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Let ' and G be entire functions given by Dirichlet series with exponents
increasing to +oo and pr[F]c be the R-order of F with respect to a function
G. The quantities

_ o exp{Mg'(Mr(0))} o exp{Mg' (MF(0))}
TelFle = Mm = olonlFlao} » *Fle = 1B = {orlFloo)
are called the R-type and the lower R-type of F' with respect to G. A connection
between Tr[F]q, tr[F]c and the R-types and the lower R-types of F' and G
is demonstrated.
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1. INTRODUCTION

Let f and g be entire transcendental functions and My(r) = max{|f(z)| : |z| = r}.
For the study of relative growth of the functions f and g Ch. Roy [I] used the order
-1 -1
oglf] = lim M and the lower order \,[f] = lim M
r—+oo Inr r—too In r
function f with respect to the function g. Research of relative growth of entire functions
was continued by T. Biswas and other mathematicians (see, for example, [2], [3]).
Suppose that A = (\,) is an increasing to +00 sequence of non-negative numbers,
and Dirichlet series

(1) F(s) =Y foexp{sin}, s=o0+it,

n=1

of the
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has the abscissa of absolute convergence o, = +o00. For ¢ < 400 we put Mp(o) =
= sup{|F(o +it)| : t € R}.

Let L be a class of continuous non-negative on (—oo, +00) functions « such that
a(z) = a(zg) > 0 for < zg and a(x) T +o0 as z — +oo. We say that a € L, if
a € L and a((1+0(1))z) = (14 o(1))a(z) as  — 4oo. Finally, o € Ly, if « € L
and a(cz) = (14 o(1))a(x) as g < & — +oo for each ¢ € (0, +00), i. e. « is a slowly
increasing function. Clearly, Ly; C L°.

If « € L and 8 € L then for entire Dirichlet series (I}) the quantities

_ o alln Mi(0)) g 202 V()
Qa’ﬂ[F]_al)-‘rOO Blo) 7 AacolF] alﬁoo Blo)

are called the generalized order and the generalized lower order of F', respectively. We
say that F' has the generalized regular growth, if 0 < Ao g[F| = 0a,[F] < +00.

As in [4] we define the generalized order g, g[F]c and the generalized lower order
Aa,g[Fle of the function F' with respect to a function G, given by an entire Dirichlet
series

(2) G(s) = Z 9n exp{si,},
as follows
_ i BMG (Mp(0))) _ oy PG (Mp(0)))
Qa,B[F]G = UL+OO 5(0) ) Aa,ﬁ[F]G a%oo ﬁ(a)

The following two theorems are proved in [4].

Theorem A. Let o € L and § € L. Except for the cases when 0 g[F] = 04.5[G] =0 or
0a.8lF] = 0a,8[G] = +00, the inequality 0o s[F|c > 0a,8[F]/0a.s|G| is true and subject
to the condition of the regqular growth of G this inequality converts into an equality.

Ezxcept for the cases when Ay g[F] = Aa,g[G] = 0 or Ao g[F] = Ao g[G] = 00, the
inequality Ao g[Fla < Aa,g[F]/Aa,g|G] is true and subject to the condition of the regular
growth of G this inequality converts into an equality.

Theorem B. Let 0 < p < 400 and one of conditions is satisfied:

-1
a) a € L’ B(lnz) e L, W — 1 (x = +00) for each ¢ € (0,+00) and
nx D

In n=o0(\,) (n — 00);
b) a € Ly, B € L°, 0o p|F] < +o0, uﬁax(x)) =0(1) (x - +0) and Inn =
= o(AnB 1 (ea(N))) (n — o) for each ¢ € (0, +00).
Suppose that a(A4+1/p) = (1 + o(1))a(An/p) as n — co.
If the function G has generalized regular growth and

1 n -1 n
%n[G} — n |g | n |g +1|

/‘ +OO, no S n — 090,
)\n+1 - )\n



REMARKS TO RELATIVE GROWTH OF ENTIRE DIRICHLET SERIES
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2019. Bumyck 87 75

1 1 1
2G5 )
"aﬁ[F]G_nIEEOBCJF [ >
4 n —
P An | fr]
except for the cases when 0o g[F] = 00,8(G] =0 o1 00 g[F] = 04,8]G] = +0.

s

If, moreover, F has generalized regular growth and »,[F| /" 400 as ng < n — o0

then
1 1 1
B < +—1In >
p n |9
Jr

o An
. 1 1 1
f <p " Ifnl)

except for the cases when Ay g[F| = Aa,g[G] = 0 or Ay g[F] = Aa,g[G] = +00.

If we choose a(z) = In z and B(x) = x for z > 3 then from the definition of g, g[F]
and A, g[F'] we obtain the definition of the R-order pr[F] and the lower R-order Ar[F].
The quantities

then

T M71 M M*l M
onlFlg = Tm Mo WMrlo) iy gy Ma (Mr(0))
g+oo g o—+400 g
we will call the R-order and the lower R-order of F' with respect to a function G, accordi-

ngly. From Theorems A and B we get the following statement.

Corollary 1. Ezcept for the cases when og[F] = or|[G] = 0 or ogr[F]| = 0r[G] = +0,
the inequality or[F|c > or[F)/or[G] is true and subject to the condition of the regular
growth of G (i. e. 0< Ar|[G] = Ar[G] < o0) this inequality converts into an equality, and
except for the cases when Ag[F] = Ar[G] = 0 or Ag[F] = Ar[G] = +o0, the inequality
Ar[Fla < Agr[F]|/AR[G] is true and subject to the condition of the regular growth of G
this inequality converts into an equality.
IfiInn=o0A,In A,), In Ap1 = (1 +0(1))In A\, as n — oo, the function G has the
reqular growth and ,[G] / +oo as ng < n — oo then gr[Fla = H@O 12 |j];z||
for the cases when or[F] = or[G] = 0 or or[F] = 0r[G] = +00, and if, moreover, the
function F has the regular growth and and »,[F| / +00 as ng < n — oo then A\g[Flg =
1 [gnl
= lim

n—oo 11 | fp]

except

except for the cases when Ag[F] = Ar[G] = 0 or Ag[F] = Ag[G] = +o0.

Here we investigate the growth of F' with respect to G in terms of R-types and
convergence classes.

2. RELATIVE GROWTH IN TERMS OF R-TYPES

Suppose that or[F] = ¢ € (0, +00). If we choose a(z) = = and f(x) = e?® for x > 1
then from the definition of o, g[F] and A, g[F] we obtain the definition of the R-type
Tr[F] and the lower R-type tg[F]. Similarly, the quantities

TolFlo = T CPWMe Mr@)) oy, o2le (Mr(9)

o—+00 eXp{QR[F]GO’} o—too eXp{QR[F]GU}
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are called the R-type and the lower R-type of F' with respect to G, respectively.
The following two statements cannot be derived from Theorems A and B, but are
their analogues.

Proposition 1. Suppose that the function G has regular growth. Then except for the
cases when Tr[F] = Tr[G] = 0 or Tg[F]| = Tg[G] = +oo, the inequality Tr[F|c >
> (Tr[F]/Tr[G))"/ 2~ is true and subject to the condition of the strongly regular growth
of G (i. e. 0 < tg[G] = Tg[G] < oo) this inequality converts into an equality, and
except for the cases when tr[F| = tg[G] = 0 or tg[F] = tr|G] = +oo, the inequality
tr[Fla < (tr[F]/tr[G])*/2rE) and subject to the condition of the strongly reqular growth
of G this inequality converts into an equality.

Proof. Since G has the regular growth, from Corollary (1| we get or[F|a = or[F]/or[G].
Therefore,

- Tm exp{Mg"'(Mp(0))} _ = exp{or[GIMG (Mp (o))} 1/0r[G]
Tr[F)e = ng-oo exp { gﬂga} N al>+oo ( exp{or[Flo} > )

i.e.

(Tr[F])?™1 =

= ep{enlGIMG @)}
ST

z—=+00 exp{or[F|Mp ! (2)
exp{or[GIMg" (x)}

=)
8

=
= 25400 exp{or[FIME (@)} oot In
— In Mp(o) . exp{ogr[Glo}
lim —————== lim —————— =
oc—+o0 exp{or[F|0} 65400 1n Mg(o)
_ TR[F]
Tr[G]

\

In M,
If G has the strongly regular growth then there exists lim n Me (o) and as

. . o—+oo exp{or[Glo}
above we have
(TalFl)eni€ = T SPLerlGMg (@)}

r—400 exp{gR[F]Mpl(x)}

I In x lim exp{or[GIM; " (z)} _
a=r+o0 exp{og|F|My " (x)} o—+oo In x

_ Tr[F]

 Tr[G)

The first part of Proposition [1}is proved.
The proof of second part is similar. Indeed,

enl6] _ pyyy PlerlGIMG (2)}
(tlFle) mLToo exp{or[FIM:" (z)} =
< lim a i oPlerlGIMG (@)} _

2100 explop[FI My (z)} a—+oo In z
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lim In Mp(o) m exp{or|[Glo} _
o—+o00 €xp{or[F]o} o=+ In Mg(o)
_ tr[F]
 tr[G]

In M,
and if there exists lim Hic() =tgr
o—+o0 exp{or[Glo}

(tr[Fle)?*) = lim o @ = op{er[GIMG" (@)} _ tr[F]

o too expl{op[F]Mp* ()} a=+oc In x tr|G

[F] = Tg[F] then

O

To get the analogue of theorem B we use thefollowing lemma following which can
be obtained from Lemma 1 in [4], if we will choose a(z) = = and f(x) = e2® for x > 1.

Lemma 1. Suppose that for entire Dirichlet series Inn = o(A\,) as n — oo.

Then Tgr[F] = nl;C>O con [F]|f W 2rEV A and if, moreover, A1 = (1 + o(1))\, and

#,[F] S +00 as ng < n — oo then tg[F] = lim
n—oo eQR[ }

| flo!

Proposition 2. Suppose that the exponents of entire Dirichlet series and satisfy
the conditions In n = o(\,) and Apy1 = (1 +0(1))A\, as n — 0.

If the function G has the strongly reqular growth and s,[G] /400 asng < n — 0o
then

(3) (TalFl)e@ — i 28lC) g Mnlen e
' QR[F] n—00 | g, |0r[GT/An
except for the cases when Tr[F] = Tr[G] =0 or Tr[F] = Tg[G] = +c.
If, moreover, the function F has the strongly regular growth and »,[F] /* +0o as
ng <n — oo then

falon (1

0r[G] lim ———
QR[F} n—oo |gn‘gR [G]/An

except for the cases when tg[F| = tr|G] =0 or tg[F] = tg[G] = +o0.

(4) (tr[F)a)em 9 = k, =

Proof. By Proposition [I] and Lemma [I] we have

Tr[F] — eor[G]
TrlF)~)erFla — R =1 n.QR
TnlFle) T~ L e |fn|@R[GWn -
| G _onlG] — |falonl
< 1 n QR[F]/)\ GQR[ - 1 = *.
TEL oo s = ot L e =

On the other hand, let £* > 0. Then for every ¢ € (0, k*) there exists an increasing to
oo sequence (ny) of integers such that

| |07V A
or[F]

|er[G1/Any,

> (k‘* o 6) |gnkQR[G]
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and, thus,
— A
m —2 | f,, |2 F)/ A > (k* — &) lim
n—00 GQR[ ] |f | ( )n—>oo GQR[G]
Since G has the strongly regular growth, that is Tr[G] = tr[G], hence by Lemma
we obtain the inequality Tg[F] > (k* — &)Tg[G], i. e. in view of arbitrariness of ¢ the
Tr|F
inequality (Tg[F]q)2r[C) = &[]
TR|G]
The first part of Proposition [2]is proved.
For the proof of the second part we remark that since the function G has the strongly
regular growth, by Proposition [[] and Lemma

A |gn|2RIG)/ An

> k* is true. For k* = 0 the last inequality is obvious.

trlF] . eor|G]
tplFl~)erFle _ M1 — lim - |erlF/ A0 iy
(tr[Fla) e eQR[ ]|f| 60 Ap | fon|2RIG A =
or[F]/An
> FAR eor[G ] _ or[G] lim | fnl — k.

n—oo BQR[ ] )\n|fn|gR An QR[F] n— o0 \gn\QR[G]/A"
On the other hand, if k., < +oco then for every € > 0 there exists an increasing to oo
sequence (ny) of integers such that

| fn |er[E]/An,, <t o) s |er[C1/ Ay,
orl[F] 2r[G]
and, thus,
or[F]/An cor|[G]
1lim BQR[ ]|fn| < (k*+5)nh_>rgo)\ g, [exTGI/A
whence by Lemma [1] it follows that tr[F] < (k. + €)tg[G] and in view of arbitrariness

tr[F]
t

of € the inequality (tg[F]q)?rl¢] = e < k., is true. The last inequality is trivial, if

k. = 400. The proof of Proposition [2]is completed. O

We remark that if or[F|¢ = or[F]/or[G] then the R-type and the lower R-type of
F with respect to G can be defined also by formulas

TE[F]G — Tim eXp{QR[G]Mél(MF(U))} t}[F]G — lim eXp{QR[G]Mg;l(MF(U))}

o—+00 eXp{QR[F]O'} o—+oo eXp{QR[F]U}
Then in Proposition the inequalities Tr[F|g > (Tr[F]/Tr[G])'/2"IE] and tg[F|e <
< (tr[F]/tr[G])*/¢rlC] can be replaced by the inequalities Th[F|g > Tgr[F]/Tr[G]
and t5[F]g < tg[F]/tr[G], and in formulae (3) and (@) instead of (Tr[F]g)2=l¢) and
(tr[F]c)?=4) one can put T%[F|q and t4[F]g.

3. CONVERGENCE CLASSES

Generalizing the convergence class introduced by Valiron for entire functions,
P. Kamthan [5] showed that if the sequence (\,) has a positive finite step, that is
0<h<At1—A <H<ooforn>0,and »,(F) T +00 as n — oo then in order that

(5) /Mda < +o0,

evs
0
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it is necessary and sufficient that Z | fn]¢/*n < +00. Giving up a condition on the step

of exponents in [6] it is well- proven that if Inn = O(\,) as n — oo then in order that ()
holds, it is necessary and in the case when sz, (F') 400 (n — 00), it is sufficient that
> (A = An—1) | fu] @A < oo

n=1

If Tg[F]g = 0, that is in view of the equality T%[Fle = (Tr[Flg)??Fle we get
Tk[Fle = 0, for a characteristic of the growth of F' we introduce a convergence class
with respect to G by the condition

7exp{gR[G]MG1(MF(U))}

do < +oo.
exp{ogr[Flo}

Proposition 3. If a function G has the positive lower R-type and the finite R-type then
a function F belongs to the convergence class with respect to G if and only if F' belongs
to the convergence class defined by Kamthan.

For the proof of this statement it is enough to use the estimations

ln Mg( )
O<ts=s exp{ogr[Flo} ~

As in [7], we say that an entire Dirichlet series belongs to the generalized
convergence af-class, if

<T < 4o0.

o0

a(ln Mp(0))
(6) /Tda < 400,

o0
The following theorem is proved in [7].

Theorem C. Let a be a concave on [zg, +00) function, a(e®) € L° and a function

B € LY satisfies conditions zf'(z)/B(z) > h > 0 for x > x¢ and [ ngidz < 400.

Suppose that Inn = o\, (a(\,))) as n — oo. Then in order that entire Dirichlet
series belongs to the gemeralized convergence af-class, it is necessary and in the case

when s, (F) S 400 (n — 00), it is sufficient that
D (an) o) (5 gg) < e /ﬁL

Finally, in view of the definition of p,g[F] by the condition g,5[F] = 0 we say that
F belongs to a generalized convergence af-class with respect to G, if

The following statement is true.
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Proposition 4. If a function G has the positive generalized lower order and the finite
generalized order then a function F belongs to a generalized convergence af-class with
respect to G, if and only if F' belongs to a generalized convergence af-class defined by
condition @
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Hexait F'i G — nini dynkril, 3agani psagamu [lipixie 31 3pocraounMu 10
+00 nokasnukamu, a or[F|¢ — R-nopanok dbynkuil F crocosro dyukuii G.
Bemuuunu

— Mz (M Mz (M
il T SO} L oM (Me(0)
otoo  exp{or[Flco} ootoo  explor[Flco}
HazBeMo R-tumnoMm i HikaiM R-THnom ¢yukmil F' BignocHo dyukmil G. SHaiige-
uo 38’730k Mixk Tr[F|a, tr[F]c i R-runamu Ta anxuiMa R-tunavm dysKOii

FigG.

Karowosi caosa: psa lipixiie, BiJHOCHE 3pOCTAHHS, KJIAC 30i3KHOCTI.
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