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Let ©(z), snz be algebraically independent Weierstrass and Jacobi
elliptic functions with algebraic invariants and algebraic elliptic module,
(2w, 2ws) and (4K, 2iK’) be the main periods of p(z) and snz
respectively, a be an algebraic number different from the poles of
©(z) and sn z. We estimate from below the simultaneous approximation
of sn(2w1),sn(a), p(4K), and p(«).
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1. INTRODUCTION

Let p(z) and sn z be the elliptic Weierstrass function and the elliptic Jacobi function,
respectively. Then p(z) satisfies the equation (p'(2))? = 4p3(2)-g2p(2) — g3, the numbers
92, g3 are called invariants of p(2), 2w, 2ws is a fixed pair of the main periods p(z). The
function sn z satisfies the equation (sn’2)? = (1 —sn? 2)(1 — »?sn? z). The number  is
called the elliptic module of snz, 0 < » < 1, the number »' = (1 — »%2)'/2 is called its
additional elliptic module. A pair of main the periods sn z is (4K, 2iK’), where K, K’ are
complete elliptic integrals of the first kind corresponding to s¢, 3’ ([1]). In the present
article we will consider algebraically independent elliptic functions p(z) and snz with
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algebraic g2, g3 and 3. Let the periods 2w, 4K form a lattice, 2mw; and 4mK (m € Z)
are different from the poles of sn z and p(z).

For d(P), L(P) denote the degree and the length of a polynomial P with integer
coefficients, d(a), L(«) is the degree and the length of algebraic number « [2], « is
different from the poles of p(z) and snz. Let & be approximating algebraic numbers,
n; = d(&) and L; = L(§;) be their powers and lengths respectively (i = 1,...,4),
n= deg@(92a937 7, a?&la s 754)'

Theorem 1. For any algebraic numbers &, ..., &, the following inequality holds:
(1) lp(4K) = & + [sn(2wr) — & + [p(a) — & + [ sn(a) — & > exp (~An’T?),

where
(2) T = max (

A > 0 is a constant that depends only on gs, g3, > and «.

InL InL
- 1+...+n 4
ny g

+ 1,1nn> ,

Similar estimates for other numbers can be found in [2]-[6].

2. AUXILIARY STATEMENTS

In the following lemma ¢, . . . , ¢15 stand for positive constants that are independent
of n, n;, L; and .

Lemma 1 ([1I]). If z, w, z + w are admissible values, then

_L(PE =@\ (et
e +0) = (SE )~ o) - plu), sule+u)

4
Lemma 2. For each integer m > 1, there exist polynomials Py ;;, P2 s; with the integer
coefficients such that

snzsn’w +snwsn’ z

1 — s2snz2snw?

S S

d d
L (0)) = Priaa(92:9, 920, 9, 2 (2)) = Paoa (2 mz, 50’ 2),
deg P, 51 < ci(s+1), L(Ps;) <exp(caslog(s+1)), i=1,2.

Lemma 3. For each integer m > 1, there exist polynomials with the integer coefficients
Pl,ma P2,m> Ql,m; Q2,m such that

_ Pum(p(2), 92, 93) Py p(snz,sn’ 2)
p(mz) = , simz = S
Q1.m(p(2), 92, 93) Q2,m (52,80 2)

where L(P; ), L(Qim) < exp(czm?), deg P, ,, deg Qi < m?, i =1, 2.

The proof of Lemma [2| and Lemma [3| for the function p(z) is, for example, in [I],
[2], [8], and proof for sn z is similar to the proof for g(z).

Lemma 4 ([4]). Let B,P € N, Qp € Z[z1,...,2,],0<b< B,0<p< P, L(Qpp) < L,
deg, Qpp < Ni; ai,...,ay be algebraic numbers, m = degQ(az,...,ay). If P > mB,
then the system of linear equations

P-1
S 2,Qpo(ai,. . van) =0, 0<b< B,
p=0
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has integer rational solutions Ay, ..., Ap_1 such that

0 < max|4;| <14 (LP)PT*EB <ﬁ(1 + M) (L(e) (1 + d(ai)))dgii)> . )

i=1
We denote |f(z)|p = Sup|.|<p | f(2)].

Lemma 5 ([5]). Let 01(z) be the Weierstrass o-function which corresponds to p(z). The
functions o1 (z) and o1(2)p(z) is entire functions and for M > 1

lo1(2)p(2) |, [o1(2) [ < eq
If € is a distance from the nearest to zy pole of snz and |zg| < M, then |o(20)| > €cs —M?

Lemma 6. Let 02(z) be the Weierstrass o-function which corresponds to the function
9(2) associated with sn(z). The functions

o2((z+ K)/vVer —e3), oa((z+ K)/Ver — e3)sn(z)

are entire functions and for M > 1

|oa((2 + K) /Ver — es)sn(2)|jzjear < c6™, Joa((z+ K)/ver — es)jzj<ar < cr

If § is the distance from zy to the nearest pole of sn(z) and |zo| < My, then

loa((z +iK')/\/e1 — e3)| = deg™ Mg

The proof of Lemma [6]is similar to the proof of Lemma

2

Lemma 7 ([4]). Let Ri, Ry € R, 8 < 4Ry < R, f(2) be analytic in the circle |z| < Ra,
and FE is the set of D? points belonging to the circle |z| < Ry and the distance between
them for each pair of points is not less than €, 0 < ¢ < 1. Then

D2S D2s
AR L (33R
F@lercr <27l () + PR ( eDl> 0%

fO ()
Ry 2€E,0<5<5 ’

s!

Lemma 8 ([2]). Let ay,...,a, be algebraic numbers, P € Z[xy, ..., x,], deg, P <N,
m=degQ(ay,...,an). If P(ay,...,an) # 0, then

n —Nym

|P(ay,...,an)| = L(P) ™ [ ] L) 70

i=1
Lemma 9 ([1], [7]). Let P € Clz1,z2], P(z1,22) #Z 0, be the polynomial of degree not
greater than Dy in x1 and Ds in x5, D1, Dy > 1, p(z) and sn z are algebraic independent
elliptic functions. Then the number of zeros of P(p(z),snz), taking into account their
multiplicity, for |z| < K does not exceed cgK?(D; + Ds).

3. PROOF OF THEOREM [1I

The proof of Theorem 1] is based on the second Gelfond’s method [7, [§]. Suppose
that for a sufficiently large A € N we have

(3)  [p(4K) — &l +[sn(2w1) — &f + [p(a) — & + [sn(a) — & < exp (=A"n’T?).
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We denote
(4) N?=[NnT], S=L=[N?ln)].

Define a function

(5) Z Z Cl,0" (2)sn 2z, Ciyy, = Z Cu o, 7Crs Cly o r € Z,

ll 0l2 0 =1

where (, are generating elements of Q(ga, g3, ¢, @, &1, - . ., €4). As in [8], we denote ¢1(2) =
p(z +wi), p2,1(2) =sn(z + 5), g22(w) = sn(w + 2£). Then from the Lemma

(7) sn(z + w) = ©2,1(2) 5 o (w) + P22(W)py1(2)  Ag1(z,w)

1- %290371(2)@%,2(1”) B A2,2(Z7w)'

From (), and Lemma [2]it follows that there exist polynomials G; s . (2) such
that
®) Grra(2) = o (A )AL 2110) L
degGi sk <4k +1), nML(Gi s ) < sln(s(k+1) + cro(s + k+1)).

Applying the technique of [7], [8] one can deduce from (), (6), (7), (§) the equality

d&-‘

d w*

=3 (0) it e alm 3 3 S (i o)

t=0 11=015=0 i=0

S

FU(z) = (A5 (2, w) A5 (2, w) (F(2 +w)AT 5 (2, w) A 5(2,w)) w0 =

S s—t
O *Grunin@ =3 (}) frm ArE 0 G w)lomo P
t=0

Let & = 48} — go& — g3, & = (1 = &)(1 — #63), & = 46 — 9263 — g3,
€ = (1 - (1 — »%€2). Applying Lemma denote by Fjnyn,(&1,...,&) and
Fstnins(&1,-..,8) the expressions obtained from F&)(4n K + 2now; + a) and
Fsi(4n1 K + 2nowi + a) by the substitution p(4K), sn(2wi), p(a), sn(a), ¢'(4K),
sn'(2w1), @' (@), sn’(a) on &1, ..., &s. Consider Fs oy ny(§1,...,&s) for 1 < nq,ne < N,
0<t<s<S as N2S of linear forms of nL? variables Ciy 15,7+ Applying Lemma |4 we
choose Cy, ;, » not all equal to zero such that for 1 <n;,ne < N,0<t<s< S

(10) Fot s no (gl, oy 88) =0, |Cpy iy < explennN° lnAn2T3).
From (2)), (3), (@), (10) we obtain for 1 < ny,ny < N,0<s< S
(]‘1) |F (=) (4TL1K + 2nowy + O[) - Fs,m,nz (gla s a§8)| < exp(—§/\7n2T3).

From (10), ({11 for 1 < ny,ne < N, 0 < s < S it follows

1
(12) |F) (4n1 K + 2npw + a)| < exp(—§/\7n2T3).
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We show that holds for 1 < ni,ns < N, 0 < s < A\S.
Let H(z) = F(2)of(2)0f((z + K)/\/e1 — e3). We will select the least r € N such
that 7 > 32N (| K|+ |wi| + 1), R =12r. From (), @), ). and Lemma [j]it follows

(13) |H(2)||21<r < exp(—A°InAn®T?).
From and Lemma [7| we obtain for 0 < s < AS
1
(14) |H®) (2)])1<r < exp(fi)\ﬁ InAT2InT).

From Lemma@ for a sufficiently small € in the e-neighborhood of points 4n, K + «
function o2((z 4+ K)/+/e1 — e3) and e-neighborhood of the points 2nsw; + « the function
01(z) has no zeros, thus for |n1|, |nz2| < 32N we see that

(15) |01 (Z) |z€V(6,4n1K+2n2w1+a) > eXP(—012/\5 In A n2T3)7

(16) |02((Z + K)/\/ €1 — 63)|z€V(s,4n1K+2n2w1+a) > eXP(—Cl3)\5 hl)\n?T?))‘
The conditions f imply that for 1 <ny,ne < N,0<s<AS

1
(17) |F®) (4ny K| 4 4ngo Ko + )| < exp (—3)\6 ln)\n2T3) .
From and for 1 < ny,ne < N and 0 < s < AS it follows
1
(18) |Fysmy ma (€1, -+, &8)| < exp (—4)\6 ln)\n2T3> .

Considering F ; nyny (§1,---,83)), 0 <t < s < AS, 1 < ny,ng < N, as the value
of the corresponding polynomial in the algebraic points, from Lemma [8] we obtain for
Fs,t,nl,nz (513 e 358)) 7é 0 the inequahty

(19) |Fstiny s €1y, &8))| > exp (A InAn®T?) .
From (9), we obtain for 1 < ny,na < N,0< s < AS
(20) |Famy s (&1, €8))] > exp(—22° In An2T?).

Since and are contradictory,
F37t7n17n2(£1, N 758)) = OfOI‘ 1 g ni,No g N, 0 g t < S g AS. Then for 1 < i, N2 <
N,0<s<A\S

(21) Fs,nl,nz(gla'-wgB) =0.

From it follows that the polynomial F(z) has at least ci4A”In An2T? zeros
(taking into account multiplicity), but according to Lemma [9] the number of zeros can
be at most ¢35\ In An?T2, therefore for sufficiently large A € N assumption leads to
the contradiction which proves the theorem.

REFERENCES

D. F. Lawden, Elliptic functions and applications, Springer-Verlag, Berlin, 1989.

H. U. ®eapaman, Cedoman npobaema l'uavbepma, U3a-Bo MI'Y, Mocksa, 1982.

N. I. Fel’dman, Yu. V. Nesterenko, Transcendental Numbers, Springer-Verlag, Berlin, 1998.
E. Reyssat, Approzimation algébrique de nombres lies auz fonctions elliptique et exp, Bull.
Soc. Math. France. 108 (1980), 47-79.

W e



Yaroslav KHOLYAVKA, Olga MYLYO
50 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2018. Bunyck 86

5. D. Masser, Elliptic functions and transcendence, Springer-Verlag, Berlin, 1975.

6. O. Munwo, 4. Xoasaska, CymicHi HAOAUNCEHHA BHA%EHD EAINMUNHUT GYHKYIT Betiepwumpac-
ca ma Ko06i, Bicauk JIbsis. yu-Ty. Cep. mpuki. mart. imdopm. 22 (2014), 85-91.

7. FO. B. Hecrepenko, O wmepe aszebpauueckotl He3G6UCUMOCTU 3HA%EHUT IAAUNMUYEC-
xol Pynxyuu, 3. PAH. Cep. marem. 59 (1995), no. 4, 155-178; English version:
Yu. V. Nesterenko, On the measure of algebraic independence of values of an elliptic
function, Izv. Math. 59 (1995), no. 4, 815-838. DOI: 10.1070/IM1995v059n04ABEH000035

8. G. V. Chudnovsky, Algebraic independence of the values of elliptic functions at algebraic
points; Elliptic analogue of the Lindemann—Weierschirass theorem, Invent. Math. 61 (1980),
no. 3, 267-290. DOI: 10.1007/BF01390068

Cmamma: naditiwnaa do pedroneeii 28.01.2019
doonpayvosana 11.02.2019
nputinama do dpyxy 18.02.2019

CYMICHI HABJIN>KEHHA 3HAYEHD EJIIIITUYHNUX
®YHKIIIN BEMEPIIITPACCA TA SIKOBI B IIEPIOJIAX I
AJITEBPUYHIN TOYIII

Apocaas XOJIABKA, Oasra MUJIBO

Jveiecvruti HayionarvHul ynisepcumem imens Isana Pparka,
eyn. Yuieepcumemcora, 1, 79000, JIveis
e-mails: ya_ khol@franko.lviv.ua,
olga.mylyo@gmail.com

Hexait p(z), sn z — anreGpuano He3asexHi emnTuani Gynkmii Beliepmrpac-
ca ta fko6i 3 anrebpraanMu iHBapianTaMu i esinTuaauM MomyeM, (2w, 2ws)
i (4K, 2iK") — napm ocHOBHWX TIepioiB p(2) Ta sn z, & — JOBLTHbHE amrebpraHe
9uCsIo0, BimMiaHe Bif momocis ©(z) 1 snz. OTpuMano OMIHKY CyMiCHOTO Habsm-
xenns sn(2w1),sn(a), p(4K) ta p(a).

Karowosi crosa: cymicui nabmmkenss, eaintudaa dyHKIig Beiiepmrpacca,
esinruana Gysknia fko0i.
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