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A zero-sum game de�ned on a �nite subset of the unit square is considered. The game is
a progressive discrete silent duel, in which the kernel is skew-symmetric. The two duelists
have identical linear accuracy functions varied by the positive accuracy proportionality
factor. As the duel starts, time moments of possible shooting become denser in accordance
with a pattern, where every next moment is a fraction whose numerator and denominator,
being greater by 1, are increased by 1 compared to the preceding moment. Due to the skew-
symmetry, both the duelists have the same optimal strategies and the game optimal value is
0. For nontrivial games, where the duelist possesses more than just one moment of possible
shooting between the duel beginning and end moments and the accuracy proportionality
factor is not less than 1, the single optimal pure strategy is to shoot at the middle of the
duel time span. As the factor becomes less than 1, only the two thirds of the duel time
span and the duel very end can be optimal pure strategies, for which the factor should

be equal to
1

2
or not exceed the reciprocal of the number of shooting moments decreased

by 2. Progressive discrete silent duels with four shooting moments and greater are not
solved in pure strategies as the respective accuracy proportionality factor, being less than
1, occupies at least 50% of interval (0; 1). As the duel size increases, this pure strategy
insolvability percentage grows by the same pattern that time moments of possible shooting
become denser.

Key words: game theory, silent duel, linear accuracy function, matrix game, pure strategy
solution, compacti�ed shooting moments.

1. Introduction

A silent duel is a timing zero-sum game

⟨X, Y, K (x, y)⟩ (1)

of two players [6, 12, 3, 4], in which kernel K (x, y) is usually de�ned on unit square

X × Y = [0; 1]× [0; 1] (2)

being the Cartesian product of the players' pure strategy sets representing the standard-
ized duel time span [0; 1],

x ∈ X = [0; 1] , y ∈ Y = [0; 1] . (3)

Each of the players, also referred to as the duelists, has a one or few bullets to shoot at
any time moment between 0 and 1, where shooting (or �ring) a bullet means making a
decision or taking an action. In a typical silent duel, which alternatively is called noiseless
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[13, 14, 15], each of the two duelists has exactly one bullet, and it is unknown to the
duelist whether and when the other duelist has �red its bullet until the end of the duel
time span x = y = 1 [2, 21, 19, 20]. In fact, the duelist may not �re the bullet during
half-open interval [0; 1), but if the duelist's bullet has not been �red during t ∈ [0; 1),
then it is �red �automatically� at t = 1. The duelist is also featured with an accuracy
function which is a nondecreasing function of time [7, 11, 10, 8, 23].

It is presumed that both the duelists act within the same conditions (environment).
Thus antagonistic game (1) on (2) by (3) becomes symmetric, and its optimal value is 0.
The duelist bene�ts from shooting as late as possible, but only to shoot �rst [4, 17, 22].
This is modeled, in particular, by a skew-symmetric kernel [15, 5, 20]

K (x, y) = ax− ay + a2xy sign (y − x) , (4)

where a is the accuracy proportionality factor, a > 0, in the duelists' accuracy functions

pX (x) = ax, pY (y) = ay. (5)

As kernel (4) is skew-symmetric, i. e.

K (x, y) = −K (y, x)

due to
K (y, x) = ay − ax+ a2yx sign (x− y) = −K (x, y) ,

both the duelists have the same optimal strategies [10, 1, 9, 19], although they can be
non-symmetric if game (1) is �nite [15, 19, 20].

To more realistically simulate duelists' interaction processes, discrete silent duels are
considered, in which the duelist can shoot only at speci�ed time moments [6, 11, 3, 14,
15]. The number of such possible shooting moments is �nite. The moments of the duel
beginning and duel end are included in this number [13, 4, 17, 18]. In a discrete duel the
players' pure strategy sets are

X = {xi}Ni=1 = Y = {yj}Nj=1 = T = {tq}Nq=1 ⊂ [0; 1]

by tq < tq+1 ∀ q = 1, N − 1 and t1 = 0, tN = 1 (6)

for N ∈ N\ {1}, whereupon game (1) is �nite being a matrix game

⟨X, Y, KN ⟩ =
⟨
{xi}Ni=1 , {yj}

N
j=1 , KN

⟩
(7)

with skew-symmetric payo� matrix

KN = [kij ]N×N = [−kji]N×N = −KT

N (8)

whose entries

kij = K (xi, yj) = axi − ayj + a2xiyj sign (yj − xi) for i = 1, N and j = 1, N. (9)

The discrete silent duel is called progressive if the density of the duelist's pure strate-
gies between t1 = 0 and tN = 1 progressively grows as the duelist approaches to the duel
end tN = 1 [11, 23, 16, 5]. The particular case of when

tq =

q−1∑
l=1

2−l =
2q−1 − 1

2q−1
for q = 2, N − 1 (10)
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was considered in [19, 20], where pure strategy solutions had been obtained for any a ⩾ 1,
and speci�c conditions had been found for a ∈ (0; 1) such, at which the progressive
discrete silent duel has a pure strategy solution. Thus, situation

{x2, y2} =

{
1

2
,
1

2

}
(11)

is single optimal in duel (7) by (6), (8) � (10) and a > 1 for N ∈ N\ {1, 2}. In the most
trivial case, when N = 2 and the duelist can shoot only either at the duel beginning or
duel end (the progressiveness is just annulled), situation

{x2, y2} = {1, 1} (12)

is single optimal by any a > 0. Situation (11) remains single optimal by a = 1 for
N ∈ N\ {1, 2, 3}. The duel by a = 1 for N = 3 has four optimal situations: (11),

{x3, y3} = {1, 1} , (13)

{x3, y2} =

{
1,

1

2

}
, (14)

{x2, y3} =

{
1

2
, 1

}
. (15)

However, it was proved in [19] that situation (11) is never optimal by a ∈ (0; 1).
Furthermore, while situation (13) is the single solution to 3×3 duels by a ∈ (0; 1), the

general case of a ∈ (0; 1) is trickier. It was proved in [20] that only one n ∈
{
3, N − 1

}
exists such that situation

{xn, yn} =

{
2n−1 − 1

2n−1
,
2n−1 − 1

2n−1

}
(16)

is optimal by

a ∈
[

1

2n−1 − 1
;

2n−2

(2n−1 − 1) · (2n−2 − 1)

]
⊂ (0; 1) (17)

and situation
{xN , yN} = {1, 1} (18)

is optimal by

a ∈
(
0;

1

2N−2 − 1

]
⊂ (0; 1) (19)

for N ∈ N\ {1, 2, 3}. If
a =

1

2N−2 − 1
(20)

then situations (18),

{xN−1, yN−1} =

{
2N−2 − 1

2N−2
,
2N−2 − 1

2N−2

}
, (21)

{xN−1, yN} =

{
2N−2 − 1

2N−2
, 1

}
, (22)
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{xN , yN−1} =

{
1,

2N−2 − 1

2N−2

}
(23)

are optimal; apart from situations (18), (21) � (23), there are no other pure strategy
solutions in the duel by (20). If

a ∈
(
0;

1

2N−2 − 1

)
(24)

then optimal situation (18) is the single one. If

a ̸= 1

2N−2 − 1
(25)

and (17) holds, optimal situation (16) is the single one. Finally, if neither (17) nor (19)
holds, then the duel does not have a pure strategy solution.

Nevertheless, the density of the duelist's pure strategies between t1 = 0 and tN = 1
may seem growing too quickly if the geometrical progression by (10) is used. A more
smooth growth can be modeled as

tq =

q−1∑
n=1

1

n (n+ 1)
=

q − 1

q
for q = 2, N − 1. (26)

Therefore, the goal is to study solutions of the progressive discrete silent duel with linear
accuracy and compacti�ed shooting moments in accordance with (26) by N ∈ N\ {1, 2}.

2. Convention

Above all, a pure strategy solution of duel (7) corresponds to a saddle point of matrix
(8) with entries (9). Due to the skew-symmetry of matrix (8) with entries (9), as only a
zero entry of the matrix can be a saddle point, then a row containing a negative entry
does not contain saddle points; neither does the respective column containing the positive
entry. In the further consideration, only the inferences on saddle points in de�nite rows
of matrix (8), which imply the same inferences on saddle points in respective columns,
will be stated.

Inasmuch as

K (x1, yj) = K (0, yj) = −ayj < 0 ∀ j = 2, N

then the �rst row of matrix (8) with entries (9) is not an optimal strategy of the �rst
duelist. In other words, the �rst row does not contain saddle points of the matrix (the
�rst column does not contain saddle points either), so situation

{x1, y1} = {0, 0}

is never optimal in the duel.

It is clear that a nonnegative row of matrix (8) with entries (9) contains a saddle
point on the main diagonal of the matrix. A row whose entries are positive, except for
the main diagonal entry, contains a single saddle point which is the single one in such a
duel (all the other N − 1 rows of the respective column contain negative entries).
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3. Three moments to shoot

It is convenient to start with the case when the duelist has the fewest number of
moments to shoot.

Theorem 1. The solutions in a progressive discrete silent 3× 3 duel

⟨X, Y, K3⟩ =
⟨
{xi}3i=1 , {yj}

3
j=1 , K3

⟩
(27)

by (6), (8), (9), (26) for N = 3 are the same as the solutions in a progressive discrete
silent 3 × 3 duel (27) by (6), (8) � (10) for N = 3: situation (11) is optimal by a ⩾ 1
and it is never optimal by a ∈ (0; 1), and saddle point (11) is single by a > 1; the duel
by a = 1 has four optimal situations (11), (13) � (15); situation (13) is single optimal by
a ∈ (0; 1).

Proof. Due to t2 =
1

2
for both duels, with (10) and (26), the respective payo� matrix

K3 = [kij ]3×3 =


0 −a

2
−a

a

2
0

a

2
(a− 1)

a −a

2
(a− 1) 0

 (28)

is the same. Therefore, the conclusions on the saddle points in (28) can be directly taken
from Theorem 1 in [20]. □

4. Second moment optimality

Now, we continue with considering bigger duels by a ⩾ 1.

Theorem 2. A progressive discrete silent duel (7) by (6), (8), (9), (26) for N ∈
N\ {1, 2, 3} and a ⩾ 1 has the single optimal situation (11).

Proof. Consider the second row of matrix (8), where

K (x2, y1) = K

(
1

2
, 0

)
=

a

2
> 0 (29)

and

K

(
1

2
, yj

)
=

a

2
− ayj +

a2

2
yj =

a

2
· (1− 2yj + ayj) ∀ yj >

1

2
. (30)

If a = 1 then

1− 2yj + ayj = 1− yj ⩾ 0

and (30) is nonnegative:

K

(
1

2
, yj

)
=

a

2
· (1− 2yj + ayj) =

1− yj
2

⩾ 0 ∀ yj >
1

2
, (31)

where

K

(
1

2
, yN

)
= K

(
1

2
, 1

)
= k2N = 0 (32)
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is the second zero entry after k22 in the second row. Due to (29) and (31), situation (11)
is a saddle point. However,

K (xN , yN−1) = K

(
1,

N − 2

N − 1

)
= 1− N − 2

N − 1
− N − 2

N − 1
= 1− 2 · N − 2

N − 1
< 0 (33)

due to
1

2
<

N − 2

N − 1
.

Inequality (33) implies that the last row and last column of matrix (8) do not contain
saddle points. So, situation (11) is single optimal by a = 1.

If a > 1 then, as
1

2
< yj ⩽ 1,

(1− yj)
2 ⩾ 0,

1− 2yj + y2j ⩾ 0,

2yj − 1 ⩽ y2j ,

2yj − 1

yj
⩽ yj ,

and
2yj − 1

yj
⩽ yj ⩽ 1 < a by yj ∈

(
1

2
; 1

]
. (34)

Inequality (34) is followed by inequality

1− 2yj + ayj > 0 (35)

whence (30) is positive:

K

(
1

2
, yj

)
=

a

2
· (1− 2yj + ayj) > 0 ∀ yj >

1

2
. (36)

Due to (29) and (36), situation (11) is single optimal by a > 1. □

5. Second moment non-optimality

It was proved in [20] that the second shooting moment in a progressive discrete silent
duel (7) by (6), (8) � (10) for N ∈ N\ {1, 2} is not an optimal strategy by 0 < a < 1.
See whether this property keeps for the duel with the compacti�ed shooting moments by
(26).
Theorem 3. Situation (11) is never optimal in a progressive discrete silent duel (7)

by (6), (8), (9), (26) for N ∈ N\ {1, 2} and 0 < a < 1.
Proof. For N ∈ N\ {1, 2} consider the second row of matrix (8) whose last column

entry

K

(
1

2
, 1

)
=

a

2
− a+

a2

2
=

a

2
· (a− 1) < 0 by 0 < a < 1. (37)

Inequality (37) directly implies that the second row of matrix (8) does not contain saddle
points by 0 < a < 1. □
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6. Third moment optimality

Due to Theorem 1, situation (13), which consists of the third shooting moments in
the progressive discrete silent 3 × 3 duel, is single optimal in such duels by a ∈ (0; 1).
See whether the third shooting moment in bigger duels can be an optimal strategy.
Theorem 4. In a progressive discrete silent duel (7) by (6), (8), (9), (26) for N ∈

N\ {1, 2, 3} and 0 < a < 1, situation

{x3, y3} =

{
2

3
,
2

3

}
(38)

is optimal only if a =
1

2
. Except for the third and last shooting moments t3 =

2

3
and

tN = 1, there are no other optimal pure strategies. The 4× 4 duel with a =
1

2
has four

optimal pure strategy situations: situation (38) and situations

{x4, y4} = {1, 1} , (39)

{x3, y4} =

{
2

3
, 1

}
, (40)

{x4, y3} =

{
1,

2

3

}
. (41)

Proof. Due to Theorem 3, situation (11) is not optimal, so the �rst two rows of matrix
(8) do not contain saddle points. If situation

{xn, yn} =

{
n− 1

n
,
n− 1

n

}
by n ∈

{
3, N − 1

}
(42)

is optimal, then, in the n-th row of matrix (8), inequalities

K (xn, yj) = axn − ayj − a2xnyj ⩾ 0 ∀ yj < xn (43)

and
K (xn, yj) = axn − ayj + a2xnyj ⩾ 0 ∀ yj > xn (44)

must hold. From inequality (43) it follows that

xn

1 + axn
⩾ yj ∀ yj < xn. (45)

As

yj ⩽
n− 2

n− 1
<

n− 1

n
= xn (46)

then inequality (45) is transformed into

n− 1

n
· 1

1 + a · n− 1

n

⩾ n− 2

n− 1
,

n− 1

n+ a (n− 1)
⩾ n− 2

n− 1
,
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n2 − 2n+ 1 ⩾ n2 − 2n+ a (n− 1) (n− 2) ,

1 ⩾ a (n− 1) (n− 2) ,

whence

a ⩽ 1

(n− 1) (n− 2)
. (47)

From inequality (44) it follows that

xn

1− axn
⩾ yj ∀ yj > xn. (48)

As

1 ⩾ yj >
n− 1

n
= xn (49)

then inequality (48) is transformed into

n− 1

n
· 1

1− a · n− 1

n

⩾ 1,

n− 1

n− a (n− 1)
⩾ 1. (50)

If 0 < a < 1 then

n− a (n− 1) > 0

and inequality (50) is written as

n− 1 ⩾ n− a (n− 1) . (51)

Thus, inequality (51) is followed by

a ⩾ 1

n− 1
. (52)

Inasmuch as
1

n− 1
− 1

(n− 1) (n− 2)
=

n− 3

(n− 1) (n− 2)
⩾ 0,

then points
1

n− 1
(53)

and
1

(n− 1) (n− 2)
(54)

coincide by n = 3, and by n > 3 point (53) is located to the right with respect to point
(54). The latter makes impossible simultaneous inequalities (47) and (52), whichever a

is. By n = 3 these inequalities are a ⩽ 1

2
and a ⩾ 1

2
, respectively, that is situation (38)

is optimal only if a =
1

2
and n = 3. In addition, no other n-th row of matrix (8) contains
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saddle points by n ∈
{
4, N − 1

}
implying that there are no optimal pure strategies

between the fourth and (N − 1)-th row for N ∈ N\ {1, 2, 3, 4}. If

a ∈
(
0;

1

2

)
∪
(
1

2
; 1

)
(55)

then there are no optimal pure strategies between the third and (N − 1)-th row for
N ∈ N\ {1, 2, 3} (or, in other words, the �rst N − 1 rows do not contain saddle points).

In the third row by a =
1

2
we have

k31 = K

(
2

3
, 0

)
=

1

3
, (56)

k32 = K

(
2

3
,
1

2

)
=

1

3
− 1

4
− 1

12
= 0, (57)

k3j = K

(
2

3
, yj

)
=

1

3
− 1

2
yj +

1

6
yj =

1

3
− 1

3
yj > 0 ∀ yj ∈

(
2

3
; 1

)
, (58)

k3N = K

(
2

3
, 1

)
= 0. (59)

So, due to (56) � (59), the nonnegative third row contains another two zero entries (57)
and (59) � in the second and last columns, respectively. But the second row does not
contain saddle points, and in the last row

K (xN , yN−1) = K

(
1,

N − 2

N − 1

)
=

=
1

2
− N − 2

2N − 2
− N − 2

4N − 4
=

4−N

4N − 4
< 0 (60)

for N ∈ N\ {1, 2, 3, 4} and

K (xN , yN−1) = 0 for N = 4. (61)

So, the last row does not contain saddle points for N ∈ N\ {1, 2, 3, 4} and a =
1

2
.

Therefore, situation (38) is single optimal in this case. In the 4×4 duel by a =
1

2
situation

(38) is optimal as well, but equality (61) holds, and so the fourth row is nonnegative as

K (x4, y3) = 0 = K (x3, y4)

and

k41 = K (1, 0) =
1

2
,

k42 = K

(
1,

1

2

)
=

1

2
− 1

4
− 1

8
=

1

8
.

So, situations (38) � (41) are optimal for a =
1

2
in the 4× 4 duel. □
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7. Last moment optimality

It was proved in [20] that the last shooting moment in a progressive discrete silent
duel (7) by (6), (8) � (10) for N ∈ N\ {1, 2, 3} is the single optimal pure strategy when
the accuracy proportionality factor (being less than 1) drops below value (20). Theorem 1
has already shown that, when the accuracy proportionality factor is less than 1, the last
shooting moment is the single optimal pure strategy in a progressive discrete silent 3× 3
duel (27), regardless of the compacti�cation (because the second shooting moment is the
middle of the duel time span anyway). See whether the last shooting moment in bigger
duels can be the single optimal pure strategy when the accuracy proportionality factor
drops su�ciently low.
Theorem 5. In a progressive discrete silent duel (7) by (6), (8), (9), (26) for N ∈

N\ {1, 2, 3, 4} and

a ⩽ 1

N − 2
(62)

situation

{xN , yN} = {1, 1} (63)

is single optimal. In the 4× 4 duel with

a <
1

N − 2
=

1

2
(64)

situation (63) is single optimal as well.
Proof. Situation (63) is optimal only if the last row of matrix (8) is nonnegative.

Thus,

kNj = K (xN , yj) = K (1, yj) = a (1− yj − ayj) ⩾ 0 ∀ yj < 1 (65)

if

1− yj − ayj ⩾ 0,

whence
1

1 + a
⩾ yj ∀ yj < 1. (66)

As

yj ⩽ yN−1 =
N − 2

N − 1
< 1

then inequality (66) is transformed into

1

1 + a
⩾ N − 2

N − 1
,

N − 1 ⩾ N − 2 + a (N − 2) ,

whence inequality (62) emerges. So, if (62) holds then situation (63) is optimal, and it
is the single optimal pure strategy situation for N ∈ N\ {1, 2, 3, 4} because here mem-
bership (55) is true and there cannot be any other optimal situations due to Theorem 3
and Theorem 4. Situation (63) is single optimal in the 4 × 4 duel for (64) by the same
reason. □
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8. Discussion and conclusion

The solutions of the progressive discrete silent duel with linear accuracy and com-
pacti�ed shooting moments in accordance with (26) by N ∈ N\ {1, 2} do not di�er much
from those with the faster converging shooting moments by (10). The 3 × 3 duel re-
mains the same (Theorem 1). In bigger duels with (26) for a ⩾ 1, just like in bigger
duels with (10) for a ⩾ 1, the single optimal strategy of the duelist is the middle of the
duel time span, which is the second shooting moment following the duel very beginning
(Theorem 2).

The di�erence between the duels with shooting moments by (10) and shooting mo-
ments by (26) exists only for a ∈ (0; 1). Unlike the duels with the faster converging
shooting moments by (10), the duelist in 4×4 and bigger duels with compacti�ed shoot-
ing moments by (26) can have only third and last shooting moments as an optimal

strategy. In the 4× 4 duel by a ∈
(
0;

1

2

)
the single optimal strategy is to shoot at the

duel very end. Only this behavior remains optimal in bigger duels as well, where the
accuracy proportionality factor does not exceed the reciprocal of the number of shooting
moments decreased by 2 (Theorem 5). If the accuracy proportionality factor is equal

to
1

2
, then the duelist in the 4 × 4 duel possesses two optimal pure strategies � the two

thirds of the duel time span and the duel very end (Theorem 4). Bigger duels at such
an accuracy proportionality factor have only one pure strategy solution, which is of the
two thirds. Therefore, a progressive discrete silent duel with four shooting moments and
greater is not solved in pure strategies if

a ∈
(

1

N − 2
; 1

)
\
{
1

2

}
for N ∈ N\ {1, 2, 3} . (67)

The length of the interval in (67) is
N − 3

N − 2
. So, it is 50% probable that a 4 × 4 duel

by a < 1 will be not solved in pure strategies. As the duel size increases, this pure
strategy insolvability percentage grows by the same pattern that time moments of possible
shooting become denser.

The proved assertions contribute the speci�city of the compacti�ed shooting moments
in discrete silent duels to the games of timing. The speci�city slightly broadens the
duelist behavior that may include the two thirds of the duel time span, rather than a
shooting moment exactly expressed with a �nite number of decimal places. However,
this speci�city, as well as some others, less remarkable, exists only at weaker shooting
accuracies.

Progressive discrete silent duels with compacti�ed shooting moments can be further
studied for some nonlinearities in the accuracy function. For instance, it can be the
quadratic accuracy as a case of the low-accurate duelist [19]. In a symmetric addition, a
case of the better-shooting duelist with the square-root accuracy can be studied as well.
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Ðîçãëÿíóòî ãðó ç íóëüîâîþ ñóìîþ, ÿêà âèçíà÷åíà íà ñêií÷åííié ïiäìíîæèíi
îäèíè÷íîãî êâàäðàòà. Öÿ ãðà ¹ ïðîãðåñóþ÷îþ äèñêðåòíîþ áåçøóìíîþ äóåëëþ, â
ÿêié ÿäðî êîñîñèìåòðè÷íå. Äâà äóåëÿíòè ìàþòü iäåíòè÷íi ëiíiéíi ôóíêöi¨ âëó÷íîñòi,
çìiíþâàíi äîäàòíèì êîåôiöi¹íòîì ïðîïîðöiéíîñòi âëó÷íîñòi. ßê òiëüêè äóåëü ðîç-
ïî÷èíà¹òüñÿ, ìîìåíòè ÷àñó ìîæëèâèõ ïîñòðiëiâ ñòàþòü ùiëüíiøèìè çà ïðàâèëîì, äå
êîæåí íàñòóïíèé ìîìåíò ¹ äðîáîì, ÷è¨ ÷èñåëüíèê i çíàìåííèê, ÿêèé áiëüøå íà 1,
çáiëüøóþòüñÿ íà 1 ïîðiâíÿíî ç ïîïåðåäíiì ìîìåíòîì. Âíàñëiäîê êîñîñèìåòðè÷íîñòi
îáèäâà äóåëÿíòè ìàþòü òi ñàìi îïòèìàëüíi ñòðàòåãi¨, à îïòèìàëüíå çíà÷åííÿ ãðè
äîðiâíþ¹ 0. Äëÿ íåòðèâiàëüíèõ iãîð, äå äóåëÿíò âîëîäi¹ ïîíàä îäíèì ìîìåíòîì
ìîæëèâîãî ïîñòðiëó ìiæ ïî÷àòêîì i çàêií÷åííÿì äóåëi, à êîåôiöi¹íò ïðîïîðöiéíîñòi
âëó÷íîñòi íå ìåíøå 1, ¹äèíîþ îïòèìàëüíîþ ÷èñòîþ ñòðàòåãi¹þ ¹ ïîñòðië ó ñåðåäèíi
iíòåðâàëó ÷àñó òðèâàííÿ äóåëi. ßê òiëüêè öåé êîåôiöi¹íò ñòà¹ ìåíøèì 1, ëèøå
äâi òðåòèíè iíòåðâàëó ÷àñó òðèâàííÿ äóåëi òà ìîìåíò çàêií÷åííÿ äóåëi ìîæóòü
áóòè îïòèìàëüíèìè ÷èñòèìè ñòðàòåãiÿìè, äëÿ ÿêèõ êîåôiöi¹íò ìà¹ äîðiâíþâàòè 1/2
àáî íå ïåðåâèùóâàòè îáåðíåíå çíà÷åííÿ êiëüêîñòi ìîìåíòiâ ïîñòðiëó, çìåíøåíî¨ íà
2. Ïðîãðåñóþ÷i äèñêðåòíi áåçøóìíi äóåëi ç ÷îòèðìà ìîìåíòàìè ïîñòðiëó áiëüøå
íå ðîçâ'ÿçóþòüñÿ ó ÷èñòèõ ñòðàòåãiÿõ, äå âiäïîâiäíèé êîåôiöi¹íò ïðîïîðöiéíîñòi
âëó÷íîñòi, ùî ìåíøèé 1, çàéìà¹ ùîíàéìåíøå 50% iíòåðâàëó (0; 1). Çi çáiëüøåííÿì
ðîçìiðó äóåëi öåé âiäñîòîê, ùî çàñâiä÷ó¹ âiäñóòíiñòü ðîçâ'ÿçêiâ ó ÷èñòèõ ñòðàòåãiÿõ,
çðîñòà¹ çà òèì ñàìèì ïðàâèëîì, çà ÿêèì ìîìåíòè ìîæëèâîãî ïîñòðiëó ñòàþòü ùiëü-
íiøèìè.

Êëþ÷îâi ñëîâà: òåîðiÿ iãîð, áåçøóìíà äóåëü, ëiíiéíà ôóíêöiÿ âëó÷íîñòi, ìàòðè÷íà ãðà,
ðîçâ'ÿçîê ó ÷èñòèõ ñòðàòåãiÿõ, êîìïàêòèçîâàíi ìîìåíòè ïîñòðiëó.


