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We prove some properties of power series expansion of analytic functi-
ons in D × C having bounded L-index in joint variables, where L(z, w) =
(l1(z, w), l2(z, w)) with lj : D × C → R+ (j ∈ {1, 2}) are positive continuous
functions and l1(z, w) > β/(1 − |z|) for all (z, w) ∈ D × C and some β > 1.
Moreover, we provide growth estimates of these function class. They descri-
be the behavior of logarithm of maximum modulus of analytic function on a
skeleton in a bidisc by behavior of the function L. These estimates are sharp
in a general case. The presented results are based on bidisc exhaustion of the
Cartesian product of the unit disc and complex plane.

Key words: analytic function, bounded index in joint variables, unit disc,
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1. Introduction

We need some standard notation. Denote R+ = (0,+∞), 0 = (0, 0), 1 = (1, 1),
e1 = (1, 0), e2 = (0, 1). R = (r1, r2) ∈ R2

+, (z, w) ∈ D × C. For A = (a1, a2) ∈ R2,
B = (b1, b2) ∈ R2 we will use formal notations without violation of the existence of

these expressions AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), AB = ab11 a
b2
2 . The notation

A < B means that aj < bj , j ∈ {1, 2}; the relation A 6 B is de�ned similarly. For
K = (k1, k2) ∈ Z2

+ denote ‖K‖ = k1 + k2, K! = k1! · k2!.
For z ∈ C2 and w ∈ C2 we de�ne

〈z, w〉 = z1w1 + z2w2,
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where wk is the complex conjugate of wk.
For (z0, w0) ∈ D× C we denote

D2((z0, w0), R) := {(z, w) ∈ D× C : |z − z0| < r1, |w − w0| < r2}

the bidisc, its skeleton

T2((z0, w0), R) := {(z, w) ∈ D× C : |z − z0| = r1, |w − w0| = r2}

and

D2[(z0, w0), R] := {(z, w) ∈ D× C : |z − z0| ≤ r1, |w − w0| ≤ r2}
the closed bidisc, D = {z ∈ C : |z| < 1}. For K = (k1, k2) ∈ Z2

+, (z, w) ∈ D× C and the
partial derivatives of function F (z) = F (z, w) we use the notation

F (K)(z, w) =
∂‖K‖F (z, w)

∂zk1∂wk2
=
∂k1+k2F (z, w)

∂zk1∂wk2
.

Let L(z, w) = (l1(z, w), l2(z, w)), where lj(z) : D × C → R+ are continuous functions
(j ∈ {1, 2}).

An analytic function F : D× C→ C is called ([1�3]) a function of bounded L-index
(in joint variables), if there exists n0 ∈ Z+ such that for all (z, w) ∈ D × C and for all
J ∈ Z2

+

(1)
|F (J)(z, w)|
J !LJ(z, w)

6 max
‖K‖6n0

|F (K)(z, w)|
K!LK(z, w)

.

The least such integer n0 is called the L-index in joint variables of the function F and is
denoted by N(F,L,D×C) = n0. It is an analog of the de�nition of an analytic function of
bounded L-index in joint variables (see de�nitions for various classes of analytic functions
in [5, 7�9,14,15,17]).

By Q(D× C) we denote the class of functions L which satisfy the conditions

(∀(z, w) ∈ D× C) : l1(z, w) > β/(1− |z|),(2)

(∀r1 ∈ [0, β], ∀r2 ∈ (0,+∞)) :(3)

0 < λ1,j(R) 6 λ2,j(R) < +∞,

where β > 1 is some constant, and

λ1,j((z0, w0), R) = inf
(z,w)∈D2[(z0,w0),R/L(z0,w0)]

lj(z, w)/lj(z0, w0)

λ2,j((z0, w0), R) = sup
(z,w)∈D2[(z0,w0),R/L(z0,w0)]

lj(z, w)/lj(z0, w0),

λ1,j(R) = inf
(z0,w0)∈D×C

λ1,j((z0, w0), R),

λ2,j(R) = sup
(z0,w0)∈D×C

λ2,j((z0, w0), R), j ∈ {1, 2}.

A similar condition was used for other classes of analytic functions of bounded index as
one so several variables [13,18,19].

For an analytic function F (z) we put

M(R, z0, F ) = max{|F (z)| : z ∈ T2(z0, R)}.
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The following theorems were obtained in [3].

Theorem 1 ( [3]). Let L ∈ Q(D × C). If an analytic function F : D × C → C has
bounded L-index in joint variables then for any R′, R′′ ∈ B2, R′ < R′′, there exists
p1 = p1(R′, R′′) > 1 such that for each z0 ∈ D× C

M
(
R′′/L(z0), z0, F

)
6p1M

(
R′/L(z0), z0, F

)
.(4)

Theorem 2 ([3]). Let L ∈ Q(D×C). An analytic function F : D×C→ C has bounded
L-index in joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each
z ∈ D× C the inequality

max

{
|F (j1,j2)(z)|
lj11 (z)lj22 (z)

: j1 + j2 = p+ 1

}
≤

6 cmax

{
|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: k1 + k2 6 p

}
(5)

holds.

In view of Theorems 1 and 2 the authors wrote the following sentence: �Analogs of
Theorems 1 and 2 were used [6, 16] to obtain growth estimates of analytic functions in
the unit ball of bounded L-index in joint variables and to deduce su�cient conditions
of index boundedness for analytic solutions in the unit bidisc of some system of partial
di�erential equations. It is natural to pose similar questions for functions analytic in the
domain D× C :�

Problem 1. What are growth estimates analytic functions in D×C of bounded L-index
in joint variables?

A complete answer to the question is our main goal in the paper. But in order to
achieve this goal we will also study property of power series expansion of functions which
are analytic in D× C.

2. Properties of power series expansion of analytic functions

in D× C.

Let (z0, w0) ∈ D× C. We develop an analytic function F : D× C→ C in the power
series written in a diagonal form

F (z, w) =

∞∑
k=0

pk(z − z0, w − w0) =

∞∑
k=0

∑
j1+j2=k

bj1,j2(z − z0)j1(w − w0)j2 ,(6)

where pk are homogeneous polynomials of k-th degree, bJ = bj1,j2 =
F (J)(z0, w0)

J !
.

A polynomial pk0
, k0 ∈ Z+, is called a dominating polynomial in the power series expansi-

on (6) on T2((z0, w0), R) if for every (z, w) ∈ T2((z0, w0), R) the inequality∣∣∣∣ ∑
k 6=k0

pk(z − z0, w − w0)

∣∣∣∣ 6 1

2
max{|bj1,j2 |r

j1
1 r

j2
2 : j1 + j2 = k0}
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holds. Recently, there were obtained propositions on properties of the main polynomial for
entire functions ([10]), for analytic function in a bidisc ([12]) and for analytic functions in
the unit ball [6]. Below we will deduce analogs of these propositions for analytic functions
in the Cartesian product of unit disc and complex plane.

Theorem 3. Let L ∈ Q(D × C). If an analytic function F : D × C → C has bounded

L-index in joint variables then there exists p ∈ Z+ that for all d ∈
(

0; β√
2

]
there exists

η(d) ∈ (0; d) such that for each (z0, w0) ∈ D× C and some r = r(d, (z0, w0)) ∈ (η(d), d),
k0 = k0(d, (z0, w0)) 6 p the polynomial pk0 is a dominating polynomial in series (6) on

T2
(

(z0, w0), r1
L(z0,w0)

)
.

Proof. Our proof is similar to the proof of the mentioned proposition from [6,10,12]. We
repear considerations from those papers with some modi�cations. Let F be an analytic
function of bounded L-index in joint variables with N = N(F,L,D×C) < +∞ and n0 be
the L-index in joint variables at a point (z0, w0) ∈ D×C, i.e. n0 is the least number, for
which inequality (1) holds at the point (z0, w0). Then for each (z0, w0) ∈ D×C n0 6 N .

We put

a∗J =
|bJ |

LJ(z0, w0)
=
|F (J)(z0, w0)|
J !LJ(z0, w0)

,

ak = max{a∗J : ‖J‖ = k}, c = 2{(N + 3)!3! + (N + 1)CNN+1}.

Let d ∈
(

0; β√
2

]
be an arbitrary number. We also denote rm =

d

(d+ 1)cm
, µm =

max{akrkm : k ∈ Z+}, sm = min{k : akr
k
m = µm} for m ∈ Z+.

Since (z0, w0) ∈ D× C is a �xed point the inequality a∗K 6 max{a∗J : ‖J‖ 6 n0} is
valid for all K ∈ Z2

+. Then ak 6 an0
for all k ∈ Z+. Hence, for all k > n0, in view of

r0 < 1, we have akr
k
0 < an0

rn0
0 . This implies s0 6 n0. Since crm = rm−1, we obtain that

for each k > sm−1 (rm−1 < 1)

(7) asm−1r
sm−1
m = asm−1r

sm−1

m−1 c
−sm−1 > akr

k
m−1c

−sm−1 = akr
k
mc

k−sm−1 > cakr
k
m.

It yields that sm 6 sm−1 for all m ∈ N. Thus, we can rewrite

µ0 = max{akrk0 : k 6 n0}, µm = max{akrkm : k 6 sm−1}, m ∈ N.

Let us introduce additional notations for m ∈ N

µ∗0 = max
{
akr

k
0 : s0 6= k 6 n0

}
, s∗0 = min{k : k 6= s0, akr

k
0 = µ∗0},

µ∗m = max{akrkm : sm 6= k 6 sm−1}, s∗m = min{k : k 6= sm, akr
k
m = µ∗m}.

We will show that there exists m0 ∈ Z+ such that

(8)
µ∗m0

µm0

6
1

c
.

Suppose that for all m ∈ Z+ the inequality

(9)
µ∗m
µm

>
1

c
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holds. If s∗m < sm (s∗m 6= sm in view of de�nition) then we have

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs
∗
m

=
µ∗m
cs
∗
m
>

µm
cs
∗
m+1

=
asmr

sm
m

cs
∗
m+1

=
asmr

sm
m+1

cs
∗
m+1−sm

> asmr
sm
m+1.

Besides, for every k > s∗m, k 6= sm, (i. e., k − 1 > s∗m) it can be deduced similarly that

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs
∗
m
>
akr

k
m

cs
∗
m
>
akr

k
m

ck−1
= cakr

k
m+1.

Hence, as∗mr
s∗m
m+1 > akr

k
m+1 for all k > s∗m. Then

(10) sm+1 6 s
∗
m 6 sm − 1.

On the contrary, if sm < s∗m 6 sm−1, then the equality sm+1 = sm may hold. Indeed, by
de�nition sm+1 6 sm. It means that the speci�ed equality is possible. But if sm+1 < sm
then sm+1 6 sm − 1 (they are natural numbers!). Hence, we obtain (10).

Thus, the inequalities s∗m+1 6 sm and s∗m 6= sm+1 imply that s∗m+1 < sm+1. As
above instead of (10) we have

sm+2 6 s
∗
m+1 6 sm+1 − 1 = sm − 1.

Therefore, if for all m ∈ Z+ (9) holds, then for every m ∈ Z+ either sm+2 6 sm+1 6
sm − 1 or sm+2 6 sm − 1 holds, that is sm+2 6 sm − 1, because sm+2 6 sm+1. It follows
that

sm6sm−2 − 1 6 . . . 6 sm−2[m/2] − [m/2] 6 s0 − [m/2] 6 n0 − [m/2] 6 N − [m/2].

In other words, sm < 0 for m > 2N + 1, which is impossible. Therefore, there exists
m0 6 2N + 1 such that (8) holds. We put r = rm0 , η(d) = d

(d+1)c2(N+1) , p = N and

k0 = sm0 . Then for all ‖J‖ 6= k0 = sm0 in T2
(

(z0, w0), r1
L(z0,w0)

)
, in view (7) and (8) we

obtain

|bJ ||(z − z0)j1(w − w0)j2 | = a∗Jr
‖J‖ 6 a‖J‖r

‖J‖ 6
1

c
asm0

r
sm0
m0 =

1

c
ak0

rk0 .

Thus, for (z, w) ∈ T2
(

(z0, w0), r1
L(z0,w0)

)
∣∣∣∣∣∣
∑
‖J‖6=k0

bJ(z − z0)j1(w − w0)j2

∣∣∣∣∣∣ 6
∑
‖J‖6=k0

a∗jr
‖J‖ 6

∞∑
k=0,
k 6=k0

akC
k
k+1r

k =

=

sm0−1∑
k=0,
k 6=sm0

akC
k
k+1r

k +

∞∑
k=sm0−1+1

akC
k
k+1r

k.(11)

We will estimate two sums in (11). From (8) it follows that µ∗m0
6 1

cµm0
or

max{akrkm0
: k 6= sm0

, k ≤ sm0−1} 6
1

c
max{akrkm0

: k 6= sm0
, k 6 sm0−1},
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i. e. akr
k 6 1

cak0r
k0 . Taking into account (10), it can be deduced that

(12)

sm0−1∑
k=0,
k 6=sm0

akC
k
k+1r

k 6
ak0

rk0

c

N∑
k=0

Ckk+1 6
ak0

rk0

c
(N + 1)CNN+1.

For all k > sm0−1 + 1 akr
k
m0−1 6 µm0−1 holds. Then akr

k
m0

=
akr

k
m0−1

ck
6

µm0−1

ck
. In view

of (8) we deduce

∞∑
k=sm0−1+1

akC
k
k+1r

k 6 µm0−1

∞∑
k=sm0−1+1

Ckk+1

1

ck
6

6 asm0−1
r
sm0−1
m0 csm0−1

∑
k=sm0−1+1

(k + 1)(k + 2)
1

ck
6

6
asm0

rsm0

c
csm0−1

( ∞∑
k=sm0−1+1

xk+2

)(2)
∣∣∣∣∣
x=1

c

=
ak0

rk0

c
csm0−1

{
xsm0−1+3

1−x

}(2)
∣∣∣∣∣
x= 1

c

=

=
ak0

rk0

c
csm0−1

n∑
j=0

Cj2(2− j)!(sm0−1 + 3) . . . (sm0−1 − j + 4)×

× xsm0−1+3−j

(1− x)3−j

∣∣∣∣
x= 1

c

6
ak0r

k0

c
csm0

−12!(N + 3)!

2∑
j=0

(1/c)sm0−1+3−j

(1− 1/c)3−j =

= 2!(N + 3)!
ak0r

k0

c

2∑
j=0

1

(c− 1)3−j 6 3!(N + 3)!
ak0r

k0

c
,(13)

because c > 2. Hence, from (11)�(13) it follows that∣∣∣∣∣∣
∑
‖J‖6=k0

bJ(z − z0)j1(w − w0)j2

∣∣∣∣∣∣6 ((N + 1)CN1+N + 3!(N + 3)!)ak0r
k0

c
6

1

2
ak0

rk0 .

It means that the polynomial Pk0
is a dominating polynomial in series (6) on the skeleton

T2
(

(z0, w0), r1
L(z0,w0)

)
. �

Theorem 4. Let L ∈ Q(D × C). If there exist p ∈ Z+, d ∈ (0; 1], η ∈ (0; d) such that

for each (z0, w0) ∈ D × C and some R = (r1, . . . , rn) with rj = rj(d, (z0, w0)) ∈ (η, d),
j ∈ {1, 2}, and certain k0 = k0(d, (z0, w0)) 6 p the polynomial pk0 is a dominating

polynomial in series (6) on T2((z0, w0), R/L(z0, w0)) then the analytic in D×C function

F has bounded L-index in joint variables.

Proof. Suppose that there exist p ∈ Z+, d ≤ 1 and η ∈ (0; d) such that for each
(z0, w0) ∈ D × C and some R = (r1, r2) with rj = rj(d, (z0, w0)) ∈ (η, d), j ∈ {1, 2},
and k0 = k0(1, (z0, w0)) 6 p the polynomial Pk0 is a dominating polynomial in series (6)
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on T2
(

(z0, w0), R
L(z0,w0)

)
. Let us denote r0 = max{r1, r2}. Then∣∣∣∣∣∣

∑
j1+j2 6=k0

bj1,j2(z − z0)j1(w − w0)j2

∣∣∣∣∣∣ =

∣∣∣∣∣∣F (z)−
∑

j1+j2=k0

bj1,j2(z − z0)j1(w − w0)j2

∣∣∣∣∣∣ 6
≤ ak0

rk0
0

2
.

Using Cauchy's inequality we have

|bj1,j2(z − z0)j1(w − w0)j2 | = a∗jR
J 6

ak0r
k0
0

2

for all (j1, j2) ∈ Z2
+, j1 + j2 6= k0, that is for all j1 + j2 = k 6= k0

(14) akr
j1
1 r

j2
2 6

ak0
rk0
0

2
.

Suppose that F is not a function of bounded L-index in joint variables. Then in view
of Theorem 2 for all p1 ∈ Z+ and c > 1 there exists (z0, w0) ∈ D × C such that the
inequality

max

{
|F (j1,j2)(z0, w0)|

lj11 (z0, w0)lj22 (z0, w0)
: j1 + j2 = p1 + 1

}
>

> cmax

{
|F (k1,k2)(z0, w0)|

lk1
1 (z0, w0)lk2

2 (z0, w0)
: k1 + k2 6 p1

}

holds. We put p1 = p and c =
(

(p+1)!
ηp+1

)2

. Then for these z0(p1, c) and w0(p1, c)

max

{
|F (j1,j2)(z0, w0)|

j1!j2!lj11 (z0, w0)lj22 (z0, w0)
: j1 + j2 = p+ 1

}
>

>
1

ηp+1
max

{
|F (k1,k2)(z0, w0)|

k1!k2!lk1
1 (z0, w0)lk2

2 (z0, w0)
: k1 + k2 6 p

}
,

that is ap+1 >
ak0

ηp+1
. Hence, ap+1r

p+1
0 >

ak0
rp+1
0

ηp+1
> ak0

rk0 . The last inequality contradi-

cts (14). Therefore, F is of bounded L-index in joint variables. �

3. Estimates of growth of analytic functions in ball

At �rst we prove the following lemma.

Lemma 1. If L ∈ Q(B×C) then for every �xed (z∗, w∗) ∈ D×C one has l1(z∗+z, w∗)→
∞ as |z∗ + z| → 1− 0 and |w|l2(z∗, w∗ + w)→∞ as |w∗ + w| → ∞.

Proof. In view of (2) we have l1(z∗ + z, w∗) >
β

1− |z∗ + z|
→ +∞ as |z∗ + z| → 1 − 0.

The �rst part of the statement is proved.
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Below we prove the second part, i.e. |w|l2(z∗, w∗ + w) → ∞ as |w∗ + w| → ∞ On
the contrary, if there exist a number C > 0 and a sequence wm such that |wm|l2(z∗, w∗+

wm) = km 6 C, i. e. |wm| =
km

l2(z∗, w∗ + wm)
. Then

1

l2(z∗, w∗ + wm)
l2

(
z∗, w∗ + wm −

kme
i arg wm

l2(z∗, w∗ + wm)

)
=
|wm|
km

l2(z∗, w∗)→ +∞,

as wm → ∞, because km is bounded and l2(z∗, w∗) is �nite. It means that λ2,2(0, C) =
+∞ and L /∈ Q(D× C). �

Denote

[0, 2π]2 = [0, 2π]× [0, 2π].

For R = (r1, r2) ∈ R2
+, Θ = (θ1, θ2) ∈ [0, 2π]2, A = (a1, a2) ∈ D× C we write

ReiΘ = (r1e
iθ1 , r2e

iθ2), argA = (arg a1, arg an).

By K(D×C) we denote the class of positive continuous functions L = (l1, l2), where
lj : D × C → R+ satisfy (2) and there exists c > 1 such that for every R ∈ R2

+ with
|R| < 1 and j ∈ {1, 2} one has

max
Θ1,Θ2∈[0,2π]2

lj(Re
iΘ2)

lj(ReiΘ1)
6 c.

If L(z) = (l1(|z1|, |z2|), l2(|z1|, |z2|)) then L ∈ K(D×C). It is easy to prove that
|ez|+ 1

1− |z|
∈

Q(D) \K(D), but
ee
|z|

1− |z|
∈ K(D) \Q(D). Similarly, the function |ez|+ 1 ∈ Q(C) \K(C),

but ee
|z| ∈ K(C) \Q(C). Therefore, the vector-function

(
|ez|+1
1−|z| , |e

w|+ 1
)
belongs to the

class Q(D × C), but another vector-function
(
ee
|z|

1−|z| , e
e|w|
)
belongs to the class K(D ×

C) \Q(D× C).
Besides, if L1,L2 ∈ K(D×C) then L1 +L2 ∈ K(D×C) and L1L2 ∈ K(D×C). For

simplicity, let us write M(F,R) = max{|F (z, w)| : (z, w) ∈ T2(0, R)}, where r1 ∈ [0, 1)

and r2 ≥ 0. Denote β =
(
β
c , 2
)
.

Theorem 5. Let L ∈ Q(D×C)∩K(D×C), β > c. If an analytic function F : D×C→ C
has bounded L-index in joint variables, then

ln max{|F (z, w)| : (z, w) ∈ T2(0, R)} =

= O

(
min

 min
Θ∈[0,2π]2

( r1∫
0

l1(teiθ1 , r2e
iθ2)dt+

r2∫
0

l2(r0
1, t)dt

)
;

min
Θ∈[0,2π]2

( r1∫
0

l1(teiθ1 , r2e
iθ2)dt+

r2∫
0

l2(r0
1, t)dt

)
)

as r1 → 1− 0, r2 → +∞,

where R0 = (r0
1, r

0
2) is a �xed radius, r1 ∈ (0, 1), r0

2 > 0.
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Proof. Let R > 0 with r1 ∈ (0, 1), Θ ∈ [0, 2π]2 and the point (z∗, w∗) ∈ T2
(
0, R +

β
L(ReiΘ)

)
be such that

|F (z∗, w∗)| = max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

β

L(ReiΘ)

)}
.

Denote z0 =
z∗r1

r1 + β/(cl1(ReiΘ))
, w0 =

w∗r2

r2 + 2/l2(ReiΘ)
. Then

|z0 − z∗| =
∣∣∣∣ z∗r1

r1 + β/(cl1(ReiΘ))
− z∗

∣∣∣∣ =

∣∣∣∣∣z∗β/(cl1(ReiΘ))

r1 + β
cl1(ReiΘ)

∣∣∣∣∣ =
β

cl1(ReiΘ)
,

|w0 − w∗| =

∣∣∣∣∣ w∗r2

r2 + 2
l2(ReiΘ)

− w∗
∣∣∣∣∣ =

∣∣∣∣∣2w∗/(l2(ReiΘ))

r2 + 2
lj(ReiΘ)

∣∣∣∣∣ =
2

lj(ReiΘ)
,

L(z0, w0)=L

(
(z∗, w∗)R

R+ β/L(ReiΘ)

)
=L

(
(R+ β/L(ReiΘ))ei arg(z∗,w∗)R

R+ β/L(ReiΘ)

)
=L(Rei arg z∗).

Since L ∈ K(D× C), we have that

cL(z0, w0) = cL
(
Rei arg(z∗,w∗)

)
> L

(
ReiΘ

)
>

1

c
L(z0).

We consider two skeletons T2
(
(z0, w0), 1

L(z0,w0)

)
and T2

(
(z0, w0), β

L(z0,w0)

)
. By Theorem 1

there exists p1 = p1

(
1
c , cβ

)
> 1 such that (4) holds with R′ = 1

c , R
′′ = cβ, i.e.

max

{
|F (z, w)| : (z, w)∈T2

(
0, R+

β

L(ReiΘ)

)}
= |F (z∗, w∗)| 6

6 max

{
|F (z, w)| : (z, w)∈T2

(
(z0, w0),

β

L(ReiΘ)

)}
≤

6 max

{
|F (z, w)| : (z, w) ∈ T2

(
(z0, w0),

cβ

L(z0)

)}
6

6 p1 max

{
|F (z, w)| : (z, w) ∈ T2

(
(z0, w0),

1

cL(z0)

)}
≤

6 p1 max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

1

L(ReiΘ)

)}
.(15)

The function ln+ max{|F (z, w)| : z ∈ T2(0, R)} is a convex function of the variables ln r1,
ln r2 (see [20, p. 84]). Hence, the function admits a representation

ln+ max{|F (z, w)| : (z, w) ∈ T2(0, R)}−

− ln+ max{|F (z, w)| : (z, w) ∈ T2(0, (r0
1, r2))} =

r1∫
r0
1

A1(t, r2)

t
dt,(16)

ln+ max{|F (z, w)| : (z, w) ∈ T2(0, R)}−

− ln+ max{|F (z, w)| : (z, w) ∈ T2(0, (r1, r
0
2))} =

r2∫
r0
2

A2(r1, t)

t
dt(17)
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for arbitrary 0 < r0
j 6 rj , where the functions A1(t, r2), A2(r1, t) are positive non-

decreasing in variable t, j ∈ {1, 2}.
Using (15) we deduce

ln p1 ≥ ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

β

L(ReiΘ)

)}
−

− ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

1

L(ReiΘ)

)}
=

= ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

β

L(ReiΘ)

)}
−

− ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

(β/c, 1)

L(ReiΘ)

)}
+

+ ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

(β/c, 1)

L(ReiΘ)

)}
−

− ln max

{
|F (z, w)| : (z, w) ∈ T2

(
0, R+

1

L(ReiΘ)

)}
=

=

r1+β/(cl1(ReiΘ))∫
r1+1/l1(ReiΘ)

1

t
A1

(
t, r2 +

1

l2(ReiΘ)

)
dt+

+

r2+2/(l2(ReiΘ))∫
r2+1/l2(ReiΘ)

1

t
A2

(
r1+

β/c

l1(ReiΘ)
, t

)
dt >

> ln

(
1 +

β/c− 1

r1l1(ReiΘ)+1

)
A1

(
r1, r2 +

1

l2(ReiΘ)

)
+

+ ln

(
1 +

1

r2l2(ReiΘ)+1

)
A2

(
r1 +

β/c

l1(ReiΘ)
, r2

)
(18)

By Lemma 1 the function r1l1(ReiΘ) → +∞ as r1 → 1− 0 and r2l2(ReiΘ) → +∞
as r2 →∞. Hence, for rj > r0

j

ln

(
1 +

β
c − 1

r1l1(ReiΘ) + 1

)
∼

β
c − 1

r1l1(ReiΘ) + 1
>

β
c − 1

2r1l1(ReiΘ)
, r1 → 1− 0,

ln

(
1 +

1

r2l2(ReiΘ) + 1

)
∼ 1

r2l2(ReiΘ) + 1
>

1

2r2l2(ReiΘ)
, r2 →∞.

Thus, inequality (18) implies that

A1

(
r1, r2 +

1

l2(ReiΘ)

)
6

2 ln p1

β/c− 1
r1l1(ReiΘ),

A2

(
r1 +

β/c

l1(ReiΘ)
, r2

)
6 2 ln p1r2l2(ReiΘ).
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Let R0 = (r0
1, r

0
2), where every r0

j is chosen above. Applying (16) and (17) we obtain
consequently with e1 = (1, 0), e2 = (0, 1)

ln max{|F (z, w)| : (z, w) ∈ T2(0, R)} =

= ln max{|F (z, w)| : (z, w) ∈ T2(0, R+ (r0
1 − r1)e1)}+

r1∫
r0
1

A1(t, r2)

t
dt =

= ln max{|F (z, w)| : (z, w) ∈ T2(0, R+ (r0
1 − r1)e1 + (r0

2 − r2)e2)}+

+

r1∫
r0
1

A1(t, r2)

t
dt+

r2∫
r0
2

A2(r0
1, t)

t
dt =

=ln max{|F (z, w)| : (z, w) ∈ T2(0, R0)}+
r1∫
r0
1

A1(t, r2)

t
dt+

r2∫
r0
2

A2(r0
1, t)

t
dt 6

6 ln max{|F (z, w)| : (z, w) ∈ T2(0, R0)}+

+
2 ln p1

β − 1

( r1∫
r0
1

l1(t, r2)dt+

r2∫
r0
2

l2(r0
1, t)dt

)
6

6 ln max{|F (z, w)| : (z, w) ∈ T2(0, R0)}+

+
2 ln p1

β/c− 1

( r1∫
0

l1(t, r2)dt+ 2 ln p1

r2∫
0

l2(r0
1, t)dt

)
6

6(1+o(1))
2 ln p1

β − 1

( r1∫
0

l1(t, r2)dt+

r2∫
0

l2(r0
1, t)dt

)
.

The function ln max{|F (z, w)| : (z, w) ∈ T2(0, R)} is independent of Θ. Thus, the
following estimate

ln max{|F (z, w)| : (z, w) ∈ T2(0, R)} =

= O

(
min

Θ∈[0,2π]2

( r1∫
0

l1(teiθ1 , r2e
iθ2)dt+

r2∫
0

l2(r0
1, t)dt

))

holds as r1 → 1 − 0 and r2 → ∞. Obviously, the similar equality can be proved for
arbitrary permutation σ2 of the set {1, 2}. In particular,

ln max{|F (z, w)| : (z, w) ∈ T2(0, R)} =

= O

(
min

Θ∈[0,2π]2

( r2∫
0

l1(r1e
iθ1 , teiθ2)dt+

r2∫
0

l2(teiθ1 , r0
2e
iθ2)dt

))

Thus, estimate (5) holds. Theorem 5 is proved. �
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Let us denote a+ = max{a, 0}, uj(t) = uj(t, R,Θ) = lj(
tR
r∗ e

iΘ), where a ∈ R,
t ∈ [0, r∗], j ∈ {1, 2}, r∗ = max16j62 rj 6= 0 and R = (r1, r2) with r1 ∈ [0, 1], r2 > 0. All
the following results are analogs of results from [6, 11], obtained for entire functions for
functions which are analytic in the unit ball. We repeat considerations from these papers
with another conditions by R.

Theorem 6. Let L(ReiΘ) be a positive continuously di�erentiable function in each

variable rk, k ∈ {1, 2}, and R = (r1, r2) with r1 ∈ [0, 1], r2 > 0, Θ ∈ [0, 2π]2. If the

function L satis�es (2) and an analytic function F : D × C → C has bounded L-index
N = N(F,L) in joint variables then for every Θ ∈ [0, 2π]2 and for every R = (r1, r2)
with r1 ∈ [0, 1], r2 > 0, and for each S ∈ Z2

+ one has

ln max

{
|F (S)(ReiΘ)|
S!LS(ReiΘ)

: ‖S‖ 6 N
}
6 ln max

{
|F (S)(0)|
S!LS(0)

: ‖S‖ 6 N
}

+

+

r∗∫
0

max
‖S‖6N


2∑
j=1

rj
r∗

(kj + 1)lj

( τ
r∗
ReiΘ

)+ max
‖S‖6N


2∑
j=1

kj(−u′j(τ))+

lj
(
τ
r∗Re

iΘ
)

 dτ.(19)

Proof. Let R ∈ R2 \ {0}, Θ ∈ [0, 2π]2. Denote αj =
rj
r∗ , j ∈ {1, 2} and A = (α1, α2). We

consider the function

(20) g(t) = max

{
|F (S)(AteiΘ)|
S!LS(AteiΘ)

: ‖S‖ 6 N
}
,

where At = (α1t, α2t), Ate
iΘ = (α1te

iθ1 , α2te
iθ2).

Since the function
|F (S)(AteiΘ)|
K!LK(AteiΘ)

is continuously di�erentiable by real t ∈ [0,+∞),

outside the zero set of the function |F (S)(AteiΘ)|, the function g(t) is a continuously
di�erentiable function on [0, r∗), except, perhaps, for a countable set of points.

Therefore, using the inequality d
dr |g(r)| 6 |g′(r)| which holds except for the points

r = t such that g(t) = 0, we deduce

d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
=

1

S!LS(AteiΘ)

d

dt
|F (S)(AteiΘ)|+

+|F (S)(AteiΘ)| d
dt

1

S!LS(AteiΘ)
6

1

S!LS(AteiΘ)

∣∣∣∣∣∣
2∑
j=1

F (S+ej)(AteiΘ)αje
iθj

∣∣∣∣∣∣−
−|F

(S)(AteiΘ)|
S!LS(AteiΘ)

2∑
j=1

kju
′
j(t)

lj(AteiΘ)
6

2∑
j=1

|F (S+ej)(AteiΘ)|
(S+1j)!LS+ej (AteiΘ)

αj(kj+1)lj(Ate
iΘ)+

+
|F (S)(AteiΘ)|
S!LS(AteiΘ)

2∑
j=1

kj(−u′j(t))+

lj(AteiΘ)
.(21)

For absolutely continuous functions h1, h2, . . . , hk and h(x) := max{hj(z) : 1 6 j 6 k},
h′(x) 6 max{h′j(x) : 1 6 j 6 k}, x ∈ [a, b] (see [18, Lemma 4.1, p. 81]). The function g is
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absolutely continuous, therefore, from (21) it follows that

g′(t) 6 max

{
d

dt

(
|F (S)(AteiΘ)|
S!LS(AteiΘ)

)
: ‖S‖ 6 N

}
6

6 max
‖S‖6N


2∑
j=1

αj(sj + 1)lj(Ate
iΘ)|F (S+ej)(AteiΘ)|

(K + 1j)!LK+ej (AteiΘ)
+
|F (S)(AteiΘ)|
S!LS(AteiΘ)

2∑
j=1

sj(−u′j(t))+

lj(AteiΘ)

6
6 g(t)

 max
‖S‖6N


2∑
j=1

αj(sj + 1)lj(Ate
iΘ)

+ max
‖S‖6N


2∑
j=1

sj(−u′j(t))+

lj(AteiΘ)


 =

= g(t)(β(t) + γ(t)),

where

β(t) = max
‖S‖6N


2∑
j=1

αj(sj + 1)lj(Ate
iΘ)

 , γ(t) = max
‖S‖6N


2∑
j=1

sj(−u′j(t))+

lj(AteiΘ)

 .

Thus, d
dt ln g(t) 6 β(t) + γ(t) and

(22) g(t) 6 g(0) exp

t∫
0

(β(τ) + γ(τ))dτ,

because g(0) 6= 0. But r∗A = R. Substituting t = r∗ in (22) and taking into account
(20), we deduce

ln max

{
|F (S)(ReiΘ)|
S!LS(ReiΘ)

: ‖S‖ 6 N
}
6 ln max

{
|F (S)(0)|
S!LS(0)

: ‖S‖ 6 N
}

+

+

r∗∫
0

 max
‖S‖6N


2∑
j=1

αj(sj + 1)lj(Aτe
iΘ)

+ max
‖S‖6N


2∑
j=1

sj(−u′j(τ))+

lj(AτeiΘ)


 dτ,

i.e. (19) is proved. �

Theorem 7. Let L(ReiΘ) be a positive continuously di�erentiable function in each

variable rk, k ∈ {1, 2}, and R = (r1, r2) with r1 ∈ [0, 1], r2 > 0, Θ ∈ [0, 2π]2. If

the function L satis�es (2) and an analytic function F in D × C has bounded L-index
N = N(F,L) in joint variables and there exists C > 0 such that the function L satis�es

inequalities

sup
|R|<1

max
t∈[0,r∗]

max
Θ∈[0,2π]2

max
16j62

(−(uj(t, R,Θ))′t)
+

rj
r∗ l

2
j (

t
r∗Re

iΘ)
6 C,(23)

then

(24) lim
r1→1−0,r2→∞

ln max{|F (z, w) : (z, w) ∈ T2(0, R)}
max

Θ∈[0,2π]w

∫ 1

0
〈R,L (τReiΘ)〉dτ

6 (C + 1)N + 1.
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Proof. By Lemma 1 if L satis�es (2) then

(25) max
Θ∈[0,2π]2

1∫
0

〈
R,L

(
τReiΘ

)〉
dτ → +∞ as r1 → 1− 0 and r2 → +∞.

Denote β̃(t) =

2∑
j=1

αj lj(Ate
iΘ). If, in addition, (23) holds then for some S∗, ‖S∗‖ 6

N and S̃, ‖S̃‖ 6 N,

γ(t)

β̃(t)
=

∑2
j=1

s∗j (−u′j(t))+

lj(AteiΘ)∑2
j=1 αj lj(Ate

iΘ)
6

2∑
j=1

s∗j
(−u′j(t))+

αj l2j (Ate
iΘ)
6

2∑
j=1

s∗j · C 6 NC,

β(t)

β̃(t)
=

∑2
j=1 αj(s̃j + 1)lj(Ate

iΘ)∑2
j=1 αj lj(Ate

iΘ)
= 1 +

∑2
j=1 αj s̃j lj(Ate

iΘ)∑2
j=1 αj lj(Ate

iΘ)
6

6 1 +

2∑
j=1

s̃j 6 1 +N.

But

|F (AteiΘ)| 6 g(t) 6 g(0) exp

t∫
0

(β(τ) + γ(τ))dτ

and r∗A = R. Putting t = r∗ and taking into account (25), we obtain

ln max{|F (z, w) : (z, w) ∈ T2(0, R)} =

= ln max
Θ∈[0,2π]2

|F (ReiΘ)| 6 ln max
Θ∈[0,2π]2

g(r∗) 6

6 ln g(0) + max
Θ∈[0,2π]2

r∗∫
0

(β(τ) + γ(τ))dτ 6

6 ln g(0) + (NC +N + 1) max
Θ∈[0,2π]2

r∗∫
0

β̃(τ)dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]2

r∗∫
0

2∑
j=1

αj lj(Aτe
iΘ)dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]2

r∗∫
0

2∑
j=1

rj
r∗
lj

( τ
r∗
ReiΘ

)
dτ =

= ln g(0) + (NC +N + 1) max
Θ∈[0,2π]2

1∫
0

2∑
j=1

rj lj(τRe
iΘ)dτ.

Thus, we conclude that (24) holds. �
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Theorem 8. Let L(ReiΘ) be a positive continuously di�erentiable function in each

variable rk, k ∈ {1, 2}, and R = (r1, r2) with r1 ∈ [0, 1], r2 > 0, Θ ∈ [0, 2π]2. If the

function L satis�es (2) and an analytic function F : D × C → C has bounded L-index
N = N(F,L) in joint variables and

(26) r∗(−(uj(t, R,Θ))′t=r∗)
+/(rj l

2
j (Re

iΘ))→ 0

uniformly in all Θ ∈ [0, 2π]2, j ∈ {1, 2}, as r1 → 1− 0, r2 → +∞ then

(27) lim
|R|→1−0

ln max{|F (z, w) : (z, w) ∈ T2(0, R)}

max
Θ∈[0,2π]2

1∫
0

〈R,L (τReiΘ)〉dτ
6 N + 1.

Estimate (27) can be deduced by analogy to the proof of Theorem 7.
Our main result in this section is the following

Theorem 9. Let L(R) = (l1(R), l2(R)), lj(R) be a positive continuously di�erentiable

non-decreasing function in each variable r2, k ∈ {1, 2}, and R = (r1, r2) with r1 ∈ [0, 1],
r2 > 0. If the function L satis�es (2) and an analytic function F : D × C → C has

bounded L-index N = N(F,L) in joint variables then

lim
r1→1−0,r2→+∞

ln max{|F (z, w)| : (z, w) ∈ T 2(0, R)}
1∫
0

〈R,L (τR)〉dτ
6 N + 1.

This statement is a direct consequence of Theorem 8, which is obtained for a more
general function L.
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Äîâåäåíî äåÿêi âëàñòèâîñòi ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä àíàëiòè÷íèõ â
D× C ôóíêöié îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ, äå L(z, w) =
(l1(z, w), l2(z, w)) ç lj : D× C → R+ (j ∈ {1, 2}) � äîäàòíi íåïåðåðâíi ôóí-
êöi¨ òà l1(z, w) > β/(1− |z|) äëÿ âñiõ (z, w) ∈ D×C i äåÿêîãî β > 1. Íàâiòü
áiëüøå, îòðèìàíî îöiíêè çðîñòàííÿ ôóíêöié ç öüîãî êëàñó. Âîíè îïèñó-
þòü ïîâîäæåííÿ ëîãàðèôìà ìàêñèìóìó ìîäóëÿ àíàëiòè÷íèõ ôóíêöié íà
êiñòÿêó â áiêðóçi ÷åðåç ïîâîäæåííÿ ôóíêöi¨ L. Öi îöiíêè òî÷íi â çàãàëü-
íîìó âèïàäêó. Ïîäàíi ðåçóëüòàòè  ðóíòóþòüñÿ íà âè÷åðïàííi áiêðóãàìè
äåêàðòîâîãî äîáóòêó îäèíè÷íîãî êðóãà òà êîìïëåêñíî¨ ïëîùèíè.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, îáìåæåíèé iíäåêñ çà ñóêóïíiñòþ
çìiííèõ, îäèíè÷íèé êðóã, êîìïëåêñíà ïëîùèíà, äåêàðòiâ äîáóòîê, îöiíêè
çðîñòàííÿ.
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