁb) o _

i=1




SIMULTANEOUS APPROXIMATION OF VALUES ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2019. Bumyck 88 7

Lemma 6 ([2]). Let a1,..., o, be algebraic numbers, P € Z[x1, ..., z,], deg, P <N,
m =degQ(aq,...,a,). If P(aq,...,a,) Z 0, then

n —N;m

|P(ay,...,a0)| = L(P) [ ] L(ay) @0 .

i=1
Denote by |f(2)[p = sup|.<p |f(2)]-
Lemma 7 ([5]). The functions o(z) and o(z—w) sn z are integer and for M > 1 estimates
oz = w)snzlar, o ()lar < CF

hold, w is the corresponding half-life of the Weierstrass function and o(z) be a o-function
of Weierstrass which corresponds to the function p(z) associated with sn(z).
If € is the distance from the nearest pole of snz to zp and |z9] < M, then |o(zp)| >

505M2, where C1,Cy are constants dependent only on .

Lemma 8 (the Hermite formula, [2]). Let f(¢) be a regular function in the circle T of
radius R, ay,...,am €T, a; # a; if i # j, s € Ng. Then for an arbitrary inner point
z €T, other than aq, ..., an, the equality

B 1 m 2 —ap s+1 f(C)dC
f(z)—%jg H(C—%) -z

L k=1
1 m s f(T)(aZ) m (Z—Gk>s+1 (C—ai)T
T omi d
2m ;7;1 7! fjc—aﬂ_m ]];[1 C — ag C —Z C

holds, where p; is enough small, {¢ : |¢ — a;| < p;} C T and not contain points z i
ag, k 75 7.

Lemma 9 ([1], [7]). Let P € Clz1,x2], P(z1,22) # 0, be a polynomial of degree at
most Dy by x1 and Dy by x4, D1, Dy > 1, sny z, sny z be algebraically Jacobi independent
elliptic functions. Then the number of zeros P(sn; z,sng z) given with their multiplicities
at |z| < K does not exceed C3K?(D1+Ds), where Cs is some constant that is independent
of the polynomial.

3. PROOF OF THEOREM 1

We will prove Theorem 1 using the second Gelfond method described in [2], [3].
Suppose that (1) does not hold, that is, for sufficiently large A € N,

(4) max{|sn; 4K, — &, [snp 4K — &} < exp (-A"T?InT).
Let
(5) S=L=MNAT, N=AVAT,
L L n
(6) F(z) = Z Z Chy 1, st 2 snk 2, Oy, = ZC’;DZ%T(}, Cihilor €Z,
1, =013=0 =1

where (. are the generic elements of Q(&1, ).
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Denote by ¢;1(2) = sn;(z+ &), ¢;2(w) = sn;(w+ 251), i = 1,2. Then (Lemma 3)

©i,1(2) i 2 (W) + i 2(w)p] 1( ) ~ Nia(z,w)
sn;(z +w) = = )
=2 901‘,1( )%‘,2( w) Aj2(2,w)
Let &
Gt (51:2) = = (A (2, w)AL o (2, 0)) o

The so defined polynomials satisfy deg G; s k1 < 4(k+1), M L(G; s 1) < sln(s(k +1) +
cs(s+k+1)) .

With (3) just like in [7], [8], we get
s s

FO(z) = T (A2 (7 w)Ay 5 (2,w))(F(z + w)AT (2, w)A5 5 (2, w)))|w=0 =
L /s\ a5t L L
=2 ) 7= (A2 (5 w)A5 3 (2, 0)) =0 Fia (2),
t=0
where
(7) Z Z Cll l2 Z < )Gl t—i,01,L—11 (%1, )GQ,i,lz,L—lg (%2, Z)
1,=01,=0 i=0

Applying Lemma 4 for a = &, 8 = s, v = &3, we get the estimate d(€3) and
L(&3) of the number &3, which approximates sn| 4K5, and in the case of o = &, 8 = s,
v = & we get the estimate d(£4) and L(&;) of the number &, which approximates
sn5 4K5. Denote by Fj ,, n, (&1, ..., &) and Fy ¢ 5, ny (&1, ..., &) the expressions derived
from F() (An1 K1 4 4ngK3) and F (401 TK; + 4nyK3) by replacing sny 4K, sngp 4K,
snj Ko, snb K by &1,. .., & respectively and apply Lemma 5 t0 Fs ¢ 5, n, (€1, --,&4) - We
will consider Fy ¢ pn, ny(€1,-.., &) for 1 <nj,mg < N,0<t<s<S as N2S linear forms
of nL? variables Cj, ;, r. Having used Lemmas 1 — 6 and (3)—(7), we choose not all equal
to zero Cj, 1, - such that for 1 <nq,ne < N,0<t <5 <8,

(8) Fs,t,nl,ng (517 cee 754) =0

(9) |C1y 17| < exp(cs A In AT? InT).
With (4), (3), (9) and Lemmas 1 — 5 we get for 1 <mnj,ng < N,0<s< S,

1
(10) PO UKy AnsKo) — Foy (61, 60)] < exp(— AT nT),
From (8), (10) at 1 <nj,ne < N, 0< s < S we get
1
(11) |F&) (4n1 Ky + 4ns Ky)| < eXp(—Z/\7T2 InT).

We show that (11) also holds for 1 < nj,ns < N, 0< s < \S.
Let p;(u) and o;(u) correspond to the functions sn; 2,7 = 1,2, u = z(ey ; —e3 ;)" /?,
[1],
G(2) = F(2)a1 (u+ w3 1)oy (u + ws ),
where w;; is the half-period of p;(u). Choose the least possible integer r such that

(12) r > 32(N + (K| + K| + K| + |K)).
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Denote by R = 48r. Then with Lemmas 1 — 5, Lemma 8 and (1), (3), (3), (9), (12),

(13) |G(2)|r < exp(=A°InAT?InT).
From (13) we get for 0 < s < AS
(14) |G (2)], < exp(—iA°InAT?InT).

For a sufficiently small ¢ in the e-neighborhood of the points 4n; K; the function
o2(z — we) and in the e-neighborhood of the points 4ny Ko the function o(z — wq) has
no zeros, so from (2) and Lemma 7 for ni,ns < 32N we obtain

(15) ‘O’i (Z - wi)‘ZGV(6,4H1K1+4TL2Kz) > eXp(—C5)\5 ln)\TQ)
From (13)—(15) for 1 < nj,ns < N, 0< s < \S we get
(16) |FO) (4n1 K + 4nsKo)| < exp(—2 InAT?InT).
Given (10), for 1 < mnj,ny < N and 0 < s < AS, from (16) we obtain
(17) | oy (€1, -+ €0)] < exp(=2 InAT?InT).
Considering Fs ¢ n,n,(&1,--.,€4) as a value of the corresponding polynomial in

algebraic points, from lemma 6, (1), (3) we get for 0 < ¢t < s < AS, 1 < ny,ngs < N,
Fstnims(&1,-.-,64) # 0, we obtain the estimate

(18) |Fs by s (&1 ooy E0)| > exp(=A° In AT InT).
From (3), (18) we get for 0 <s < AS,1<n;,na <N
(19) | Fsmymo €1y, €4)] > exp(=20° In AT? In T)).
Since (17) and (19) are conflicting, we get for 1 < nj,ng < N, 0 < s < AS,

(20) Fs,nl,ng (517 v 354) =0.

From (20) it follows that the polynomial F(z) has at least cgA” In A\T? zeros (with
multiplicities). From Lemma 9 we get that the number of zeros may not be more than
crA%In A T2, so for sufficiently large A assumption (4) leads to a contradiction, which
proves the theorem.
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Hexait sn; 2, sna z — anrebpuano zHesasexHi exinTudai dyukiii xobi. ITo-
3HAYMUMO 4depe3 1, 0 < s < 1, enTUuaHIl MOZYIh SN 2, & 9epe3 2, 0 < s <
1, — eslinTwaHMIT MOIYJIb SN2 2. BygeMo npuiryckaTu, mo s Ta v aaredputHi
umcsa. Takox mosnaummo gepes (4K, 2:K1) napy oCHOBHUX TepiofiiB snj 2, a
ugepe3 wepe3 (4K2, 2(K3) — mapy OCHOBHWX Tepiomis sns 2z, me K1, Ko, K| Ta
K/, € milicHIME <mCTaMIL.

Enintrana dysknisz xobi sn; z 3a70BOJIbHIE PIBHAHHS

2 2 2.2
(sn} 2)® = (1 —snf 2)(1 — 27 sn? 2),
a emintuuyHa GYHKINA K001 Sns 2 33I0BOIBHSIE PIBHSIHHST

(sny 2)? = (1 —sn3 2)(1 — 5 sn3 2).

Yncna 5 = (1—3)Y2 1a sh = (1—3)"/? masmparors n01aTKOBEMY eimTII-
: o . . /
HUMU MOIyIaMH eminTtraaux Gyskiiil fkobi sny z i sng z. HYucna Ky, Ko, K
Ta K% € TIOBHI eiNTHYHI iHTErpajm Mepuioro pozy, MO BiOBiJAIOTH THCIaM
/2
/ / _ 2 2 ,\—1/2 .
1, »a, 71 Ta 7y, llokmagemo I(v) = [ (1 —v”sin” t) dt. Toni
0
! / ! /
K1 =10n), Ko = I(30), Ky = I(54) ta Ky = I(55).

Yncsio a HA3UBAIOTD GA2E0PUNHUM HUCAOM, AKIIO icHy€e Takuii mHOrOUIeH P ()
3 mimvu koedimientamu, mo P(a) = 0. Muorounen P(x) € Z[x] Ha3BEMO
0CHOBHUM MHOZOUACHOM IJIS YNACTA G, AKIIO BiH 33/I0BOJIbHAE TaKi yMOBH:
P(a) = 0; crapmuii xoedinienr P(x) nonaraumii; xoedinjientu P(z) B3aeMHO
mpocti mini uncna; P(x) messigauii Hax Q. Josxunowo P(x) Ha3BeMO CyMy MO-
IyJiB #oro koedimienTis. Cmenenem 4ucaa ¢ HA3UBAIOTH CTEIHDb WOTO OCHOB-
moro muorounena P(z) i nosmauaors dega, do6sicunoro “ucat a HA3UBAIOTDH
JIOBXKUHY HOr0 OCHOBHOTrO MHOrodwieHa P(z) i mosuauaiors L(a).

Hexait &1, &2 — moBinbHi anreGpwani wmcna, ni = deg(&1), ne = deg(&2),
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Ly = L(&), L2 = L(&2) ra n = deg Q(&1,&2).
V cTaTTi OTpUMAaHO OIHKY CyMicHOTO HabwKeHHs uncest snj 4K ta sng 4K;.

Teopema 1. Hexat

In L1 In L2
+
n1 ng

T=n +1Inn

Axwo icnye maka nocmiting C > 0, wo daa sciz ki,ke € Z, k3 + k3 # 0,
|k1, |k2| < t, ecnpasdorcyemovea
“ﬁKl + k2K2| > exp(C’t?’),
ma coua 6 odne 3 wuces sny 4K, sng 4K1 e mpancuyendernmuum, mo dasn do-
BINDHUT an2e0pusHULT wucea £1,&2, CNPABIHCYEMBCA OUIHKG
max{|sni 4K> — &1 |, |sn2 4K1 — &} > exp (-AT?InT),

de A > 0 e Koncmarma, 3aAEHCHAG MINDKY 610 1, 2.

3ayBaXmMoO, 10 YNCIA, KpaTHi Ko, HE € MOJII0CaMu SN z, a YUC/Ia, KPaTHI
K1, He € mosrrocaMu sna z.
Ouinku HabJsmMKeHb, MOAI0HI 10 oTpuMaHol B TeopeMi 1, MOXKHA BUKOPUCTOBY-
BATH /I BUBYEHHS apu(pMETUIHUX BJIACTUBOCTEN eIIITUIHNX KPpUBUX SKOOI.
Hosemernnst TeopemMu 1 MPOBOAUTHCS 33 AOMIOMOTOIO Apyroro merony lembdon-
na. Ipunyckaemo, mo [uis 10cTaTHbo BesuKoro A € N) BUKOHY€TbCst

max{|sn; 4Ks — &1|, |sn2 4K1 — &2]} < exp (—)\7T2 InT)

1 IOKayKeMO, 10 TI€ MPUILYIeHHs] IPUBOIUTD 0 IIPOTUPIdYs.
IIpu noBesenni BUOMpPaeMo Takl 3HAYEHHs IIapaMeTpiB

S=L=XIAT, N=\VT,

Ta JOTOMIXKHY (YHKIHIO
L L

n
l l
F(z) = E E Cy 1y 80y 2 sny z, Ciy 1y = E Cly15,7Cry Ciy1y,r € Z,
T=1

11=015=0
ne (- € tBipummu enementamu Q(&1,&2).

Karouosi crosa: cymicui mabmmkenHs, eminTuara Gyukis Jkobi.



