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We study the inverse problem of the restoration dependent on time conti-
nuous factor in the right-hand side of a semilinear time fractional equation.
We �nd su�cient conditions of uniqueness of both classical and generalized
solution under integral type over-determination condition.
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Equations with fractional derivatives and inverse problems for them arise in many
branches of science and engineering with memory being taken into account. Some inverse
problems to di�usion-wave equations with di�erent unknown functions or parameters
(source, order of partial derivative, older or minor coe�cient, boundary or initial data)
were investigated, for example, in [1]-[11]. In particular, in [1, 3, 4, 6, 7] integral type
over-determination conditions were used in the inverse source and coe�cient problems
for such equations.

In this paper, we �nd the conditions of uniqueness of the solution (u, g) of the inverse
problem

Dα
t u−∆u = g(t)F0(x, t, u), (x, t) ∈ Ω× (0, T ], (1)

u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ],

u(x, 0) = F1(x), x ∈ Ω̄,∫
Ω

u(x, t)ϕ0(x)dx = F2(t), t ∈ [0, T ]
(2)
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with the Caputo derivative Dα
t u of order α ∈ (0, 1) in the case of regular data and the

inverse problem

u
(α)
t −∆u = g(t)F0(x, t, u), (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],

u(x, 0) = F1(x), x ∈ Ω,

(3)

(u(·, t), ϕ0(·)) = F2(t), t ∈ [0, T ] (4)

with the Riemann-Liouville derivative u
(α)
t in the case of given distribution F1. Here Ω

is a bounded domain in Rn, n ∈ N (n ≥ 2) with the boundary ∂Ω of the class C∞,
(u(·, t), ϕ0(·)) stands for the value of an unknown distribution u on a given test function
ϕ0 for every t ∈ [0, T ].

We note that inverse problems for semilinear parabolic and ultraparabolic equations
with derivatives of the integer orders were investigated, for example, in [12, 13]. The
coe�cient inverse problem for a semilinear time fractional telegraph equation in the case
of regular data was studied in [6].

We shall use the method of Green's functions [14]-[18].

1. Uniqueness of the classical solution

Let Q = Ω× (0, T ], f ∗ g be the convolution of functions f and g,

fλ(t) =
θ(t)tλ−1

Γ(λ)
for λ > 0 and fλ(t) = f ′1+λ(t) for λ 6 0,

where Γ(t) is the Gamma-function, θ(t) is the Heaviside function. Note that

fλ ∗ fµ = fλ+µ,

the Riemann-Liouville derivative v
(α)
t (x, t) of order α > 0 is de�ned by the formula

v
(α)
t (x, t) = f−α(t) ∗ v(x, t),

the Caputo fractional derivative of order α ∈ (0, 1) is de�ned as follows [19, 20]

Dα
t v(x, t) =

1

Γ(1− α)

[ ∂
∂t

t∫
0

v(x, τ)

(t− τ)α
dτ − v(x, 0)

tα

]
= v

(α)
t (x, t)− f1−α(t)v(x, 0).

Let β = (β1, . . . , βn) with βj ∈ Z+, j = 1, 2, . . . , n, |β| = β1 + · · · + βn, γ ∈ (0, 1),

Dβϕ(x) =
∂|β|ϕ(x)

∂xβ1

1 . . . ∂xβnn
, Cγ(Ω) (Cγ(Q)) be the space of bounded continuous functi-

ons on Ω (Q, respectively) satisfying the H�older continuity condition (H�older continuity
condition with respect to space variables), Cγ(Ω̄) = Cγ(Ω) ∩ C(Ω̄),

Cm+γ(Ω) =
{
ϕ ∈ Cm(Ω): Dβϕ ∈ Cγ(Ω) for |β| = m

}
,

Cm+γ(Q) =
{
ϕ ∈ Cm(Q) : Dβϕ ∈ Cγ(Q) for |β| = m

}
, m ∈ N,

C2,α(Q) =
{
v ∈ C2+γ(Q) : Dα

t v ∈ Cγ(Q)
}
, C2,α(Q̄) = C2,α(Q) ∩ C(Q̄).
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De�nition 1. A pair of functions (u, g) ∈ C2,α(Q̄)×C[0, T ] satisfying the equation (1)
on Q and the conditions (2) is called a classical solution of problem (1), (2).

The de�nition implies the consistency conditions

F1|∂Ω = 0,

∫
Ω

F1(x)ϕ0(x)dx = F2(0).

De�nition 2. A vector-function (G0(x, t, y, τ), G1(x, t, y)) is called the Green's vector-
function of the problem

Dα
t u(x, t)−∆u(x, t) = g0(x, t), (x, t) ∈ Q, (5)

u|∂Ω×[0,T ] = 0, u(x, 0) = g1(x), x ∈ Ω̄ (6)

if under smooth �nite g0, g1 the function

u(x, t) =

t∫
0

dτ

∫
Ω

G0(x, t, y, τ)g0(y, τ)dy +

∫
Ω

G1(x, t, y)g1(y)dy, (x, t) ∈ Q (7)

is the classical solution (in C2,α(Q̄)) of this problem.

It is known (see, for example, [15]) that such Green's vector-function exists and for
bounded g0 ∈ Cγ(Q), g1 ∈ Cγ(Ω) the unique solution u ∈ C2,α(Q̄) of problem (5), (6)
exists. This solution is de�ned by (7).

We pass to the inverse problem (1), (2).

Theorem 1. Assume that α ∈ (0, 1), ϕ0 ∈ C2+γ(Ω̄), ϕ0|∂Ω = 0, F0 ∈ C1+γ(Q× R),

Rv(t) =

∫
Ω

F0(x, t, v(x, t))ϕ0(x)dx 6= 0, ∀t ∈ [0, T ], v ∈ Cγ(Q̄). (8)

Then the solution (u, g) ∈ C2,α(Q̄)× C[0, T ] of problem (1), (2) is unique.

Proof. Take two solutions (u1, g1), (u2, g2) ∈ C2,α(Q̄) × C[0, T ] of problem (1), (2) and
substitute them into equation (1). Denoting u = u1 − u2, g = g1 − g2 we obtain the
equation

Dα
t u−∆u = g1(t)F0(x, t, u1)− g2(t)F0(x, t, u2).

By the Hadamard lemma

F0(x, t, u1)− F0(x, t, u2) = F01(x, t, u1, u2)u(x, t)

with some known, dependent on u1, u2, function F01 ∈ Cγ(Q). Then the previous equati-
on gets a form

Dα
t u−∆u = g2(t)F01(x, t, u1, u2)u+ g(t)F0(x, t, u1(x, t)), (x, t) ∈ Q. (9)

It follows from (2) that

u|∂Ω×[0,T ] = 0, u(x, 0) = 0, x ∈ Ω̄, (10)∫
Ω

u(x, t)ϕ0(x)dx = 0, t ∈ [0, T ]. (11)
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Since ∫
Ω

Dα
t u(x, t)ϕ0(x)dx = Dα

t

∫
Ω

u(x, t)ϕ0(x)dx = 0,

equation (9) and the over-determination condition (11) imply∫
Ω

u(x, t)∆ϕ0(x)dx =

= g(t)

∫
Ω

F0(x, t, u1(x, t))ϕ0(x)dx+ g2(t)

∫
Ω

F01(x, t, u1, u2)u(x, t)ϕ0(x)dx, t ∈ [0, T ].

From here, using assumption (8), we �nd

g(t)=
1

Ru1
(t)

[ ∫
Ω

u(z, t)∆ϕ0(z)dz−g2(t)

∫
Ω

F01(z, t, u1, u2)u(z, t)ϕ0(z)dz
]
, t∈[0, T ]. (12)

As in [16] and [6] we get that for each g ∈ C[0, T ] the function u is the solution of
problem (9), (10) if and only if it satis�es (in Cγ(Q)) the integral equation

u(x, t) =

t∫
0

g2(τ)dτ

∫
Ω

G0(x, t, y, τ)F01(y, τ, u1, u2)u(y, τ)dy+

+

t∫
0

g(τ)dτ

∫
Ω

G0(x, t, y, τ)F0(y, τ, u1(y, τ))dy, (x, t) ∈ Ω̄.

(13)

Substituting expression (12) for g(t) in (13) we obtain the integral equation

u(x, t) =

t∫
0

dτ

∫
Ω

[
K(x, t, τ)dτ

Ru1
(τ)

(
∆ϕ0(z)− g2(τ)F01(z, τ, u1, u2)ϕ0(z)

)
+

+g2(τ)G0(x, t, z, τ)F01(z, τ, u1, u2)

]
u(z, τ)dz, (x, t) ∈ Q̄

(14)

where

K(x, t, τ) =

∫
Ω

G0(x, t, y, τ)F0(y, τ, u1(y, τ))dy

is the known function. It follows from [15] that

|G0(x, t, y, τ)| ≤ C0|x− y|2−n

t− τ
e
−c0
(
|x−y|2

(t−τ)β

) 1
2−β

, (x, t), (y, τ) ∈ Q, (x, t) 6= (y, τ),

and from [21], for example, that K(x, t, τ) is the continuous function in x ∈ Ω and

|K(x, t, τ)| ≤ C(t− τ)α−1, x ∈ Ω, 0 ≤ τ < t ≤ T.

Hereinafter C0, c0, C, Ĉ, Ci (i ∈ N) are positive constants.
We get the homogeneous linear second type Volterra integral equation (14) with

integrable kernel which has the unique solution u(x, t) = 0, (x, t) ∈ Q̄. Then from (12)
we obtain g(t) = 0, t ∈ [0, T ]. �
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2. Uniqueness of the generalized solution

Let

Cm,(0)[0, T ] =
{
η ∈ Cm[0, T ] : η(k)(T ) = 0, k = 0, 1, . . . ,m

}
,

D[0, T ] = C∞,(0)[0, T ], D(Ω̄) = C∞(Ω̄),

D(Q̄) =
{
ψ ∈ C∞(Q̄) : ψ(x, ·) ∈ C∞,(0)[0, T ]

}
.

We denote by E′ the space of linear continuous functionals (distributions) on E. The
symbol (f, ϕ) stands for the value of the distribution f on the test function ϕ.

In [21], the linear problem

u(α)(x, t)−∆u(x, t) = g0(x, t), (x, t) ∈ Q,
u|∂Ω×[0,T ] = 0, u(x, 0) = F1(x), x ∈ Ω̄

(15)

was studied in the case g0 ∈ D′(Q̄), F1 ∈ D′(Ω̄). The existence of its unique solution
u ∈ D′(Q̄) was established. It was shown that this solution may be given by(

u, ϕ
)

=
(
g0(·, τ), (Ĝ0ϕ)(·, τ)

)
+
(
F1(·), (Ĝ1ϕ)(·)

)
∀ϕ ∈ D(Q̄)

where

(Ĝ0ϕ)(y, τ) =

T∫
τ

dt

∫
Ω

G0(x, t, y, τ)ϕ(x, t)dx,

(Ĝ1ϕ)(y) =

T∫
0

dt

∫
Ω

G1(x, t, y)ϕ(x, t)dx, y ∈ Ω̄, τ ∈ [0, T ].

As in [22, p. 209], for arbitrary u ∈ D′(Q̄), ϕ ∈ D(Ω̄) we use the distribution(
u(x, ·), ϕ(x)

)
∈ D′[0, T ] acting by the formula(

(u(x, t), ϕ(x)), η(t)
)

=
(
u(x, t), ϕ(x)η(t)

)
∀η ∈ D[0, T ]

and say that the distribution u ∈ D′(Q̄) is continuous at the variable t ∈ [0, T ] if(
u(x, ·), ϕ(x)

)
∈ C[0, T ] for each test function ϕ. We introduce the space of such di-

stributions

D′C(Q̄) =
{
v ∈ D′(Q̄) : (v(·, t), ϕ(·)) ∈ C[0, T ] ∀ϕ ∈ D(Ω̄)

}
.

In [23], for the linear problem (15) with g0(x, t) = g(t)F (x), g ∈ C[0, T ], F, F1 ∈
D′(Ω̄) the existence and uniqueness of the solution u ∈ D′C(Q̄) was proved. This solution
has the representation(

u(·, t), ϕ(·)
)

=

∫ t

0

g(τ)

(
F (y),

∫
Ω

G0(x, t, y, τ)ϕ(x)dx

)
dτ+

+

(
F1(y),

∫
Ω

G1(x, t, y)ϕ(x)dx

)
∀ϕ ∈ D(Ω̄).

Let Z(Ω̄) ⊂ Cγ(Ω̄) be the Banach space with the norm || · ||Z(Ω̄),

Z0(Ω̄) =
{
ψ ∈ Z(Ω̄) : ψ|∂Ω = 0

}
,
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Z(Q̄) =
{
ψ ∈ Cγ(Q̄) : ψ(·, t) ∈ Z(Ω̄) ∀t ∈ [0, T ]

}
,

X (Q̄) =
{
ψ ∈ C2,α(Q̄) : L̂ψ ∈ Z(Q̄), ψ|∂Ω×[0,T ] = 0

}
,

M =M(Q) = Z ′C(Q̄) = {v ∈ Z ′(Q̄) : (v(·, t), ϕ(·)) ∈ C[0, T ] ∀ϕ ∈ Z(Ω̄)},
where

L̂ψ(x, t) = f−α(t)∗̂ψ(x, t)−∆ψ(x, t), (x, t) ∈ Q,
h(t)∗̂ϕ(t) =

(
h(s), ϕ(s+ t)

)
, t ∈ [0, T ].

We consider inverse problem (3), (4) in the case F1 ∈ Z ′(Ω̄), F2 ∈ C[0, T ]. Note
that the solution u of the corresponding direct problem (3) may have the singularity at
t = 0.

De�nition 3. A pair (u, g) ∈M(Q)×C[0, T ] is called a generalized solution of problem
(3), (4) if the identity

(
u(x, t), L̂ψ(x, t)

)
=

T∫
0

g(t)
(
F0(·, t, u(·, t)), ψ(·, t)

)
dt+

+
(
F1(·),

T∫
0

f1−α(t)ψ(·, t)dt
)
∀ψ ∈ X (Q̄)

(16)

and condition (4) hold.

The necessary conditions

(F1, ϕ0) = F2(0)

and (
F0(x, ·, u(x, ·)), ψ(x, ·)

)
∈ L1(0, T ) ∀ ψ ∈ X (Q̄) (17)

follow from the de�nition.
Assumption (A): ϕ0 ∈ Z0(Ω̄), ∆ϕ0 ∈ Z(Ω̄),(

F0(x, ·, v(x, ·)), ϕ(x)
)
∈ C[0, T ] ∀ϕ ∈ Z(Ω̄), v ∈M(Q),

Rv(t) :=
(
F0(·, t, v(·, t)), ϕ0(·)

)
6= 0 ∀ t ∈ [0, T ], v ∈M(Q).

Let F (x, t, z1, z2) = F0(x, t, z1)− F0(x, t, z2), (x, t, z1), (x, t, z2) ∈ Q× R.
It follows from (A) that(

F (x, ·, v1, v2), ϕ(x)
)
∈ C[0, T ] ∀ v1, v2 ∈M(Q), ϕ ∈ Z(Ω̄). (18)

Take two solutions (u1, g1), (u2, g2) ∈M(Q)×C[0, T ] of problem (3), (4). Denoting
u = u1 − u2, g = g1 − g2, we obtain(

u(x, t), L̂ψ(x, t)
)

=

T∫
0

g(t)
(
F0(·, t, u1(·, t)), ψ(·, t)

)
dt+

+

T∫
0

g2(t)
(
F (·, t, u1, u2), ψ(·, t)

)
dt ∀ψ ∈ X (Q̄),

(19)
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and that (
u(·, t), ϕ0(·)

)
= 0, t ∈ [0, T ]. (20)

As in [21] we prove that u satis�es identity (19) if and only if it satis�es the equation

(
u, ϕ

)
=

T∫
0

g(τ)
(
F0(·, τ, u1(·, τ)), (Ĝ0ϕ)(·, τ)

)
dτ+

+

T∫
0

g2(τ)
(
F (·, τ, u1, u2), (Ĝ0ϕ)(·, τ)

)
dτ ∀ϕ ∈ Z(Q̄).

(21)

By the results in [21], Ĝ0ϕ ∈ X (Q̄) for all ϕ ∈ Z(Q̄). Therefore, taking (17) into
account, we get that the right-hand side of (21) exists.

In particular, in the case ϕ(x, t) = ϕ̂(x)η(t) with ϕ̂ ∈ Z(Ω̄), η ∈ C1,(0)[0, T ],
formula (21) gets a form

T∫
0

(
u(·, t), ϕ̂(·)

)
η(t)dt =

T∫
0

g(τ)

(
F0(·, τ, u1(·, τ)),

T∫
τ

η(t)dt

∫
Ω

G0(x, t, ·, τ)ϕ̂(x)dx

)
dτ+

+

T∫
0

g(τ)

(
F (·, τ, u1, u2),

T∫
τ

η(t)dt

∫
Ω

G0(x, t, ·, τ)ϕ̂(x)dx

)
dτ,

that is
T∫

0

(
u(·, t), ϕ̂(·)

)
η(t)dt =

T∫
0

η(t)dt

t∫
0

g(τ)

(
F0(·, τ, u1(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ̂(x)dx

)
dτ+

+

T∫
0

η(t)dt

t∫
0

g2(τ)

(
F (·, τ, u1, u2),

∫
Ω

G0(x, t, ·, τ)ϕ̂(x)dx

)
dτ.

By arbitrariness of η and previous reasoning this equation may be written as follows

(
u(·, t), ϕ(·)

)
=

t∫
0

g(τ)

(
F0(·, τ, u1(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ+

+

t∫
0

g2(τ)

(
F (·, τ, u1, u2),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ ∀t ∈ [0, T ], ϕ ∈ Z(Ω̄).

(22)

As in [23] we prove that the solution of this equation satis�es identity (19) and(
Dα
t u−∆u, ϕ

)
=
(
g2(t)F (x, t, u1, u2) + g(t)F0(x, t, u1), ϕ(x)

)
∀ϕ ∈ Z(Ω̄).

From this equation and over-determination condition (20) we get(
u(·, t),∆ϕ0(·)

)
+ g(t)

(
F0(y, t, u1(y, t)), ϕ0(y)

)
+

+g2(t)
(
F (z, t, u1, u2), ϕ0(z)

)
= 0, t ∈ [0, T ]
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and from here �nd

g(t) = − 1

Ru1
(t)

[(
u(·, t),∆ϕ0(·)

)
+ g2(t)

(
F (z, t, u1, u2), ϕ0(z)

)]
, t ∈ [0, T ]. (23)

Note that according to (A) and (18), Ru1
∈ C[0, T ], Ru1

(t) 6= 0, t ∈ [0, T ], the function(
F (·, t, u1, u2), ϕ0(·)

)
exists and belongs to C[0, T ].

Substituting the expression for g in (22) we obtain the equation

(
u(·, t), ϕ(·)

)
= −

t∫
0

1

Ru1
(τ)

[(
u(·, τ),∆ϕ0(·)

)
+ g2(τ)

(
F (·, τ, u1, u2), ϕ0(·)

)]
×

×

(
F0(·, τ, u1(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ+

+

t∫
0

g2(τ)

(
F (·, τ, u1, u2),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ ∀t ∈ [0, T ], ϕ ∈ Z(Ω̄)

(24)

and that under the assumption (A) the pair (u, g) ∈ M(Q) × C[0, T ] is the solution of
problem (19), (20) if and only if u satis�es equation (24), g is de�ned by (23).

From the results in [15, 21] we get that∫
Ω

G0(x, t, ·, τ)ϕ(x)dx ∈ Z0(Ω̄) ∩ C2+γ(Ω̄) ∀ϕ ∈ Z(Ω̄), 0 ≤ τ < t ≤ T,

∣∣∣ ∫
Ω

G0(x, t, y, τ)ϕ(x)dx)
∣∣∣ ≤ Ĉ(t− τ)α−1 ||ϕ||Z(Ω̄), y ∈ Ω̄, 0 ≤ τ < t ≤ T. (25)

Then, according to (A) and (18),(
F0(·, τ, v(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)

and (
F (·, τ, v1, v2),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)

exist for all ϕ ∈ Z(Ω̄), v, v1, v2 ∈ M(Q), 0 ≤ τ < t ≤ T and are integrable in t and
τ . Therefore, under the assumption (A) the right-hand side of equation (24) exists and
belongs to C[0, T ].
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Assumption (B): ϕ0 ∈ Z0(Ω̄), ∆ϕ0 ∈ Z(Ω̄),

∃
∫

Ω

|F0(x, ·, v(x, ·))|dx ∈ C[0, T ] ∀v ∈M(Q),

Rv(t) :=

∫
Ω

F0(x, t, v(x, t))ϕ0(x)dx 6= 0 ∀ t ∈ [0, T ], v ∈M(Q),

t∫
0

(t− τ)α−1dτ

∫
Ω

|F0(y, τ, v(y, τ))|dy is monotonously increasing,

∃ L = const > 0 such that

|
(
F0(·, t, v1(·, t))− F0(·, t, v2(·, t)), ϕ(·)

)
| ≤ L|

(
v1(·, t)− v2(·, t), ϕ(·)

)
|

∀t ∈ (0, T ], v1, v2 ∈M(Q), ϕ ∈ Z0(Ω̄).

Theorem 2. Assume that (B) holds. Then there exists t0 ∈ (0, T ] (Q0 = Ω × (0, t0],
respectively) such that the solution (u, g) ∈M(Q0)×C[0, t0] of problem (3), (4) is unique.

Proof. Assumption (B) implies (A) with such F0 and (17) for all u ∈M(Q). Therefore,
from the above, it is su�cient to prove that equation (24) has the unique solution u = 0
inM(Q0) with some t0 ∈ (0, T ]. We denote

||v|| = ||v||M = max
t∈[0,T ]

||v(·, t)||′ < +∞,

where ||v(·, t)||′ = sup
ϕ∈Z(Ω̄)

∣∣∣(v(·, t), ϕ(·)
)∣∣∣

||ϕ||Z(Ω̄)

, and de�ne the operator H onM(Q):

(
(Hv)(·, t), ϕ(·)

)
= −

t∫
0

1

Rv1(τ)

[(
v(·, τ),∆ϕ0(·)

)
+ g2(τ)

(
F (z, τ, v1, v2), ϕ0(z)

)]
×

×

(
F0(·, τ, v1(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ+

+

t∫
0

g2(τ)

(
F (·, τ, v1, v2),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)
dτ

∀t ∈ [0, T ], ϕ ∈ Z(Ω̄), v1, v2 ∈M(Q), and v = v1 − v2.

By assumption (B) and properties of G0(x, t, y, τ), in particular, (25), for all ϕ ∈
Z(Ω̄) we get ∣∣∣∣∣

(
F0(·, τ, v1(·, τ)),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx

)∣∣∣∣∣
||ϕ||Z(Ω̄)

≤
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≤

∫
Ω

|F0(y, τ, v1(y, τ))|
[ ∫

Ω

|G0(x, t, y, τ)ϕ(x)|dx
]
dy

||ϕ||Z(Ω̄)

≤

≤ C1(t− τ)α−1

∫
Ω

|F0(y, τ, u1(y, τ))|dy,

∣∣∣∣∣
(
F (z, τ, v1, v2),

∫
Ω

G0(x, t, y, τ)ϕ(x)dx

)∣∣∣∣∣
||ϕ||Z(Ω̄)

≤

≤

L

∣∣∣∣∣
(
v(y, τ),

∫
Ω

G0(x, t, y, τ)ϕ(x)dx

)∣∣∣∣∣
||ϕ||Z(Ω̄)

≤ LC1(t− τ)α−1 |
(
v(·, τ), ϕ(·)

)
|

||ϕ||Z(Ω̄)

≤

≤ LC1(t− τ)α−1||v(·, τ)||′, 0 ≤ τ < t ≤ T.

Then, denoting a = min
s∈[0,T ]

Rv1(s), we get

|
(
(Hv)(·, t), ϕ(·)

)
|

||ϕ||Z(Ω̄)

≤ C1

a||ϕ||Z(Ω̄)

t∫
0

[ |(v(·, τ),∆ϕ0(·)
)
|

||∆ϕ0||Z(Ω̄)

||∆ϕ0||Z(Ω̄)+

+
|g2(τ)| |

(
F (z, τ, v1, v2), ϕ0(z)

)
|

||ϕ0||Z(Ω̄)

||ϕ0||Z(Ω̄)

]
×

×(t− τ)α−1

∫
Ω

|F0(y, τ, v1(y, τ))|dy dτ+

+L

t∫
0

|g2(τ)|
|
(
v(·, τ),

∫
Ω

G0(x, t, ·, τ)ϕ(x)dx
)
|

||ϕ||Z(Ω̄)

dτ ≤

≤ C1

t∫
0

(t− τ)α−1
[ ||∆ϕ0||Z(Ω̄) + ||ϕ0||Z(Ω̄)

a

∫
Ω

|F0(y, τ, v1(y, τ))|dy+

+L max
τ∈[0,T ]

|g2(τ)|
]
||v(·, τ)||′ dτ ≤

≤ C2

t∫
0

(t− τ)α−1
[
1 +

∫
Ω

|F0(y, τ, v1(y, τ))|dy
]
dτ ||v||.

Under assumption (B) there exists t0 ∈ (0, T ] such that

C3 := C2

t∫
0

(t− τ)α−1
[
1 +

∫
Ω

|F0(y, τ, v1(y, τ))|dy
]
dτ < 1 ∀t ∈ [0, t0].
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Therefore, we obtain

||Hv|| ≤ C3||v|| ∀v ∈M(Q0),

and similarly,
||Hv1 −Hv2|| ≤ C3||v1 − v2|| ∀v1, v2 ∈M(Q0)

with C3 < 1. Therefore, H :M(Q0)→M(Q0) and is compressible. By the Banach �xed
point theorem equation (24) has the unique solution u = 0 inM(Q0). �

3. Conclusion

We found su�cient conditions of uniqueness of the inverse problem of the restoration
a source term in a semilinear time fractional equation under integral type overdetermi-
nation condition. The cases of both regular and singular data in an initial condition was
considered. The obtained result can be transferred to the case of more general equation
with an elliptic second order di�erential expression having su�ciently regular, dependent
on spatial variables coe�cients.
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