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1. Âñòóï

Ïèòàííÿ, ÿêi ïîâ'ÿçàíi ç äîñëiäæåííÿìè ïîâîäæåííÿ öiëèõ ôóíêöié âçäîâæ
êðèâèõ ïðàâèëüíîãî îáåðòàííÿ (êð. ïð. îá.), çîêðåìà ëîãàðèôìi÷íèõ ñïiðàëåé, ðîç-
ãëÿäàëèñü â áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [1]-[4]). Çîêðåìà, À. Ìàêiíòàéð [1]
ââiâ ïîíÿòòÿ iíäèêàòîðà ïî ëîãàðèôìi÷íié ñïiðàëi é óçàãàëüíèâ ïîíÿòòÿ àñîöiéîâà-
íî¨ ôóíêöi¨; Ñ. Áàëàøîâ [2] òà À. Õåéôiö [3] äîâåëè òåîðåìè Âàëiðîíà òà Âàëiðîíà-
Òiò÷ìàðøà äëÿ êëàñó H+(ρ) öiëèõ ôóíêöié äîäàòíîãî ïîðÿäêó ρ ç íóëÿìè íà îäíié
êð. ïð. îá. Â [4] óçàãàëüíåíî äîáðå âiäîìi äîñëiäæåííÿ Á. Ëåâiíà òà À. Ïôëþãå-
ðà ïðî öiëi ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ (ö. ð. çð.) íà âèïàäîê iñíóâàííÿ
ùiëüíîñòi íóëiâ ôóíêöié êëàñó H+(ρ) íà êð. ïð. îá.

Îñêiëüêè àñèìïòîòèêà ëîãàðèôìi÷íî¨ ïîõiäíî¨ F (z) = z
f ′(z)

f(z)
öiëèõ ôóíêöié f

òà îöiíêè F (z) çîâíi âèíÿòêîâèõ ìíîæèí âiäiãðàþòü âàæëèâó ðîëü ó ðiçíèõ ãàëóçÿõ
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ìàòåìàòèêè, òî â [5] òà [6], âiäïîâiäíî, áóëî çíàéäåíî íåîáõiäíó òà äîñòàòíþ óìîâè
íàëåæíîñòi f ∈ H+(ρ) äî ìíîæèíè ö. ð. çð. â òåðìiíàõ F (z).

Çâ'ÿçîê ìiæ ðåãóëÿðíèì ïîâîäæåííÿì F (z) òà iñíóâàííÿì êóòîâî¨ υ-ùiëüíîñòi
äëÿ êëàñó H0(υ) öiëèõ ôóíêöié íóëüîâîãî ïîðÿäêó âiäíîñíî ïîâiëüíî çðîñòàþ÷î¨
ôóíêöi¨ ïîðiâíÿííÿ υ(r) âèâ÷åíî â [7].

Ìè äîñëiäæó¹ìî àíàëîãi÷íó çàäà÷ó äëÿ ôóíêöié êëàñó H0(υ) ç íóëÿìè íà êð.
ïð. îá.

2. Îçíà÷åííÿ òà ôîðìóëþâàííÿ ðåçóëüòàòiâ

Äëÿ ϕ ∈ [−π, π), 1 6 a < +∞ ïðèéìåìî lγϕ(a, r) =
{
z = tei(ϕ+γ(t)) : a 6 t 6 r

}
,

lγϕ = lγϕ(1,+∞), äå γ(t) � äiéñíîçíà÷íà ôóíêöiÿ âèçíà÷åíà íà [1,+∞). Íàñëiäóþ÷è Ñ.
Áàëàøîâà [2, ñ.604], íàçâåìî lγϕ êðèâîþ ïðàâèëüíîãî îáåðòàííÿ (êð. ïð. îá.), ÿêùî
γ(t) äèôåðåíöiéîâíà íà [1,+∞) ôóíêöiÿ òàêà, ùî lim

t→+∞
(tγ′(t)) = c, −∞ < c < +∞.

Ó âèïàäêó γ(t) = c ln t êðèâó lγϕ = lcϕ íàçèâàþòü ëîãàðèôìi÷íîþ ñïiðàëëþ.

Íåõàé L � ìíîæèíà íåâiä'¹ìíèõ, íåïåðåðâíî-äèôåðåíöiéîâíèõ, çðîñòàþ÷èõ äî
+∞ íà [0,+∞) ôóíêöié υ òàêèõ, ùî rυ′(r)/υ(r) → 0 ïðè r → +∞. Âiäîìî, ùî ç
òî÷íiñòþ äî åêâiâàëåíòíèõ ôóíêöié, ìíîæèíà L çáiãà¹òüñÿ ç êëàñîì ïîâiëüíî çðî-
ñòàþ÷èõ ôóíêöié. Ïîçíà÷èìî ÷åðåç H0(υ) êëàñ öiëèõ ôóíêöié f íóëüîâîãî ïîðÿäêó,
ëi÷èëüíà ôóíêöiÿ n(r) = n(r, 0, f) íóëiâ ÿêèõ çàäîâîëüíÿ¹ óìîâó (υ ∈ L)

lim
r→+∞

n(r)

υ(r)
< +∞.

Íåõàé Dγ(r;α, β) =
⋃

α6ϕ<β
lγϕ(1, r) � êðèâîëiíiéíèé ñåêòîð, −π 6 α < β < π,

nγ(r;α, β) � êiëüêiñòü íóëiâ f ∈ H0(υ) â Dγ(r;α, β).

Ãîâîðèòèìåìî, ùî íóëi f ∈ H0(υ) ìàþòü υ-ùiëüíiñòü ∆γ(α, β) ïî êð. ïð. îá. lγϕ,
ÿêùî äëÿ âñiõ α, β, −π 6 α < β < π, çà âèíÿòêîì, ìîæëèâî, çëi÷åííî¨ ìíîæèíè,
iñíó¹ ãðàíèöÿ

lim
r→+∞

nγ(r;α, β)

υ(r)
= ∆γ(α, β).

Äëÿ υ̃ ∈ L ïðèéìåìî

υ(r) =

r∫
1

υ̃(t)

t
dt.

Ëåãêî áà÷èòè, ùî υ ∈ L i υ̃(r) = o(υ(r)), r → +∞.
Ãîâîðèòèìåìî, ùî ìíîæèíà E ⊂ C ìà¹ âåðõíþ α-ùiëüíiñòü η, 1 < α 6 2, i

ïèñàòè E∈Cαη , ÿêùî ¨¨ ìîæíà ïîêðèòè ïîñëiäîâíiñòþ êðóãiâ

C(zk, rk) = {z : |z − zk| < rk}

òàêèõ, ùî

Dα(E) = lim
r→+∞

r−α ∑
|zk|6r

rαk

 = η, 0 6 η < +∞.
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Òåîðåìà 1. Íåõàé υ ∈ L, f ∈ H0(υ), íóëi f ìàþòü υ-ùiëüíiñòü ∆γ(α, β) ïî êð.
ïð. îá. lγϕ. Òîäi iñíó¹ ìíîæèíà E∈Cα0 , 1 < α 6 2, òàêà, ùî

(1) F
(
rei(ϕ+γ(r))

)
= n(r) + o(υ(r)), r → +∞, rei(ϕ+γ(r)) /∈ E.

3. Äîïîìiæíi ðåçóëüòàòè

Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæàòèìåìî, ùî υ(r) = 0 ïðè 0 6 r 6 1, υ ∈ L, i
f(0) = 1, f ∈ H0(υ). Äëÿ äîâåäåííÿ òåîðåì áóäåìî âèêîðèñòîâóâàòè òàêi ðåçóëüòàòè,
ÿêi ñôîðìóëþ¹ìî ó âèãëÿäi ëåì.

Ëåìà 1. Íåõàé υ ∈ L, w = tei(−π+γ(t)), 0 < δ < 1, β(t)− γ(t)→ 0 ïðè t→ +∞, α(t)
� êóñêîâî-íåïåðåðâíà, íåâiä'¹ìíà íà [1,+∞) ôóíêöiÿ, α(t) → 0, t → +∞. Òîäi äëÿ
z = rei(ϕ+β(r)), −π < ϕ < π, âèêîíóþòüñÿ óìîâè

J1 = r

+∞∫
1

α(t)υ(t)

|w − z|2
dt = o(υ(r)), r → +∞;(2)

J2 =

r∫
1

α(t)υ(t)

|w − z|
dt = o(υ(r)), r → +∞;(3)

J3 = r

+∞∫
r

α(t)υ(t)

t|w − z|
dt = o(υ(r)), r → +∞;(4)

ïðè÷îìó ñïiââiäíîøåííÿ (2)-(4) âèêîíóþòüñÿ ðiâíîìiðíî ùîäî ϕ ∈ [−π + δ, π − δ].

Äîâåäåííÿ. Íåõàé ε > 0 äîâiëüíå ÷èñëî, K1,K2, . . . � äîäàòíi ñòàëi. Ïðèéìåìî η =
e−δ/(4|c|), äå c = lim

t→+∞
(tγ′(t)). ßêùî c = 0, òî ïðèéìåìî η = 1/2. Ìà¹ìî

J1 = r

 ηr∫
1

+

r/η∫
ηr

+

+∞∫
r/η

 α(t)υ(t)

|w − z|2
dt = J ′1 + J ′′1 + J ′′′1 .

Îñêiëüêè |w − z| > ||w| − |z|| = |t− r|,
r∫

1

α(t)dt = o(r), r → +∞, òî

J ′1 6 r

ηr∫
1

α(t)υ(t)

(r − t)2
dt 6

ηr∫
1

α(t)υ(t)

r(1− η)2
dt 6 K1

υ(r)

r

ηr∫
1

α(t)dt <
ε

3
υ(r) ïðè r > r1.

Àíàëîãi÷íî

J ′′′1 6 r

+∞∫
r/η

α(t)υ(t)

t2(1− η)2
dt <

ε

3
υ(r) ïðè r > r2,

áî

+∞∫
τ

α(t)υ(t)

t2
dt = o

(
υ(τ)

τ

)
, τ → +∞.
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Âðàõîâóþ÷è, ùî äëÿ äîâiëüíîãî b > 0 [2, c. 605] lim
x→+∞

(γ(bx)−γ(x)) = c ln b, äëÿ

t ∈ [ηr, r/η] ìà¹ìî

ϕ̃ = ϕ+ β(r)− γ(t) = ϕ+ (β(r)− γ(r)) + (γ(r)− γ(t))→ ϕ+ c ln b∗

ïðè r → +∞, b∗ ∈ [η, 1/η]. Äëÿ ϕ ∈ [−π + δ, π − δ] ïðè r > r3

ϕ̃ >
(
ϕ+ c ln

r

t

)
− δ

2
> −π +

δ

2
− |c ln η| = −π +

δ

2
− |c| ln eδ/(4|c|) = −π +

δ

4
,

ϕ̃ 6
(
ϕ+ c ln

r

t

)
+
δ

2
6 π − δ

2
+ |c| ln eδ/(4|c|) = π − δ

4
.

Îòæå, |ϕ̃| 6 π − δ

4
i, âðàõîâóþ÷è íåðiâíiñòü∣∣t+ reiθ

∣∣ > (t+ r) sin(δ1/2)

äëÿ |θ| 6 π − δ1, 0 < δ1 < 1 (äèâ., íàïðèêëàä, [8, ñ. 92]), îòðèìó¹ìî

|w − z| =
∣∣∣tei(−π+γ(t)) − rei(ϕ+β(r))∣∣∣ =

∣∣∣t+ reiϕ̃
∣∣∣ > (t+ r) sin

δ

8
.

Ïðèéìåìî α∗(r) = sup{α(t) : ηr 6 t 6 r/η}. Òîäi

J ′′1 6 r

r/η∫
ηr

α(t)υ(t)dt

(t+ r)2 sin2(δ/8)
6
α∗(r)υ(r/η)r

sin2(δ/8)

r/η∫
ηr

t−2dt =

= K2α
∗(r)υ(r) <

ε

3
υ(r) ïðè r > r4.

Ç îöiíîê äëÿ J ′1, J
′′
1 , J

′′′
1 îòðèìó¹ìî J1 < ευ(r) ïðè r > r5 = max{rj : 1 6 j 6 4}

i ϕ ∈ [−π + δ/8, π − δ/8]. Ñïiââiäíîøåííÿ (3) òà (4) äîâîäÿòüñÿ àíàëîãi÷íî. Ëåìó 1
äîâåäåíî. �

Ïðèéìåìî äëÿ υ ∈ L, k ∈ N ∪ {0},

Ak(τ, υ) =

τ∫
1

υ(t)tkei(k+1)γ(t)dt,

Bk(τ, υ) =

+∞∫
τ

υ(t)t−k−2e−i(k+1)γ(t)dt,

äå tγ′(t) = c+ α(t), α(t)→ 0 ïðè t→ +∞.

Ëåìà 2. ßêùî υ̃ ∈ L, òî

Ak(τ, υ) =
1

1 + ic

(
υ(τ)τk+1ei(k+1)γ(τ)

k + 1
− 1

k + 1
Ak(τ, υ̃)− iAk(τ, υα)

)
,(5)

Bk(τ, υ) =
1

1 + ic

(
υ(τ)τ−k−1e−i(k+1)γ(τ)

k + 1
+

1

k + 1
Bk(τ, υ̃)− iBk(τ, υα)

)
.(6)
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Äîâåäåííÿ. Iíòåãðóþ÷è ÷àñòèíàìè, îòðèìó¹ìî

Ak(τ, υ) =
υ(t)tk+1

k + 1
ei(k+1)γ(t)

∣∣∣∣τ
1

− 1

k + 1

τ∫
1

tk+1ei(k+1)γ(t)(υ′(t) + i(k + 1)γ′(t)υ(t))dt =

=
υ(τ)τk+1ei(k+1)γ(τ)

k + 1
− 1

k + 1

τ∫
1

(tυ′(t))tkei(k+1)γ(t)dt− i
τ∫

1

υ(t)(tγ′(t))tkei(k+1)γ(t)dt =

=
υ(τ)τk+1ei(k+1)γ(τ)

k + 1
− 1

k + 1
Ak(τ, υ̃)− icAk(τ, υ)− iAk(τ, υα).

Ïåðåíiñøè âèðàç (−icAk(τ, υ)) â ëiâó ÷àñòèíó ðiâíîñòi i ðîçäiëèâøè îáèäâi ÷àñòèíè
íà ìíîæíèê (1 + ic), îäåðæó¹ìî (5).

Ñïiââiäíîøåííÿ (6) îòðèìó¹ìî àíàëîãi÷íî. Ëåìó 2 äîâåäåíî. �

Ëåìà 3. Íåõàé υ ∈ L, w ∈ lγ−π, β(r) − γ(r) → 0 ïðè r → +∞, 0 < δ < 1. Òîäi äëÿ

z = rei(ϕ+β(r)) ðiâíîìiðíî ùîäî ϕ ∈ [−π + δ, π − δ] âèêîíó¹òüñÿ (r → +∞)

(7) I1 = z

∫
lγ−π(1,r)

υ(|w|)dw
(z − w)2

= (1+ic) lim
ε→0+

+∞∑
k=0

(−1)k+1(k + 1)

zk+1
Ak ((1− ε)r, υ)+o(υ(r));

I2=z

∫
lγ−π(r,+∞)

υ(|w|)dw
(z − w)2

= (1+ic) lim
ε→0+

+∞∑
k=0

(−1)k+1(k+1)

z−k−1
Bk ((1+ε)r, υ) + o(υ(r));(8)

I3 =

∫
lγ−π(1,r)

υ(|w|)dw
z − w

= (1 + ic) lim
ε→0+

+∞∑
k=0

(−1)k+1

zk+1
Ak ((1− ε)r, υ) + o(υ(r));(9)

I4 = z

∫
lγ−π(r,+∞)

υ(|w|)dw
w(z − w)

= (1 + ic) lim
ε→0

+∞∑
k=0

(−1)k

z−k−1
Bk ((1 + ε)r, υ) + o(υ(r)).(10)

Äîâåäåííÿ. Ìà¹ìî w = tei(−π+γ(t)), dw = (1 + iγ′(t)t)ei(−π+γ(t))dt i òîìó

I1 = z

r∫
1

υ(t)(1 + itγ′(t))ei(−π+γ(t))

z2
(

1− w

z

)2 dt =

= lim
ε→0+

(1−ε)r∫
1

(
υ(t)(1 + ic+ iα(t))ei(−π+γ(t))

z

+∞∑
k=0

(k + 1)
(w
z

)k)
dt =

= (1+ic) lim
ε→0+

+∞∑
k=0

(−1)k+1(k + 1)

zk+1

(1−ε)r∫
1

υ(t)tkei(k+1)γ(t)dt+iz

r∫
1

υ(t)α(t)ei(−π+γ(t))

(z − w)2
dt =

= (1 + ic) lim
ε→0+

+∞∑
k=0

(−1)k+1(k + 1)

zk+1
Ak ((1− ε)r, υ) + o(υ(r)), r → +∞,
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áî çà ëåìîþ 1 ðiâíîìiðíî ùîäî ϕ ∈ [−π + δ, π − δ]∣∣∣∣∣∣iz
r∫

1

υ(t)α(t)ei(−π+γ(t))

(z − w)2
dt

∣∣∣∣∣∣ 6 r
+∞∫
1

α(t)υ(t)

|z − w|2
dt = o(υ(r)), r → +∞.

Àíàëîãi÷íî

I2 = z

+∞∫
r

υ(t)(1 + ic+ iα(t))ei(−π+γ(t))

w2
(

1− z

w

)2 dt =

= (1 + ic)z

+∞∫
r

(
υ(t)ei(−π+γ(t))

w2

+∞∑
k=0

(k + 1)
( z
w

)k)
dt+ iz

+∞∫
r

υ(t)α(t)ei(−π+γ(t))

(z − w)2
dt =

= (1 + ic) lim
ε→0+

+∞∑
k=0

 (−1)k+1(k + 1)

z−k−1

+∞∫
(1+ε)r

υ(t)t−k−2e−i(k+1)γ(t)dt

+ o(υ(r)) =

= (1 + ic) lim
ε→0+

+∞∑
k=0

(−1)k+1(k + 1)

z−k−1
Bk ((1 + ε)r, υ) + o(υ(r)), r → +∞,

áî çà ëåìîþ 1 ðiâíîìiðíî ùîäî ϕ ∈ [−π + δ, π − δ]∣∣∣∣∣∣iz
+∞∫
r

υ(t)α(t)ei(−π+γ(t))

(z − w)2
dt

∣∣∣∣∣∣ 6 r
+∞∫
1

α(t)υ(t)

|z − w|2
dt = o(υ(r)), r → +∞.

Ñïiââiäíîøåííÿ (9) i (10) äîâîäÿòüñÿ ïîäiáíî. Ëåìó 3 äîâåäåíî. �

Ëåìà 4 ([9, ñ. 238]). Íåõàé υ ∈ L, f1, f2 ∈ H0(υ), ïîñëiäîâíîñòi íóëiâ (a1,k),
(a2,k), âiäïîâiäíî, ôóíêöié f1, f2 ìàþòü υ-ùiëüíiñòü, òîáòî iñíóþòü ãðàíèöi ∆ =
lim
r→∞

n(r, 0, fj)/υ(r) (j = 1, 2), |a1,k| = |a2,k|, |arg a1,k − arg a2,k| < δ. Òîäi äëÿ áóäü-

ÿêèõ ε > 0, η > 0, 1 < α 6 2 iñíóþòü δ > 0 i òàêà ìíîæèíà E ∈ Cαη , ùî

|F1(z)− F2(z)| < ευ(r), z /∈ E.

4. Äîâåäåííÿ òåîðåìè 1

Ïðèïóñòèìî ñïî÷àòêó, ùî íóëi f ∈ H0(υ), υ ∈ L, ðîçòàøîâàíi íà êð. ïð. îá. lγ−π.
ßêùî (an)+∞n=1 � ïîñëiäîâíiñòü íóëiâ ôóíêöi¨ f, äå

1 6 |a1| 6 |a2| 6 . . . 6 |an| 6 . . .→ +∞,
òî f ìîæíà çîáðàçèòè ó âèãëÿäi

f(z) =

+∞∏
n=1

(
1− z

an

)
.

Òîìó

ln f(z) =

+∞∑
n=1

ln

(
1− z

an

)
,
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äå ln

(
1− z

an

)
îäíîçíà÷íà ãiëêà â (C\lγ−π) áàãàòîçíà÷íî¨ ôóíêöi¨ Ln

(
1− z

an

)
òàêà,

ùî ln

(
1− z

an

)∣∣∣∣
z=0

= 0. Äëÿ z = rei(ϕ+β(r)), −π < ϕ < π, ìà¹ìî

F (z) = z
f ′(z)

f(z)
= z

+∞∑
n=1

1

z − an
= z

∫
lγ−π

1

z − w
dn(|w|) =

=
z

z − w
n(|w|)

∣∣∣∣
lγ−π

− z
∫
lγ−π

n(|w|)
(z − w)2

dw =

= −z
∫
lγ−π

n(|w|)− υ(|w|)
(z − w)2

dw − z
∫
lγ−π

υ(|w|)
(z − w)2

dw = J̃1 + J̃2.(11)

Îñêiëüêè çà óìîâîþ òåîðåìè n(r) = υ(r) + ε(r), äå ε(r) → 0 ïðè r → +∞, òî çà
ëåìîþ 1 îòðèìó¹ìî

|J̃1| =
∣∣∣∣−z ∫ +∞

1

ε(t)υ(t)(1 + itγ′(t))ei(−π+γ(t))dt

(z − w)2

∣∣∣∣ 6
6 K3r

∫ +∞

1

|ε(t)|υ(t)

|z − w|2
dt = o(υ(r)), r → +∞.

Äàëi, çà ëåìàìè 3 i 2 ìà¹ìî

J̃2 = −I1 − I2 = lim
ε→0+

+∞∑
k=0

{
(−1)k(k + 1)

zk+1

(
υ((1− ε)r)(1− ε)k+1rk+1

k + 1
ei(k+1)γ((1−ε)r)−

− 1

k + 1
Ak((1− ε)r, υ̃)− iAk((1− ε)r, υα)

)}
+

+ lim
ε→0+

+∞∑
k=0

{
(−1)k(k + 1)

z−k−1

(
υ((1 + ε)r)e−i(k+1)γ((1+ε)r)

(1 + ε)k+1rk+1(k + 1)
+

1

k + 1
Bk((1 + ε)r, υ̃)−

−iBk((1 + ε)r, υα)

)}
+ o(υ(r)) = υ(r) lim

ε→0+

(1− ε)ei(γ((1−ε)r)−β(r))

1 + (1− ε)ei(γ((1−ε)r)−β(r))
+

+
1

1 + ic

∫
lγ−π(1,r)

υ̃(|w|)
z − w

dw +
iz

1 + ic

∫
lγ−π(1,r)

υ(|w|)α(|w|)
(z − w)2

dw+

+υ(r) lim
ε→0+

e−i(γ((1+ε)r)−β(r))

1 + ε) + e−i(γ((1+ε)r)−β(r))
+

z

1 + ic

∫
lγ−π(r,+∞)

υ̃(|w|)
w(w − z)

dw+

+
iz

1 + ic

∫
lγ−π(r,+∞)

υ(|w|)α(|w|)
(z − w)2

dw + o(υ(r)) =
ei(γ(r)−β(r))υ(r)

1 + ei(γ(r)−β(r))
+

1

1 + ic
J̃ ′2 +

i

1 + ic
J̃ ′′2 +

+
e−i(γ(r)−β(r))υ(r)

1 + e−i(γ(r)−β(r))
+

1

1 + ic
J̃∗2 +

i

1 + ic
J̃∗∗2 + o(υ(r)) = υ(r) + o(υ(r)), r → +∞,



ËÎÃÀÐÈÔÌI×ÍÀ ÏÎÕIÄÍÀ ÖIËÈÕ ÔÓÍÊÖIÉ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 87 53

áî çàâäÿêè ëåìi 1 (υ̃(t) = δ(t)υ(t), δ(t)→ 0, t→ +∞)

|J̃ ′2| 6
r∫

1

|δ(t)|υ(t)

|w − z|
dt = o(υ(r)), r → +∞,

|J̃ ′′2 | 6 r
r∫

1

|α(t)|υ(t)

|z − w|2
dt = o(υ(r)), r → +∞,

|J̃∗2 | 6 r
+∞∫
r

|δ(t)|υ(t)

t|w − z|
dt = o(υ(r)), r → +∞,

|J̃∗∗2 | 6 r
+∞∫
r

|α(t)|υ(t)

|z − w|2
dt = o(υ(r)), r → +∞.

Îòæå, âðàõîâóþ÷è ðiâíîñòi äëÿ J̃1 òà J̃2 ç (11) äëÿ −π < ϕ < π, îòðèìó¹ìî

F
(
rei(ϕ+β(r))

)
= υ(r) + o(υ(r)), r → +∞.

Ó âèïàäêó, êîëè âñi íóëi f ∈ H0(υ) ðîçòàøîâàíi íà ñêií÷åííié ñèñòåìi
(
lγϕj

)k
j=1

êð. ïð. îá., −π 6 ϕ1 < ϕ2 < . . . < ϕk < π, ôóíêöiþ f çîáðàçèìî ó âèãëÿäi

f(z) = f1(z) · . . . · fk(z),

äå fj ∈ H0(υ), íóëi fj ëåæàòü íà l
γ
ϕj , n(r, 0, fj) = ∆jυ(r) + o(υ(r)), r → +∞, j = 1, k,

0 6 ∆j < 1, ∆1 + . . . + ∆k = 1. Òîäi ln f = ln f1 + . . . + ln fk i äëÿ ϕ 6= ϕj , j = 1, k,
ìà¹ìî

F
(
rei(ϕ+γ(r))

)
=

k∑
j=1

Fj

(
rei(ϕ+γ(r))

)
=

=

k∑
j=1

∆jυ(r) + o(υ(r)) =

= υ(r) + o(υ(r)), r → +∞,(12)

ïðè÷îìó (12) âèêîíó¹òüñÿ ðiâíîìiðíî ùîäî ϕ ∈ [−π, π)\
k⋃
j=1

{ϕ : |ϕ−ϕj | > δ̃}, äå δ̃ > 0

äîñòàòíüî ìàëå ÷èñëî. Ïåðåõiä äî çàãàëüíîãî âèïàäêó âèêîíó¹ìî, âèêîðèñòîâóþ÷è
ëåìó 4 i ìiðêóâàííÿ àíàëîãi÷íi äî [4, c. 348�349], [9, c. 240�241] òà [5, c. 71].
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