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Ðîçãëÿíåìî ðiâíÿííÿ âiäíîâëåííÿ â ìàòðè÷íié ôîðìi

Xε(t) = Aε(t) +

t∫
0

F ε(du)Xε(t− u),

äå t > 0, ε > 0, Aε(t), Xε(t) � ñiì'¨ âiäïîâiäíî çàäàíèõ íåâiä'¹ìíèõ ìàòðè÷íîçíà÷íèõ
ôóíêöié F ε(dt) � ñiì'¨ çàäàíèõ íåâiä'¹ìíèõ ìàòðè÷íîçíà÷íèõ ìið.

Ôóíêöiþ F ε çàïèøåìî â òàêîìó âèãëÿäi

F ε = F + δ1(ε)B1 + δ2(ε)B2 + . . .+ δn(ε)Bn + o(δn(ε)),

äå B1, . . . , Bn � ìàòðèöi, δ1(ε)→ 0, . . . , δn(ε)→ 0, ïðè ε→ 0.
Ó ïðàöÿõ [1]�[3] ôóíêöiþ ρ(ε) âèçíà÷åíî òàê

ρ(ε) =

r∑
s=1

1− Lεwsws

ms
,

äå w1 ∈ E1, . . . , wr ∈ Er � ôiêñîâàíi iíäåêñè,

ms =
p
(s)
i

p
(s)
ws

aij
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i ps � ëiâèé âëàñíèé âåêòîð ìàòðèöi F s,

Lεij = F εij +

r∑
k=1

∑
n∈Ek\{wk}

Fin(ε) · Lnj(ε).

Âèêîíó¹òüñÿ ñëàáêà çáiæíiñòü Lε(t) äî L(t), ïðè ε→ 0. Êðiì òîãî,

Lij = Lij(∞) = 0, ïðè i ∈ Es, j ∈ Ek, s 6= k,

Lwsj =
p
(s)
i

p
(s)
ws

, Liws = 1, ∀i, j ∈ Es.

Lij = Fij +
∑

n∈Es\{ws}

Fin · Lnj .

Ââåäåìî òàêi ïîçíà÷åííÿ

πs =
∑
i,j∈Es

p
(s)
i · aij ,

bmsk =
∑
i∈Es
j∈Ek

p
(s)
i ·B

m
ij .

dnmsk =
∑
i∈Es
j∈Ek

p
(s)
i · (B

nV Bm)ij =

r∑
l=1

∑
i∈Es
j∈Ek
l1,l2∈El

p
(s
i ·B

n
il1V

(l)
l1l2

Bml2j .

V (l) � óçàãàëüíåíà îáåðíåíà ìàòðèöÿ äî ìàòðèöi
[
I − F l

]
,

V (l)
(
I − F l

)
=
(
I − F l

)
V (l) = I −Π(l),

äå Π(l) =
[−→

1 (l)
⊗−→p (l)

]
� âëàñíèé ïðîåêòîð ìàòðèöi F l, V = diag{V (1), . . . , V (r)}.

Òåîðåìà 1. Íåõàé µs � ïåðøèé íîìåð, äëÿ ÿêîãî bµs
ss 6= 0, s = 1, . . . , r, m =

min{µ1, . . . , µr}. ßêùî iñíó¹ òàêå s, äëÿ ÿêîãî d11ss 6= 0, d22ss 6= 0, òî:

1) ÿêùî δ21(ε) = o(δm(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss
πs

;

2) ÿêùî δ21(ε) = αδm(ε), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)
r∑
s=1

bmss + αd11ss
πs

;

3) ÿêùî δ21(ε) = αδm(ε), δ22(ε) = βδm(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss + βd22ss + (d11ss + d22ss)
√
αβ

πs
;
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4) ÿêùî δm(ε) = o(δ21(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δ21(ε)

r∑
s=1

d11ss
πs

;

5) ÿêùî δm(ε) = δ1(ε) · δ2(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + d11ss + d22ss
πs

.

Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíÿííÿ

Lεij = F εij +

r∑
k=1

∑
n∈Ek\{wk}

Fin(ε) · Lnj(ε).

Ïiäñòàâèìî ôóíêöiþ F s. Ó ïiäñóìêó îòðèìà¹ìî òàêå ñïiââiäíîøåííÿ:

Lεiws
= δms · Fiws +

∑
j∈Em\{wm}

Fij · Lεjws
+

n∑
k=1

δk(ε)Bkiws
+

+

n∑
k=1

r∑
l=1

∑
j∈El\{wl}

δk(ε)Bkij · Lεjws
.

Ïåðåïèøåìî â òàêîìó âèãëÿäi:

Lεiws
= δms · Fiws

+
∑

j∈Em\{wm}

Fij · Lεjws
+

n∑
k=1

δk(ε)
∑
j∈Es

Bkij+

+

n∑
k=1

r∑
l=1

∑
j∈El\{wl}

δk(ε)Bkij ·
[
Lεjws

− Ljws

]
.

Äîìíîæèìî íà p
(m)
i i ïiäñóìó¹ìî ïî âñiõ i ∈ Em.∑

i∈Em

p
(m)
i · Lεiws

= δms · p(m)
wm

+
∑

j∈Em\{wm}

p
(m)
j · Lεjws

+

n∑
k=1

δk(ε)
∑
i,j∈Es

p
(m)
i Bkij+

+

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i ·Bkij ·

[
Lεjws

− Ljws

]
.

Âðàõóâàâøè, ùî Lεwm,ws
= δms, îòðèìà¹ìî

Lεwm,ws
− δms =

n∑
k=1

∑
i∈Em
i∈Es

p
(m)
i Bkij

p
(m)
wm

+

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i

p
(m)
wm

Bkij ·
[
Lεjws

− Ljws

]
=

=

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i

p
(m)
wm

Bkij
[
Lεjws

− Ljws

]
.
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Ïðèéìåìî m = s

1− Lεwsws
= −

n∑
k=1

δk(ε)
bkss

p
(s)
ws

−
n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

Bkij ·
[
Lεjws

− Ljws

]
.

ßêùî iñíó¹ s ∈ 1, . . . , r, òî

b1ss =
∑
i,j∈Es

p
(s)
i B1

ij 6= 0,

b2ss =
∑
i,j∈Es

p
(s)
i B2

ij 6= 0,

òà

1− Lεwsws
=− δ1(ε)

b1ss

p
(s)
ws

− δ1(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

B1
ij

[
Lεjws

− Ljws

]
−

− δ2(ε)
b1ss

p
(s)
ws

− δ2(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

B2
ij

[
Lεjws

− Ljws

]
.

Íåõàé

δ1(ε)[Lεjws
− Ljws

] = o(δ1(ε)),

δ2(ε)[Lεjws
− Ljws ] = o(δ2(ε)).

Òîäi

1− Lεwsws
= −δ1(ε)

b1ss

p
(s)
ws

− δ2(ε)
b2ss

p
(s)
ws

− o(δ1(ε))− o(δ2(ε)).

Îòîæ,

ρε =

r∑
s=1

1− Lεwsws

ms
=

= −δ1(ε)

r∑
s=1

b1ss

p
(s)
wsms

− δ2(ε)

r∑
s=1

b2ss

p
(s)
wsms

− o(δ1(ε)) =

= −δ1(ε)

r∑
s=1

b1ss
πs
− δ2(ε)

r∑
s=1

b2ss
πs
− o(δ1(ε)).

Òîìó

ρε = −δ1(ε)

r∑
s=1

b1ss
πs
− δ2(ε)

r∑
s=1

b2ss
πs
− o(δ1(ε)).
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Äàëi îá÷èñëèìî Cεsk

Cεsk =
Lεwswk

− δsk
ρεms

=

= −
[
δ1(ε)

b1sk
mspws

+ δ2(ε)
b2sk

mspws

+ o(δ1(ε))

]
×

×

[
δ1(ε)

r∑
s=1

b1ss
πs

+ δ2(ε)

r∑
s=1

b2ss
πs

+ o(δ1(ε))

]−1
=

= −δ1(ε)

[
b1sk
πs

+
δ2(ε)

δ1(ε)

b2sk
πs

+ o(1)

]
· (δ1(ε))−1 ·

[
r∑
s=1

b1ss
πs

+

r∑
s=1

b2ss
πs

+ o(1)

]
.

Ó ïiäñóìêó, îòðèìó¹ìî

Csk = −b
1
sk

πs

[
r∑
s=1

b1sk
πs

]−1
.

Íåõàé µs > 1 ïåðøèé íîìåð, äëÿ ÿêîãî bµs
ss 6= 0. Òîäi

1− Lεwsws
= −δµs

(ε)
bµs
ss

p
(s)
ws

− o(δµs(ε))−
n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

·Bkij
[
Lεjws

− Ljws

]
.

Îòîæ,

Lεiws
− Liws =

∑
j∈Em\{wm}

Fij
[
Lεjws

− Ljws

]
+

n∑
k=1

δk(ε)
∑
j∈Ek

Bkij+

+

n∑
k=1

r∑
l=1

∑
j∈El\{ml}

δk(ε)Bkij
[
Lεiws

− Liws

]
=

=
∑

j∈Em\{wm}

Fij
[
Lεjws

− Ljws

]
+ δ1(ε)

∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)).

Òîäi∑
j∈Em\{wm}

(δij − Fij)
[
Lεjws

− Ljws

]
=

= −δiwm

[
Lεwsws

− Lwsws

]
+ δ1(ε)

∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)) =

= δ1(ε)
∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)).
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Äîìíîæèìî îáèäâi ÷àñòèíè íà V
(m)
ki , k ∈ Em i ïiäñóìó¹ìî ïî âñiõ i ∈ Em.∑

j∈Em\{wm}

(
δkj − p(m)

j

) [
Lεjws

− Ljws

]
=

= δ1(ε)
∑
i∈Em
j∈Es

V
(m)
ki B1

ij + δ2(ε)
∑
i∈Em
j∈Es

V
(m)
ki B2

ij + o(δ1(ε)).

Ïðèéìåìî k = wm. Òîäi∑
j∈Em\{wm}

p
(m)
j

[
Lεjws

− Ljws

]
=

= −δ1(ε)
∑
i∈Em
j∈Es

V (m)
wm

B1
ij − δ2(ε)

∑
i∈Em
j∈Es

V (m)
wm

B2
ij − o(δ1(ε)),

Lεkws
− Lkws =

∑
j∈Em\wm

p
(m)
j

[
Lεjws

− Ljws

]
+ δ1(ε)

∑
i∈Em
j∈Es

V
(m)
ki B1

ij+

+ δ2(ε)
∑
i∈Em
j∈Es

V
(m)
ki B2

ij + o(δ1(ε)) =

= δ1(ε)
∑
i∈Em
j∈Es

[
V

(m)
ki B1

ij − V
(m)
wmi

B1
ij

]
+

+ δ2(ε)
∑
i∈Em
j∈Es

[
V

(m)
ki B2

ij − V
(m)
wmi

B2
ij

]
+ o(δ1(ε)) =

= δ1(ε)
∑
j∈Es

[
(V (m)B1)kj − (V (m)B1)wmj

]
+

+ δ2(ε)
∑
j∈Es

[
(V (m)B2)kj − (V (m)B2)wmj

]
+ o(δ1(ε)).

Âðàõîâóþ÷è òå, ùî

b1sl =
∑
i∈Es
j∈El

p
(s)
i B1

ij = 0,

b2sl =
∑
i∈Es
j∈El

p
(s)
i B2

ij = 0,

îòðèìà¹ìî ∑
i∈Em

j∈El\{wl}

p
(m)
i B1

ij

[
Lεjws

− Ljws

]
+

∑
i∈Em

j∈El\{wl}

p
(m)
i B2

ij

[
Lεjws

− Ljws

]
=



86
Îêñàíà ßÐÎÂÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

= δ1(ε)
∑
i∈Em
k∈Es

j∈El\{wl}

p
(m)
i B1

ij

[
(V (l)B1)jk − (V (l)B1)wlk

]
+

+ δ2(ε)
∑
i∈Em
k∈Es

j∈El\{wl}

p
(m)
i B2

ij

[
(V (l)B1)jk − (V (l)B2)wlk

]
+ o(δ1(ε)) =

= δ1(ε)
∑
i∈Em
k∈Es

p
(m)
i (B1V (l)B1)ik + δ2(ε)

∑
i∈Em
k∈Es

p
(m)
i (B2V (l)B2)ik + o(δ1(ε)).

Òîäi

Lεwswk
− δsk = δµs(ε)

bµk

sk

p
(s)
ws

+ o(δµs(ε)) + δ21(ε)
d11sk

p
(s)
ws

+ δ22(ε)
d22sk

p
(s)
ws

+

+ δ1(ε)δ2(ε)

(
d11sk

p
(s)
ws

+
d22sk

p
(s)
ws

)
+ o(δ21(ε)) + o(δ22(ε)).

Îòîæ, îòðèìó¹ìî

ρεs = −δµs
(ε)

bµs
ss

πs
−2

1 (ε)
d11ss
πs
− δ22(ε)

d22ss
πs
− δ1(ε)δ2(ε)

(
d11ss
πs

+
d22ss
πs

)
+ o(δ21(ε)) + o(δ22(ε)).

Ïðèéìåìî m = minµ1, . . . , µr.
Íåõàé iñíó¹ s òàêå, ùî d11ss 6= 0 i d11ss 6= 0. Òîäi

ρε = −
r∑
s=1

(
δm(ε)

bmss
πs

+ δ21
d11ss
πs

+ δ22
d22ss
πs

+ δ1(ε)δ2(ε)
d11ss + d22ss

πs

)
+ o(δ21(ε)) + o(δ22(ε)).

Ðîçãëÿíåìî òàêi âèïàäêè.
1. ßêùî δ21(ε) = o(δm(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss
πs
.

2. ßêùî δ21(ε) = αδm(ε), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss
πs

.

3. ßêùî δ21(ε) = αδm(ε), δ22(ε) = βδm(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss + βd22ss + (d11ss + d22ss)
√
αβ

πs
.

4. ßêùî δm(ε) = o(δ21(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δ21(ε)

r∑
s=1

d11ss
πs
.
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5. ßêùî δm(ε) = δ1(ε) · δ2(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + d11ss + d22ss
πs

.

Òåîðåìó äîâåäåíî. �

Îòðèìàíi ðåçóëüòàòè äàþòü çìîãó ðîçãëÿíóòè ïðîáëåìó âåëèêèõ âiäõèëåíü ó
íåëiíiéíié àïðîêñèìàöi¨. Â [4]�[7] âèïàäêîâi ïðîöåñè òà ìàðêîâñüêi âèïàäêîâi åâîëþ-
öi¨ ðîçãëÿäàþòüñÿ ç íîðìóþ÷èìè ìíîæíèêàìè ε òà ε2. Íîâèçíà öi¹¨ ïðàöi ïîëÿãà¹ ó
çíàõîäæåííi íåëiíiéíèõ íîðìóþ÷èõ ìíîæíèêiâ.
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