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A zero-sum game defined on a finite subset of the unit square is considered. The game is
a progressive discrete silent duel, in which the kernel is skew-symmetric. The two duelists
have identical linear accuracy functions varied by the positive accuracy proportionality
factor. As the duel starts, time moments of possible shooting become denser in accordance
with a pattern, where every next moment is a fraction whose numerator and denominator,
being greater by 1, are increased by 1 compared to the preceding moment. Due to the skew-
symmetry, both the duelists have the same optimal strategies and the game optimal value is
0. For nontrivial games, where the duelist possesses more than just one moment of possible
shooting between the duel beginning and end moments and the accuracy proportionality
factor is not less than 1, the single optimal pure strategy is to shoot at the middle of the
duel time span. As the factor becomes less than 1, only the two thirds of the duel time
span and the duel very end can be optimal pure strategies, for which the factor should

1
be equal to 3 or not exceed the reciprocal of the number of shooting moments decreased

by 2. Progressive discrete silent duels with four shooting moments and greater are not
solved in pure strategies as the respective accuracy proportionality factor, being less than
1, occupies at least 50 % of interval (0; 1). As the duel size increases, this pure strategy
insolvability percentage grows by the same pattern that time moments of possible shooting
become denser.

Key words: game theory, silent duel, linear accuracy function, matrix game, pure strategy
solution, compactified shooting moments.

1. INTRODUCTION
A silent duel is a timing zero-sum game
(X, Y, K(z, y)) (1)
of two players |6, 12, 3, 4], in which kernel K (z, y) is usually defined on unit square
X xY =10; 1] x [0; 1] (2)

being the Cartesian product of the players’ pure strategy sets representing the standard-
ized duel time span [0; 1],

reX=[0;1], yeY =][0; 1]. (3)

Each of the players, also referred to as the duelists, has a one or few bullets to shoot at
any time moment between 0 and 1, where shooting (or firing) a bullet means making a
decision or taking an action. In a typical silent duel, which alternatively is called noiseless

© Romanuke V., 2024



Romanuke V.
16 ISSN 2078-5097. Bicu. JIbsis. yu-ty. Cep. npuksa. marem. ta ind. 2024. Bun. 32

[13, 14, 15], each of the two duelists has exactly one bullet, and it is unknown to the
duelist whether and when the other duelist has fired its bullet until the end of the duel
time span x = y = 1 [2, 21, 19, 20]. In fact, the duelist may not fire the bullet during
half-open interval [0; 1), but if the duelist’s bullet has not been fired during t € [0; 1),
then it is fired “automatically” at t = 1. The duelist is also featured with an accuracy
function which is a nondecreasing function of time [7, 11, 10, 8, 23].

It is presumed that both the duelists act within the same conditions (environment).
Thus antagonistic game (1) on (2) by (3) becomes symmetric, and its optimal value is 0.
The duelist benefits from shooting as late as possible, but only to shoot first [4, 17, 22].
This is modeled, in particular, by a skew-symmetric kernel [15, 5, 20]

K (z, y) = ax — ay + a*zysign (y — ), (4)
where a is the accuracy proportionality factor, a > 0, in the duelists’ accuracy functions
px () = az, py (y) = ay. (5)
As kernel (4) is skew-symmetric, i. e.
K(z, y) = -K(y, x)

due to
K (y, ) = ay — ax + a®yxsign (z — y) = —K (2, y),

both the duelists have the same optimal strategies [10, 1, 9, 19], although they can be
non-symmetric if game (1) is finite [15, 19, 20].

To more realistically simulate duelists’ interaction processes, discrete silent duels are
considered, in which the duelist can shoot only at specified time moments [6, 11, 3, 14,
15]. The number of such possible shooting moments is finite. The moments of the duel
beginning and duel end are included in this number [13, 4, 17, 18]. In a discrete duel the
players’ pure strategy sets are

N N N
X = {xi}izl =Y = {yj}j:1 =T= {tq}qzl C [0; 1]
by tq<tq+1 til, N —1 and t1=0, txy=1 (6)

for N € N\ {1}, whereupon game (1) is finite being a matrix game

N N
(X, Y, Ky = ({aady {ub, K (7)
with skew-symmetric payoff matrix
Ky = [kij]NxN = [7kji}N><N = 7K% (8)

whose entries
kij = K (i, y;) = ax; — ay; + a®z;y;sign (y; —x;) for i=1, N and j =1, N. (9)

The discrete silent duel is called progressive if the density of the duelist’s pure strate-
gies between t; = 0 and ¢y = 1 progressively grows as the duelist approaches to the duel
end ty =1 [11, 23, 16, 5]. The particular case of when

= 991 _ ]

t, = 2_12Wforq:2,N—l (10)
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was considered in [19, 20], where pure strategy solutions had been obtained for any a > 1,
and specific conditions had been found for a € (0; 1) such, at which the progressive
discrete silent duel has a pure strategy solution. Thus, situation

{2, 2} = {;’ ;} (11)

is single optimal in duel (7) by (6), (8)—(10) and a > 1 for N € N\ {1, 2}. In the most
trivial case, when N = 2 and the duelist can shoot only either at the duel beginning or
duel end (the progressiveness is just annulled), situation

{2, 12} = {1, 1} (12)

is single optimal by any a > 0. Situation (11) remains single optimal by a = 1 for
N € N\ {1, 2, 3}. The duel by a =1 for N = 3 has four optimal situations: (11),

{3737 y3} = {1’ 1}a (13)
oo b = {1 3}, (19
{z2, ya} = {; 1}. (15)

However, it was proved in [19] that situation (11) is never optimal by a € (0; 1).

Furthermore, while situation (13) is the single solution to 3x 3 duels by a € (0; 1), the
general case of a € (0; 1) is trickier. It was proved in [20] that only one n € {3, N — 1}
exists such that situation

on—l_1 on-1_1
{:CTH yn} = { 2n—1 bl 271—1 } (16)
is optimal by
2n72
a€ {Qn_l — @i @ o 1)} C (0; 1) (17)
and situation
{zn, yn}={1, 1} (18)
is optimal by
1
for N e N\ {1, 2, 3}. If
¢=95N—2_1 (20)
then situations (18),
oN-2_1 9oN-2_1
{Z‘N—lv ZUN—l} = { 2N72 5 2N72 } ) (21)

oN-2 _1
{on_1, yn} = {21\[27 1}7 (22)
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N R 23

are optimal; apart from situations (18), (21)—(23), there are no other pure strategy
solutions in the duel by (20). If

0e (0; 2N1_1) (24)

then optimal situation (18) is the single one. If

1
and (17) holds, optimal situation (16) is the single one. Finally, if neither (17) nor (19)
holds, then the duel does not have a pure strategy solution.

Nevertheless, the density of the duelist’s pure strategies between ¢t; = 0 and ty = 1
may seem growing too quickly if the geometrical progression by (10) is used. A more
smooth growth can be modeled as

qg—1
1 qg—1 P —
EE=TICE VA I (20)

Therefore, the goal is to study solutions of the progressive discrete silent duel with linear
accuracy and compactified shooting moments in accordance with (26) by N € N\ {1, 2}.

2. CONVENTION

Above all, a pure strategy solution of duel (7) corresponds to a saddle point of matrix
(8) with entries (9). Due to the skew-symmetry of matrix (8) with entries (9), as only a
zero entry of the matrix can be a saddle point, then a row containing a negative entry
does not contain saddle points; neither does the respective column containing the positive
entry. In the further consideration, only the inferences on saddle points in definite rows
of matrix (8), which imply the same inferences on saddle points in respective columns,
will be stated.

Inasmuch as

K (z1, y;) = K (0, yj) = —ay; <0 Vj=2, N

then the first row of matrix (8) with entries (9) is not an optimal strategy of the first
duelist. In other words, the first row does not contain saddle points of the matrix (the
first column does not contain saddle points either), so situation

{z1, 11} ={0, 0}

is never optimal in the duel.

It is clear that a nonnegative row of matrix (8) with entries (9) contains a saddle
point on the main diagonal of the matrix. A row whose entries are positive, except for
the main diagonal entry, contains a single saddle point which is the single one in such a
duel (all the other N — 1 rows of the respective column contain negative entries).
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3. THREE MOMENTS TO SHOOT

It is convenient to start with the case when the duelist has the fewest number of
moments to shoot.
Theorem 1. The solutions in a progressive discrete silent 3 x 3 duel

(X, Y, Ko = ({eaby s {uhiy s Ka) @7)

by (6), (8), (9), (26) for N = 3 are the same as the solutions in a progressive discrete
silent 3 x 3 duel (27) by (6), (8)—(10) for N = 3: situation (11) is optimal by a > 1
and it is never optimal by a € (0; 1), and saddle point (11) is single by a > 1; the duel
by a =1 has four optimal situations (11), (13)—(15); situation (13) is single optimal by
ac (0;1).

1
Proof. Due to to = 3 for both duels, with (10) and (26), the respective payoff matrix

Ky = [kijl3.3 = (28)

ISIN V) SR}
o
\
—~
Q
|
—_
SN—

is the same. Therefore, the conclusions on the saddle points in (28) can be directly taken
from Theorem 1 in [20]. O

4. SECOND MOMENT OPTIMALITY

Now, we continue with considering bigger duels by a > 1.

Theorem 2. A progressive discrete silent duel (7) by (6), (8), (9), (26) for N €
N\ {1, 2, 3} and a > 1 has the single optimal situation (11).

Proof. Consider the second row of matrix (8), where

1
K (z2, y1) = K (27 0) = g >0 (29)
and
1 a a? a 1
K (27 yj> =g -aypt 5y =5 (1-2y+ay) Yy > o (30)
If a =1 then

1-2y;j+tay;=1-y; 20

and (30) is nonnegative:

1 a 1—vy; 1
K<, yj):2'(1—2yj+ayj):2>0 VY>3 (31)

where
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is the second zero entry after koo in the second row. Due to (29) and (31), situation (11)
is a saddle point. However,

N -2 N—-2 N-=-2 N -2
K(‘TN7yN—1)—K<]-a]\/v_1>—]-ZV_1]V_l—].QN_1<O (33)
due to
1 N —2
2 N-1

Inequality (33) implies that the last row and last column of matrix (8) do not contain
saddle points. So, situation (11) is single optimal by a = 1.

Ifa>1then,as§<yj<1,
(1_%)22 1)

0
1—2yj+y]220,

2yj -1 g Yjs
Yj
and
2y; — 1 1
Lgyj<1<a byyj€<;1]. (34)
Yi 2
Inequality (34) is followed by inequality
1-2y;+ay; >0 (35)
whence (30) is positive:
1 a 1
K > Yj :5-(172yj+ayj)>0 Vyj>§. (36)
Due to (29) and (36), situation (11) is single optimal by a > 1. O

5. SECOND MOMENT NON-OPTIMALITY

It was proved in [20] that the second shooting moment in a progressive discrete silent
duel (7) by (6), (8)—(10) for N € N\ {1, 2} is not an optimal strategy by 0 < a < 1.
See whether this property keeps for the duel with the compactified shooting moments by
(26).

Theorem 3. Situation (11) is never optimal in a progressive discrete silent duel (7)
by (6), (8), (9), (26) for N € N\ {1, 2} and 0 < a < 1.

Proof. For N € N\ {1, 2} consider the second row of matrix (8) whose last column
entry

1 2
K( 1>—“a+a— (a—1)<0 by 0<a< 1. (37)

e

2’ 2 2

Inequality (37) directly implies that the second row of matrix (8) does not contain saddle
points by 0 < a < 1. O



Romanuke V.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta iud. 2024. Bun. 32 21

6. THIRD MOMENT OPTIMALITY

Due to Theorem 1, situation (13), which consists of the third shooting moments in
the progressive discrete silent 3 x 3 duel, is single optimal in such duels by a € (0; 1).
See whether the third shooting moment in bigger duels can be an optimal strategy.

Theorem 4. In a progressive discrete silent duel (7) by (6), (8), (9), (26) for N €
N\ {1, 2, 3} and 0 < a < 1, situation

{zs, ys} = {2, ?,)} (38)

1 2
is optimal only if a = 3 Except for the third and last shooting moments t3 = 3 and

1
ty = 1, there are no other optimal pure strategies. The 4 x 4 duel with a = 3 has four

optimal pure strategy situations: situation (38) and situations

{.%‘4, y4} = {1’ 1}a (39)
o b ={ 3.1}, (10
{za, y3} = {1, ;} (41)

Proof. Due to Theorem 3, situation (11) is not optimal, so the first two rows of matrix
(8) do not contain saddle points. If situation

n—1 n—1 .
{#n, yn} = { ) } by ne {3, N-1} (42)
n n
is optimal, then, in the n-th row of matrix (8), inequalities
K (zn, y;) = axy, — ay; — a2xnyj >0 Vy; <z (43)
and
K (zn, yj) = azn — ay; + a’zpy; =0 Vy; >y (44)

must hold. From inequality (43) it follows that

Tn

" >y Yy, .
[T az, >y; Vy; <an (45)
As
<n—2 n—1 (46)
< =
Yi n—1 n "

then inequality (45) is transformed into

n—1 1 n—2
n 1ta- n
n
n—1 n—2

nt+an—1 " n-1
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n?—2n4+1>2n>-2n+a(n—1)(n-2),
12a(n—-1)(n—-2),
whence )
“SHoDm-2)
From inequality (44) it follows that

Tn
T =y Vy; >z
As
n—1
1>2y; > =Ty
then inequality (48) is transformed into
n—1 1
. >1
n l—a- n-1=v
n
n—1
> 1.

If0 < a<1 then

and inequality (50) is written as
n—1>n—a(n—1).

Thus, inequality (51) is followed by

Inasmuch as

then points

and

(n—1)(n—2)

(47)

(50)

(52)

(53)

(54)

coincide by n = 3, and by n > 3 point (53) is located to the right with respect to point
(54). The latter makes impossible simultaneous inequalities (47) and (52), whichever a

is. By n = 3 these inequalities are a < 3 and a > 2 respectively, that is situation (38)

1
is optimal only if a = 3 and n = 3. In addition, no other n-th row of matrix (8) contains
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saddle points by n € {4, N — 1} implying that there are no optimal pure strategies
between the fourth and (N — 1)-th row for N € N\ {1, 2, 3, 4}. If

ac <o; ;) U @ 1> (55)

then there are no optimal pure strategies between the third and (N — 1)-th row for
N € N\ {1, 2, 3} (or, in other words, the first N — 1 rows do not contain saddle points).

In the third row by a = 3 we have

2 1
ks1 =K | = = -
31 <37 0> 3’ (56)
2 1 1 1 1
k’ =K |-, - = — — — — — =
32 <3, 2) 3 1 -0 (57)
2 1 1 1 1 1 2
ksi=K =,y |==—=y; + =y, = = — =vy; ; — 1
35 <37 y]) 3 22/] + 6yj 3 3yj >0 Vyj € <37 >a (58)
2
ksy = K (3, 1) =0. (59)

So, due to (56)—(59), the nonnegative third row contains another two zero entries (57)
and (59) — in the second and last columns, respectively. But the second row does not
contain saddle points, and in the last row

N-2
K(xN, nyl) =K (17 N—l) =
1 N-2 N—2_4—N<0 (60)
T2 92N-—-2 4N -4 4N -4

for N € N\ {1, 2, 3, 4} and

K(xn, yn—1) =0 for N =4. (61)
1
So, the last row does not contain saddle points for N € N\ {1, 2, 3, 4} and a = 3

1
Therefore, situation (38) is single optimal in this case. In the 4x4 duel by a = 5 situation

(38) is optimal as well, but equality (61) holds, and so the fourth row is nonnegative as
K (24, y3) = 0= K (z3, ya)

and )
ko =K(1,0) = >

1 1 1 1 1
()=

1
So, situations (38) —(41) are optimal for a = 3 in the 4 x 4 duel. O
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7. LAST MOMENT OPTIMALITY

It was proved in [20] that the last shooting moment in a progressive discrete silent
duel (7) by (6), (8)—(10) for N € N\ {1, 2, 3} is the single optimal pure strategy when
the accuracy proportionality factor (being less than 1) drops below value (20). Theorem 1
has already shown that, when the accuracy proportionality factor is less than 1, the last
shooting moment is the single optimal pure strategy in a progressive discrete silent 3 x 3
duel (27), regardless of the compactification (because the second shooting moment is the
middle of the duel time span anyway). See whether the last shooting moment in bigger
duels can be the single optimal pure strategy when the accuracy proportionality factor
drops sufficiently low.

Theorem 5. In a progressive discrete silent duel (7) by (6), (8), (9), (26) for N €
N\ {1, 2, 3, 4} and

1

< 2
s w5 (62)
situation

{zn, yn}={1, 1} (63)

is single optimal. In the 4 x 4 duel with

1 1

= - 4
a < N 5= 3 (64)

situation (63) is single optimal as well.
Proof. Situation (63) is optimal only if the last row of matrix (8) is nonnegative.
Thus,

kni =K (zn, y;) =K (1, y;)) =a(l—y; —ay;) 20 Vy; <1 (65)
if
1*%’*&%‘20,
whence )
>y s < 1.
11a yj Vy; < (66)
As
N -2
ngyN—lzN_1<1

then inequality (66) is transformed into

1 N -2
> ;
14+a N -1

N-1>N-2+a(N-2),

whence inequality (62) emerges. So, if (62) holds then situation (63) is optimal, and it
is the single optimal pure strategy situation for N € N\ {1, 2, 3, 4} because here mem-
bership (55) is true and there cannot be any other optimal situations due to Theorem 3
and Theorem 4. Situation (63) is single optimal in the 4 x 4 duel for (64) by the same
reason. (]
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8. DISCUSSION AND CONCLUSION

The solutions of the progressive discrete silent duel with linear accuracy and com-
pactified shooting moments in accordance with (26) by N € N\ {1, 2} do not differ much
from those with the faster converging shooting moments by (10). The 3 x 3 duel re-
mains the same (Theorem 1). In bigger duels with (26) for a > 1, just like in bigger
duels with (10) for a > 1, the single optimal strategy of the duelist is the middle of the
duel time span, which is the second shooting moment following the duel very beginning
(Theorem 2).

The difference between the duels with shooting moments by (10) and shooting mo-
ments by (26) exists only for a € (0; 1). Unlike the duels with the faster converging
shooting moments by (10), the duelist in 4 x 4 and bigger duels with compactified shoot-
ing moments by (26) can have only third and last shooting moments as an optimal

1
strategy. In the 4 x 4 duel by a € (O; 2) the single optimal strategy is to shoot at the

duel very end. Only this behavior remains optimal in bigger duels as well, where the
accuracy proportionality factor does not exceed the reciprocal of the number of shooting
moments decreased by 2 (Theorem 5). If the accuracy proportionality factor is equal

1
to > then the duelist in the 4 x 4 duel possesses two optimal pure strategies — the two

thirds of the duel time span and the duel very end (Theorem 4). Bigger duels at such
an accuracy proportionality factor have only one pure strategy solution, which is of the
two thirds. Therefore, a progressive discrete silent duel with four shooting moments and
greater is not solved in pure strategies if

ac <Nl2 1)\{;} for N €N\ {1, 2, 3}. (67)

3
N5 So, it is 50 % probable that a 4 x 4 duel

by a < 1 will be not solved in pure strategies. As the duel size increases, this pure
strategy insolvability percentage grows by the same pattern that time moments of possible
shooting become denser.

N —
The length of the interval in (67) is

The proved assertions contribute the specificity of the compactified shooting moments
in discrete silent duels to the games of timing. The specificity slightly broadens the
duelist behavior that may include the two thirds of the duel time span, rather than a
shooting moment exactly expressed with a finite number of decimal places. However,
this specificity, as well as some others, less remarkable, exists only at weaker shooting
accuracies.

Progressive discrete silent duels with compactified shooting moments can be further
studied for some nonlinearities in the accuracy function. For instance, it can be the
quadratic accuracy as a case of the low-accurate duelist [19]. In a symmetric addition, a
case of the better-shooting duelist with the square-root accuracy can be studied as well.
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PO3B’I3KHN YV YNCTUX CTPATEIISIX IIPOT'PECYIOYO1
JMCKPETHOI BE3IITYMHOI JYEJII 3 JIIHINHOIO
BJIVUHICTIO TA KOMIIAKTU30BAHIMU
MOMEHTAMMY IIOCTPLIIY

B. Pomanrok

Binnuybruti mopaosesvro-eKoHOMINHUT THCMUmMYym
Zlepotcasrozo mop206eabHO-eKOHOMINHO20 YHIBEPCUMEMY,
eya. Cobopna, 87, Binnuuys, 21050, Yepaina
e-mail: romanukevadimv@gmail.com

PosrnaryTo rpy 3 HYJIBOBOIO CYMOIO, fAKa BH3HA4Y€HAa HA CKiHYEHHIH noigqMHOXWKHI
OJIMHUYHOTO KBajpaTa. Ilg rpa € mporpecyrdor0 JUCKPETHOI Ge3NIyMHOIO IYesLTio, B
SAKi# sApo KococmMmerpudHe. J[Ba ayesnstHTH MAOThH igenTwuHi siniial dyHKOil BayaHOCTI,
3MiHIOBaHI JOAATHUM KOedillieHTOM NPOMOPHi#HOCTI BAy4YHOCTI. fK TiNBKU ayenb po3-
MOYNHAETHCS, MOMEHTH YaCy MOXKJIMBUX IOCTPIJIiB CTAIOTH IIIBHINIAMA 33 IPABHIJIOM, JI€
KOXKEeH HACTYNHH{ MOMEHT € JpoOOoM, 4Uul YHCEJbHHUK i 3HAMEHHUK, dKuil Oinbimre Ha 1,
30i/IbIIYIOTECS HA 1 MOPIBHSIHO 3 momepejHiM MOMEHTOM. BHaC/iI0K KOCOCMMETPUYHOCTI
obuaBa JIyessIHTM MalOTh Ti caMi ONTHMaJIbHI cTpaTerii, a ONTUMAaJIbHE 3HAYEHH: IDH
nopiBuaoe 0. Jljs HerpuBiasubHUX IrOp, J€ JyeJsitHT BOJIOJAI€ I[OHAJ[ OJHUM MOMEHTOM
MOXKJIMBOTO TOCTDiiy Mik mowaTkoMm i 3akindenusM gyesti, a xoedimient nponopiiinocTi
BJIYYHOCTI He MeHIIe 1, €TUHOI0 ONTHUMAJBHOK YHCTOI0 CTPATETI€I0 € MOCTPIn y cepeauHi
inTepBasy dYacy TpuBaHHsS ayeni. Sk Tinbku 1eil koedimient crae memmmwm 1, smme
NBI TpPeTHHHU iHTepBaJy dYacy TPUBAHHSA Jyesi Ta MOMEHT 3aKiHUYeHHS Jyesi MOXKYTb
OyTH ONTUMAJBHAMHU YHCTUMH CTPATErisMH, s skux Koedinient mae mopisaioBaru 1/2
abo He mepeBunryBaTu oOepHEHe 3HAYEHHS KiJbKOCTI MOMEHTIB IIOCTDiJly, 3MEHIIEHOI Ha
2. Ilporpecyiodi puckperni Ge3mymui gyeni 3 9oTHpMa MOMEHTaMH HOCTpPiny Oinmbmre
He pO3B’A3YIOTbCA y YHCTHX CTpaTeridx, Je BignoBimHmil kKoedillieHT nponopiiiHocTi
BJIyYHOCTI, 0 MeHmuii 1, 3aiimae monaiivenme 50 % inrepsany (0; 1). 3i 36inbmenusaM
po3mipy Agyesii me#t BifCOTOK, IO 3acBigdye BiACyTHICTH PO3B’SI3KIiB y WHCTHX CTpATErisx,
3pOCTa€ 3a TUM CAMHM IIPABUJIOM, 32 SKHM MOMEHTH MOXKJIHBOTO IIOCTPLIY CTalOTh LIiThb-
HIIIUMH.

Karowosi caosa: Teopis irop, 6e3mryMHua gyesb, sinifina QyHKIiS BJyIHOCTI, MaTPpHYIHA DA,
PO3B’S30K Yy YUCTUX CTPATErisfAX, KOMIAKTH30BaHI MOMEHTH IOCTPiiy.



