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We study the inverse problem of the restoration dependent on time conti-
nuous factor in the right-hand side of a semilinear time fractional equation.
We find sufficient conditions of uniqueness of both classical and generalized
solution under integral type over-determination condition.
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Equations with fractional derivatives and inverse problems for them arise in many
branches of science and engineering with memory being taken into account. Some inverse
problems to diffusion-wave equations with different unknown functions or parameters
(source, order of partial derivative, older or minor coefficient, boundary or initial data)
were investigated, for example, in [I]-[11]. In particular, in [Il [3] [} [6l [7] integral type
over-determination conditions were used in the inverse source and coefficient problems
for such equations.

In this paper, we find the conditions of uniqueness of the solution (u, g) of the inverse
problem

Diu— Au = g(t)Fo(z,t,u), (x,t) € Qx (0,77, (1)
u(z,t) =0, (z,t) €90Qx[0,T],

U(I’,O):Fl(l'), era

/u(x,t)cpo(a:)d:c — Fy(t), t € [0,T]
Q

(2)
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with the Caputo derivative Dgu of order o € (0,1) in the case of regular data and the
inverse problem

uga) —Au= g(t)Fo(Jf,t,U), (J),t) €N x (OvT]v

u(z,t) =0, (z,t) €0Q x(0,T], (3)
u(z,0) = Fi(z), = €Q,
(u(-,1), o)) = Fa(t), t€[0,T] (4)

with the Riemann-Liouville derivative uga) in the case of given distribution F;. Here Q)

is a bounded domain in R*, n € N (n > 2) with the boundary 99 of the class C*°,
(u(+,t),¢0(+)) stands for the value of an unknown distribution « on a given test function
o for every t € [0,T).

We note that inverse problems for semilinear parabolic and ultraparabolic equations
with derivatives of the integer orders were investigated, for example, in [12 d3]. The
coefficient inverse problem for a semilinear time fractional telegraph equation in the case
of regular data was studied in [6].

We shall use the method of Green’s functions [14]-[18].

1. UNIQUENESS OF THE CLASSICAL SOLUTION

Let Q = Q x (0,T], f * g be the convolution of functions f and g,

(" /
i) = Oy for A>0 and fa(t)= fi,\(t) for A<O,
where I'(t) is the Gamma-function, 6(t) is the Heaviside function. Note that

Inx fu = Pxvus

the Riemann-Liouville derivative vt(a) (z,t) of order a > 0 is defined by the formula

vt(a)(ac,t) = foalt) xv(z,t),
the Caputo fractional derivative of order v € (0,1) is defined as follows [19] [20]

¢
a — 1 9 U(H]‘,T) U(.I‘,O) ()
Dpvlet) = sra o | wdr = S = w0 = Aat)e(a0)
0
Let 5 = (ﬂl;"'aﬁn) with ﬂj € Z+: ] = 1a2a-"an7 ‘5| = 51+"'+ﬂna v E (071)1
18l
Dfp(x) = %(x)ﬂ, C7(Q2) (C7(Q)) be the space of bounded continuous functi-
Oxy' ...0xn"

ons on § (Q, respectively) satisfying the Holder continuity condition (Hélder continuity
condition with respect to space variables), C7(Q2) = C7(Q) N C(Q),

C™H(Q) = {p € C™(Q): DPp € CV(Q) for |B| =m},
C"™H(Q) = {9 € C™(Q): DPp € C7(Q) for || =m}, m €N,
C*(Q) ={ve C*(Q): DfveCT(Q)}, C**(Q)=C**(Q)NC(Q).
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Definition 1. A pair of functions (u, g) € C*%(Q) x C[0,T] satisfying the equation (1)
on @ and the conditions is called a classical solution of problem , .

The definition implies the consistency conditions

F1|8Q = 0, Fl(x)gpo(z)d:c = FQ(O)
/

Definition 2. A vector-function (Go(z,t,y,7),G1(x,t,y)) is called the Green’s vector-
function of the problem

Diu(z,t) — Au(z,t) = go(x,t), (z,t) € Q, (5)

u|3Q><[O,T] =0, U((E,O) = gl(x)7 z € (6)
if under smooth finite gg, g; the function

¢

U(.T, t) = /dT / Go (1’, 4y, T)go (ya T)dy + /Gl (17, t, y)gl (y)dy7 (ZC, t) € @ (7)
0 Q Q

is the classical solution (in C*%(Q)) of this problem.

It is known (see, for example, [15]) that such Green’s vector-function exists and for
bounded gy € C7(Q), g1 € C?(R) the unique solution u € C%%(Q) of problem , @
exists. This solution is defined by (7).

We pass to the inverse problem , .

Theorem 1. Assume that o € (0,1), pg € C*F7(Q), wolaa =0, Fy € CHH(Q x R),

R,(t) = /Fo(ac,tm(x,t)ypo(x)dx #£0, Vt€[0,T], ve C(Q). (8)
Q
Then the solution (u,g) € C**(Q) x C[0,T] of problem (T), is unique.
Proof. Take two solutions (ug, g1), (uz2,g2) € C*%(Q) x C[0,T] of problem , and
substitute them into equation . Denoting v = u; — u2, g = g1 — g2 we obtain the
equation
Diu — Au = g1(t)Fo(z,t,ur) — g2(t) Fo(x, t, ug).
By the Hadamard lemma
Fo(x,t,u1) — Fo(x,t,uz) = Foi(x,t,ur, up)u(w,t)

with some known, dependent on u;, ug, function Fy; € C7(Q). Then the previous equati-
on gets a form

Dto‘u—Au:gg(t)Fm(x,t,ul,u2)u—|—g(t)F0(x,t,u1(x,t)), (Jf,t) € Q (9)
It follows from that

’U/|BQ><[07T] =0, ’LL(.I,O) =0, ze€q, (10)

/u(x,t)gpo(x)dz =0, t€0,T]. (11)
Q
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Since

/Dfu(m,t)goo(x)dx = Dy /u(w,t)goo(m)dx =0,
Q Q
equation @D and the over-determination condition imply

/u(m, t)Apg(z)dr =

Q

= g(t) / F()(Z‘, ta U1 (Z‘, t))goo(x)dx + gQ(t) /F01 (3), t) Uy, uQ)u(xv t)goo(x)dx, t e [O’ T]
Q Q
From here, using assumption , we find

1

g(t)Rm(t){/u(z,t)AgﬁO(z)dzgg(t)/Fm(z,t,u17u2)u(z,t)<p0(z)dz , t€]0,T]. (12)
Q

As in [16] and [6] we get that for each g € C[0,T] the function w is the solution of
problem (9), if and only if it satisfies (in C7(Q)) the integral equation

t

u(z, t) = / ga(r)dr / Golx, t,y, 7)Fon (y, 7 ur, ws)uly, )dy-+
Q

o (13)
+/g(T)d'r/Go(x,t,y,T)Fg(y,T,ul(y,'r))dy, (z,t) € Q.
0 Q
Substituting expression for g(t) in we obtain the integral equation
¢
u(z,t) = /dT/ W(Ag@o(z) — go(T)Fo1(z, 7, ul,u2)<p0(z))+
0o Q (14)

+92(T)G0($7 t,z, T)F01(Z7 T, U1, UQ)] U(Z, T)dzv (‘T, t) € Q

where
K(xat,T) = /GO(xvtayaT)FO(yaTaul(yaT))dy
Q

is the known function. It follows from [I5] that

Colz = 4P~ -eo(lz3)77

Go(z, t,y,7)| < (=" (z,1),(y,7) € Q, (x,1) # (y,7),

and from [21], for example, that K (x,t,7) is the continuous function in z € Q and
|K(z,t,7)| <C{t—7)*1 2€Q 0<7<t<T.

t—T

Hereinafter Cy, co, C, 6’, C; (1 € N) are positive constants.

We get the homogeneous linear second type Volterra integral equation with
integrable kernel which has the unique solution u(z,t) = 0, (x,t) € Q. Then from
we obtain g(t) =0, t € [0,T]. O
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2. UNIQUENESS OF THE GENERALIZED SOLUTION

Let
om0, 7] = {n e C™0,7): 1™(T) =0, k=0,1,... ,m} ,
D0, 7] = C>0[0,7],  D(Q) =C>(),
D@) = {¥ € C=(Q): v(x,-) € =0, 1]}
We denote by E’ the space of linear continuous functionals (distributions) on E. The

symbol (f, ) stands for the value of the distribution f on the test function ¢.
In [21], the linear problem

ul® (x,t) — Au(z,t) = go(z,t), (z,t) € Q,
ulpaxpo,r =0, u(x,0)=Fi(z), z€Q

(15)

was studied in the case go € D'(Q), F1 € D'(Q)). The existence of its unique solution

u € D'(Q) was established. It was shown that this solution may be given by
(1, 0) = (900 7). Gop) (1) + (Fi(). (Ga9)()) Vo € D(Q)

where
T

(Go)(4.7) = / dt / Gola,t,y, 7)oz, t)dz,
Q

T

T
Gro)(y) = | dt | Gi(z,t,y)p(z, t)dz, yeQ,7e0,T).
[]

As in [22, p. 209], for arbitrary u € D'(Q), ¢ € D(2) we use the distribution
(u(z,-), p(x)) € D'[0,T] acting by the formula
((u(=, 1), o(2)),n(t)) = (u(z,t), p(x)n(t)) ¥n e D[0,T]

and say that the distribution v € D’(Q) is continuous at the variable ¢ € [0,T] if
(u(z,-),p(x)) € C[0,T] for each test function . We introduce the space of such di-

stributions
De(Q) = {v e D'(Q): (v(-1),¢(-) € C[0,T] Vo e D(Q)}.

In [23], for the linear problem with go(z,t) = g(t)F(z), g € C[0,T], F, Fy €
D’'(12) the existence and uniqueness of the solution u € D¢, (Q) was proved. This solution
has the representation

(u(5t)790()) :/(; g(T) <F(y)7/ﬂGO(I,t,y7T)(p(I)dI>dT+

+<F1(y),/QG1(x,t,y)<p(x)dx> Vo € D().

Let Z(Q) c C7(Q) be the Banach space with the norm || - Iz
Z0(2) = {¢ € Z(): ¥loa =0},
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) = {v € CV(Q): ¥(-t) € Z(Q) Vte[0,T]},
x(Q) = {v e C*(Q): Lv € 2@, Yloaxpr =0}
M= M(Q) = 26(Q) = {v € Z(Q): (v(,1).¢()) € CI0.T] V€ Z(Q)},

where
L, 1) = f-a(O)R(a,1) = A, t),  (2,1) €Q,
h(t)xp(t) = (h(s),p(s+ 1)), te0,T].
We consider inverse problem , in the case Fy € 2'(Q), Fy € C[0,T]. Note

that the solution u of the corresponding direct problem may have the singularity at
t=0.

Definition 3. A pair (u,g) € M(Q) x C[0,T] is called a generalized solution of problem
@), (@) if the identity

and condition hold.

The necessary conditions
(F1, ¢0) = F2(0)
and
(Fol@, - u(z,-)),¢(x,-) € L1(0,T) Vi € X(Q) (17)
follow from the definition.
Assumption (A): ¢y € Z0(Q), Apo € Z(Q),

(Fo(@, - v(z,")),¢(x)) € Cl0,T] Vo€ Z(Q), ve M(Q),
Rv(t) = (FO('at7U("t))aSDO(')) # 0 Vte [O’T}’ v e M(Q)

Let F(x,t,21,22) = Fo(x,t,21) — Folx, t,22), (x,t,21),(x,t,22) € Q x R.
It follows from (A) that

(F(z,-,v1,v2),0(z)) € C[0,T] Y vi,v2 € M(Q), ¢ € Z(Q). (18)

Take two solutions (u1, g1), (u2, g2) € M(Q) x C[0,T] of problem (3), (4). Denoting
U= U — U2, § = g1 — g2, We obtain
T

( (z,1), Do (x, t /g Lt t)),¢(-,t))dt+
0 (19)

+ [ aa®(Flton ). vt.0)dt v € X(Q),
0
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and that
(U(~,t)7 900()) = 07 te [OvT] (20)
As in [21] we prove that u satisfies identity if and only if it satisfies the equation
T
(1:9) = [ o) (Bl (). @) o) drt
’ (21)

T
+ [0 (FCmn,0a), @), dr Vo€ 2(Q)
0

By the results in [21], é’;ga € X(Q) for all ¢ € Z(Q). Therefore, taking into
account, we get that the right-hand side of exists.

In particular, in the case @(z,t) = @(x)n(t) with ¢ € Z(Q), n € C-O[0, 17,
formula gets a form

/ (a1 ), B () dt = / o) (F( w (7)), / n(t)dt / Go<x,t,-,r>¢<x>dx> drt

0 0

that is
/ (u(-+ 1), B )n(t)dt = / n(t)dt / o) <F0< (1), / Gola,t,- 1)@ (e )dx> dr+
0 0 0 Q
T t
+ [ n(t)dt | ga(r )( s Tyur,uz), [ Go(w,t,-,7 )dJU)dT
[rou | J

By arbitrariness of n and previous reasoning this equation may be written as follows
t

(u(- 1), () = /g(’]’) (FO T, u (- /GO z, b, T )dac) dr+
) ’ (22)
—1—/92( )( LTy UL, U2), /GO t,,T )dx)dT vt €[0,T], ¢ € Z().

0
As in [23] we prove that the solution of this equation satisfies identity and

(D?U - AU, gp) = (QQ(t)F(xv ta Uy, UQ) + g(t)FO(‘T7 ta ul)’ QO(‘T)) VQO € Z(Q)
From this equation and over-determination condition we get,
(U(', t)a A()OO()) + g(t) (FO(y7 tv Uy (y7 t))7 (pO(y))—’_
+92(t) (F(Za t7 Uy, u2)7 SDO(Z)) = Oa te [07 T]
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and from here find

9(0) = =7 [ (400, 8000) 920 (Fz, by un, ) 0(2) ], 1€ 071 (23)

Note that according to (A) and (18), R, € C[0,T], Ry, (t) # 0, t € [0,T], the function
(F (- t,u1,u2), o(+)) exists and belongs to C[0,T].
Substituting the expression for g in we obtain the equation

R (1) o) 02(7) (P o ), ()]
0
X (FO(-,T,ul(-,T)),/Go(x,t, ',T)(ﬂ(l‘)d[ﬂ) dr+ (24)
Q

+ [ g2(7) (F(',T, Uy, Us), Go(x,t,~,r)g0(x)da:> dr Yt €10,T), ¢ € Z(Q)
/ /

and that under the assumption (A) the pair (u,g) € M(Q) x C[0,T] is the solution of

problem (19), if and only if u satisfies equation (24), g is defined by (23).
From the results in [I5] 21] we get that

/Go o T)p(x)dr € Zo(Q)NCH(Q) Vo e Z(Q), 0<r<t<T,

| [ Gotwtoy plado)] < E(t =1 llgllamy weR 0T <t<T. (29)
Q

Then, according to (A) and (I8),

(FO('a T, U('vT))’/GO(x,ta ,T)(p(iﬂ)d$>

Q

and

<F(-,T, U1,U2),/Go(x,t,-,T)<p(a:)dx>

Q

exist for all p € Z(Q), v,v1,v2 € M(Q), 0 <7 <t < T and are integrable in ¢ and
7. Therefore, under the assumption (A) the right-hand side of equation exists and
belongs to C[0,T7.
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Assumption (B): ¢g € 20(Q), Apo € Z(Q),
/ Fo(, - v(z, )|z € C0,T] Yo e M(Q),

R,(t) := / Fo(z, t,v(z,t)po(x)de #0 Vitel0,T], ve M(Q),
Q
t
/(tfT)O‘*ldT/|F0(y,T,v(y,T))\dy is monotonously increasing,

0 Q
3 L = const > 0 such that

|(F0(~,t,v1(~,t)) - FO('vta UQ('at))vcp(')M < L|(v1('?t) - UQ('?”?@('))‘
YVt € (O,T], U1, U2 € M(Q), p e Zo(Q)

Theorem 2. Assume that (B) holds. Then there ezists to € (0,T] (Qo = Q x (0,to],
respectively) such that the solution (u,g) € M(Qo)xC[0,to] of problem , 18 unique.

Proof. Assumption (B) implies (A) with such Fy and (17)) for all uw € M(Q). Therefore,
from the above, it is sufficient to prove that equation (24) has the unique solution u = 0
in M(Qo) with some ¢y € (0,T]. We denote

/!
o]l = llvllm = Hfg);]\lv( OII" < +oo,
(v(,8),90)|
where [|v(-,t)|]|' = sup , and define the operator H on M(Q):
peZ(Q) ||90||Z(Q)

,7), Do () + g2(7) (F(z, T, U1,U2)7900(Z))} X

()1 /

><<Fo(- 7,01 (-, T)),/Go(x,t, ,T)o(z )dx)dr—i—

t

+/g2( )( T, V1, V2), /Go Tt T )dm)dT

0
vt € [0,T)], ¢ € Z(Q), vi,ve € M(Q), and v = vy — vy.

By assumption (B) and properties of Go(z,t,y,7), in particular, , for all ¢ €

Z(Q) we get
|<F , T, 01 (- /Go Tty T )dm)‘

H90||2(Q)
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/|F0 y, 7,01y, T /|G0 z,t,y,7)p(r)|dr | dy

<

IIsOIIZ(Q

<Oyt - / Foly, 7w (3, 7))y,
Q

‘(F(z,T,vl,vg),/Go(a:,t,y,T)w(a:)da:>
Q

<
\|<P||z(§z)
L (U(va)a/GO(xat7y77)<p(x)dx
; < Loyt - et GO
N 1ol z() B llollz@@
< LCy(t—7)°* (7)), 0<7T<t<T.
Then, denoting a = min_ R,, (s), we get
s€[0,T]
t
‘ (HU)(a )7@() ‘ C ‘ U('7T)5A<p0(') |
( 20N 1_/[( BN A g+
H‘PHZ ) a||90\|z(n) ) | <PO||Z(Q)
|g2(T>H F(Z,Tv’Uh’UQ)aSDO(Z) |
+ ( ~ ) \|<Po||z((z)}><
H@OHZ(Q)
x(t - 7)*! / (Foly,m,v1 (9, 7))l dy dr+
7), [ Go(a,t, -, 7)p(x)dz)|
—|—L/|g2 Q dr <
H‘PHZ(Q)
t
A +
01/ jo-1 H <P0||z(sza llvoll z (o) /|F0 y, 7o (y, 7)) |dy-+
0

. <
L max loa(m)]|[oC, I dr <

t

< [=n 1+ [ IFotwmor(o )y dr o]
Q

0
Under assumption (B) there exists ¢ty € (0, 7] such that

t

Cai=Ca [ (=7 1+ [ [Foly.moos(y m)ldy] dr <1 vt 0.t
0 Q
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Therefore, we obtain
[[Hol| < Csllol| Vo € M(Qo),

and similarly,

HHUI — H’U2|| < Cg“Ul — ’U2H Yy, v9 € M(Qo)
with C5 < 1. Therefore, H : M(Qo) — M(Qo) and is compressible. By the Banach fixed
point theorem equation has the unique solution v = 0 in M(Q). O

3. CONCLUSION

We found sufficient conditions of uniqueness of the inverse problem of the restoration
a source term in a semilinear time fractional equation under integral type overdetermi-
nation condition. The cases of both regular and singular data in an initial condition was
considered. The obtained result can be transferred to the case of more general equation
with an elliptic second order differential expression having sufficiently regular, dependent
on spatial variables coefficients.
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OBEPHEHA 3AJTAYA JAJ1d HAIIIBJIIHINHOTI'O PIBHAHHYI
3 APOBOBOIO ITOXITHOK 3A YACOM
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3HaxXoAUMO [IOCTATHI YMOBH €IUHOCTI K/IACHYHOTO Ta y3arajbHEHOTO
pO3B’A3Ky OoOepHeHOI 3a/adl BIIHOBJIEHHS 3AJIEKHOrO Bil 9acy Hemepeps-
HOTO MHOXHHKA y TpaBiii 9YacTHHI HAMIBIIHIAHOrO pIBHAHHS 3 IpPOOOBOIO
MOX1THOIO 332 YaCOM. BUKOPHCTOBYEMO yMOBY I€pEBU3HAYEHHS IHTErPaIbHOTO
THILY.

Karowosi crosa: moximaa apobOBOTO MOPSAKY, ODepHEHA 337a4a, yMOBA
TepeBU3HAYMEHHsT, BeKTOP-byHKIia ['pina, iHTerpasbHe piBHSIHHS.
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