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Let ℘(z), sn z be algebraically independent Weierstrass and Jacobi
elliptic functions with algebraic invariants and algebraic elliptic module,
(2ω1, 2ω3) and (4K, 2iK ′) be the main periods of ℘(z) and sn z
respectively, α be an algebraic number di�erent from the poles of
℘(z) and sn z. We estimate from below the simultaneous approximation
of sn(2ω1), sn(α), ℘(4K), and ℘(α).

Key words: simultaneous approximation, Weierstrass elliptic function,
Jacobi elliptic function.

1. Introduction

Let ℘(z) and sn z be the elliptic Weierstrass function and the elliptic Jacobi function,
respectively. Then ℘(z) satis�es the equation (℘′(z))2 = 4℘3(z)-g2℘(z)−g3, the numbers
g2, g3 are called invariants of ℘(z), 2ω1, 2ω3 is a �xed pair of the main periods ℘(z). The
function sn z satis�es the equation (sn′ z)2 = (1− sn2 z)(1− κ2 sn2 z). The number κ is
called the elliptic module of sn z, 0 < κ < 1, the number κ′ = (1 − κ2)1/2 is called its
additional elliptic module. A pair of main the periods sn z is (4K, 2iK ′), whereK, K ′ are
complete elliptic integrals of the �rst kind corresponding to κ, κ′ ([1]). In the present
article we will consider algebraically independent elliptic functions ℘(z) and sn z with
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algebraic g2, g3 and κ. Let the periods 2ω1, 4K form a lattice, 2mω1 and 4mK (m ∈ Z)
are di�erent from the poles of sn z and ℘(z).

For d(P ), L(P ) denote the degree and the length of a polynomial P with integer
coe�cients, d(α), L(α) is the degree and the length of algebraic number α [2], α is
di�erent from the poles of ℘(z) and sn z. Let ξi be approximating algebraic numbers,
ni = d(ξi) and Li = L(ξi) be their powers and lengths respectively (i = 1, . . . , 4),
n = degQ(g2, g3,κ, α, ξ1, . . . , ξ4).

Theorem 1. For any algebraic numbers ξ1, . . . , ξ4 the following inequality holds:

(1) |℘(4K)− ξ1|+ | sn(2ω1)− ξ2|+ |℘(α)− ξ3|+ | sn(α)− ξ4| > exp
(
−Λn3T 2

)
,

where

(2) T = max

(
lnL1

n1
+ · · ·+ lnL4

n4
+ 1, lnn

)
,

Λ > 0 is a constant that depends only on g2, g3,κ and α.

Similar estimates for other numbers can be found in [2]�[6].

2. Auxiliary statements

In the following lemma c10, . . . , c15 stand for positive constants that are independent
of n, ni, Li and λ.

Lemma 1 ([1]). If z, w, z + w are admissible values, then

℘(z + w) =
1

4

(
℘′(z)− ℘′(w)

℘(z)− ℘(w)

)2

− ℘(z)− ℘(w), sn(z + w) =
sn z sn′ w + snw sn′ z

1− κ2 sn z2 snw2
.

Lemma 2. For each integer m > 1, there exist polynomials P1,s,l, P2,s,l with the integer

coe�cients such that

ds

d zs
((℘(z)l) = P1,s,l(g2, g3, ℘(z), ℘′(z)),

ds

d zs
((sn z)l) = P2,s,l(κ2, sn z, sn′ z),

degPi,s,l 6 c1(s+ l), L(Pi,s,l) 6 exp(c2s log(s+ l)), i = 1, 2.

Lemma 3. For each integer m > 1, there exist polynomials with the integer coe�cients

P1,m, P2,m, Q1,m, Q2,m such that

℘(mz) =
P1,m(℘(z), g2, g3)

Q1,m(℘(z), g2, g3)
, snmz =

P2,m(sn z, sn′ z)

Q2,m(κ2, sn z)
,

where L(Pi,m), L(Qi,m) 6 exp(c3m
2), degPi,m, degQi,m 6 m2, i = 1, 2.

The proof of Lemma 2 and Lemma 3 for the function ℘(z) is, for example, in [1],
[2], [8], and proof for sn z is similar to the proof for ℘(z).

Lemma 4 ([4]). Let B,P ∈ N, Qp,b ∈ Z[x1, . . . , xn], 0 6 b < B, 0 6 p < P , L(Qp,b) 6 L,
degxi Qp,b 6 Ni; α1, . . . , αn be algebraic numbers, m = degQ(α1, . . . , αn). If P > mB,

then the system of linear equations

P−1∑
p=0

xpQp,b(α1, . . . , αn) = 0, 0 6 b < B,
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has integer rational solutions A0, . . . , AP−1 such that

0 < max |Ai| < 1 + (LP )
mB

P−mB

(
n∏
i=1

(1 +Ni) (L(αi)(1 + d(αi)))
Ni
d(αi)

) mB
P−mB

.

We denote |f(z)|D = sup|z|6D |f(z)|.

Lemma 5 ([5]). Let σ1(z) be the Weierstrass σ-function which corresponds to ℘(z). The
functions σ1(z) and σ1(z)℘(z) is entire functions and for M > 1

|σ1(z)℘(z)|M , |σ1(z)|M 6 c4
M2

.

If ε is a distance from the nearest to z0 pole of sn z and |z0| 6M , then |σ(z0)| > εc5
−M2

.

Lemma 6. Let σ2(z) be the Weierstrass σ-function which corresponds to the function

℘̃(z) associated with sn(z). The functions

σ2((z +K)/
√
e1 − e3), σ2((z +K)/

√
e1 − e3) sn(z)

are entire functions and for M > 1

|σ2((z +K)/
√
e1 − e3) sn(z)||z|6M 6 c6

M2

, |σ2((z +K)/
√
e1 − e3)||z|6M 6 c7

M2

.

If δ is the distance from z0 to the nearest pole of sn(z) and |z0| 6M0, then

|σ2((z + iK ′)/
√
e1 − e3)| > δc8

−M2
0 .

The proof of Lemma 6 is similar to the proof of Lemma 5.

Lemma 7 ([4]). Let R1, R2 ∈ R, 8 < 4R1 < R2, f(z) be analytic in the circle |z| 6 R2,

and E is the set of D2 points belonging to the circle |z| 6 R1 and the distance between

them for each pair of points is not less than ε, 0 < ε < 1. Then

|f(z)||z|6R1
6 2|f(z)||z|6R2

(
4R1

R2

)D2S

+ 2DR−11

(
33R1

εD

)D2S

max
x∈E,06s6S

∣∣∣∣f (s)(x)

s!

∣∣∣∣ .
Lemma 8 ([2]). Let α1, . . . , αn be algebraic numbers, P ∈ Z[x1, . . . , xn], degxi P 6 Ni,
m = degQ(α1, . . . , αn). If P (α1, . . . , αn) 6≡ 0, then

|P (α1, . . . , αn)| > L(P )1−m
n∏
i=1

L(αi)
−Nim
d(αi) .

Lemma 9 ([1], [7]). Let P ∈ C[x1, x2], P (x1, x2) 6≡ 0, be the polynomial of degree not

greater than D1 in x1 and D2 in x2, D1, D2 > 1, ℘(z) and sn z are algebraic independent

elliptic functions. Then the number of zeros of P (℘(z), sn z), taking into account their

multiplicity, for |z| < K does not exceed c9K
2(D1 +D2).

3. Proof of Theorem 1

The proof of Theorem 1 is based on the second Gelfond's method [7, 8]. Suppose
that for a su�ciently large λ ∈ N we have

(3) |℘(4K)− ξ1|+ | sn(2ω1)− ξ2|+ |℘(α)− ξ3|+ | sn(α)− ξ4| < exp
(
−λ7 n3T 2

)
.
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We denote

(4) N2 = [λ3 nT ], S = L = [N2 lnλ].

De�ne a function

(5) F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2℘
l1(z) snl2 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

where ζτ are generating elements of Q(g2, g3,κ, α, ξ1, . . . , ξ4). As in [8], we denote ϕ1(z) =
℘(z + ω1), ϕ2,1(z) = sn(z + K

2 ), ϕ2,2(w) = sn(w + 3K
2 ). Then from the Lemma 1

(6) ℘(z + w) =
1

4

(
ϕ′1(z)− ϕ′1(w)

ϕ1(z)− ϕ1(w)

)2

− ϕ1(z)− ϕ1(w) =
Λ1,1(z, w)

Λ1,2(z, w)
,

(7) sn(z + w) =
ϕ2,1(z)ϕ′2,2(w) + ϕ2,2(w)ϕ′2,1(z)

1− κ2ϕ2
2,1(z)ϕ2

2,2(w)
=

Λ2,1(z, w)

Λ2,2(z, w)
.

From (6), (7) and Lemma 2 it follows that there exist polynomials Gi,s,k,l(z) such
that

(8) Gi,s,k,l(z) =
ds

d ws
(
(Λki,1(z, w)Λli,2(z, w)

)
|w=0,

degGi,s,k,l 6 4(k + l), lnL(Gi,s,k,l) 6 s ln(s(k + l) + c10(s+ k + l)).
Applying the technique of [7], [8] one can deduce from (5), (6), (7), (8) the equality

F (s)(z) =
ds

d ws
(Λ−L1,2 (z, w)Λ−L2,2 (z, w)

(
F (z + w)ΛL1,2(z, w)ΛL2,2(z, w)

)
)|w=0 =

=

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0

L∑
l1=0

L∑
l2=0

Cl1,l2

t∑
i=0

(
t

i

)
G1,t−i,l1,L−l1(z)×

(9) ×G2,i,l2,L−l2(z) =

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0Fs,t(z).

Let ξ25 = 4ξ31 − g2ξ1 − g3, ξ26 = (1 − ξ22)(1 − κ2ξ22), ξ27 = 4ξ33 − g2ξ3 − g3,
ξ28 = (1 − ξ24)(1 − κ2ξ24). Applying Lemma 3, denote by Fs,n1,n2

(ξ1, . . . , ξ8) and

Fs,t,n1,n2
(ξ1, . . . , ξ8) the expressions obtained from F (s)(4n1K + 2n2ω1 + α) and

Fs,t(4n1K + 2n2ω1 + α) by the substitution ℘(4K), sn(2ω1), ℘(α), sn(α), ℘′(4K),
sn′(2ω1), ℘′(α), sn′(α) on ξ1, . . . , ξ8. Consider Fs,t,n1,n2(ξ1, . . . , ξ8) for 1 6 n1, n2 6 N ,
0 6 t 6 s 6 S as N2S of linear forms of nL2 variables Cl1,l2,τ . Applying Lemma 4, we
choose Cl1,l2,τ not all equal to zero such that for 1 6 n1, n2 6 N , 0 6 t 6 s 6 S

(10) Fs,t,n1,n2(ξ1, . . . , ξ8) = 0, |Cl1,l2,τ | < exp(c11λ
6 lnλn2T 3).

From (2), (3), (4), (10) we obtain for 1 6 n1, n2 6 N , 0 6 s 6 S

(11) |F (s)(4n1K + 2n2ω1 + α)− Fs,n1,n2(ξ1, . . . , ξ8)| < exp(−1

2
λ7n2T 3).

From (10), (11) for 1 6 n1, n2 6 N , 0 6 s 6 S it follows

(12) |F (s)(4n1K + 2n2ω1 + α)| < exp(−1

2
λ7n2T 3).
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We show that (12) holds for 1 6 n1, n2 6 N , 0 6 s 6 λS.
Let H(z) = F (z)σL1 (z)σL2 ((z + K)/

√
e1 − e3). We will select the least r ∈ N such

that r > 32N(|K|+ |ω1|+ 1), R = 12r. From (2), (4), (5), (10) and Lemma 5 it follows

(13) |H(z)||z|6R < exp(−λ6 lnλn2T 3).

From (13) and Lemma 7 we obtain for 0 6 s 6 λS

(14) |H(s)(z)||z|6r < exp(−1

2
λ6 lnλT 2 lnT ).

From Lemma 6 for a su�ciently small ε in the ε-neighborhood of points 4n1K + α
function σ2((z+K)/

√
e1 − e3) and ε-neighborhood of the points 2n2ω1 +α the function

σ1(z) has no zeros, thus for |n1|, |n2| 6 32N we see that

(15) |σ1(z)|z∈V (ε,4n1K+2n2ω1+α) > exp(−c12λ5 lnλn2T 3),

(16) |σ2((z +K)/
√
e1 − e3)|z∈V (ε,4n1K+2n2ω1+α) > exp(−c13λ5 lnλn2T 3).

The conditions (13)�(16) imply that for 1 6 n1, n2 6 N , 0 6 s 6 λS

(17) |F (s)(4n1K1 + 4n2K2 + α)| < exp

(
−1

3
λ6 lnλn2T 3

)
.

From (11) and (17) for 1 6 n1, n2 6 N and 0 6 s 6 λS it follows

(18) |Fs,n1,n2
(ξ1, . . . , ξ8)| < exp

(
−1

4
λ6 lnλn2T 3

)
.

Considering Fs,t,n1,n2
(ξ1, . . . , ξ8)), 0 6 t 6 s 6 λS, 1 6 n1, n2 6 N, as the value

of the corresponding polynomial in the algebraic points, from Lemma 8 we obtain for
Fs,t,n1,n2(ξ1, . . . , ξ8)) 6= 0 the inequality

(19) |Fs,t,n1,n2
(ξ1, . . . , ξ8))| > exp

(
−λ5 lnλn2T 3

)
.

From (9), (19) we obtain for 1 6 n1, n2 6 N , 0 6 s 6 λS

(20) |Fs,n1,n2(ξ1, . . . , ξ8))| > exp(−2λ5 lnλn2T 3).

Since (18) and (20) are contradictory,
Fs,t,n1,n2

(ξ1, . . . , ξ8)) = 0 for 1 6 n1, n2 6 N , 0 6 t 6 s 6 λS. Then for 1 6 n1, n2 6
N , 0 6 s 6 λS

(21) Fs,n1,n2
(ξ1, . . . , ξ8) = 0.

From (21) it follows that the polynomial F (z) has at least c14λ
7 lnλn2T 2 zeros

(taking into account multiplicity), but according to Lemma 9 the number of zeros can
be at most c15λ

6 lnλn2T 2, therefore for su�ciently large λ ∈ N assumption (3) leads to
the contradiction which proves the theorem.
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Íåõàé ℘(z), sn z � àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ Âåé¹ðøòðàñ-
ñà òà ßêîái ç àëãåáðè÷íèìè iíâàðiàíòàìè é åëiïòè÷íèì ìîäóëåì, (2ω1, 2ω3)
i (4K, 2iK′) � ïàðè îñíîâíèõ ïåðiîäiâ ℘(z) òà sn z, α � äîâiëüíå àëãåáðè÷íå
÷èñëî, âiäìiííå âiä ïîëþñiâ ℘(z) i sn z. Îòðèìàíî îöiíêó ñóìiñíîãî íàáëè-
æåííÿ sn(2ω1), sn(α), ℘(4K) òà ℘(α).

Êëþ÷îâi ñëîâà: ñóìiñíi íàáëèæåííÿ, åëiïòè÷íà ôóíêöiÿ Âåé¹ðøòðàññà,
åëiïòè÷íà ôóíêöiÿ ßêîái.
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