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We prove some properties of power series expansion of analytic functi-
ons in D x C having bounded L-index in joint variables, where L(z,w) =
(l1(z,w),l2(z,w)) with I; : D x C — R4 (§ € {1,2}) are positive continuous
functions and 1 (z,w) > B/(1 — |z|) for all (z,w) € D x C and some 3 > 1.
Moreover, we provide growth estimates of these function class. They descri-
be the behavior of logarithm of maximum modulus of analytic function on a
skeleton in a bidisc by behavior of the function L. These estimates are sharp
in a general case. The presented results are based on bidisc exhaustion of the
Cartesian product of the unit disc and complex plane.

Key words: analytic function, bounded index in joint variables, unit disc,
complex plane, Cartesian product, growth estimates.

1. INTRODUCTION

We need some standard notation. Denote Ry = (0,+00), 0 = (0,0), 1 = (1,1),
er = (1,0), e2 = (0,1). R = (r1,72) € R%, (2,w) € D x C. For A = (ay,a2) € R?,
B = (by,b2) € R? we will use formal notations without violation of the existence of
these expressions AB = (a1b1, asbs), A/B = (a1/b1,a/bs), AP = a?lagz. The notation
A < B means that a; < b, j € {1,2}; the relation A < B is defined similarly. For
K= (kl,kQ) € Zi denote ||KH =k + kQ, K!'= k! ky!.

For z € C% and w € C? we define

(z,w) = 211 + 22Wa,
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where Wy, is the complex conjugate of wy,.
For (z9,wp) € D x C we denote
D?((20,wo), R) := {(z,w) €D x C: |z — 20| <71, |w—wo| < 72}
the bidisc, its skeleton
T?((20,wo), R) := {(z,w) €D x C: |z — 20| =11, |w—wo| =72}
and
D?[(z0,wo), R] := {(z,w) €D x C: |z — 20| < 71, |w—wo| < ra}
the closed bidisc, D = {z € C: |z| < 1}. For K = (k1,ks) € Z%, (z,w) € D x C and the
partial derivatives of function F(z) = F(z,w) we use the notation
&1l ki+ke
0zk1 dwk2 0zF1 dwk2

Let L(z,w) = (l1(z,w),l2(z,w)), where [;(z): D x C — R4 are continuous functions
(e {1,2}).

An analytic function F': D x C — C is called ([IH3]) a function of bounded L-index
(in joint variables), if there exists ng € Z, such that for all (z,w) € D x C and for all
Jez

F) F(K)
" PO FE )]
JILY (z,w) K| <no K'LE(z,w)

The least such integer ng is called the L-index in joint variables of the function F and is
denoted by N(F,L,DxC) = ng. It is an analog of the definition of an analytic function of
bounded L-index in joint variables (see definitions for various classes of analytic functions
in [5[7H0l[T4,[151[17]).

By Q(D x C) we denote the class of functions L which satisfy the conditions
(2) (V(z,w) €D x C): hi(z,w) > B/(1—|z]),
(3) (Vr1 €0, 8], ¥re € (0, +00)):
0< )\17]'(R) < /\Q,j(R) < +00,

where 8 > 1 is some constant, and

A1 ((z0,wp), R) = inf Li(z,w)/l; (20, w
1,j (20, w0), R) e o) i(z,w)/1;(z0,w0)

A2, (20, wo), R) = sup Li(z,w) /1 (20, wo),
(z,w)€D?[(z0,w0),R/L(z0,w0)]
)\17]'(R) = (ZO’inIng(c)\l’j((ZO’wo)’ R),
A2j(R) = sup  Ag;((20,w0), R), j € {1,2}.

(z0,wp)€DXC

A similar condition was used for other classes of analytic functions of bounded index as
one so several variables [13,[1819).
For an analytic function F(z) we put

M(R,2°, F) = max{|F(2)|: z € T?(:°, R)}.
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The following theorems were obtained in [3].

Theorem 1 ([3]). Let L € Q(D x C). If an analytic function F : D x C — C has
bounded L-index in joint variables then for any R',R" € B?, R' < R, there exists
p1 =p1(R', R") > 1 such that for each z° € D x C

(4) M (R"/L(2°),2°, F) <p1M (R'/L(2°),2°, F) .
Theorem 2 ([3]). Let L € Q(D x C). An analytic function F : D x C — C has bounded

L-index in joint variables if and only if there exist p € Zy4 and c € Ry such that for each
z € D x C the inequality

. { [F O3 (2)]
B ()1 (2)

Pk )
5 <cecmax{ —————: k1 + ko <
®) {z’f1<z>l’52<z> LTt

5j1+j2=p+1} <

holds.

In view of Theorems [If and [2] the authors wrote the following sentence: “Analogs of
Theorems [1] and [2| were used [6,[16] to obtain growth estimates of analytic functions in
the unit ball of bounded L-index in joint variables and to deduce sufficient conditions
of index boundedness for analytic solutions in the unit bidisc of some system of partial
differential equations. It is natural to pose similar questions for functions analytic in the
domain D x C :”

Problem 1. What are growth estimates analytic functions in D x C of bounded L-index
in joint variables?

A complete answer to the question is our main goal in the paper. But in order to
achieve this goal we will also study property of power series expansion of functions which
are analytic in D x C.

2. PROPERTIES OF POWER SERIES EXPANSION OF ANALYTIC FUNCTIONS
IN D x C.

Let (zg,wp) € D x C. We develop an analytic function F': D x C — C in the power
series written in a diagonal form

6) Few) =Y pl-zw-w)=Y" 3 byl 22w - wo)?,

k=0 k=0 j1+j2=k

F()
where p, are homogeneous polynomials of k-th degree, by = b;, ;, = M.
A polynomial py,, ko € Z, is called a dominating polynomial in the power series expansi-

on () on T?((z0,wo), R) if for every (z,w) € T?((z0,wy), R) the inequality

Z pr(z — 20, w — wo)

k#£kO

1 Lod . .
< 5 max{|bj, j, |7 13 j1 + jo = E%Y
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holds. Recently, there were obtained propositions on properties of the main polynomial for
entire functions (|10]), for analytic function in a bidisc ([12]) and for analytic functions in
the unit ball [6]. Below we will deduce analogs of these propositions for analytic functions
in the Cartesian product of unit disc and complex plane.

Theorem 3. Let L € Q(D x C). If an analytic function F: D x C — C has bounded
L-index in joint variables then there exists p € Z, that for all d € (O; %} there exists
n(d) € (0;d) such that for each (z9,wp) € D x C and some r = r(d, (z0,wo)) € (n(d),d),
k® = k°(d, (20, w0)) < p the polynomial pyo is a dominating polynomial in series (6) on
T2 ((ZO, 'LUO), L(#}wo)) .

Proof. Our proof is similar to the proof of the mentioned proposition from [6}/10,12]. We

repear considerations from those papers with some modifications. Let ' be an analytic

function of bounded L-index in joint variables with N = N(F,L,DxC) < 400 and ng be

the L-index in joint variables at a point (zg,wg) € D x C, i.e. ng is the least number, for

which inequality (I holds at the point (zg,wp). Then for each (zp,wp) € Dx C ng < N.
We put

bal P (z0,wo)
L7 (20, wo) JILY (29, wp)

ar, = max{a’: || J|| = k}, ¢ =2{(N +3)13! + (N + 1)CN,, }.

a’y =

4
(d+1)cm? lJ’m

V2
max{axrt : k € Z.}, sy =min{k: aprk, = pp} form € Z,.
Since (zp,wp) € D x C is a fixed point the inequality a}, < max{a%: ||J|| < no} is
valid for all K € ZZ. Then aj < ay, for all k € Z,. Hence, for all k > ng, in view of
ro < 1, we have akrg < ap,yry°. This implies sg < ng. Since ¢ry, = ry,—1, we obtain that
for each k > s,,—1 (-1 < 1)

Let d € (0' i} be an arbitrary number. We also denote r,, =

k

Sm—1
mC

() as, ,mim=t =a,, _ror e =t > oaprk et = qgrk oo > cqprk
It yields that s,, < s;—1 for all m € N. Thus, we can rewrite
o = max{akrgs kE<no}, phm = max{akrfn: k< sm_1}, meN.
Let us introduce additional notations for m € N
[y = max {akr(’)“: so # k < no} , so=min{k: k # so,akr’g = u3t,
o, = max{akrfn: Sm #k < Sme1}, Sy, =min{k: k # s, akrfn =t

We will show that there exists my € Z such that

. 1
(8) Pmo 2.
Hemg ¢
Suppose that for all m € Z, the inequality
* 1
(9) Hm o 2

Hm  C
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holds. If s}, < s, (s}, # S$m in view of definition) then we have

*
S

m * s
Qs Ts:n —_ m _ Hm Hm, _ s, T _ s, T m+1 > a. r®
Sm ' m+1 S S cs:nJrl csm+1 S +1—s8,, = ~Sm m+1

Besides, for every k > s, k # s, (i. €., k — 1 > s7) it can be deduced similarly that

5o k k
m akr

k
A

Hence, ag- 771 > aprk, 4 for all k > s%,. Then
(10) Smt1 < Sy K S — 1o

On the contrary, if s, < s}, < sp,—1, then the equality s,,,4+1 = s, may hold. Indeed, by
definition $,,11 < $;,. It means that the specified equality is possible. But if s,,11 < Sy
then s;,+1 < s, — 1 (they are natural numbers!). Hence, we obtain .

Thus, the inequalities s7, | < s, and s, # S,,41 imply that sy | < Spi1. As
above instead of we have

Smt2 < Sy < Smy1 — 1 =5, — L.

Therefore, if for all m € Z @ holds, then for every m € Z either s, 12 < smy1 <
Sm — 1 0r Smi2 < Sy — 1 holds, that is sy,42 < s — 1, because $pyp2 < Spy1. It follows
that

m<Sm—2 — 1 <. < Spy_apmy2) — [M/2] < s — [m/2] <ng —[m/2] <N —[m/2].

In other words, s, < 0 for m > 2N + 1, which is impossible. Therefore, there exists
mo < 2N + 1 such that holds. We put r = rp,,, n(d) = W%, p = N and

ko = Smg- Then for all ||J|| # ko = S, in ']I‘Q((zo,wo), M), in view (7)) and (8) we
obtain

[711(z = 20)” (w = wo)?| = afr! 7V < ay ! < sy Ty’ = T

Thus, for (z,w) € ’]I‘Z((zo,wo), L(#lwo)>

Z by(z — 20)7 (w — wp)? Z a*r“‘]” < Z akC’,H_lr

71l #ko HJH#ko k;ék
0
Smg—1 o]
k k k k
(11) = g akck_HT + E akC’k_Hr.
k=0, k=5mg—1+1
k#smq

We will estimate two sums in . From it follows that py, < %umo or

max{akrk k# Smoy k< Smo—1} < max{akrmo k% Smoyk < Smg—1}s
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i e aprf < %akgrko. Taking into account , it can be deduced that

Smg—1

koo QT - k Ay, T N

(12) E akCryr” < c § Ciy1 < T<N+ DCy 41
k=0, k=0

k#smq

k
akrmo—l

k. _ Hmg—1 .
mo = —oF < —4—. In view

Forall k > spy—1+1 akrfnrl < fmg—1 holds. Then ayr
of (§) we deduce

oo

)
1
k k k
§ a'kck+1r < Hmo—1 § C’H‘lcfk <
k=smg—1+1 k=8mg—1+1

S 1
SN O D Y (k+ 1)k +2)5 <
k=smg—1+1

s > (2) k s +3y (2)
a rSmo o mg—1
Smo Cs'rn(]l( E ’ xk+2> _ kT Csm(,l{ xmo }
c

c 11—z
k=8mgy—1+1

N

=21

1
= c

ko n

kT , _ |

= BT oo 3 CY(2 = )l s +3) (St — )
=0

xsm,ofl‘f‘g—j

(1—a)7

ko 2 Smg—1+3—j
Ao ™™ o1 (1/c)%mo

< m 21(N 4+ 3)! E — =
. c c ™o ( + ) . (1 o 1/6)37-7

j=0

X

k
1 (AT

- < 3I(N
oy <A

)

ko _2
AT
= ' ' 0
(13) 21(N + 3)! - JE:O(

because ¢ > 2. Hence, from (1I)—(L3) it follows that

, . N+ 1D)CN . + 3N +3)ag, 50 1
Z bJ(Z—Zo)Jl(’w—wo)h <(( ) 1+N ( )) ko <§akorko

c
71l #ko

It means that the polynomial Py, is a dominating polynomial in series @ on the skeleton
2 1
T ((207w0)7m>' u

Theorem 4. Let L € Q(ID x C). If there exist p € Z,, d € (0;1], n € (0;d) such that
for each (z9,wp) € D x C and some R = (rq,...,r,) with r; = r;(d, (20, w0)) € (n,d),
j € {1,2}, and certain k° = k°(d, (20, wo)) < p the polynomial pyo is a dominating
polynomial in series (6) on T?((zo,wo), R/L(z0,wo)) then the analytic in D x C function
F has bounded L-index in joint variables.

Proof. Suppose that there exist p € Zy, d < 1 and n € (0;d) such that for each
(20, wp) € D x C and some R = (rq,72) with r; = r;(d, (20, wo0)) € (n,d), j € {1,2},
and ko = ko(1, (20, w0)) < p the polynomial Py, is a dominating polynomial in series
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on 11’2((,20, wp), %) Let us denote rg = max{ry,r2}. Then

D bz —20) (w—we)?| = |F(z) = > bjy (2 — 20)7 (w—wp)??| <
J1+j2#ko J1+72=ko

Using Cauchy’s inequality we have

akor’go
2

for all (j1,j2) € Z%, j1 + j2 # ko, that is for all ji + jo = k # ko

akorgo

2

Suppose that F' is not a function of bounded L-index in joint variables. Then in view
of Theorem [2| for all p; € Z; and ¢ > 1 there exists (z9,wp) € D x C such that the
inequality

bj1ga (2 — 2007 (w — wo)?| = a5 R <

(14) apr]' T <

|F(j1’j2) (20, wo)|
max - -
11" (20, wo)ly’ (20, wo)

3j1+j2—p1+1}>

(k1 k2)
> cmax k' (:0,w0)| tki+ k<
lll(ZOawO)l22 (Z(),'LUQ)

2
holds. We put p; = p and ¢ = ((ijfl)') . Then for these zy(p1,¢) and wo(p1, ¢)

X{ 652z, o)

— - thitie=pt+l,>
J1152!1* (20, wo) 13 (20, wo)

|F(k1,k2)(20,w0)| '
> — =7 max PRTSTS 7z thkit+ke<pp,
n 11215 (20, wo)l5” (20, wo)
. ax 1 agrhtt . . . .
that is ap41 > T-:l' Hence, a,17f" > % > ag,r". The last inequality contradi-
cts (14). Therefore, F' is of bounded L-index in joint variables. O

3. ESTIMATES OF GROWTH OF ANALYTIC FUNCTIONS IN BALL
At first we prove the following lemma.
Lemma 1. IfL € Q(BxC) then for every fixed (z*,w*) € DxC one has l; (z* 4z, w*) —

o0 as |z* + z| = 1 — 0 and |w|lz(z*, w* + w) — 00 as |w* + w| — 0.

Proof. In view of (2) we have I, (z* + z,w*) > p

—_— — as |z* —1-0.
S +oo as |z* + 2|

The first part of the statement is proved.
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Below we prove the second part, i.e. |w|lz(z*, w* +w) — oo as |w* + w| — oo On
the contrary, if there exist a number C' > 0 and a sequence w,, such that |w, |l2(z*, w* +

. km
W) = km < C i e Jwiy| = oo Tw) Then
1 ]C 6ia7"gwm |w ‘
l * * _ m — m l * * N
la(z*, w* + wi,) 2 <Z W Wm lo(z*, w* +wm)> km 2(27, w") = oo,
as wy, — 00, because k,, is bounded and l3(z*,w*) is finite. It means that A2 2(0,C) =
+oo and L ¢ Q(D x C). O

Denote
[0,27]? = [0, 271] x [0, 27].
For R = (r1,r2) € R?H O = (01,0,) €[0,27]%, A= (a1,a2) € D x C we write
Re'® = (11, r2¢"), arg A = (arg a1, arg ay,).

By K (D x C) we denote the class of positive continuous functions L = (I1,l3), where
l;: D x C — R4 satisfy and there exists ¢ > 1 such that for every R € Ri with
|R| <1 and j € {1,2} one has
lj(Reiez)
el,erglea[f)(,zwp l;(Re®®1) S

It L(2) = (I1(]z1], |22]), l2(]#1], | 22])) then L € K(DxC). It is easy to prove that

ol

e
1—|z]
€ K(C)\ Q(C). Therefore, the vector-function (‘fz_l‘t‘l ,lev |+ 1) belongs to the

ozl w
class Q(D x C), but another vector-function (f_lzl,eel l) belongs to the class K(D x

0)\ QD x C).

Besides, if Ly, Ly € K(D x C) then Ly + Ly € K(D x C) and L1 Ly € K(D x C). For
simplicity, let us write M (F, R) = max{|F(z,w)|: (z,w) € T%(0, R)}, where r; € [0,1)
and r5 > 0. Denote 8 = (%,2).

Q(D)\ K(D), but

€ K(D)\ Q(D). Similarly, the function |e*| + 1 € Q(C)\ K(C),

z|

but ¢

Theorem 5. Let L € Q(DxC)NK(DxC), 5 > c. If an analytic function F : DxC — C
has bounded L-index in joint variables, then

In max{|F(z,w)|: (z,w) € T*(0, R)} =

71 T2
=O| mi i 11 (te™ ree™®2)dt /z U tydt |;
(mm @erf%gln]? (/ 1(te't ree2)dt + [ 1a(ry, 1)

0 0

1 T
min (/ll(tewl,w@wz)dtJr /lz(T(l),t)dt> > asr; —1—0,ry = +oo,
0

©c[0,27]?
0

where R = (r{,r9) is a fixed radius, r1 € (0,1), r > 0.
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Proof. Let R > 0 with r; € (0,1), © € [0,27]? and the point (z*,w*) € TQ(O,R N
%) be such that

1F(2*,w")| = maX{F(z,w)|: (z,w) € T? (0,R+ 5) } .

L(Re®)
z*ry w*ry
Denote 2z, = — wo= —2"2  __ Then
enote 2o r1 + /(cli(Ret®)) wo ro + 2/ls(Re™®)
|Z Z*| Z*Tl | Z*B/(ch(Rel@)) _ ﬁ
0 — - ; - - — ; ’
r1+ B/(cli(Re™®)) r+ m cli(Re™®)
o — '] w*ry . 2w* /(lo(Re™®)) 2
0 — = | = — —,
T2+W TQ“”W lj(Relo)

(R N (R4 B/L(REO) e R
w02 ) 2 (R ey )
Since L € K(D x C), we have that

=L(Re'™5%").

[t

cL(zp, wg) = cL(Reiarg(z*’w*)) > L(Rei@) > —L(2°).

¢
We consider two skeletons T ((z0, o), gz woy) and T?((2% wo), %) By Theorem
there exists p1 = p1(£,¢B) > 1 such that (4) holds with R = L, R” = ¢@, i.e.

max{|F(z7w)|: (z,w)€T? <O,R+ L(Rﬁe@)>} = |F(z*,w")| <

< max { P )]s (20) €12 ( (o) ey ) | <

< {|F ()l 2 w) € 7 (oo, 0 ) <
)

<p max{|F(z,w)|: (z,w) € T2 ((zg,w0)7 cL(z0)

1
(15) <plmax{|F(z7w):(z,w)e']l‘2 (O7R—|— L(RSZ@)>}
The function In™ max{|F(z,w)|: z € T?(0, R)} is a convex function of the variables Inry,

Inry (see |20, p. 84]). Hence, the function admits a representation
In" max{|F(z,w)|: (z,w) € T*(0, R)}—

(16) —tnt max(|F (e, ) (z0) € T, 0} = [ 2872
In" max{|F(z,w)|: (z,w) € T*(0, R)}—

(17) — It max{|F(z, w)|: (2,w) € T2(0, (rr,79))} = /

0
T2

As(rq,1)
t

dt
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for arbitrary 0 < 7’? < rj, where the functions Aq(t,r2), A2(r1,t) are positive non-
decreasing in variable ¢, j € {1, 2}.
Using we deduce
1np1>lnmax{|F(z w)|: (z,w) € T? (0 R+ Z®)>}
Re
lnmax{|F(z,w)| z,w) € T? ( 0, R+

=1 F T? (0, R
nmax{| (z,w)|: (z,w) € , R+ Rel@

+
+

(5/e,1)
Rei©

1)

+1nmax{|F(z w)|: (z,w) € T> (0, R+ ﬂ/czg
Re

(07 grmmy )} -
(0.7 )}
—lnmax{|F(z w)|: (z,w) € T? (O,R )}
( )}
Q)

lnmax{|F(z,w)| z,w) € T? ( 0, R+

r1+8/(cl1(Re'®))
/ lA t +71 dt+
= - T -

P\ T 1 (Re®)
r1+1/11(Re'®)
7"2+2/(12(R€i@))1

+ / ;AQ (7"1+
ro+1/la(Rei®)

ple—1 1
S (14 —2~ 2 VA (rrgt —
. ( + rh (Re®)+1) T2 l2(Re™®) +

" o (14 b ) e )

By Lemma the function ryl; (Re*®) — 400 as r1 — 1 — 0 and r3lo(Re™®) — +o0
as ro — oo. Hence, for r; > r?

B/e

>
L (Re®)’ t)dt/

8 _ -1 51
In|1 c__ ~ c__ >_c 1-0,
. ( + Tlll(Rel@) + 1) Tlll(RGZ@) +1 2T1[1(R616) ne

1 1 1
In(1 : ~ : > —
. ( + T’ng(Rele) + 1) T212(R61@) + 1 2T212(R€Z@)
Thus, inequality (18) implies that

T9 — OQ.

1 2Inpy o
A . < ),
1(T17T2+l (ReZ@)) 5/671 rlll(Re )
B/c

Ay (7“1 + ) < 2lnp1r212(Rei®).

l (R z@)
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Let R° = (v9,79), where every 7"9 is chosen above. Applying and we obtain
consequently with e; = (1,0), e; = (0,1)

ln max{|F(z,w)|: (z,w) € T2(OaR)} =

= Inmax{|F(z,w)|: (z,w) € T*(0, R+ (r{ —r1)e1)} + / Mdt =

0
1

= Inmax{|F(z,w)|: (z,w) € T*(0, R + (r{ — r1)es + (r] —r2)ez) }+
T1 T2

0
+/A1(i7r2)dt+/Az(zl’t)dt:

0 0
1 T3

71 T2

A Ay (r?
=Inmax{|F(z,w)|: (z,w) € ']I‘Q(O,RO)}—i—/Mdt—i— / #dt <
< Inmax{|F(z,w)|: (z,w) € T?(0, R°)}+

2Inp
5o . (/ll(t,rg)dt+/lg(r?,t)dt) <

0 0
1 T2

< Inmax{|F(z,w)|: (z,w) € T*(0, R°)}+

1 T2
2Inp
Jrﬁ/c _11 (/ll(t,rg)dt+21np1/lg(r(l),t)dt> <

0 0

<(1+o(1))25hip11 (/ll(t, rQ)dtJr/lQ(r?,t)dt).

0 0

The function Inmax{|F(z,w)|: (z,w) € T?(0, R)} is independent of ©. Thus, the
following estimate

In max{|F(z,w)|: (z,w) € T*(0,R)} =

= i 1601 i 0
=0 ( (—)er[r(l)}ng (/ll(te 1 T2€ )dt + /ZQ(Tlat)dt)>
0 0

holds as r1 — 1 — 0 and 72 — oo. Obviously, the similar equality can be proved for
arbitrary permutation oo of the set {1,2}. In particular,

In max{|F(z,w)|: (z,w) € T*(0,R)} =

() 72
=0 i Li(rie', te%)dt /z te'™, r9e’’?)dt
0 0

Thus, estimate holds. Theorem is proved. O
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Let us denote a™ = max{a,0}, u;(t) = u;(t, R,0) = [;(X£e™®), where a € R,
te[0,7*], j € {1,2}, r* = maxigjcarj # 0 and R = (r1,72) With r1 € [0,1], o > 0. All
the following results are analogs of results from [6}/11], obtained for entire functions for
functions which are analytic in the unit ball. We repeat considerations from these papers
with another conditions by R.

Theorem 6. Let L(Re™®) be a positive continuously differentiable function in each
variable 1y, k € {1,2}, and R = (ry,r2) with ry € [0,1], r2 > 0, © € [0,27]?. If the
function L satisfies and an analytic function F : D x C — C has bounded L-index
N = N(F,L) in joint variables then for every © € [0,27]? and for every R = (r1,73)
with 1 € [0,1], 72 > 0, and for each S € Z3 one has

|[FS)(Re®)| |FS0)]
< < <
In max{ SIS (Re®) IIS]| £ N p < Inmax S'LS(O) IS| < N+

*

T

5 J i 2 J u ))Jr
(19) / ISI<N ka + 1 (7‘ Re ) TSiEy Z Rez@) o

0 j=1 j=1 J

Proof. Let R € R?\ {0}, © € [0, 27]*. Denote a; = =%, j € {1,2} and A = (o, ). We
consider the function

|F5) (Ate™®)|
20 9(t) max{ SIS (Aree) - 1]
where At = (a1t ast), Ate’® = (aite’r agte’??).
Since the functio |F(5)(Ate'®)| is continuously differentiable by real ¢t € [0, +00)
n n n——————- ntin ren r
B KILE (Ate®) uously y »+00),

outside the zero set of the function |F(%)(Ate’®)|, the function g(t) is a continuously
differentiable function on [0,7*), except, perhaps, for a countable set of points.

Therefore, using the inequality dr| g(r)| < |¢'(r)| which holds except for the points
r =t such that g(t) = 0, we deduce

() i©
i ‘F (Ate. )‘ 1 d |F(S (Atez®)|
dt \ SILS(Ate™®) S'LS(Atele) dt

2
1 1 ) .
10 (S+ej) 10 105
+|FS) (Ate )—d | ST (ALci®) S S!LS(Ateie) E F (Ate'®)aje

2 / 2 S+ej) i
I (ALe)| [F(5 e (A1) o
S - (ki +1)1;(Ate’
STLS (Atc®) Z:: Ate@ Z  (5+1,)IL5% (Atez@)o‘ﬂ( 5 H Ll (Ate™)+
|F(S) IS )| )t
21
@) S'LS Atel9 zz: Atele
For absolutely continuous functions hq, he, ..., kg and h(z) := max{h;(z): 1 < j < k},

R (z) < max{h}(z): 1 <j <k}, x € [a,b] (see [18, Lemma 4.1, p. 81]). The function g is



Andriy BANDURA, Volodymyr TSVIGUN
68 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepis mex.-mar. 2019. Bunyck 87

absolutely continuous, therefore, from (21)) it follows that
(S) 0
/ [E2(Ate™)] N
g'(t) gmax{ <S'LS(At’@) SIS N <
2

Z (s + D AtelO)|F<S+eJ>(At610)|+|F<S> (Ate'®) |22:3J( (1)t
||S||<N s (K + 1;)ILE+ei (Atei®) SILS (Atei®) = Li( Ate’@ h
2 2 l
sj(—uj(t)*
max Q; Ate’@ + max A A =
ISI<N ; ! ) ISI<N 2 1;(Ate®®)
= g(t)(B(t) + (1)),
where
2 2 / +
s (—uj(t))
= max aj(s; + 1)1 Atele ,7(t) = max A A
T ISl<N ; I ) IS|I<N ; 1;(Ate®)
Thus, 4 Ing(t) < B(t) +~(t) and
(22 9(t) < g(0) exp / dr,
0

because g(0) # 0. But r*A = R. Substituting ¢t = r* in and taking into account
, we deduce

[F5) (Re™))| [F5)(0)]
= . < < —— <
lnmaX{S'LS(Rel@) IIS] < N In max SIL5(0) IS < N7+
2

~
2 /

/ max Za sj + 1)1;(ATe™®) 5+ max ZM dr
J \Isi<y I ISlI<N | = 1j(ATei®) ’

i.e. is proved. O

Theorem 7. Let L(Re'®) be a positive continuously differentiable function in each
variable ry, k € {1,2}, and R = (r1,r2) with r; € [0,1], ro > 0, © € [0,27])%. If
the function L satisfies and an analytic function F' in D x C has bounded L-index
N = N(F,L) in joint variables and there exists C > 0 such that the function L satisfies
inequalities

(—(u;(t, R, ©))y)*

23 sup max max max : - <C
(23) |R|<1t€[0,7*] ©€[0,27]? 1<) <2 %lf(%Rele) ’

then

(24) T Inmax{|F(z,w): (z,w) € T%(0, R)}

r1—1—0,72—00 R L R 1© dr
@e%az); fo (7Ret®))

<(C+1)N+1.
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69

Proof. By Lemma [1|if L satisfies then
1

(25) max / (R,L (Re™®))dr — 400 as 1y — 1 — 0 and ry — +00.
€10,27
0

2

Denote 3(t) ZaJ (Ate'®). If, in addition, (23) holds then for some S*, [|S*| <

j=1
N and S, ||S| < N
2 S; ( Uuj (t))Jr 2 2

2(t) _ Tio i (o) *
RN S < si-C < NC,
B(t) Zf 1oz]l (Atei®) Z 7onZQ AteZ@) ; J

Bt _ S a3+ l)lj(Atez@) , >3y il (Ate™®) _

B(t) Z?:l Cvjlj (Atei@) Z?:l aj j(Atei@)

2
+) 5 <1+N.
j=1

But
t

[F(Ate®)] < g(t) < 9(0) exp / (B(r) +~(r))dr

0
and r*A = R. Putting ¢ = r* and taking into account (23], we obtain

Inmax{|F(z,w): (z,w)€ T?(0,R)} =
_ i© *
_]neen[ézgidJF(Re )|<1H@él[}f;2);2g(7° ) <

*

T

<Ing(0) + max /(6(7’) +y(7))dr <

0¢€[0,27]?

<Ilng(0)+ (NC+ N +1) max /ﬁ
0€[0,27]?

=1Ing(0) +(NC+ N + 1) max /Zajlj(ATei@)dT =

2
=Ing(0) +(NC+ N +1) max /ZTJZJ< R€Z®>d7':
0

=Ing(0)+ (NC+ N +1) max /er (TRe™®)d

Thus, we conclude that holds.
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Theorem 8. Let L(Re™®) be a positive continuously differentiable function in each
variable vy, k € {1,2}, and R = (r1,r2) with ry € [0,1], r2 > 0, © € [0,27]?. If the
function L satisfies and an analytic function F : D x C' — C has bounded L-index
N = N(F,L) in joint variables and

(26) r* (= (i (t, R, ©))i=ps) * /(i3 (Re™)) = 0
uniformly in all © € [0,27]%, j € {1,2}, asr; — 1 —0, ro — +oo then

(27) Tim Inmax{|F(z,w): (z,w)€ T?(0,R)}
|R[—>1-0

<N+ 1L

1
R,L (7Rei®))d
eg&);}z% , L (TRe'®))dr

Estimate (27)) can be deduced by analogy to the proof of Theorem
Our main result in this section is the following

Theorem 9. Let L(R) = (I1(R),12(R)), [;(R) be a positive continuously differentiable
non-decreasing function in each variable ro, k € {1,2}, and R = (r1,72) with r1 € [0, 1],
ro > 0. If the function L satisfies and an analytic function F' : D x C — C has
bounded L-index N = N(F,L) in joint variables then

Inmax{|F(z,w)|: (z,w) € T?(0,R)}

lim <N +1.
r1—1—0,r2—400 1
J(R,L(7R))dr
0

This statement is a direct consequence of Theorem [8} which is obtained for a more
general function L.
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OIIIHKMN 3POCTAHHYA AHAJIITUYHUX B D x C ®YHKIIIN
OBME2KEHOI'O L-IHIAEKCY 3A CYKVYIIHICTIO SMIHHUX

Anpnpiit BAHAYPA'!, Bosogumup IIBIT'YH?

b Isano- Ppankiscorutl nayionarvnud mernivrnutl ynisepcumen,
eys. Yuisepcumemcovka, 15, m. Isano-Pparnxiscor, 76019
e-mail: andriykopanytsia@gmail.com
2 JIveiscokuti nayionasvruti yrisepcumem imens leana Ppanka,
eys. Yuisepcumemcoka, 1,79000, Jveis
e-mail:12lvan Qukr.net

IoBeero meski BAACTUBOCTI PO3BUHEHHS Y CTEIIEHEBU Psi/I AHATITUIHUX B
D x C dbynkuiit o6mexenoro L-innexcy 3a cykynnicrio 3minaux, ge Lz, w) =
(li(z,w),l2(z,w)) 3; : D x C— R4 (5 € {1,2}) — nomarui nenepepeHi ¢yn-
kil Ta I (z,w) > B/(1 —|z|) mnsa Beix (z,w) € D x C i geskoro S > 1. Hasits
Oinbie, OTPUMAHO OLIHKH 3POCTaHHS (MYHKIHN 3 IbOro Kjacy. Borum ommcy-
[OTh TOBO/XKEHHST JIOTaprudMa MAKCUMYMy MOIY/IS AHATITHIHUX (DYHKIHH HA
KicTaKy B Oikpy3i depe3 moBoxkenus byskiil L. I1i ominku Touni B 3araub-
"HoMy Bunaaky. llomami pelynbraru I'DyHTYIOTHCS HA BHUYEPIAHHI OiKpyramMu
JeKapTOBOTO J00YTKY OJMHUYHOrO KPyra Ta KOMILIEKCHOI IIJIOIVH.

Karowo6t croea: anamituaHa QYHKINA, 00MEXKEHUN 1HIEKC 33 CYKYITHICTIO
3MIHHIX, OJUHUYHUNA KPYT, KOMIUIEKCHA ILIONIUHA, 1eKapTiB J0OYyTOK, OIHKHU
3POCTaHHH.
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