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Äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó âëàñíèõ çíà÷åíü i âëàñíèõ ôóíê-
öié æîðñòêî¨ ñïåêòðàëüíî¨ çàäà÷i äëÿ îïåðàòîðà Ëàïëàñà íà ãåîìåòðè÷íî-
ìó ãðàôi. Â ìåõàíi÷íié iíòåðïðåòàöi¨ çàäà÷à ìîäåëþ¹ âëàñíi êîëèâàííÿ
ìåðåæåïîäiáíî¨ ñèñòåìè íàòÿãíóòèõ ñòðóí, ùî ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí
ç ðiçêî êîíòðàñòíèìè âëàñòèâîñòÿìè æîðñòêîñòi, àëå çà ëiíiéíèõ ãóñòèí
îäíîãî ïîðÿäêó. Ïîáóäîâàíî ãîëîâíi ÷ëåíè àñèìïòîòèê âëàñíèõ çíà÷åíü i
âëàñíèõ ôóíêöié çàäà÷i. Îá ðóíòóâàííÿ àñèìïòîòè÷íèõ íàáëèæåíü îïè-
ðà¹òüñÿ íà ôàêò ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi äåÿêî¨ ñiì'¨ íåîáìå-
æåíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ äî îïåðàòîðà ãðàíè÷íî¨ çàäà÷i.

Êëþ÷îâi ñëîâà: ãåîìåòðè÷íèé ãðàô, äèôåðåíöiàëüíi ðiâíÿííÿ íà ãðà-
ôàõ, ñèíãóëÿðíi çáóðåííÿ, æîðñòêà çàäà÷à, ñïåêòð, âëàñíi çíà÷åííÿ, àñèì-
ïòîòèêà, ðiâíîìiðíà ðåçîëüâåíòíà çáiæíiñòü.

Æîðñòêi (sti� ) çàäà÷i íàëåæàòü äî êëàñó çàäà÷ ìàòåìàòè÷íî¨ òåîði¨ ñèëüíî
íåîäíîðiäíèõ ïðóæíèõ ñåðåäîâèù, â ÿêèõ êîåôiöi¹íòè áiëÿ ñòàðøèõ ïîõiäíèõ çà
ïðîñòîðîâèìè çìiííèìè â äèôåðåíöiàëüíîìó âèðàçi ìàþòü ñóòò¹âî ðiçíèé ïîðÿäîê
íà ðiçíèõ ÷àñòèíàõ îáëàñòi çàäàííÿ [1]. Â ìåõàíi÷íèõ ñèñòåìàõ öi êîåôiöi¹íòè îïè-
ñóþòü æîðñòêiñòü ìàòåðiàëó. Ìàëèì áåçðîçìiðíèì ïàðàìåòðîì ¹ âiäíîøåííÿ êîå-
ôiöi¹íòiâ æîðñòêîñòi ìåíø æîðñòêî¨ i áiëüø æîðñòêî¨ êîìïîíåíò ñåðåäîâèùà, òîäi
ÿê ¨õíÿ ãóñòèíà îäíîãî ïîðÿäêó. Çäîáóòêè òåîði¨ çóìîâëåíi ðîçâèòêîì ñó÷àñíèõ òå-
õíîëîãié: âèðîáíèöòâîì íîâèõ ìàòåðiàëiâ ç íàïåðåä çàäàíèìè âëàñòèâîñòÿìè (êîì-
ïîçèòè), ñêëàäíîþ ãåîìåòðè÷íîþ êîíôiãóðàöi¹þ äîñëiäæóâàíèõ ñèñòåì òîùî. Âîíè
 ðóíòóþòüñÿ íà äîñÿãíåííÿõ òåîðié ñèíãóëÿðíèõ çáóðåíü i óñåðåäíåííÿ, ïðåäñòàâ-
ëåíèõ íàñàìïåðåä ìåòîäàìè òåîði¨ îïåðàòîðiâ i øèðîêèì ñïåêòðîì àñèìïòîòè÷íèõ
ìåòîäiâ (äèâ. [1]�[6] ç áiáë.).
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Ãåîìåòðè÷íi ãðàôè ìîäåëþþòü êîíôiãóðàöiþ ôiçè÷íèõ i òåõíi÷íèõ ìåðåæåïî-
äiáíèõ êîíñòðóêöié: ïðóæíèõ ñòðóííèõ ñiòîê, ìåðåæ õâèëåâîäiâ, åëåêòðè÷íèõ i ãi-
äðàâëi÷íèõ ìåðåæ, ñêëàäíèõ ìîëåêóë, ìåçîñêîïi÷íèõ ñèñòåì, ôîòîííèõ êðèñòàëiâ,
íåéðîíiâ òîùî. Ïðîöåñè â òàêèõ ñèñòåìàõ çàçâè÷àé îïèñóþòü äèôåðåíöiàëüíèìè
ðiâíÿííÿìè íà öèõ ãðàôàõ. Öå ñïðèÿëî ðîçâèòêó òåîði¨ êðàéîâèõ çàäà÷ äëÿ äèôå-
ðåíöiàëüíèõ ðiâíÿíü íà ãåîìåòðè÷íèõ ãðàôàõ i îñîáëèâî, çàâäÿêè çàñòîñóâàííÿì ó
êâàíòîâié ôiçèöi, ñïåêòðàëüíî¨ òåîði¨ òà îáåðíåíèõ ñïåêòðàëüíèõ çàäà÷ (äèâ. [7]�[13]
ç áiáë.). Çàäà÷i íà ãðàôàõ âèíèêàþòü i ÿê ãðàíè÷íi â àñèìïòîòè÷íèõ äîñëiäæåííÿõ
ìîäåëåé â òðóá÷àñòèõ ñòðóêòóðàõ ìàëîãî ðàäióñà, ùî ìîäåëþþòü íàíîñòðóêòóðè
[13], ÷è â áàãàòîâèìiðíèõ òîíêèõ îáëàñòÿõ, ùî ñòÿãóþòüñÿ äî ãðàôiâ [14].

Ñèíãóëÿðíî çáóðåíi ñïåêòðàëüíi çàäà÷i íà ãðàôàõ, ÿêi ìîäåëþþòü âëàñíi êî-
ëèâàííÿ ñòðóííèõ ñiòîê iç ëîêàëüíèì çáóðåííÿì ãóñòèíè â îêîëàõ íåçàêðiïëåíèõ
âóçëiâ, ðîçãëÿäàëè â [15]�[16]. Â [17] äîñëiäæåíî çàäà÷ó ïðî âëàñíi êîëèâàííÿ ïðó-
æíî¨ ñiòêè çi çáóðåííÿì ãóñòèíè íåëîêàëüíîãî õàðàêòåðó. Âèîêðåìëåìî ïðàöþ [18],
â ÿêié âèêîíàíî àñèìïòîòè÷íèé àíàëiç ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i íà çiðêîâîìó ãðà-
ôi äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ìàëèì ïàðàìåòðîì áiëÿ ñòàðøèõ
ïîõiäíèõ çà ïðîñòîðîâîþ çìiííîþ. Ïðîòå ðiçêî¨ ìåæi ìiæ çàäà÷àìè çi çáóðåííÿì
ãóñòèíè òà çi çáóðåííÿì æîðñòêîñòi çâiñíî æ íåìà¹. Àäåêâàòíi ìîäåëi âðàõîâóþòü
îáèäâà âèäè öèõ çáóðåíü çà ðiçíèõ ñïiââiäíîøåíü ¨õíüî¨ ñèëè, ùå é ìîæëèâó ñêëàäíó
ãåîìåòðiþ îáëàñòåé [6].

Â ïðàöi äîñëiäæåíî àñèìïòîòè÷íi âëàñòèâîñòi ñïåêòðà i âëàñíèõ ïiäïðîñòîðiâ
æîðñòêî¨ çàäà÷i äëÿ îïåðàòîðà Ëàïëàñà íà ãåîìåòðè÷íîìó ãðàôi. Âîíà ìîäåëþ¹
âëàñíi êîëèâàííÿ ïðóæíî¨ ñòðóííî¨ ñiòêè, ùî ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí iç ñóòò¹âî
ðiçíèìè õàðàêòåðèñòèêàìè æîðñòêîñòi. Âèâ÷à¹òüñÿ àñèìïòîòèêà, êîëè ìàëèé ïàðà-
ìåòð ïðÿìó¹ äî íóëÿ, âëàñíèõ çíà÷åíü i âëàñíèõ ôóíêöié ç ôiêñîâàíèìè íîìåðàìè
� íèçüêî÷àñòîòíà; iñíóþòü ùå âèñîêî÷àñòîòíi ôîðìè âëàñíèõ êîëèâàíü, ïîâ'ÿçàíi ç
ÿâèùåì ðåçîíàíñó [19, 20]. Ãðàíè÷íîþ çàäà÷åþ ¹ ñïåêòðàëüíà çàäà÷à íà ïiäãðàôi,
ÿêà âiäïîâiäà¹ ìåíø æîðñòêié êîìïîíåíòi. Ñïåêòðàëüíèé ïàðàìåòð âõîäèòü ó ðiâ-
íÿííÿ i êðàéîâi óìîâè. Íàâåäåíî ¨¨ îïåðàòîðíå ôîðìóëþâàííÿ. Äëÿ îá ðóíòóâàííÿ
àñèìïòîòè÷íèõ íàáëèæåíü, çàñòîñîâóþ÷è âèðîáëåíi â [21] ïiäõîäè, âèõiäíó çàäà÷ó
çâåäåíî äî çàäà÷i íà òîìó æ ïiäãðàôi, íà ÿêîìó îäåðæàíî ãðàíè÷íó. �é â îïåðàòîðíî-
ìó ôîðìóëþâàííi âiäïîâiäà¹ äåÿêà ñiì'ÿ íåîáìåæåíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ,
ùî çáiãà¹òüñÿ â ñåíñi ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi äî îïåðàòîðà ãðàíè÷íî¨
çàäà÷i. Âèêîðèñòîâóþ÷è öåé ôàêò i ðåçóëüòàòè òåîði¨ çáóðåíü îïåðàòîðiâ, îá ðóí-
òîâàíî àñèìïòîòè÷íi íàáëèæåííÿ òà ç'ÿñîâàíî àïðîêñèìàöiéíi îöiíêè äëÿ âëàñíèõ
çíà÷åíü i âëàñíèõ ïiäïðîñòîðiâ.

1. Äåÿêi ïîíÿòòÿ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü íà ãðàôàõ

Íåõàé G = G(V,E) � ñêií÷åííèé ãåîìåòðè÷íèé ãðàô â R3; V � ìíîæèíà éîãî
âåðøèí, E � ðåáåð. Iíêîëè ïîçíà÷àòèìåìî ¨õ ÷åðåç V (G) i E(G). Ðåáðà ¹ ãëàäêèìè
íåïåðåòèííèìè êðèâèìè ç íàòóðàëüíîþ ïàðàìåòðèçàöi¹þ. Ïðèïóñêà¹ìî íàÿâíiñòü
êðàòíèõ ðåáåð i ïåòåëü. Âåðøèíè, ÿêi ç'¹äíó¹ ðåáðî g, íàçâåìî iíöèäåíòíèìè öüîìó
ðåáðó; âiäïîâiäíî g iíöèäåíòíå çãàäàíèì âåðøèíàì. Ìíîæèíó ðåáåð, iíöèäåíòíèõ
âåðøèíi a, ïîçíà÷èìî ÷åðåç I(a). Êiëüêiñòü òàêèõ ðåáåð íàçèâà¹òüñÿ ñòåïåíåì, ÷è
âàëåíòíiñòþ, deg(a) âåðøèíè a; ó öüîìó âèïàäêó ðåáðî-ïåòëþ âðàõîâóþòü äâi÷i.
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Ôóíêöi¹þ íà ãðàôi íàçèâàòèìåìî âiäîáðàæåííÿ f : G → R, äå G òðàêòó¹ìî ÿê
ïiäìíîæèíó â R3; fg � çâóæåííÿ f íà ðåáðî g. Ôóíêöiÿ f ¹ íåïåðåðâíîþ íà ãðàôi,
ÿêùî âîíà íåïåðåðâíà íà êîæíîìó ðåáði i â êîæíié âåðøèíi. Íåïåðåðâíiñòü f ó

âåðøèíi a îçíà÷à¹, ùî lim
g3x→a

fg(x) = f(a) äëÿ âñiõ g ∈ I(a).

Íåõàé C(G) � ïðîñòið íåïåðåðâíèõ íà ãðàôi G ôóíêöié. Óâåäåìî ïðîñòið

Cn(G) = {f ∈ C(G) : fg ∈ Cn(g), g ∈ E} ;

ìîæå áóòè n =∞. Äèôåðåíöiþâàííÿ íà ðåáði g âèêîíó¹ìî çà íàòóðàëüíèì ïàðàìå-

òðîì öi¹¨ êðèâî¨: f ′(x) =
d

ds
f(ϑg(s))|ϑg(s)=x, x ∈ g, äå içîìåòðiÿ ϑg : [0, Lg]→ g çàäà¹

íàòóðàëüíó ïàðàìåòðèçàöiþ ðåáðà g äîâæèíè Lg. Äëÿ âåðøèíè a ïiä df
dg (a) ðîçó-

ìi¹ìî ãðàíè÷íå çíà÷åííÿ ïîõiäíî¨ çâóæåííÿ fg íà ïðèëåãëîìó äî âåðøèíè a êiíöi

ðåáðà g, âçÿòî¨ â íàïðÿìi âiä âåðøèíè. ×åðåç C{G} ïîçíà÷èìî ïðîñòið ôóíêöié, âè-
çíà÷åíèõ íà G i ðiâíîìiðíî íåïåðåðâíèõ íà ðåáðàõ, àëå íå îáîâ'ÿçêîâî íåïåðåðâíèõ
ó âåðøèíàõ; Cn{G} = {f ∈ C{G} : fg ∈ Cn(g), g ∈ E}, 1 6 n 6∞.

Ïiä iíòåãðàëîì íà ãðàôi âiä ôóíêöi¨ f ðîçóìi¹ìî ñóìó
∫
G

f dG =
∑
g∈E

∫
g

f dg.

Íåõàé L ≡ d2

dx2
+ ν%, äå ν ∈ R, % ∈ C{G}. Äëÿ êîæíî¨ ïàðè ôóíêöié u, v ç êëàñó

C2(Γ) cïðàâäæó¹òüñÿ ôîðìóëà

(1.1)
∫
G

Lu v dG =
∑
a∈V

(
u(a)

∑
g∈I(a)

dv

dg
(a)− v(a)

∑
g∈I(a)

du

dg
(a)
)

+

∫
G

uLv dG

� àíàëîã ôîðìóëè Ãðiíà íà ãðàôi.

Íåõàé L2(G) � ïðîñòið Ëåáåãà çi ñêàëÿðíèì äîáóòêîì (u, v)L2(G) =

∫
G

uv dG i

íîðìîþ ‖u‖L2(G) = (u, u)
1/2
L2(Γ). Âàãîâèé ç âàãîþ r ïðîñòið Ëåáåãà ïîçíà÷èìî ÷åðåç

L2(r,G). Ââåäåìî ïðîñòið Ñîáîë¹âà

W k
2 (G) =

{
f ∈ C(G) : fg ∈W k

2 (g) äëÿ âñiõ g ∈ E
}
, k ∈ N,

iç ñêàëÿðíèì äîáóòêîì (u, v)Wk
2 (G) =

k∑
i=0

(u(i), v(i))L2(G) òà ïîðîäæåíîþ íèì íîðìîþ

‖u‖Wk
2 (G) = (u, u)

1/2

Wk
2 (G)

. Íåõàé V∗ ⊂ V . ×åðåç W k
2 (G,V∗), k ∈ N, ïîçíà÷èìî ïiäïðî-

ñòið ïðîñòîðó W k
2 (G), ùî ñêëàäà¹òüñÿ ç ôóíêöié, ÿêi íàáóâàþòü íóëüîâèõ çíà÷åíü ó

âåðøèíàõ ç V∗.
Íåõàé P ∈ C1{G}, Q ∈ C{G}. Êðàéîâîþ çàäà÷åþ äëÿ äèôåðåíöiàëüíîãî ðiâíÿí-

íÿ äðóãîãî ïîðÿäêó (Pu′)′ + Qu = f íà ãðàôi G íàçèâà¹ìî ñóêóïíiñòü äèôåðåíöi-
àëüíèõ ðiâíÿíü (Pgu

′
g)
′ + Qgug = fg íà ðåáðàõ g ∈ E ãðàôà i äåÿêèõ óìîâ ó éîãî

âåðøèíàõ. Äîòðèìóþ÷èñü [5], ðîçiá'¹ìî ìíîæèíó V âåðøèí ãðàôà íà äâi íåïåðå-
òèííi ïiäìíîæèíè ∂G i J . Ó òî÷êàõ ç ìíîæèíè ∂G, ÿêó íàçâåìî ìåæåþ ãðàôà G,
çíà÷åííÿ ðîçâ'ÿçêó u ââàæà¹ìî âiäîìèìè: u(a) = ϕ(a) äëÿ âñiõ a ∈ ∂G. Ó âåðøèíàõ
ç J , íàçâåìî ¨õ âíóòðiøíiìè, âèìàãà¹ìî, ùîá ôóíêöiÿ u áóëà íåïåðåðâíîþ

ug1(a) = ug2(a) = · · · = ugκ (a),
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äå g1,. . . ,gκ � ðåáðà, iíöèäåíòíi âåðøèíi a, κ = deg(a), i ùîá âèêîíóâàëàñÿ óìîâà

KP,a(u) + q(a)u(a) = 0,

äå

(1.2) KP,a(u) =
∑
g∈I(a)

Pg(a)
du

dg
(a), a ∈ J.

ßêùî P ≡ 1 íà ðåáðàõ ãðàôà, òî çàìiñòü KP,a(u) ïèñàòèìåìî Ka(u). ßêùî âíóò-
ðiøíþ âåðøèíó îñíàùåíî iíäåêñîì, íàïðèêëàä aj , òî çàìiñòü Kaj (u) âæèâàòèìåìî
ïîçíà÷åííÿ Kj(u). Çà q(a) = 0 ìà¹ìî ó ôiçè÷íèõ ìîäåëÿõ, îïèñàíèõ êðàéîâèìè çàäà-
÷àìè íà ãðàôàõ, êëàñè÷íó óìîâó Êiðõãîôà áàëàíñó ñòðóìiâ, òåïëîâèõ ïîòîêiâ, ñèë
íàòÿãó òîùî (¨¨ ùå íàçèâàþòü óìîâîþ òðàíñìiñi¨). Äîäàíîê q(a)u(a) ó öèõ ìîäåëÿõ
îçíà÷à¹ íàÿâíiñòü çîñåðåäæåíîãî ó âåðøèíi a ôàêòîðà � òî÷êîâîãî çàðÿäó, òî÷êîâîãî
äæåðåëà òåïëà, êîíöåíòðîâàíî¨ ìàñè i ò. ï. Çàóâàæèìî, ùî ïîäië âåðøèí íà ãðàíè-
÷íi òà âíóòðiøíi âèçíà÷åíî òèïîì çàäàíèõ ó íèõ êðàéîâèõ óìîâ, à íå òîïîëîãi¹þ
ãðàôà [5]. Ðîçâ'ÿçîê u êðàéîâî¨ çàäà÷i øóêà¹ìî â êëàñi C2(G). Íàäàëi, ôîðìóëþþ÷è
êðàéîâi çàäà÷i, îïóñêàòèìåìî óìîâè íåïåðåðâíîñòi ó âíóòðiøíiõ âåðøèíàõ, áî âîíè
âõîäÿòü â îçíà÷åííÿ ïðîñòîðiâ C2(G) i W 1

2 (G).

2. Ôîðìóëþâàííÿ çáóðåíî¨ çàäà÷i. Ãðàíè÷íà çàäà÷à

Ãåîìåòðè÷íèìè ìîäåëÿìè ìåðåæåïîäiáíèõ ôiçè÷íèõ ñèñòåì ¹ àñîöiéîâàíi ç íè-
ìè ãåîìåòðè÷íi ãðàôè. Ðîçãëÿíåìî ñèñòåìó íàòÿãíóòèõ ñòðóí, ùî óòâîðþþòü ïðóæ-
íó ñiòêó, äâi ÷àñòèíè ÿêî¨ ìàþòü ñóòò¹âî ðiçíi âëàñòèâîñòi æîðñòêîñòi. �¨ ìîäåëþ¹
çâ'ÿçíèé ñêií÷åííèé ãåîìåòðè÷íèé ãðàô Γ â R3, ÿêèé ¹ îá'¹äíàííÿì äâîõ ãðàôiâ
Γ1 i Γ2: ïåðøèé âiäïîâiäà¹ áiëüø æîðñòêié, äðóãèé � ìåíø æîðñòêié êîìïîíåíòàì
ñèñòåìè. Íåõàé ñïiëüíèìè òî÷êàìè Γ1 i Γ2 ¹ ïiäìíîæèíà J0 = {a0, a1, . . . , ar} âíó-
òðiøíiõ âåðøèí ãðàôà Γ. Ââàæà¹ìî, ùî ñiòêó çàêðiïëåíî â äåÿêèõ âóçëàõ ¨¨ ìåíø
æîðñòêî¨ ÷àñòèíè, òîáòî ∂Γ ⊂ V (Γ2) \ J0 i ∂Γ 6= ∅. Ðåøòà âóçëiâ ñiòêè ¹ âiëüíèìè,
¨ì âiäïîâiäà¹ ñóêóïíiñòü J âíóòðiøíiõ âåðøèí ãðàôà Γ. Çâiñíî, J0 ⊂ J i ìíîæèíó J
ìîæíà çàïèñàòè ó âèãëÿäi îá'¹äíàííÿ òðüîõ íåïåðåòèííèõ ìíîæèí J = J0 ∪ J1 ∪ J2,
äå Jk ⊂ V (Γk) \ J0, k = 1, 2. ßêùî a ∈ J0, òî I(a) = I1(a) ∪ I2(a), äå Ik(a) ⊂ E(Γk),
k = 1, 2. Íå îáìåæóþ÷è çàãàëüíîñòi, ââàæàòèìåìî, ùî Γ1 � çâ'ÿçíèé ãðàô. ×åðåç χk
ïîçíà÷èìî õàðàêòåðèñòè÷íó ôóíêöiþ ìíîæèíè, ÿêà ¹ îá'¹äíàííÿì ðåáåð ãðàôà Γk,
k = 1, 2.

Âèâ÷àòèìåìî àñèìïòîòèêó ñïåêòðà êðàéîâî¨ çàäà÷i(
κεu
′
ε

)′
+ λερuε = 0 íà Γ,(2.1)

Kκε,a(uε) = 0, a ∈ J, uε = 0 íà ∂Γ,(2.2)

äå κε = χ1 +εχ2; ρ � ôóíêöiÿ ç C∞{Γ}, ÿêà ¹ äîäàòíîþ íà ðåáðàõ i íàáóâà¹ íóëüîâèõ
çíà÷åíü ó âñiõ âåðøèíàõ, òîáòî âîíà ìîäåëþ¹ ãóñòèíó ìàñè ñiòêè çà âiäñóòíîñòi
êîíöåíòðîâàíèõ ó âóçëàõ ìàñ; ε � ìàëèé ïàðàìåòð; λε � ñïåêòðàëüíèé ïàðàìåòð; uε
� âëàñíà ôóíêöiÿ êëàñó C2(Γ); ôóíêöiîíàë Kκε,a âèçíà÷åíî â (1.2).

Çàäà÷à (2.1)�(2.2) äëÿ áóäü-ÿêîãî ε > 0 ¹ ñòàíäàðòíîþ ñïåêòðàëüíîþ çàäà÷åþ,
òîáòî, äëÿ áóäü-ÿêîãî ε > 0 âîíà ìà¹ äèñêðåòíèé ñïåêòð

λε1 < λε2 6 λ
ε
3 6 · · · 6 λεk 6 · · · ,
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ÿêèé ñêëàäà¹òüñÿ ç äîäàòíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ êðàòíîñòi, i ïîâíó îðòîíîð-
ìîâàíó â L2(ρ,Γ) ñèñòåìó {uε,k}∞k=1 âëàñíèõ ôóíêöié (äèâ., íàïð. [15]). Çàóâàæèìî,
ùî ïåðøå âëàñíå çíà÷åííÿ ¹ ïðîñòèì ([7, òåîðåìà 5.2, ñ. 90]).

Âðàõîâóþ÷è ìiíiìàêñíi âëàñòèâîñòi äëÿ âëàñíèõ çíà÷åíü, íåâàæêî ïåðåêîíà-
òèñÿ, ùî âñi âëàñíi çíà÷åííÿ çàäà÷i (2.1)�(2.2) ¹ íåïåðåðâíèìè áåçìåæíî ìàëèìè
ôóíêöiÿìè ïàðàìåòðà ε ∈ (0; 1), äëÿ ÿêèõ ñïðàâäæóþòüñÿ íåðiâíîñòi

(2.3) C1ε 6 λ
ε
k 6 C2(k)ε, k = 1, 2, . . . ,

äå äîäàòíi ñòàëi C1 i C2 íå çàëåæàòü âiä ε (äåòàëüíiøå äèâ. [21]).
Íåõàé q i p � çâóæåííÿ ôóíêöi¨ ρ, à vε i wε � çâóæåííÿ âëàñíèõ ôóíêöié uε

çàäà÷i (2.1)�(2.2) íà Γ1 i Γ2, âiäïîâiäíî. Çàçíà÷èìî, ùî âåðøèíè ç J0 ¹ ñïiëüíèìè

äëÿ Γ1 òà Γ2, òîìó Ka(vε) =
∑

γ∈I1(a)

dvε
gγ

(a) i Ka(wε) =
∑

γ∈I2(a)

dwε
gγ

(a) äëÿ a ∈ J0. Âðàõî-

âóþ÷è ñêàçàíå, ðiâíÿííÿ íà ðåáðàõ ãðàôiâ Γ1 i Γ2 òà óìîâè òðàíñìiñi¨ ó âíóòðiøíiõ
âåðøèíàõ, çà âèíÿòêîì òî÷îê ç J0, íàáóâàþòü âèãëÿäó

v′′ε + λεqvε = 0 íà Γ1, Ka(vε) = 0, a ∈ J1,(2.4)

εw′′ε + λεpwε = 0 íà Γ2, Ka(wε) = 0, a ∈ J2;(2.5)

óìîâè çàêðiïëåííÿ â òî÷êàõ ìåæi ∂Γ:

wε = 0 íà ∂Γ;(2.6)

óìîâè òðàíñìiñi¨ ó âåðøèíàõ ïåðåòèíó ãðàôiâ Γ1 i Γ2:

Ka(vε) + εKa(wε) = 0, a ∈ J0;(2.7)

êðiì òîãî, ñïðàâäæóþòüñÿ óìîâè íåïåðåðâíîñòi uε ó âíóòðiøíiõ âåðøèíàõ Γ, çîêðåìà
äëÿ áóäü-ÿêî¨ ñïiëüíî¨ âåðøèíè a ∈ J0 ãðàôiâ Γ1 i Γ2 ìîæåìî çàïèñàòè uε|Γ1(a) =
uε|Γ2(a), àáî æ

vε(a) = wε(a), a ∈ J0.(2.8)

Àñèìïòîòè÷íå íàáëèæåííÿ âëàñíîãî çíà÷åííÿ çàäà÷i (2.1)�(2.2), çâàæàþ÷è íà
(2.3), âèáåðåìî ó âèãëÿäi λε ∼ εµ + o(ε). Äëÿ âiäïîâiäíî¨ âëàñíî¨ ôóíêöi¨ íåõàé
vε ∼ v + v1ε + o(ε) íà Γ1 i wε ∼ w + o(1) íà Γ2. Ïiäñòàâèâøè öi çîáðàæåííÿ ó
(2.4)-(2.8), îäåðæèìî ñïiââiäíîøåííÿ

v′′ = 0 íà Γ1, Ka(v) = 0, a ∈ J1,(2.9)

w′′ + µpw = 0 íà Γ2, Ka(w) = 0, a ∈ J2, w = 0 íà ∂Γ,(2.10)

Ka(v) = 0, a ∈ J0,(2.11)

w(a) = v(a), a ∈ J0,(2.12)

òà

v′′1 + µqv = 0 íà Γ1,(2.13)

Ka(v1) = 0, a ∈ J1, Ka(v1) = −Ka(w), a ∈ J0.(2.14)
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Îá'¹äíàâøè (2.9) i (2.11), îäåðæèìî çàäà÷ó Íåéìàíà

(2.15) v′′ = 0 íà Γ1, Ka(v) = 0, a ∈ J0 ∪ J1,

ÿêà ìà¹ íåòðèâiàëüíå ÿäðî âèìiðíîñòi 1, ùî ñêëàäà¹òüñÿ çi ñòàëèõ íà Γ1 ôóíêöié. Ó
öié çàäà÷i âñi âåðøèíè V (Γ1) ¹ âíóòðiøíiìè, à ∂Γ1 = ∅.

Çà òðåòüîþ òåîðåìîþ Ôðåäãîëüìà (äèâ. [22, òåîðåìà 3, ñ. 98]) ðîçâ'ÿçîê çàäà÷i
(2.13)�(2.14) iñíó¹ çà óìîâè ñóìiñíîñòi∑

a∈J0

Ka(w) + µMw(a0) = 0, w(a0) = w(a1) = · · · = w(ar),

äå M =
∫

Γ1
q dx � ìàñà æîðñòêî¨ êîìïîíåíòè Γ1 ìåõàíi÷íî¨ ñèñòåìè Γ. Îá'¹äíàâøè

öi ðiâíîñòi ç (2.10), îäåðæèìî ñïåêòðàëüíó çàäà÷ó, ÿêó íàçâåìî ãðàíè÷íîþ

w′′ + µpw = 0 íà Γ2, w = 0 íà ∂Γ(= ∂Γ2),(2.16) ∑
a∈J0

Ka(w) + µMw(a0) = 0, Ka(w) = 0, a ∈ J2,(2.17)

w(a0) = w(a1) = · · · = w(ar).(2.18)

Çàâäÿêè (2.18) âåðøèíè a0, a1, . . . , ar ãðàôà Γ2 ìîæíà îòîòîæíèòè ç îäíi¹þ âíóò-
ðiøíüîþ âåðøèíîþ b. Òîäi ïåðøà óìîâà (2.17) íàáóäå âèãëÿäó Kb(w) + µMw(b) = 0,
òîáòî, çàäà÷à ìîäåëþ¹ âëàñíi êîëèâàííÿ ñòðóííî¨ ñiòêè ç êîíöåíòðîâàíîþ ìàñîþ
âåëè÷èíè M ó âóçëi b. Òàêó çàäà÷ó äîñëiäæåíî â [15] äëÿ áiëüø çàãàëüíîãî âèïàäêó,
êîëè êîíöåíòðîâàíi ìàñè íàÿâíi â êîæíié âíóòðiøíié âåðøèíi ãðàôà. �¨ ñïåêòð ¹
äiéñíèì, äîäàòíèì i äèñêðåòíèì ç òî÷êîþ çãóùåííÿ â íåñêií÷åííîñòi. Âñi âëàñíi
çíà÷åííÿ ìàþòü ñêií÷åííó êðàòíiñòü.

Äàëi ìè äîâåäåìî, ùî äëÿ âëàñíèõ çíà÷åíü λεk çáóðåíî¨ çàäà÷i (2.1)�(2.2) âå-
ëè÷èíè ε−1λεk çáiãàþòüñÿ ïðè ε → 0 i ôiêñîâàíîìó k ∈ N äî âëàñíèõ çíà÷åíü µk
ãðàíè÷íî¨ òà äîâåäåìî òåîðåìè çáiæíîñòi äëÿ âiäïîâiäíèõ âëàñíèõ ïiäïðîñòîðiâ.

3. Îïåðàòîðíå ôîðìóëþâàííÿ çáóðåíî¨ òà ãðàíè÷íî¨ çàäà÷

Âèõiäíà çàäà÷à (2.1)�(2.2) åêâiâàëåíòíà îïåðàòîðíîìó ðiâíÿííþ

Lεuε − λεuε = 0, uε ∈ D(Lε),

â L2(ρ,Γ), äå Lε � ñàìîñïðÿæåíèé îïåðàòîð ç äi¹þ

Lεu = − 1

ργ
(κε,γu

′
γ)′ íà γ ∈ E

i îáëàñòþ âèçíà÷åííÿ

D(Lε) =
{
u ∈W 2

2 (Γ, ∂Γ): Kκε,a(u) = 0, a ∈ J
}
.

Äëÿ îïåðàòîðíîãî ôîðìóëþâàííÿ ãðàíè÷íî¨ çàäà÷i (2.16)�(2.18) çàñòîñó¹ìî ïiä-
õiä, çàïðîïîíîâàíèé â [23] äëÿ çàäà÷ iç âõîäæåííÿì ñïåêòðàëüíîãî ïàðàìåòðà â êðà-
éîâó óìîâó, ÿê îò (2.17). Ó ãiëüáåðòîâîìó ïðîñòîði H = L2(p,Γ2)×C iç ñêàëÿðíèì
äîáóòêîì

(3.1) (ŵ, ŵ)H =

∫
Γ2

p |w|2 dΓ2 +M |c|2, ŵ = (w, c) ∈H ,



88
Ãåííàäié ÃÐÀÁ×ÀÊ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 87

ðîçãëÿíåìî îïåðàòîð T , ÿêèé ïàði (w; c) ∈H ñòàâèòü ó âiäïîâiäíiñòü ïàðó(
−1

p
w′′; − 1

M

∑
a∈J0

Ka(w)
)
∈H

i ìà¹ îáëàñòü âèçíà÷åííÿ

D(T ) =
{

(w; c)∈H : w ∈W 2
2 (Γ2, ∂Γ2); Ka(w) = 0, a ∈ J2; c = w(a), a ∈ J0

}
.

Òîäi ãðàíè÷íà çàäà÷à åêâiâàëåíòíà îïåðàòîðíîìó ðiâíÿííþ

T ŵ − µŵ = 0, ŵ = (w, c) ∈ D(T ).

Ëåìà 1. Îïåðàòîð T ñàìîñïðÿæåíèé i ìà¹ êîìïàêòíó ðåçîëüâåíòó.

Äîâåäåííÿ. Ïîáóäó¹ìî ñïðÿæåíèé îïåðàòîð T ∗ i äîâåäåìî, ùî T ∗ = T . Äëÿ äî-
âiëüíèõ ŵ = (w,w(a0)) ∈ D(T ) i v̂ = (v, c) ∈W 2

2 {Γ2} × C ìà¹ìî

(T ŵ, v̂)H =−
∫
Γ2

w′′v dΓ2 −
∑
a∈J0

Ka(w) · c = −
∫
Γ2

wv′′ dΓ2 +

+
∑

a∈V (Γ2)

∑
γ∈I(a)

(
dw

dγ
(a)vγ(a)− wγ(a)

dv

dγ
(a)

)
−
∑
a∈J0

∑
γ∈I(a)

dw

dγ
(a) · c.

Òóò çàñòîñîâàíî ôîðìóëó (1.1) i ÿâíî çàçíà÷åíî äiþ ôóíêöiîíàëà Ka (äèâ. (1.2)).
Ðîçáèâøè ïåðøó ïîäâiéíó ñóìó íà ÷àñòèíè âiäïîâiäíî äî çîáðàæåííÿ V (Γ2) = ∂Γ∪
J0 ∪ J2, âðàõóâàâøè íåïåðåðâíiñòü ôóíêöi¨ w íà Γ2, ïðè÷îìó w = 0 íà ∂Γ i w(a) =
w(a0) ó âåðøèíàõ a ∈ J0, òà çãðóïóâàâøè äîäàíêè, ïðàâó ÷àñòèíó îñòàííüî¨ ðiâíîñòi
ìîæíà çàïèñàòè ó âèãëÿäi

−
∫
Γ2

wv′′ dΓ2 − w(a0)
∑
a∈J0

Ka(v) +

+
∑
a∈∂Γ

∑
γ∈I(a)

dw

dγ
(a)vγ(a) +

∑
a∈J0

∑
γ∈I(a)

dw

dγ
(a)
(
vγ(a)− c

)
−

−
∑
a∈J2

w(a)Ka(v) +
∑
a∈J2

∑
γ∈I(a)

dw

dγ
(a)vγ(a).

Ç'ÿñó¹ìî íàéñëàáøi óìîâè íà v̂, çà ÿêèõ êîæíà ç ÷îòèðüîõ ñóì â îñòàííiõ äâîõ ðÿäêàõ
âèðàçó äîðiâíþ¹ íóëåâi äëÿ áóäü-ÿêèõ ŵ ∈ D(T ). Ïåðøà ç íèõ ¹ íóëåì òîäi, êîëè v
íåïåðåðâíà ó âåðøèíàõ ç ∂Γ ç íóëüîâèì çíà÷åííÿì ó íèõ; äðóãà � êîëè v íåïåðåðâíà
â òî÷êàõ a ∈ J0 i â êîæíié ç íèõ íàáóâà¹ îäíàêîâîãî çíà÷åííÿ c; òðåòÿ � êîëè

Ka(v) = 0 çà a ∈ J2. Ïåðåòâîðèìî ÷åòâåðòó ñóìó. Ç óìîâè
ind (a)∑
k=1

dw

dγj
(a) = 0, a ∈ J2,

ìàòèìåìî dw
dγ

1
(a) = −

ind (a)∑
k=2

dw

dγk
(a) i òîäi

∑
a∈J2

∑
γ∈I(a)

dw

dγ
(a)vγ(a) =

∑
a∈J2

ind (a)∑
k=2

dw

dγk
(a)
(
vγk(a)− vγ1(a)

)
.
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Öÿ ñóìà äîðiâíþ¹ íóëåâi äëÿ áóäü-ÿêèõ ŵ ∈ D(T ) çà óìîâè íåïåðåðâíîñòi v ó âåð-
øèíàõ ç J2.

Âñi ç'ÿñîâàíi âèùå óìîâè äëÿ v i c õàðàêòåðèçóþòü îáëàñòü âèçíà÷åííÿ D(T ∗)
îïåðàòîðà T ∗. Âîíè æ âèçíà÷àþòü i D(T ), òîáòî D(T ∗) = D(T ) i

(T ŵ, v̂)H = −
∫
Γ2

wv′′ dΓ2 − w(a0)
∑
a∈J0

Ka(v) = (ŵ,T v̂)H ,

äëÿ áóäü-ÿêèõ ŵ ∈ D(T ) i v̂ ∈ D(T ∗). Îòæå, T ∗ = T .
Ðåçîëüâåíòà îïåðàòîðà T ¹ îáìåæåíèì îïåðàòîðîì, âèçíà÷åíèì íà H =

L2(p,Γ2) × C ç ìíîæèíîþ çíà÷åíü D(T ), åëåìåíòè ÿêî¨ óòâîðþþòü ïiäïðîñòið
â W 2

2 (Γ2, ∂Γ2) × C. �¨ êîìïàêòíiñòü òîäi âèïëèâà¹ ç êîìïàêòíîñòi âêëàäåííÿ
W 2

2 (Γ2, ∂Γ2) â L2(Γ2), i, ÿê íàñëiäîê, � W 2
2 (Γ2, ∂Γ2)× C â H . �

Äëÿ äîâåäåííÿ áëèçüêîñòi ñïåêòðiâ îïåðàòîðiâ Lε i T íà çàâàäi ñòî¨òü òå, ùî öi
îïåðàòîðè äiþòü ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ. Äëÿ óñóíåííÿ öi¹¨ ïåðåøêîäè
çâåäåìî âèõiäíó çàäà÷ó (2.1)�(2.2) (÷è (2.4)�(2.8)) äî ñïåêòðàëüíî¨ çàäà÷i íà ïiäãðàôi
Γ2, ÿêié âiäïîâiäàòèìå ñiì'ÿ îïåðàòîðiâ, ùî, ÿê i T , äiÿòèìóòü ó ïðîñòîði H i ÿêó
ìè ïîñòàâèìî ó âiäïîâiäíiñòü âèõiäíié çàäà÷i.

3.1. Äîïîìiæíà çàäà÷à. Îïåðàòîð òèïó Äiðiõëå-Íåéìàíà. Äëÿ ôóíêöié v ç
C∞(Γk), k ∈ {1; 2}, çàãàëîì êîìïëåêñíîçíà÷íèõ, óâåäåìî âåêòîðè âèìiðíîñòi r

V = (v(a1), . . . , v(ar)), K(v) = (K1(v), . . . ,Kr(v)).

Íà ïiäãðàôi Γ1 ðîçãëÿíåìî çàäà÷ó

z′′ + νqz = 0 íà Γ1,(3.2)

Ka(z) = 0, a ∈ J1,(3.3)

z(a0) = b0, K(z) = b,(3.4)

äå ν ∈ R, b0 ∈ C, b = (b1, . . . , br) ∈ Cr. Íåõàé θ � íàéìåíøå âëàñíå çíà÷åííÿ âiäïî-
âiäíî¨ îäíîðiäíî¨ çàäà÷i i 0 < θ0 < θ. Áóäåìî ââàæàòè, ùî 0 6 ν 6 θ0. Òîäi çàäà÷à
(3.2)�(3.4) ìà¹ ¹äèíèé ðîçâ'ÿçîê êëàñó C∞(Γ1), ùî çàäîâîëüíÿ¹ àïðiîðíó îöiíêó
‖z‖L2(q,Γ1) 6 C|b̃|, äå b̃ = (b0, b) ∈ C× Cr ∼= C1+r.

Íåõàé Zν � ìíîæèíà ðîçâ'ÿçêiâ z(·; b0, b, ν) ðiâíÿííÿ (3.2), ùî çàäîâîëüíÿþòü
óìîâè (3.3). Âîíè óòâîðþþòü ëiíiéíèé ïðîñòið íàä ïîëåì êîìïëåêñíèõ ÷èñåë âèìið-
íîñòi |J0| = 1 + r. Ñòàíäàðòíèé åðìiòîâèé äîáóòîê â Ck ïîçíà÷àòèìåìî ÷åðåç 〈 ·, · 〉,
âèìiðíiñòü k ïðîñòîðó áóäå çðîçóìiëîþ ç êîíòåêñòó. Â íàñ âîíà áóäå r àáî 1 + r.

Íà C × Cr ðîçãëÿíåìî ëiíiéíèé îïåðàòîð Λ(ν), ÿêèé äëÿ êîæíîãî ðîçâ'ÿçêó
z ∈ Zν ðiâíÿííÿ (3.2) íàáîðó éîãî äàíèõ (b0, b) ∈ C × Cr ç (3.4) � äàíèõ Äiðiõëå ó
âåðøèíi a0 i äàíèõ Êiðõãîôà (àíàëîã äàíèõ Íåéìàíà) ó ðåøòi âåðøèí ç J0 � ñòàâèòü ó
âiäïîâiäíiñòü äàíi Êiðõãîôà ó òî÷öi a0 i äàíi Äiðiõëå, âçÿòi ç ïðîòèëåæíèì çíàêîì,
â iíøèõ âåðøèíàõ ç J0 öüîãî æ ðîçâ'ÿçêó. Òîáòî, ïàðó (b0, b) = (z(a0),K(z)) öåé
îïåðàòîð ïåðåâîäèòü ó ïàðó(

K0(zν(·; b0, b, ν)), −Z(b0, b, ν)
)
.
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Îïåðàòîð Λ(ν), ÿêèé äi¹ íà äåêàðòîâîìó äîáóòêó C × Cr, íàì áóäå äîöiëüíî
ïðåäñòàâèòè ó âèãëÿäi ìàòðè÷íîãî îïåðàòîðà

Λ(ν) =

(
Λ11(ν) Λ12(ν)
Λ21(ν) Λ22(ν)

)
.

Çàóâàæèâøè, ùî äëÿ êîæíîãî (b0, b) ∈ C × Cr ðîçâ'ÿçîê çàäà÷i (3.2)�(3.4) ìîæíà
çàïèñàòè ó âèãëÿäi z(·; b0, b, ν) = z(·; b0,0, ν) + z(·; 0, b, ν), ïðè÷îìó z(a0; b0, b, ν) =
z(a0; b0,0, ν), K(z(·; b0, b, ν)) = K(z(·; 0, b, ν)), ìà¹ìî

(3.5)

Λ11(ν) : C→ C, Λ11(ν)b0 = K0(z(·; b0,0, ν));

Λ12(ν) : Cr → C, Λ12(ν)b = K0(z(·; 0, b, ν));

Λ21(ν) : C→ Cr, Λ21(ν)b0 = −Z(b0,0, ν);

Λ22(ν) : Cr → Cr, Λ22(ν)b = −Z(0, b, ν).

Íåâàæêî ïåðåêîíàòèñÿ, ùî îïåðàòîð Λ(ν) ñàìîñïðÿæåíèé. ×åðåç òå îïåðàòîðè
Λ12(ν) i Λ21(ν) âçà¹ìíî ñïðÿæåíi, à Λ22(ν) � ñàìîñïðÿæåíèé.

Ëåìà 2. Äëÿ áóäü-ÿêèõ ν1, ν2 ç âiäðiçêà [0; θ0] ñïðàâäæóþòüñÿ íåðiâíîñòi

(3.6) ‖Λ(ν1)− Λ(ν2)‖ 6 C|ν1 − ν2|, ‖ν−1
1 Λ11(ν1)− ν−1

2 Λ11(ν2)‖ 6 C|ν1 − ν2|,

äå ñòàëi C íå çàëåæàòü âiä ν1, ν2.

Äîâåäåííÿ. Íåõàé b̃ = (b0, b) ∈ C × Cr. Òîäi äëÿ ôóíêöié z1(·; b0, b, ν1) ∈ Zν1 i
z2(·; b0, b, ν2) ∈ Zν2 , âèêîðèñòîâóþ÷è (1.1) i îçíà÷åííÿ îïåðàòîðà Λ(ν), ìàòèìåìî

0 =

∫
Γ1

(z′′1 + ν1qz1)z2 dΓ1 =
(
−K0(z1)b0 +

r∑
j=1

z1(aj)bj

)
+

+
(
b0K0(z2)−

r∑
j=1

bjz2(aj)
)

+ (ν1 − ν2)

∫
Γ1

qz1 · z2 dΓ1 =

= −
〈
(Λ(ν1)− Λ(ν2))b̃, b̃

〉
+ (ν1 − ν2)

(
z1, z2

)
L2(q,Γ1)

.

Çâiäñè òà ç àïðiîðíî¨ îöiíêè ‖z‖L2(q,Γ1) 6 C|b̃| ðîçâ'ÿçêiâ çàäà÷i (3.2)�(3.4)∣∣〈(Λ(ν1)− Λ(ν2))b̃, b̃
〉∣∣ 6 |ν1 − ν2| ‖z1‖L2(q,Γ1) ‖z2‖L2(q,Γ1) 6 C|ν1 − ν2| |b̃|2,

çâiäêè âèïëèâà¹ ïåðøà íåðiâíiñòü (3.6).
Ùîá äîâåñòè äðóãó íåðiâíiñòü (3.6), âiçüìåìî b̃ = (b0,0). Òîäi

0 =

∫
Γ1

(z′′1 + ν1qz1) dΓ1 = −K0(z1) + ν1

∫
Γ1

qz1 dΓ1,

çâiäêè, îñêiëüêè K0(z1) = Λ11(ν1)b0, îòðèìà¹ìî ν
−1
1 Λ11(ν1)b0 =

∫
Γ1
qz1 dΓ1. Âiä öi¹¨

ðiâíîñòi âiäíiìåìî àíàëîãi÷íó äëÿ ôóíêöi¨ z2

(3.7) (ν−1
1 Λ11(ν1)− ν−1

2 Λ11(ν2))b0 =

∫
Γ1

q(z1 − z2) dΓ1.
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Ðiçíèöÿ z̃ = z1 − z2 çàäîâîëüíÿ¹ ðiâíÿííÿ z̃′′ + ν1qz̃ = −(ν1 − ν2)qz2 íà ðåáðàõ i
îäíîðiäíi óìîâè (3.3)�(3.4) ó âåðøèíàõ ãðàôà Γ1. Òîäi

z̃ = z1 − z2 = (ν1 − ν2)Rν1z2,

äå Rν1 � ðåçîëüâåíòà â òî÷öi ν = ν1 îïåðàòîðà çàäà÷i (3.2)�(3.4) ç b = 0. Çâiäñè

‖z1 − z2‖L2(q,Γ1) 6 |ν1 − ν2| ‖Rν1‖ ‖z2‖L2(q,Γ1) 6 C|ν1 − ν2||b0|,

ùî ç (3.7) äà¹ äðóãó îöiíêó (3.6) çi ñòàëîþ C, íå çàëåæíîþ âiä ν1, ν2 ∈ [0; θ0]. �

Íàñëiäîê 1. Äëÿ ν ∈ (0; θ0] ñïðàâäæó¹òüñÿ íåðiâíiñòü

(3.8) ‖ν−1Λ11(ν)−M IC‖ 6 Cν,

äå IC � òîòîæíèé îïåðàòîð â C, M =
∫

Γ1
q dΓ1.

Íåðiâíiñòü âèïëèâà¹ ç òîãî, ùî ν−1Λ11(ν)b0 =
∫

Γ1
qz(x; b0,0, ν) dΓ1, à ðîçâ'ÿçîê

z çàäà÷i (3.2)�(3.4) ç b = 0 i ν < θ0 ìà¹ âèãëÿä z = b0 + νRνb0.

Ëåìà 3. Ãðàíè÷íèì ïðè ν → 0 äëÿ îïåðàòîðà Λ(ν) ¹ îïåðàòîð

Λ(0) =

(
O Λ12(0)

Λ21(0) Λ22(0)

)
,

äå Λij(0) äiþòü â òèõ ïðîñòîðàõ, ùî é âiäïîâiäíi îïåðàòîðè Λij(ν), i

Λ12(0)b = −
r∑
j=1

bj , b ∈ Cr,

Λ21(0)b0 = −b0e, b0 ∈ C, e = (1, . . . , 1) ∈ Cr,(3.9)

Λ22(0)b = −Z(0, b, 0) = −(z0(a1; 0, b, 0), . . . , z0(ar; 0, b, 0)),

äå z(·; 0, b, 0) � ðîçâ'ÿçîê çàäà÷i (3.2)�(3.4) ç ν = 0 i b0 = 0.

Äîâåäåííÿ. Òå, ùî lim
ν→0

Λ11(ν) = Λ11(0) = O, âèïëèâà¹ ç (3.8). Äëÿ áóäü-ÿêîãî (b0, b) ∈
C × Cr ðîçâ'ÿçîê z(·; b0, b, ν) çàäà÷i (3.2)�(3.4) íåïåðåðâíî çàëåæèòü âiä ïàðàìåòðà
ν i ðiâíîìiðíî â íîðìi C2(Γ1), òîáòî, â C2(γ) äëÿ âñiõ γ ∈ E(Γ1), çáiãà¹òüñÿ ïðè
ν → 0 äî êóñêîâî-ëiíiéíî¨ ôóíêöi¨ (ëiíiéíî¨ íà êîæíîìó ðåáði â éîãî íàòóðàëüíié
ïàðàìåòðèçàöi¨) z(·; b0, b, 0) = b0 + z(·; 0, b, 0) íà Γ1. Çâàæàþ÷è íà öå, äðóãà i òðåòÿ
ðiâíîñòi (3.9), çîêðåìà é çíîâó òå, ùî Λ11(0) = O, ¹ ðåçóëüòàòîì ãðàíè÷íîãî ïåðåõîäó
ïðè ν → 0 ó âiäïîâiäíèõ ðiâíîñòÿõ (3.5). Ïåðøà ðiâíiñòü (3.9) ¹ íàñëiäêîì ãðàíè÷íîãî
ïðè ν → 0 ïåðåõîäó â ñïiââiäíîøåííi

b0 · Λ12(ν)b =
〈
Λ21(ν)b0, b

〉
(Λ12(ν) i Λ21(ν) âçà¹ìíî ñïðÿæåíi) ç âèêîðèñòàííÿì äðóãî¨ ðiâíîñòi (3.9). �
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3.2. Ðåäóêöiÿ âèõiäíî¨ çàäà÷i äî çàäà÷i íà Γ2. Çãiäíî ç (2.3) âñi âëàñíi çíà-
÷åííÿ çàäà÷i (2.4)�(2.8) ¹ ïîðÿäêó ε, òîìó çðîáèìî â ðiâíÿííÿõ (2.4), (2.5) çàìiíó
ñïåêòðàëüíîãî ïàðàìåòðà λε = εµε, ïiñëÿ ÷îãî ðîçiá'¹ìî ñóêóïíiñòü ðiâíîñòåé (2.4)�
(2.8) íà äâi ãðóïè:

v′′ε + εµεqvε = 0 íà Γ1,(3.10)

Ka(vε) = 0, a ∈ J1,(3.11)

vε(a0) = wε(a0),(3.12)

K(vε) = −εK(wε).(3.13)

òà

w′′ε + µεpwε = 0 íà Γ2, wε = 0 íà ∂Γ,(3.14)

Ka(wε) = 0, a ∈ J2,(3.15)

−εK0(wε) = K0(vε),(3.16)

Wε = Vε(3.17)

Íåõàé

(3.18) E = {(ε, ν) ∈ (0; 1)× R : εν 6 θ0 < θ},

äå, íàãàäà¹ìî, θ � íàéìåíøå âëàñíå çíà÷åííÿ îäíîðiäíî¨ çàäà÷i (3.2)�(3.4). ßêùî
ââàæàòè ïðàâi ÷àñòèíè (3.12)�(3.13) âiäîìèìè, òî (3.10)�(3.13) ¹ çàäà÷åþ âèãëÿäó
(3.2)�(3.4), ÿêà, çà óìîâè (ε, µε) ∈ E , ìà¹ ¹äèíèé ðîçâ'ÿçîê vε(·; εµε).

Òðàêòóþ÷è ëiâi òà ïðàâi ÷àñòèíè óìîâ (3.12)�(3.13) ÿê âåêòîðè ç R×Rr, ïîäi¹ìî
íà íèõ îïåðàòîðîì Λ(εµε)

K0(vε) = Λ11(εµε)wε(a0)− εΛ12(εµε)K(wε),

−Vε = Λ21(εµε)wε(a0)− εΛ22(εµε)K(wε).

Âèêîðèñòàâøè öi âèðàçè äëÿ K0(vε) i Vε â (3.16)�(3.17), çàïèøåìî (3.14)�(3.17) ó
âèãëÿäi

(3.19)

w′′ε + µεpwε = 0 íà Γ2, wε = 0 íà ∂Γ,

Ka(wε) = 0, a ∈ J2,

K0(wε)− Λ12(εµε)K(wε) + ε−1Λ11(εµε)wε(a0) = 0,

Wε = −Λ21(εµε)wε(a0) + εΛ22(εµε)K(wε).

Òîáòî, ÿêùî λε = εµε i uε � âëàñíå çíà÷åííÿ i âiäïîâiäíà âëàñíà ôóíêöiÿ âèõiä-
íî¨ çàäà÷i (2.1)�(2.2), òî, çà óìîâè (ε, µε) ∈ E , ÷èñëî µε i çâóæåííÿ wε ôóíêöi¨ uε íà
Γ2 ¹ âëàñíèì çíà÷åííÿì i âiäïîâiäíîþ âëàñíîþ ôóíêöi¹þ çàäà÷i

w′′ + νpw = 0 íà Γ2, w = 0 íà ∂Γ,(3.20)

Ka(w) = 0, a ∈ J2,(3.21)

K0(w)− Λ12(εν)K(w) + νQ(εν)w(a0) = 0,(3.22)

W = −Λ21(εν)w(a0) + εΛ22(εν)K(w),(3.23)
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çàäàíié âæå íà Γ2 i ç íåëiíiéíîþ çàëåæíiñòþ âiä ñïåêòðàëüíîãî ïàðàìåòðà ν (Öåé
çâ'ÿçîê ìiæ çàäàíèìè çàäà÷àìè áóäå óòî÷íåíî íèæ÷å â ëåìi 5.). Òóò

(3.24) Q(εν) = (εν)−1Λ11(εν).

Ç (3.8) ìàòèìåìî Q(εν)→M ïðè ε→ 0, ïðè÷îìó |Q(εν)−M | 6 Cνε.
Ç îãëÿäó íà ëåìó 3, áà÷èìî, ùî ãðàíè÷íà çàäà÷à (2.16)�(2.18), îäåðæàíà ðàíiøå

ç àñèìïòîòè÷íèõ ìiðêóâàíü, ¹ òàêîæ ðåçóëüòàòîì ôîðìàëüíîãî ïåðåõîäó äî ãðàíèöi
ïðè ε → 0 â (3.20)�(3.23). Öå äîäàòêîâèé ðåçîí ðîçãëÿäàòè çàìiñòü âèõiäíî¨ çàäà÷i
íà Γ çàäà÷ó (3.20)�(3.23) íà Γ2.

3.3. Îïåðàòîðíå ôîðìóëþâàííÿ ïåðåòâîðåíî¨ çàäà÷i. Ñïåêòð âèõiäíî¨ çàäà÷i
(2.1)�(2.2) ¹ ïiäìíîæèíîþ ñïåêòðà çàäà÷i (3.20)�(3.23). Äëÿ ç'ÿñóâàííÿ éîãî ñòðó-
êòóðè íàâåäåìî îïåðàòîðíå ôîðìóëþâàííÿ çàäà÷i (3.20)�(3.23).

Ðîçãëÿíåìî â H ñiì'þ îïåðàòîðiâ Tε(ν), çàëåæíó âiä ïàðàìåòðiâ (ε, ν) ∈ E , ç
äi¹þ

H 3 (w, c)
Tε(ν)−−−−−→

(
−1

p
w′′; − 1

Q(εν)

(
K0(w)− Λ12(εν)K(w)

))
∈H

i îáëàñòþ âèçíà÷åííÿ

D(Tε(ν)) =
{

(w; c)∈H : w ∈W 2
2 (Γ2, ∂Γ2); c = w(a0); Ka(w) = 0, a ∈ J2;

W = −Λ21(εν)w(a0) + εΛ22(εν)K(w)
}
.

Òîäi çàäà÷ó (3.20)�(3.23) ìîæíà çàïèñàòè ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

Tε(ν)ŵ − νŵ = 0, ŵ = (w, c)> ∈ D(Tε(ν)).

Ââåäåìî â ïðîñòîði H = L2(p,Γ2)× C åêâiâàëåíòíèé ñêàëÿðíèé äîáóòîê

(3.25) (ŵ, ŵ)ε,H =

∫
Γ2

p |w|2 dΓ2 +Q(εν)|c|2, ŵ = (w, c)> ∈H .

Âñþäè íèæ÷å çíà÷îê òðàíñïîíóâàííÿ > îïóñòèìî.

Ëåìà 4. Äëÿ êîæíî¨ ïàðè (ε, ν) ∈ E îïåðàòîð Tε(ν) ¹ ñàìîñïðÿæåíèì ó ïðîñòîði

H iç ñêàëÿðíèì äîáóòêîì (3.25) i ìà¹ êîìïàêòíó ðåçîëüâåíòó.

Äîâåäåííÿ. Äîñòàòíüî äîâåñòè, ùî Tε(ν) ¹ ñèìåòðè÷íèì i ìà¹ äèñêðåòíèé ñïåêòð.
Ñèìåòðè÷íiñòü ëåãêî ïåðåâiðèòè, äâi÷i âèêîíóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè iíòåãðàëà
â ïðàâié ÷àñòèíi ðiâíîñòi

(Tε(ν)ŵ, v̂)ε,H = −
∫
Γ2

w′′v dΓ2 −
(
K0(w)− Λ12(εν)K(w)

)
v(a0)

òà âèêîðèñòîâóþ÷è óìîâè, ÿêèì çàäîâîëüíÿþòü âåêòîðè ŵ i v̂ ç D(Tε(ν)), à òàêîæ
ñèìåòðè÷íiñòü îïåðàòîðà Λ(εν).

Äèñêðåòíiñòü ñïåêòðà îïåðàòîðà Tε(ν) âèïëèâà¹ ç àíàëiòè÷íîñòi çà ïàðàìåòðîì
ν â C \ {0} ëiâî¨ ÷àñòèíè óìîâè (3.22) òà ïðàâî¨ � (3.23) i, ÿê íàñëiäîê, àíàëiòè÷íîñòi
õàðàêòåðèñòè÷íîãî äåòåðìiíàíòà äëÿ çàäà÷i (3.20)�(3.23), íóëi ÿêîãî ¹ òî÷êàìè ¨¨
ñïåêòðà (äèâ. [7, ëåìà 3.3 i òåîðåìà 3.3, ñ. 67]). Êîìïàêòíiñòü ðåçîëüâåíòè îïåðàòîðà
Tε(ν) ¹ íàñëiäêîì êîìïàêòíîñòi âêëàäåííÿ W 2

2 (Γ2, ∂Γ2) â L2(Γ2). �
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Îïåðàòîð Tε(ν)−ν, (ε, ν) ∈ E , íå ìà¹ îáåðíåíîãî òîäi i òiëüêè òîäi êîëè, çàäà÷à
(3.20)�(3.23) íå ìà¹ ðîçâ'ÿçêó. Âiäòàê ÷èñëî µε áóäåìî íàçèâàòè âëàñíèì çíà÷åííÿì

öi¹¨ çàäà÷i, ÿêùî âîíî ¹ òî÷êîþ ñïåêòðà îïåðàòîðà Tε(µ
ε). Óòî÷íèìî òåïåð çâ'ÿçîê

çàäà÷i (3.20)�(3.23) ç âèõiäíîþ çàäà÷åþ (2.1)�(2.2).

Ëåìà 5 ([21]). Íåõàé λεk � âëàñíi çíà÷åííÿ, à uε,k � âiäïîâiäíi âëàñíi ôóíêöi¨ çàäà÷i
(2.1)�(2.2) (k = 1, 2, . . . ). Äëÿ áóäü-ÿêîãî n ∈ N iñíó¹ ε0 òàêå, ùî äëÿ âñiõ ε < ε0

÷èñëà

µεk = ε−1λεk, k = 1, 2, . . . , n,

i ëèøå âîíè, ¹ âëàñíèìè çíà÷åííÿìè çàäà÷i (3.20)�(3.23) íà iíòåðâàëi (−∞, µεn].
Âiäïîâiäíi âëàñíi ôóíêöi¨ wε,k ¹ çâóæåííÿìè ôóíêöié uε,k íà Γ2.

Äîâåäåííÿ. Ç îöiíîê (2.3) âèïëèâà¹, ùî äëÿ äîâiëüíîãî n ∈ N iñíó¹ äîñòàòíüî ìàëå
äîäàòíå ε0, òàêå ùî âñi ÷èñëà λεk = εµεk ∈ E ïðè k 6 n i ε < ε0. Äëÿ êîæíîãî òàêîãî k
âèçíà÷åíî îïåðàòîð Tε(µ

ε
k), òî÷êîþ ñïåêòðà ÿêîãî ¹ µεk. Òîáòî, ÷èñëà µ

ε
k, k = 1, . . . , n,

¹ âëàñíèìè çíà÷åííÿìè çàäà÷i (3.20)�(3.23), à âiäïîâiäíèìè âëàñíèìè ôóíêöiÿìè �
çâóæåííÿ wε,k ôóíêöié uε,k íà Γ2.

Íåõàé µε i wε � âëàñíå çíà÷åííÿ i âiäïîâiäíà âëàñíà ôóíêöiÿ çàäà÷i (3.20)�(3.23),
äå µε ∈ (−∞, µεn]. Íåõàé uε � ïðîäîâæåííÿ ôóíêöi¨ wε íà Γ1 ðîçâ'ÿçêîì vε(·; εµε)
çàäà÷i (3.10)�(3.13). Òîäi µε, vε òà wε çàäîâîëüíÿþòü ðiâíîñòi (3.10)�(3.17). Òîáòî,
εµε i uε ¹ âëàñíèì çíà÷åííÿì òà âiäïîâiäíîþ âëàñíîþ ôóíêöi¹þ çàäà÷i (2.1)�(2.2) i
òîìó µε = ε−1λεk äëÿ äåÿêîãî k ∈ {1, . . . , n}. �

4. Ðiâíîìiðíà ðåçîëüâåíòíà çáiæíiñòü ñiì'¨ îïåðàòîðiâ Tε(ν)

Äîâåäåìî ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü ïðè ε → 0 ñiì'¨ îïåðàòîðiâ Tε(ν)
äî îïåðàòîðà T ãðàíè÷íî¨ çàäà÷i. Çàäëÿ öüîãî íàðàçi ç'ÿñó¹ìî àïðiîðíi îöiíêè
ðîçâ'ÿçêiâ ðåçîëüâåíòíèõ ðiâíÿíü äëÿ öèõ îïåðàòîðiâ. Îòæå, äëÿ äîâiëüíîãî åëå-
ìåíòà f̂ = (f, c) ∈H ðîçãëÿíåìî ðåçîëüâåíòíi ðiâíÿííÿ

(4.1)
(
Tε(ν) + i

)
ŵε = f̂ ,

(
T + i

)
ŵ = f̂ ,

äå i � óÿâíà îäèíèöÿ, ŵε = (wε, wε(a0)) ∈ D(Tε(ν)), ŵ = (w,w(a0)) ∈ D(T ).
Ôóíêöi¨ wε i w ¹ ðîçâ'ÿçêàìè êðàéîâèõ çàäà÷

−w′′ε + ipwε = pf íà γ ∈ E(Γ2),

wε = 0 íà ∂Γ2, Ka(wε) = 0, a ∈ J2,

−K0(wε) + Λ12(εν)K(wε) + iQ(εν)wε(a0) = Q(εν)c,

Wε = −Λ21(εν)wε(a0) + εΛ22(εν)K(wε);

(4.2)



−w′′ + ipw = pf íà γ ∈ E(Γ2),

w = 0 íà ∂Γ2, Ka(w) = 0, a ∈ J2,

−
r∑
j=0

Kj(w) + iMw(a0) = Mc,

w(a0) = w(a1) = · · · = w(ar),

(4.3)

ïðè÷îìó âîíè íàëåæàòü ïðîñòîðó W 2
2 (Γ2, ∂Γ2).



ÆÎÐÑÒÊÀ ÑÏÅÊÒÐÀËÜÍÀ ÇÀÄÀ×À ÍÀ ÃÅÎÌÅÒÐÈ×ÍÎÌÓ ÃÐÀÔI
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 87 95

Ëåìà 6. Äëÿ ðîçâ'ÿçêiâ ŵε = (wε, wε(a0)) i ŵ = (w,w(a0)) ðiâíÿíü (4.1) ñïðàâäæó-

þòüñÿ îöiíêè

(4.4)
‖w′ε‖

2
L2(Γ2) +Q(εν)|wε(a0)|2 6 C‖f̂‖2H ,

‖w′‖2L2(Γ2) +M |w(a0)|2 6 C‖f̂‖2H ,

äå ñòàëi C íå çàëåæàòü âiä ε.

Äîâåäåííÿ. Äîâåäåìî ïåðøó îöiíêó (4.4); äðóãó ìîæíà äîâåñòè àíàëîãi÷íî. Ðîçâ'ÿçîê
wε çàäà÷i (4.2) ïðîäîâæèìî íà Γ1 ðîçâ'ÿçêîì vε çàäà÷i

(4.5)

v′′ε + ενqvε = 0 íà Γ1,

Ka(vε) = 0, a ∈ J1,

vε(a0) = wε(a0), K(vε) = −εK(wε),

äå (ε, ν) ∈ E . Çãàäóþ÷è îçíà÷åííÿ îïåðàòîðà Λ(εν), ëåãêî äîâåñòè, ùî öå ïðîäîâæå-
ííÿ ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

−v′′ε = ενqvε íà Γ1,(4.6)

−w′′ε + ipwε = pf íà Γ2,(4.7)

Ka(vε) = 0, a ∈ J1, wε = 0 íà ∂Γ2, Ka(wε) = 0, a ∈ J2,(4.8)

−εK0(wε)−K0(vε) + ε(ν + i)Q(εν)wε(a0) = εQ(εν)c,(4.9)

εKj(wε) +Kj(vε) = 0, j = 1, . . . , r,(4.10)

w(a0) = w(a1) = · · · = w(ar).(4.11)

Ïîìíîæèìî ðiâíÿííÿ (4.6) íà vε, à (4.7) � íà εwε, ïðîiíòåãðó¹ìî ¨õ âiäïîâiäíî ïî
Γ1 i Γ2, äîäàìî îäåðæàíi ðiâíîñòi i ïiñëÿ iíòåãðóâàííÿ ÷àñòèíàìè, ç âèêîðèñòàííÿì
(4.8)�(4.11), îäåðæèìî∫

Γ1

|v′ε|2 dΓ1 + ε

∫
Γ2

|w′ε|2 dΓ2 + iε

∫
Γ2

p |wε|2 dΓ2 +

+ ε(ν + i)Q(εν)|wε(a0)|2 − εQ(εν)c · wε(a0) = εν

∫
Γ1

q|vε|2 dΓ1 + ε

∫
Γ2

pf · wε dΓ2.

Ïåðåíåñåìî äîäàíîê εQ(εν)c · wε(a0) â ïðàâó ÷àñòèíó, ïiñëÿ ÷îãî ëiâà ÷àñòèíà ðiâ-
íîñòi ìàòèìå äîäàòíó äiéñíó ÷àñòèíó, îöiíþþ÷è ÿêó ÷åðåç ìîäóëü ïðàâî¨ ÷àñòèíè,
îòðèìà¹ìî

(4.12)

∫
Γ1

|v′ε|2 dΓ1 + ε

∫
Γ2

|w′ε|2 dΓ2 + ενQ(εν)|wε(a0)|2 6

6 εν
∫
Γ1

q|vε|2 dΓ1 + ε
∣∣∣∫
Γ2

p f · wε dΓ2 +Q(εν)c · wε(a0)
∣∣∣ =

= εν‖vε‖L2(q,Γ1) + ε
∣∣(f̂ , ŵε)ε,H ∣∣ 6 εν‖vε‖2L2(q,Γ1) + εC1‖f̂‖H ‖ŵε‖H .
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Îöiíèìî ‖ŵε‖H i ‖vε‖L2(q,Γ1). Ç (4.1), çâàæàþ÷è íà îáìåæåíiñòü â H ðåçîëüâåíòè(
Tε(ν) + i

)−1
, ìàòèìåìî

(4.13) ‖ŵε‖2H = ‖wε‖2L2(p,Γ2) +Q(εν)|wε(a0)|2 6 C2‖f̂‖2H .

Äëÿ ôóíêöi¨ vε, ÿê ðîçâ'ÿçêó çàäà÷i (4.5), ñïðàâäæó¹òüñÿ àïðiîðíà îöiíêà

‖vε‖L2(q,Γ1) 6 C3|wε(a0)|+ εC4|K(wε)|.

Çà òåîðåìîþ ïðî ñëiäè ôóíêöié

|K(wε)| 6 C5‖wε‖W 2
2 (Γ2,∂Γ2) 6 C6

(
‖wε‖L2(Γ2) + ‖w′ε‖L2(Γ2) + ‖w′′ε ‖L2(Γ2)

)
.

Çãiäíî ç (4.7) ìà¹ìî w′′ε = p(iwε − f), îòæå, âðàõîâóþ÷è (4.13), ñóìó ‖wε‖L2(Γ2) +

‖w′′ε ‖L2(Γ2) ìîæíà îöiíèòè ÷åðåç ‖f̂‖H . Òîìó |K(wε)| 6 C6‖w′ε‖L2(Γ2) + C7‖f̂‖H , à

îñêiëüêè |wε(a0)| 6 C8‖f̂‖H (äèâ. (4.13)), òî îäåðæèìî

(4.14) ‖vε‖L2(q,Γ1) 6 C9‖f̂‖H + εC10‖w′ε‖L2(Γ2).

Ç îãëÿäó íà (4.13) i (4.14), íåðiâíiñòü (4.12) ìîæíà ïîñèëèòè

‖v′ε‖2L2(Γ1) + ε‖w′ε‖2L2(Γ2) + ενQ(εν)|wε(a0)|2 6 εC11‖f̂‖2H + ε2C12‖w′ε‖2L2(Γ2).

Çâiäñè

‖v′ε‖2L2(Γ1) + ε(1− εC12)‖w′ε‖2L2(Γ2) + ενQ(εν)|wε(a0)|2 6 εC11‖f̂‖2H ,

çâiäêè âèïëèâà¹ øóêàíà îöiíêà (4.4). �

Çàóâàæåííÿ 1. Ç îñòàííüî¨ íåðiâíîñòi îäåðæèìî ïåðøó, à ç íåðiâíîñòåé (4.14) i
(4.4) � äðóãó ç îöiíîê

(4.15) ‖v′ε‖L2(Γ1) 6 C
√
ε‖f̂‖H , ‖vε‖L2(q,Γ1) 6 C‖f̂‖H ,

â ÿêèõ ñòàëi íå çàëåæàòü âiä ε.

Íàñòóïíà òåîðåìà ¹ áàçîþ, íà ÿêié  ðóíòóþòüñÿ îñíîâíi ðåçóëüòàòè ïðî àñèì-
ïòîòè÷íó ïîâåäiíêó âëàñíèõ çíà÷åíü i âëàñíèõ ïiäïðîñòîðiâ çàäà÷i (2.1)�(2.2).

Òåîðåìà 1. Äëÿ áóäü-ÿêîãî äiéñíîãî ν ñiì'ÿ îïåðàòîðiâ Tε(ν) çáiãà¹òüñÿ ïðè ε→ 0
äî îïåðàòîðà T â ñåíñi ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi.

Äîâåäåííÿ. Íåõàé ŵε = (wε, wε(a0)), ŵ = (w,w(a0)) ∈H � ðîçâ'ÿçêè ðåçîëüâåíòíèõ
ðiâíÿíü (4.1). Ïîòðiáíî äîâåñòè, ùî äëÿ ðiçíèöi zε = wε − w

‖ẑε‖H = ‖ŵε − ŵ‖H 6 η(ε)‖f̂‖H , η(ε) = o(1), ε→ 0.

Ôóíêöi¨ wε i w ¹ ðîçâ'ÿçêàìè êðàéîâèõ çàäà÷ (4.2) i (4.3), âiäïîâiäíî. �õíÿ ðiçíèöÿ
zε = wε − w çàäîâîëüíÿ¹ ðiâíÿííÿ −z′′ε + ipzε = 0 íà Γ2 i óìîâè zε = 0 íà ∂Γ2 òà
Ka(zε) = 0, a ∈ J2. Òîäi

(4.16) 0 =

∫
Γ2

(
−z′′ε + ipzε

)
zε dΓ2 =

∫
Γ2

(
|z′ε|2 + ip |zε|2

)
dΓ2 +

r∑
j=0

Kj(zε)zε(aj).
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Ïåðåòâîðèìî ñóìó ïîçàiíòåãðàëüíèõ äîäàíêiâ

(4.17)
r∑
j=0

Kj(zε)zε(aj) =
(
K0(wε)−K0(w)

)
zε(a0) + 〈K(zε),Wε〉 − 〈K(zε),W〉.

Ç óìîâ Êiðõãîôà â òî÷öi a0 â çàäà÷àõ (4.2) i (4.3) ìà¹ìî

K0(wε) = Λ12(εν)K(wε) + iQ(εν)wε(a0)−Q(εν)c,

K0(w) = −
r∑
j=1

Kj(w) + iMw(a0)−Mc = Λ12(0)K(w) + iMw(a0)−Mc,

à ç óìîâ Äiðiõëå ó âåðøèíàõ aj , j = 1, . . . , r,

Wε = −Λ21(εν)wε(a0) + εΛ22(εν)K(wε), W = w(a0)e = −Λ21(0)w(a0).

Ïiäñòàâèâøè öi âèðàçè â (4.17) i ïåðåãðóïóâàâøè äîäàíêè, îäåðæèìî
r∑
j=0

Kj(zε)zε(aj) =
[
Λ12(εν)K(zε)zε(a0)− 〈K(zε),Λ21(εν)zε(a0)〉

]
+

+
(
Λ12(εν)− Λ12(0)

)
K(w)zε(a0)− (Q(εν)−M)czε(a0)−

−
〈
K(zε),

(
Λ21(εν)− Λ21(0)

)
w(a0)

〉
+ ε〈K(zε),Λ22(εν)K(wε)〉+

+ iQ(εν)|zε(a0)|2 + i
(
Q(εν)−M

)
w(a0)zε(a0).

Îñêiëüêè Λ∗21 = Λ12, òî âèðàç ó êâàäðàòíèõ äóæêàõ äîðiâíþ¹ íóëåâi i òîäi çâiäñè òà
ç (4.16) îòðèìà¹ìî

(4.18)

∫
Γ2

(
|z′ε|2 + ip |zε|2

)
dΓ2 + iQ(εν)|zε(a0)|2 =

−
(
Λ12(εν)− Λ12(0)

)
K(w)zε(a0) + (Q(εν)−M)czε(a0) +

+
〈
K(zε),

(
Λ21(εν)− Λ21(0)

)
w(a0)

〉
− ε〈K(zε),Λ22(εν)K(wε)〉 −

− i
(
Q(εν)−M

)
w(a0)zε(a0).

Óÿâíà ÷àñòèíà âèðàçó â ëiâié ÷àñòèíi ðiâíîñòi äîäàòíà, òîìó íå ïåðåâèùó¹ ìî-
äóëÿ ïðàâî¨ ÷àñòèíè, îöiíþþ÷è ÿêèé âèêîðèñòà¹ìî òå, ùî ‖Λ(εν) − Λ(0)‖ 6 Cνε i
|Q(εν)−M | 6 Cνε (äèâ. (3.6), (3.8)). Êðiì òîãî, ç íåïåðåâíîñòi îïåðàòîðà ñëiäó äëÿ
ôóíêöié g ∈W 2

2 (Γ2, ∂Γ) ìà¹ìî |K(g)| 6 C
(
‖g‖2L2(Γ2) +‖g′‖2L2(Γ2) +‖g′′‖2L2(Γ2)

)
. Â äîâå-

äåííi ëåìè 6 äîâåäåíî, ùî äëÿ ôóíêöié g ç ìíîæèíè {w,wε, zε} ñïðàâäæó¹òüñÿ îöií-
êà ‖g‖2L2(Γ2) + ‖g′′‖2L2(Γ2) 6 C‖f̂‖H . Äî òîãî æ, çàâäÿêè (4.4), i ‖g′‖2L2(Γ2) 6 C‖f̂‖H .

Òîìó |K(g)| 6 C‖f̂‖H . Îñêiëüêè i |g(a0)| 6 C‖f̂‖H òà |c| 6 C‖f̂‖H , òî çi ñêàçàíîãî
âèïëèâà¹, ùî ïðàâó ÷àñòèíó (4.18) ìîæíà îöiíèòè ÷åðåç ε‖f̂‖2H . Îòæå,∫

Γ2

p |zε|2 dΓ2 +Q(εν)|zε(a0)|2 6 Cε‖f̂‖2H ,

çâiäêè
‖ẑε‖H = ‖ŵε − ŵ‖H 6 C

√
ε‖f̂‖H ,
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ùî ìè é ïðàãíóëè äîâåñòè. Öå îçíà÷à¹, ùî

‖(Tε(ν) + i)−1 − (T − i)−1‖ 6 Cε1/2

ç íåçàëåæíîþ âiä ε i f ñòàëîþ C. Çâiäñè âèïëèâà¹ ðiâíîìiðíà çáiæíiñòü ïðè ε → 0
ðåçîëüâåíò (Tε(ν)+ζ)−1 äî (T +ζ)−1 äëÿ âñiõ ζ ç ðåçîëüâåíòíî¨ ìíîæèíè îïåðàòîðà
T [25, Òåîðåìà VIII.19, ñ.312]. �

Ó äîâåäåííi òåîðåìè íi÷îãî íå çìiíèòüñÿ, ÿêùî âçÿòè ν = µε, äå {µε}ε∈(0;1) �
îáìåæåíà ïîñëiäîâíiñòü. Òîìó ïðàâèëüíèé òàêèé íàñëiäîê

Íàñëiäîê 2. Äëÿ îáìåæåíî¨ ïîñëiäîâíîñòi {µε}ε∈(0;1) ñiì'ÿ îïåðàòîðiâ Tε(µ
ε) ¹

çáiæíîþ ïðè ε→ 0 äî îïåðàòîðà T â ñåíñi ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi.

5. Òåîðåìè çáiæíîñòi

Äîñëiäæåíî ïèòàííÿ çáiæíîñòi âëàñíèõ çíà÷åíü i âëàñíèõ ïiäïðîñòîðiâ âèõiäíî¨
çàäà÷i ïðè ε→ 0.

5.1. Äåÿêi ôàêòè ñïåêòðàëüíî¨ òåîði¨ çáóðåíü. Íåõàé H � ãiëüáåðòiâ ïðîñòið
iç ñêàëÿðíèì äîáóòêîì (·, ·) i íîðìîþ ‖ · ‖; íåõàé A � ñàìîñïðÿæåíèé îïåðàòîð â H
ç îáëàñòþ âèçíà÷åííÿ D(A).

Îçíà÷åííÿ 1. Êâàçiìîäîþ ç íåâ'ÿçêîþ δ äëÿ îïåðàòîðà A áóäåìî íàçèâàòè ïà-
ðó (λ, v) ∈ R × D(A), òàêó ùî ‖Av − λv‖ 6 δ i ‖v‖ = 1. Êàæóòü, ùî êâàçiìîäè
(λ, v1), . . . , (λ, vm) ç íåâ'ÿçêîþ δ äëÿ îïåðàòîðà A ìàþòü âiäõèëåííÿ β âiä îðòî-

ãîíàëüíîñòi, ÿêùî |(vi, vj)− δij | 6 β, äå δij � ñèìâîë Êðîíåêåðà, i, j = 1, . . . ,m.

Ëåìà 7. (i) [24, òåîðåìà 1, ñ. 141] ßêùî (λ, v) � êâàçiìîäà ç íåâ'ÿçêîþ δ äëÿ îïå-

ðàòîðà A, òî iíòåðâàë [λ − δ;λ + δ] ìiñòèòü ïðèíàéìíi îäíå âëàñíå çíà÷åííÿ λ∗

îïåðàòîðà A.
(ii) [24, ñ. 141] Íåõàé E(∆) � ñïåêòðàëüíèé ïðîåêòîð, ÿêèé âiäïîâiäà¹ iíòåðâàëó

∆ = [λ− d;λ+ d], äå d > 0. Òîäi äëÿ êâàçiìîäè (λ, v) ç íåâ'ÿçêîþ δ äëÿ îïåðàòîðà A
ñïðàâäæó¹òüñÿ íåðiâíiñòü

(5.1) ‖E(∆)v − v‖ 6 δd−1.

ßêùî ∆ ìiñòèòü ëèøå îäíå ïðîñòå âëàñíå çíà÷åííÿ λ∗ îïåðàòîðà A, ÿêîìó âiäïî-
âiäà¹ íîðìîâàíèé âëàñíèé âåêòîð v∗ (‖v∗‖ = 1), òî

(5.2) ‖v − v∗‖ 6 2δd−1.

(iii) [24, òåîðåìà 2, ñ. 142] Íåõàé (λ, v1), . . . , (λ, vm) � ñiì'ÿ êâàçiìîä äëÿ îïåðàòîðà A
ç íåâ'ÿçêîþ δ i âiäõèëåííÿì âiä îðòîãîíàëüíîñòi β. ßêùî δλ−1+β < m, òî ñóìàðíà

êðàòíiñòü ÷àñòèíè ñïåêòðà îïåðàòîðà A, ùî ëåæèòü â iíòåðâàëi [λ− δ, λ+ δ], íå
ìåíøà íiæ m.

5.2. Çáiæíiñòü ñïåêòðà çáóðåíî¨ çàäà÷i. Ââàæàþ÷è, ùî âëàñíi çíà÷åííÿ λεk çáó-
ðåíî¨ çàäà÷i (2.1)�(2.2) i âëàñíi çíà÷åííÿ µk ãðàíè÷íî¨ çàäà÷i (2.16)�(2.18) çàíóìåðî-
âàíî â ïîðÿäêó çðîñòàííÿ ç óðàõóâàííÿì êðàòíîñòåé, äîâåäåìî, ùî lim

ε→0
ε−1λεk → µk

äëÿ áóäü-ÿêîãî k ∈ N.
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Ëåìà 8 ([21]). Íåõàé {λεk}
+∞
k=1 � ïîñëiäîâíiñòü âëàñíèõ çíà÷åíü îïåðàòîðà Lε çàäà÷i

(2.1)�(2.2). Äëÿ áóäü-ÿêîãî k ∈ N iñíó¹ ñêií÷åííà ãðàíèöÿ ïðè ε → 0 âåëè÷èí µεk =
ε−1λεk, ÿêà ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà T çàäà÷i (2.16)�(2.18).

Äîâåäåííÿ. Íåõàé öå íå òàê, òîáòî, äëÿ äåÿêîãî k ∈ N

µ∗ = lim
ε→0

µεk < lim
ε→0

µεk = µ∗,

äå µ∗ i µ∗ � ñêií÷åííi, îñêiëüêè, çãiäíî ç (2.3), ñóêóïíiñòü âåëè÷èí µεk îáìåæåíà.
Ðîçãëÿíåìî äîâiëüíi òî÷êó µ i ¨ ¨ α-îêië (µ−α; µ+α), òàêi ùî ìiñòÿòüñÿ â iíòåðâàëi
(µ∗, µ

∗). Ç íåïåðåðâíîñòi µεk çà ε iñíó¹ ïîñëiäîâíiñòü ε′ → 0 çíà÷åíü ìàëîãî ïàðà-
ìåòðà, äëÿ ÿêî¨ µε

′

k çáiãà¹òüñÿ äî µ i âñi µε
′

k ∈ (µ − α; µ + α). Çà ëåìîþ 5 ÷èñëî
µε

′

k ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà Tε′(µ
ε′

k ). Ç ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi
îïåðàòîðiâ Tε′(µ

ε′

k ) äî T (íàñëiäîê ç òåîðåìè 1) iíòåðâàëó (µ− α; µ+ α) íàëåæèòü
âëàñíå çíà÷åííÿ îïåðàòîðà T [25, òåîðåìà VIII.23, ñ. 317]. Îñêiëüêè µ i éîãî α-îêië
� äîâiëüíi, òàêi ùî ìiñòÿòüñÿ â (µ∗, µ

∗), ñïåêòð σ(T ) îïåðàòîðà T âñþäè ùiëüíèé
â öüîìó iíòåðâàëi. Òîáòî, [µ∗, µ

∗] ⊂ σ(T ), ùî ñóïåðå÷èòü äèñêðåòíîñòi σ(T ). Îòîæ,
µ∗ = µ∗ = µ ∈ σ(T ). �

Òåîðåìà 2. Íåõàé {λεk}
+∞
k=1 òà {µk}+∞k=1 � ïîñëiäîâíîñòi âëàñíèõ çíà÷åíü çàäà÷

(2.1)�(2.2) òà (2.16)�(2.18), âiäïîâiäíî, çàíóìåðîâàíi â ïîðÿäêó çðîñòàííÿ ç óðà-

õóâàííÿì êðàòíîñòåé. Òîäi äëÿ áóäü-ÿêîãî ôiêñîâàíîãî k ∈ N âåëè÷èíè ε−1λεk çái-

ãàþòüñÿ äî µk ïðè ε→ 0 i

(5.3)
∣∣ε−1λεk − µk

∣∣ 6 C(k)ε.

Äîâåäåííÿ. Íåõàé µ � âëàñíå çíà÷åííÿ îïåðàòîðà T êðàòíîñòi m i íåõàé α > 0 òàêå,
ùî (µ − α; µ + α) ∩ σ(T ) = {µ}. Çà òåîðåìîþ VIII.23 [25] ç ðiâíîìiðíî¨ ðåçîëü-
âåíòíî¨ çáiæíîñòi ïðè ε → 0 îïåðàòîðiâ Tε(µ) äî T âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî
äîñòàòíüî ìàëîãî ε > 0 ñóìàðíà êðàòíiñòü òî÷îê ñïåêòðà îïåðàòîðà Tε(µ) ç ií-
òåðâàëó (µ − α; µ + α) äîðiâíþ¹ m. Ïîçíà÷èìî ¨õ, âðàõîâóþ÷è êðàòíiñòü, ÷åðåç
µε1, . . . , µ

ε
m i íåõàé ŵε,1, . . . , ŵε,m � âiäïîâiäíi îðòîíîðìîâàíi â H âëàñíi âåêòîðè, äå

ŵε,s = (wε,s; wε,s(a0)). Ïîòðiáíî ç'ÿñóâàòè, ùî ñóìàðíà êðàòíiñòü òî÷îê ñïåêòðà îïå-
ðàòîðà Lε âèõiäíî¨ çàäà÷i, ÿêi íàëåæàòü (µ− α; µ+ α), çà ìàëèõ ε äîðiâíþ¹ òàêîæ
m. Ùîá äîâåñòè, ùî âîíà íå ìåíøà íiæ m, ïîáóäó¹ìî m êâàçiìîä äëÿ îïåðàòîðà Lε

ç ìàëèìè íåâ'ÿçêîþ òà âiäõèëåííÿì âiä îðòîãîíàëüíîñòi i ñêîðèñòà¹ìîñÿ ÷àñòèíîþ
(iii) ëåìè 7.

Äëÿ áóäü-ÿêîãî s ∈ {1, . . . ,m} ôóíêöiÿ wε,s ¹ ðîçâ'ÿçêîì çàäà÷i

w′′ε,s + µεspwε,s = 0 íà Γ2, wε,s = 0 íà ∂Γ,

Ka(wε,s) = 0, a ∈ J2,

K0(wε,s) + µεsQ(εµ)wε,s(a0)− Λ12(εµ)K(wε,s) = 0,

Wε,s = −Λ21(εµ)wε,s(a0) + εΛ22(εµ)K(wε,s)
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íà ãðàôi Γ2. Íåõàé uε,s � ïðîäîâæåííÿ wε,s íà Γ, òàêå ùî çâóæåííÿ vε,s = uε,s|Γ1 ¹
ðîçâ'ÿçêîì çàäà÷i

(5.4)

v′′ε,s + εµqvε = 0 íà Γ1,

Ka(vε,s) = 0, a ∈ J1,

vε,s(a0) = wε,s(a0),

Kj(vε,s) = −εKj(wε,s), j = 1, . . . , r.

Ç îçíà÷åííÿ Λ(εµ) âèïëèâà¹, ùî

(5.5)

v′′ε,s + εµqvε = 0 íà Γ1,

w′′ε,s + µεspwε,s = 0 íà Γ2,

Ka(vε,s) = 0, a ∈ J1, wε,s = 0 íà ∂Γ, Ka(wε,s) = 0, a ∈ J2,

K0(vε,s) + εK0(wε,s) + ε(µεs − µ)Q(εµ)wε,s(a0) = 0

Kj(vε,s) + εKj(wε,s) = 0, j = 1, . . . , r,

vε,s(aj) = wε,s(aj) j = 0, 1, . . . , r.

Ïðèðîäíî m ïàð (εµ;uε,s) âçÿòè çà øóêàíi êâàçiìîäè äëÿ Lε, ïðîíîðìóâàâøè uε,s
â L2(ρ,Γ), àëå uε,s 6∈ D(Lε), îñêiëüêè K0(vε,s) + εK0(wε,s) 6= 0. Óñóíåìî íåâ'ÿçêó
ç äîïîìîãîþ ôóíêöi¨-êîðåêòîðà ç L2-íîðìîþ ïîðÿäêó ε. Ðîçãëÿíåìî ôóíêöiþ ψ ∈
C∞(Γ1) ç íîñi¹ì â îêîëi âåðøèíè a0, ÿêèé íå ìiñòèòü, êðiì a0, iíøèõ âåðøèí ãðàôà
Γ1, i òàêó, ùî ψ(a0) = 0, K0(ψ) = 1. Íåõàé

(5.6) ṽε,s = vε,s + ε(µεs − µ)Q(εµ)wε,s(a0)ψ, s = 1, . . . ,m.

Îñêiëüêè |wε,s(a0)| 6 ‖ŵε,s‖H = 1, òî ‖ṽε,s − vε,s‖L2(q,Γ1) 6 Cε. Ïðîäîâæåííÿ
Uε,s ôóíêöi¨ wε,s íà Γ1 ôóíêöi¹þ ṽε,s óæå íàëåæèòü D(Lε). Äîâåäåìî, ùî c 6
‖Uε,s‖L2(ρ,Γ) 6 C, äå ñòàëi c, C íå çàëåæàòü âiä ε òà s. Îñêiëüêè (5.5) � öå çàäà-
÷à (4.6)�(4.11) ç

f̂ = (f ; c) = (i+ µεs)ŵε,s = (i+ µεs)(wε,s;wε,s(a0)),

òî äëÿ vε,s ìîæíà âèêîðèñòàòè îöiíêè (4.15) ç öèì f̂ :

‖v′ε,s‖L2(Γ1) 6 C
√
ε‖ŵε,s‖H , ‖vε,s‖L2(q,Γ1) 6 C‖ŵε,s‖H .

Çâàæàþ÷è íà öå òà íà òåîðåìó ïðî ñëiä ôóíêöi¨, ìà¹ìî

M |wε,s(a0)|2 = M |vε,s(a0)|2 6 C1

(
‖vε,s‖2L2(Γ1) + ‖v′ε,s‖2L2(Γ1)

)
6

6 C2

(
‖vε,s‖2L2(q,Γ1) + ε‖ŵε,s‖2H

)
= C2

(
‖vε,s‖2L2(q,Γ1) + ε

)
,

çâiäêè

‖vε,s‖2L2(q,Γ1) −
M

C2
|wε,s(a0)|2 > −ε.

Òîäi

‖uε,s‖2L2(ρ,Γ) = ‖vε,s‖2L2(q,Γ1) + ‖wε,s‖2L2(p,Γ2) > −ε+ min

{
1;

M

C2

}
‖ŵε,s‖2H > C2

3 .

Ç iíøîãî áîêó,

‖uε,s‖2L2(ρ,Γ) = ‖vε,s‖2L2(q,Γ1) + ‖wε,s‖2L2(p,Γ2) 6 C
2
4‖ŵε,s‖2H = C2

4 .
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Îòæå, C3 6 ‖uε,s‖L2(ρ,Γ) 6 C4. Îñêiëüêè æ

‖Uε,s − uε,s‖L2(ρ,Γ) = ‖ṽε,s − vε,s‖L2(q,Γ1) 6 C5ε,

òî é c 6 ‖Uε,s‖L2(ρ,Γ) 6 C.

Íîðìîâàíi â L2(ρ,Γ) ôóíêöi¨ Uε,s ïîçíà÷èìî ÷åðåç Ũε,s i äîâåäåìî, ùî ñóêóï-
íiñòü (εµ, Ũε,s), s = 1, . . . ,m, ¹ øóêàíîþ ñiì'¹þ êâàçiìîä äëÿ îïåðàòîðà Lε. Äëÿ
áóäü-ÿêîãî s ∈ {1, . . . ,m} ìàòèìåìî LεŨε,s − εµŨε,s = fε,s, äå

fε,s = −ε(µεs − µ)‖Uε,s‖−1
L2(ρ,Γ) ·

{
(q−1ψ′′ + εµψ)Q(εµ)wε,s(a0) íà Γ1,

−wε,s íà Γ2.

Î÷åâèäíî ‖fε,s‖L2(Γ) 6 C6 ε|µεs − µ| 6 C6 αε. Ïðàâà ÷àñòèíà íåðiâíîñòi âèçíà÷à¹
íåâ'ÿçêó ïîáóäîâàíèõ äëÿ îïåðàòîðà Lε êâàçiìîä.

Ç'ÿñó¹ìî âiäõèëåííÿ âiä îðòîãîíàëüíîñòi ïîáóäîâàíî¨ ñiì'¨ êâàçiìîä. Äëÿ äî-
âiëüíèõ k, s ∈ {1, . . . ,m} ìà¹ìî

(uε,k, uε,s)L2(ρ,Γ) =
(
(wε,k, wε,s)L2(p,Γ2) +Mwε,k(a0)wε,s(a0)

)
+

+
(
(vε,k, vε,s)L2(q,Γ1) −Mvε,k(a0)vε,s(a0)

)
=

= (ŵε,k, ŵε,s)H + (vε,k, vε,s − vε,s(a0))L2(q,Γ1) +

+ (vε,k − vε,k(a0), vε,s(a0))L2(q,Γ1).

Îñêiëüêè äëÿ ðîçâ'ÿçêó vε,s çàäà÷i (5.4)

‖vε,s − vε,s(a0)‖L2(q,Γ1) 6 C7ε
(
µM |wε,s(a0)|+ |K(wε,s)|

)
,

à |wε,s(a0)|, |K(wε,s)| òà ‖vε,s‖L2(q,Γ1) îöiíþþòüñÿ ÷åðåç ‖ŵε,s‖H = 1, òî

|(uε,k, uε,s)L2(ρ,Γ)| 6 δks + C8ε

Çâiäñè, ÷åðåç òå ùî ‖Uε,s − uε,s‖L2(ρ,Γ) 6 C5ε i c 6 ‖Uε,s‖L2(ρ,Γ) 6 C, ñiì'ÿ êâàçiìîä

(εµ, Ũε,s), s = 1, . . . ,m, ¹ îðòîãîíàëüíîþ ç âiäõèëåííÿì C9ε.
Íåõàé C10 = max{C6, C9}. Òîäi çà ëåìîþ 7 ñóìàðíà êðàòíiñòü òî÷îê ñïåêòðà

îïåðàòîðà Lε ç iíòåðâàëó (µ − α; µ + α) íå ìåíøà çà m, ÿêùî C10(αµ−1 + 1)ε <
m. Äîâåäåìî, ùî âîíà äîðiâíþ¹ m. Òîáòî, äî âëàñíîãî çíà÷åííÿ µ êðàòíîñòi m
îïåðàòîðà T çáiãà¹òüñÿ ïðè ε → 0 ðiâíî m ïîñëiäîâíîñòåé ε−1λεk+i, i = 1, . . .m.
Ïðèïóñòèìî, ùî ¨õ ¹ áiëüøå. Òîäi iñíó¹ âëàñíå çíà÷åííÿ εµε îïåðàòîðà Lε, µε ∈
(µ − α; µ + α), âiäïîâiäíà íîðìîâàíà â L2(ρ,Γ), âëàñíà ôóíêöiÿ Ũε ÿêîãî ìà¹ ìàëå
âiäõèëåííÿ âiä îðòîãîíàëüíîñòi äî êîæíî¨ ç ôóíêöié Ũε,s, òîáòî

(Ũε,s, Ũε)L2(ρ,Γ) → 0 ïðè ε→ 0 äëÿ áóäü-ÿêîãî s ∈ {1, . . . ,m}.

Íåõàé Uε � ïåðåíîðìîâàíà ôóíêöiÿ Ũε òàê, ùî ‖ŵε‖H = 1 äëÿ çâóæåííÿ wε =

Uε|Γ2
. Âiäïîâiäíî, âiä ôóíêöié Ũε,s ïåðåéäåìî íàçàä äî ôóíêöié Uε,s, äëÿ ÿêèõ ÿêðàç

Uε,s|Γ2
= wε,s ç ‖ŵε,s‖H = 1. Îñêiëüêè c 6 ‖Uε,s‖L2(ρ,Γ) 6 C, òî

(Uε,s, Uε)L2(ρ,Γ) → 0 ïðè ε→ 0 äëÿ áóäü-ÿêîãî s ∈ {1, . . . ,m}.

Çàçíà÷èìî, ùî (µεs, ŵε,s) � ìîäè äëÿ îïåðàòîðà Tε(µ) à (µ, ŵε,s) � êâàçiìîäè ç
íåâ'ÿçêîþ |µεs − µ| ‖ŵε,s‖H = |µεs − µ| äëÿ íüîãî.
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Íàøà ìåòà � ïîáóäóâàòè ùå îäíó êâàçiìîäó äëÿ îïåðàòîðà Tε(µ) ç áåçìåæíî
ìàëèìè íåâ'ÿçêîþ i âiäõèëåííÿì âiä îðòîãîíàëüíîñòi äî m êâàçiìîä (µ, ŵε,s). Öå
îçíà÷àëî á, ùî âèìiðíiñòü ñïåêòðàëüíîãî ïðîåêòîðà, ÿêèé âiäïîâiäà¹ iíòåðâàëó (µ−
α, µ+α), îïåðàòîðà Tε(µ) íå ìåíøà, íiæ m+ 1 (ëåìà 7). Îäíàê, ç îãëÿäó íà ðiâíî-
ìiðíó ðåçîëüâåíòíó çáiæíiñòü ïðè ε→ 0 ñiì'¨ îïåðàòîðiâ Tε(µ) äî T , öÿ âèìiðíiñòü
äîðiâíþ¹ m � êðàòíîñòi âëàñíîãî çíà÷åííÿ µ îïåðàòîðà T . Îäåðæàíà ñóïåðå÷íiñòü
çàâåðøèëà á äîâåäåííÿ òåîðåìè. Îöiíêà (5.3) áóëà á íàñëiäêîì ÷àñòèíè (i) ëåìè 7.

Ïðèðîäíî çà çãàäàíó êâàçiìîäó âçÿòè ïàðó (µ, ŵε), àëå íàçàãàë ŵε íå íàëåæèòü
îáëàñòi âèçíà÷åííÿ îïåðàòîðà Tε(µ). Íàòîìiñòü, çãiäíî ç ëåìîþ 5, çà óìîâè εµε ∈ E
ïàðà (µε, ŵε) ¹ ìîäîþ îïåðàòîðà Tε(µ

ε). Òîáòî, ŵε ∈ D(Tε(µ
ε)) i wε òà µε ¹ ðîçâ'ÿçêîì

çàäà÷i (3.20)�(3.23). Öå îçíà÷à¹, ùî ñïðàâäæóþòüñÿ ðiâíîñòi (3.19), ÿêi ïåðåïèøåìî
ó âèãëÿäi

w′′ε + µpwε = (µ− µε)pwε íà Γ2, wε = 0 íà ∂Γ,

Ka(wε) = 0, a ∈ J2,

K0(wε)− Λ12(εµ)K(wε) + µQ(εµ)wε(a0) = (µ− µε)Q(εµ)wε(a0) + Ψε,1(wε),

Wε + Λ21(εµ)wε(a0)− εΛ22(εµ)K(wε) = Ψε,2(wε),

äå

Ψε,1(wε) = −(Λ12(εµ)− Λ12(εµε))K(wε) + µε(Q(εµ)−Q(εµε))wε(a0),

Ψε,2(wε) = (Λ21(εµ)− Λ21(εµε))wε(a0)− ε(Λ22(εµ)− Λ22(εµε))K(wε).

Ïðàâà ÷àñòèíà Ψε,2(wε) îñòàííüî¨ ç ïåðåïèñàíèõ ðiâíîñòåé � íåâ'ÿçêà, ÿêà çà-
âàäèòü íàëåæíîñòi ŵε = (wε, wε(a0)) äî D(Tε(µ)). Çàçíà÷èìî, ùî

|Ψε,k(wε)| 6 Cε |µε − µ| ‖ŵε‖H = Cε |µε − µ| , k = 1, 2.

Çàìiñòü wε ðîçãëÿíåìî ñóìó w∗ε = wε+yε, äå ôóíêöiÿ yε óñóâà¹ çãàäàíó íåâ'ÿçêó
Ψ2
ε(wε) i âîäíî÷àñ Ψ1

ε(wε). Çà òàêèé êîðåêòîð ïðèéìåìî ðîçâ'ÿçîê çàäà÷i

y′′ε + ϑp yε = 0 íà Γ2, yε = 0 íà ∂Γ,

Ka(yε) = 0, a ∈ J2,

K0(yε)− Λ12(εµ)K(yε) + ϑQ(εµ)yε(a0) = −Ψε,1(wε),

Yε + Λ21(εµ)yε(a0)− εΛ22(εµ)K(yε) = −Ψε,2(wε),

ÿêèé iñíó¹ i ¹äèíèé, ÿêùî ÷èñëî ϑ íå íàëåæèòü ñïåêòðó îïåðàòîðà Tε(µ). Íàäàëi
óòî÷íèìî iíôîðìàöiþ ùîäî íüîãî. Îòîæ, òåïåð ñóìà w∗ε = wε+yε íàëåæèòü D(Tε(µ))
i, íåâàæêî ïåðåêîíàòèñÿ, çàäîâîëüíÿ¹ ðiâíîñòi

w∗ε
′′ + µpw∗ε = (µ− µε)pwε + (µ− ϑ)p yε íà Γ2,

w∗ε = 0 íà ∂Γ, Ka(w∗ε) = 0, a ∈ J2,

K0(w∗ε)− Λ12(εµ)K(w∗ε) + µQ(εµ)w∗ε(a0) =

= (µ− µε)Q(εµ)wε(a0) + (µ− ϑ)Q(εµ)yε(a0),

W∗ε + Λ21(εµ)w∗ε(a0)− εΛ22(εµ)K(w∗ε) = 0,

àáî â îïåðàòîðíié ôîðìi � ðiâíÿííÿ

Tε(µ)ŵ∗ε − µpŵ∗ε = (µ− µε)ŵε + (µ− ϑ)ŷε.
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Óòî÷íèìî âèáið ÷èñëà ϑ. Íåõàé

dist
(
ϑ, σ(Tε(µ))

)
> |µε − µ| .

Çàóâàæèìî, ùî ç çàäà÷i äëÿ yε îòðèìà¹ìî

‖ŷε‖H 6
C
(
|Ψε,1(wε)|+ |Ψε,2(wε)|

)
dist

(
ϑ, σ(Tε(µ))

) 6
Cε |µε − µ|
|µε − µ|

= Cε.

Òîáòî, êîðåêòîð ìàëèé i ïðàâà ÷àñòèíà îïåðàòîðíîãî ðiâíÿííÿ ìàëà

|(µ− µε)ŵε + (µ− ϑ)ŷε| 6 |µ− µε|+ C |µ− ϑ| ε→ 0, ε→ 0.

Îòæå, ïàðà (µ, ŵ∗ε) (ââàæà¹ìî, ùî ‖ŵ∗ε‖H = 1) ¹ êâàçiìîäîþ äëÿ îïåðàòîðà Tε(µ)

ç áåçìåæíî ìàëîþ ïðè ε → 0 íåâ'ÿçêîþ. �¨ ìàéæå îðòîãîíàëüíiñòü äî êîæíî¨ ç
êâàçiìîä (µ, ŵε,s) ìîæíà äîâåñòè äîñòåìåííî òàê, ÿê âèùå ìàéæå îðòîãîíàëüíiñòü
ñiì'¨ ôóíêöié uε,s. Ó ïiäñóìêó äëÿ áóäü-ÿêîãî s ∈ {1, . . . ,m}

(Uε,s, Uε)L2(ρ,Γ) = (wε,s, wε)L2(p,Γ2) + (ṽε,s, vε)L2(q,Γ1) = (ŵε,s, ŵε)H +O(ε),

äå vε = Uε|Γ1 , à ṽε,s âèçíà÷åíî â (5.6). Îñêiëüêè ŵε = ŵ∗ε − ŷε ç ‖ŷε‖H 6 Cε, òî

(Uε,s, Uε)L2(ρ,Γ) = (ŵε,s, ŵ
∗
ε)H +O(ε), ε→ 0.

Çâiäñè (ŵε,s; ŵ
∗
ε)H → 0 ïðè ε → 0, áî (Uε,s, Uε)L2(ρ,Γ) → 0 ïðè ε → 0 çà ïðèïóùåí-

íÿì. Êâàçiìîäó äëÿ îïåðàòîðà Tε(µ), ÿêà ïðèçâîäèòü äî ñóïåðå÷íîñòi, ïîáóäîâàíî.
Òåîðåìó äîâåäåíî. �

5.3. Âëàñíi ïiäïðîñòîðè. Íåõàé µ � âëàñíå çíà÷åííÿ îïåðàòîðà T ãðàíè÷íî¨ çà-
äà÷i (2.16)�(2.18), Wµ � âiäïîâiäíèé âëàñíèé ïiäïðîñòið â H = L2(p,Γ2) × C, à Wµ

� éîãî ïðîåêöiÿ íà L2(p,Γ2). Íåõàé {λε} ñóêóïíiñòü òèõ âëàñíèõ çíà÷åíü îïåðàòîðà
Lε âèõiäíî¨ çàäà÷i (2.1)�(2.2), äëÿ ÿêèõ ε−1λε → µ ïðè ε → 0, à Uεµ � ïiäïðîñòið â
L2(ρ,Γ), ïîðîäæåíèé âiäïîâiäíèìè âëàñíèìè âåêòîðàìè Lε. Îäíàê ìè íå ìîæåìî
ðîçãëÿäàòè Wµ ÿê àïðîêñèìàöiþ ïiäïðîñòîðó Uεµ, îñêiëüêè öå ïiäïðîñòîðè ðiçíèõ
ïðîñòîðiâ. Âëàñíi ôóíêöi¨ çàäà÷i (2.16)�(2.18) íàáóâàþòü òîãî ñàìîãî çíà÷åííÿ ó
âåðøèíàõ ç J0, òîìó ïðîäîâæèìî çà íåïåðåðâíiñòþ êîæíó ôóíêöiþ w ç Wµ ñòàëîþ
w(a0) íà Γ1. Îäåðæèìî ïiäïðîñòið Uµ ⊂ L2(ρ,Γ) òi¹¨ æ âèìiðíîñòi: dimUµ = dimWµ.
Çãiäíî ç òåîðåìîþ 2 i dimUεµ = dimUµ çà äîñèòü ìàëèõ ε.

Ðåçîííî ïðèïóñòèòè, ùî ïiäïðîñòîðè Uµ òà Uεµ â ïåâíîìó ñåíñi ìàëî âiäðiçíÿþ-
òüñÿ i íàøîþ ìåòîþ áóäå îöiíèòè öþ ðiçíèöþ. Ìiðó àïðîêñèìàöi¨ Uεµ ïiäïðîñòîðîì
Uµ ìîæíà âèðàçèòè â òåðìiíàõ ðîçõèëó ìiæ ïiäïðîñòîðàìè.

Îçíà÷åííÿ 2. Íåõàé PW i PU � îðòîãîíàëüíi ïðîåêòîðè íà âiäïîâiäíi ïiäïðîñòîðè
W i U ãiëüáåðòîâîãî ïðîñòîðó H. Ðîçõèëîì ìiæ öèìè ïiäïðîñòîðàìè íàçèâà¹òüñÿ
âåëè÷èíà

ΘH(W,U) = ‖PW − PU‖ = sup
‖u‖H=1

‖(PW − PU )u‖H .

Îöiíêà ðîçõèëó ìiæ ïiäïðîñòîðàìè W òà U ïðîñòîðó H  ðóíòó¹òüñÿ íà òàêié
ëåìi.
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Ëåìà 9 ([26]). Íåõàé dimW = dimU = m < ∞ i äëÿ äîâiëüíîãî âåêòîðà w ∈ W ,

‖w‖H = 1, iñíó¹ âåêòîð u ∈ U , ‖u‖H = 1 òàêèé, ùî ‖w − u‖H 6 β, äå 0 < β < m−1.

Òîäi

ΘH(W,U) 6 Cβ,

äå ñòàëà C çàëåæèòü ëèøå âiä m.

Ó íàñòóïíié òåîðåìi äîâåäåíî, ùî ïiäïðîñòîðè Uεµ òà Uµ âiäðiçíÿþòüñÿ â çàçíà-
÷åíîìó ñåíñi ìàëî i âñòàíîâëåíî îöiíêó ðîçõèëó ìiæ íèìè.

Òåîðåìà 3. Íåõàé µ � äîâiëüíà òî÷êà ñïåêòðà îïåðàòîðà T . Òîäi äëÿ ïiäïðîñòîðiâ

Uµ òà Uεµ ïðîñòîðó L2(ρ,Γ) ñïðàâäæó¹òüñÿ íåðiâíiñòü

ΘL2(ρ,Γ)(Uµ, U
ε
µ) 6 C(µ)ε.

ßêùî µk i wk � ïðîñòå âëàñíå çíà÷åííÿ i âiäïîâiäíèé âëàñíèé âåêòîð îïåðàòîðà

T , òî âëàñíèé âåêòîð uε,k îïåðàòîðà Lε çáiãà¹òüñÿ â L2(ρ,Γ) äî ôóíêöi¨ uk, ÿêà
¹ ïðîäîâæåííÿì wk çà íåïåðåðâíiñòþ ñòàëîþ íà ïiäãðàô Γ1 ãðàôà Γ i

‖uε,k − uk‖L2(ρ,Γ) 6 C(k)ε.

Äîâåäåííÿ. Ç îãëÿäó íà ëåìó 9, òðåáà äîâåñòè, ùî äëÿ áóäü-ÿêîãî íîðìîâàíîãî â
L2(ρ,Γ) åëåìåíòà u ∈ Uµ iñíó¹ íîðìîâàíèé ó öüîìó æ ïðîñòîði åëåìåíò u∗ε ∈ Uεµ
òàêèé, ùî ‖u∗ε − u‖L2(ρ,Γ) 6 Cε, äå ñòàëà C çàëåæèòü âiä m = dimUµ i µ. Iñíóâàííÿ
åëåìåíòà u∗ε çàáåçïå÷ó¹ òâåðäæåííÿ (ii), ñôîðìóëüîâàíå â ëåìi 7. Äîâåäåìî öå.

Íåõàé u � äîâiëüíèé íîðìîâàíèé â L2(ρ,Γ) åëåìåíò ïiäïðîñòîðó Uµ. Çà êâàçi-
ìîäó ç ëåìè 7 äëÿ Lε ìîæíà áóëî á âçÿòè (εµ, u), îäíàê çàãàëîì ôóíêöi¨ ç Uµ íå íà-
ëåæàòü îáëàñòi âèçíà÷åííÿ îïåðàòîðà Lε: çàìiñòü óìîâ òðàíñìiñi¨ Kj(v) = −εKj(w)
ñïðàâäæóþòüñÿ ðiâíîñòi Kj(v) = 0, j = 0, 1, . . . , r. Òîìó ïiäïðàâèìî ôóíêöiþ u, íå
ïîðóøóþ÷è óìîâ íåïåðåðâíîñòi ó âåðøèíàõ ç J0, àëå çàáåçïå÷èâøè âèêîíàííÿ óìîâ
òðàíñìiñi¨ i ùîá ïîïðàâêà áóëà ìàëîþ çà íîðìîþ â L2(ρ,Γ). Ôóíêöiþ-êîðåêòîð zε
áóäó¹ìî òàê, ùî ïîïðàâêà ηε = zε|Γ1 óñóíå íåâ'ÿçêó â óìîâàõ òðàíñìiñi¨ ó âåðøèíàõ ç
J0, à íåâ'ÿçêó, ùî âèíèêëà ó öüîìó âèïàäêó â óìîâàõ íåïåðåðâíîñòi, íå ïîðóøóþ÷è
óìîâ òðàíñìiñi¨, óñóíå ζε = zε|Γ2

.
Ïðèéìåìî ηε = εη, äå η � ðîçâ'ÿçîê çàäà÷i

η′′ + µqw(a0) = 0 íà Γ1,

Ka(η) = 0, a ∈ J1, Ka(η) = −Ka(w), a ∈ J0,

ÿêèé iñíó¹, îñêiëüêè ñïðàâäæó¹òüñÿ óìîâà ñóìiñíîñòi. Ñïðàâäi,

0 =

∫
Γ1

(η′′ + µqw(a0)) dΓ1 =
∑
a∈J0

Ka(w) + µMw(a0) = 0.

Îñòàííÿ ðiâíiñòü ïðàâèëüíà, áî ¨¨ çàäîâîëüíÿ¹ ôóíêöiÿ w (äèâ. (2.17)).
Ïîäiáíî íåõàé ζε = εζ íà Γ2, äå ζ ∈ C∞(Γ2) � ôóíêöiÿ òèïó çðiçêè ç íîñi¹ì â

îêîëàõ âåðøèí ç J0, ÿêà ¹ ïðîäîâæåííÿì íà Γ2 çà íåïåðåðâíiñòþ ôóíêöi¨ η òàêèì,
ùî Ka(ζ) = 0 ó âåðøèíàõ ç J0.

Çà ïîáóäîâîþ êîðåêòîð zε ∈ C∞(Γ) ìà¹ ïîòðiáíi íàì âëàñòèâîñòi: ôóíêöiÿ ũε =
u+ zε ∈ D(Lε), ‖zε‖L2(ρ,Γ) 6 Cε, à ‖ũε‖L2(ρ,Γ) = 1 +O(ε), ε→ 0.
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Íåõàé uε = cũε, äå c = ‖ũε‖−1
L2(ρ,Γ) � íîðìóâàëüíèé ìíîæíèê. Çà êâàçiìîäó

äëÿ îïåðàòîðà Lε ïðèéìåìî (εµ, uε) i ç'ÿñó¹ìî ¨¨ íåâ'ÿçêó. Äëÿ äîâiëüíî¨ ôóíêöi¨
ϕ ∈ L2(ρ,Γ) ìàòèìåìî∣∣(Lεuε − εµuε, ϕ)L2(ρ,Γ)

∣∣ = c
∣∣((κεũ′ε)′ + εµρũε, ϕ

)
L2(Γ)

∣∣ =

= c
∣∣(v′′ + εµqv, ϕ

)
L2(Γ1)

+ ε
(
w′′ + µpw, ϕ

)
L2(Γ2)

+

+ ε
(
η′′ + εµqη, ϕ

)
L2(Γ1)

+ ε2
(
ζ ′′ + µp ζ, ϕ

)
L2(Γ2)

∣∣.
Îñêiëüêè v ≡ w(a0), w′′ + µpw ≡ 0, η′′ = −µqw(a0), òî∣∣(Lεuε − εµuε, ϕ)L2(ρ,Γ)

∣∣ =

= cε2
∣∣µ(qη, ϕ)

L2(Γ1)
+
(
ζ ′′ + µp ζ, ϕ

)
L2(Γ2)

∣∣ 6 C1ε
2 ‖ϕ‖L2(ρ,Γ) .

Çâiäñè

‖Lεuε − εµuε‖L2(ρ,Γ) 6 C1ε
2.

Îòæå, (εµ, uε) ¹ êâàçiìîäîþ äëÿ îïåðàòîðà Lε ç íåâ'ÿçêîþ C1ε
2 i çàñòîñóâàâøè ÷à-

ñòèíè (ii) ëåìè 7 äî îïåðàòîðà Lε, òðåáà ïðèéíÿòè δ = C1ε
2. Íåõàé α > 0 � òàêå,

ùî iíòåðâàë [µ − α; µ + α] íå ìiñòèòü âiäìiííèõ âiä µ òî÷îê ν ñïåêòðà îïåðàòîðà
T . Çà ÷èñëà λ i d ç ëåìè âiçüìåìî, âiäïîâiäíî, λ = εµ òà d = αε; îòæå, â iíòåðâàëi
[εµ − d; εµ + d] íåìà¹ òî÷îê âèãëÿäó εν, äå ν ∈ σ(T ) \ {µ}. Òîäi, çãiäíî ç ÷àñòèíîþ
(ii) ëåìè 7, iñíó¹ ôóíêöiÿ u∗ε ∈ Uεµ, ‖u∗ε‖L2(ρ,Γ) = 1 òàêà, ùî

‖uε − u∗ε‖L2(ρ,Γ) 6 δd
−1 =

C1ε
2

αε
= C2ε.

Îñêiëüêè ‖u− uε‖L2(ρ,Γ) 6 C3ε, òî ‖u− u∗ε‖L2(ρ,Γ) 6 C4ε i òîäi çà ëåìîþ 9

ΘL2(ρ,Γ)(Uµ, U
ε
µ) 6 Cε.

Ïðàâèëüíiñòü ôîðìóëþâàííÿ òåîðåìè ùîäî âèïàäêó ïðîñòèõ âëàñíèõ çíà÷åíü
µ îïåðàòîðà T ¹ ïðÿìèì íàñëiäêîì äîâåäåíîãî âèùå, àáî æ òâåðäæåííÿ (ii) ëåìè 7
â ÷àñòèíi, ùî ñòîñó¹òüñÿ ïðîñòîãî âëàñíîãî çíà÷åííÿ îïåðàòîðà A.
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ASYMPTOTIC PROPERTIES OF A STIFF SPECTRAL PROBLEM
FOR THE LAPLAS OPERATOR ON A GEOMETRIC GRAPH

Hennadii HRABCHAK

Ivan Franko National University of Lviv,

Universitetska Str., 1, 79000, Lviv, Ukraine

e-mail: hrabchak_1999@yahoo.com

We study the asymptotic behavior of eigenvalues and eigenfunctions of
a sti� spectral problem for the Laplace operator on a geometric graph. In a
mechanical interpretation, the problem describes the proper vibrations of a
network-like system of �exible elastic strings, which consists of two parts with
sharply contrasting rigidities but with the linear densities of the same order.
The leading terms of the asymptotics of eigenvalues and eigenfunctions are
constructed. The justi�cation of the asymptotic approximations is based on
the fact of the uniform resolvent convergence of a certain family of unbounded
self-adjoint operators to the operator of the boundary problem.

Key words: geometric graph, di�erential equations on graphs, singular
perturbations, sti� problem, spectrum, eigenvalues, asymptotic, uniform
resolvent convergence.
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