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OBYUCIUIOBAJNBHA MATEMATHKA

V/IK 519.6

PO BUKOPUCTAHHA METOJAY IHTETPAJIBHUX PIBHAHb
JJIS1 PO3B’SI3YBAHHSA 3AJAYI HEUMAHA JIJISI EJIITITUYHOT'O
PIBHSIHH# 31 SMIHHUMUA KOE®IINIEHTAMUA

A. Bemieii

Jlvgiecvkutl nayionanvru yHigepcumem imeni leana @panka,
eyn. Yuisepcumemcoka, 1, Jlveis, 79000, e-mail: andriy.beshley@Inu.edu.ua

PosrnsHyro HaOmmkeHe poO3B’sA3yBaHHS BHYTPIIIHBOI 3amadi Heiimana nis eminTu4HOTrO
PIBHSHHA 31 3MIHHUMH KoeQillieHTaMH B JIBOBUMIpHil 0AHO3B’s3HIM oOnacti. BuxopucToByroun
¢ynkmiro JleBi, mo gudepeHmianbHy 3amady 3BEICHO 1O CHCTEMH T'PAaHHYHO-TIPOCTOPOBHUX
IHTETpalbHUX PIBHSAHD Ipyroro poxay. YucenbHE pO3B’A3YBaHHS MApaMETPHU30BAHOI CHCTEMHU
BUKOHAaHO METOAOM HmucTphrOMa 3 BHKOPHUCTAHHSIM BiINOBITHHUX KBaipaTyp. EdekTuBHiCTH 1bOTO
METO/Ly MiATBEPKYIOTh PE3yJIbTaT! YUCEIbHUX CKCIEPUMEHTIB.

Knrouogi cnosa: eninTudHe pIBHSHHS 31 3MIHHUMH KoedimieHTamu, ¢yHkuis JleBi, rpaHudHO-
MIPOCTOPOBI IHTETPaNbHI PIBHIHHS, CHJIbHA Ta JorapudMiuHa ocobmuBocTi, Mmeto Huctproma.

1. POPMYJIIOBAHHS KPAMOBOI 3AJIAUI HEMUMAHA

JudepennianbHi 3a1a4i U SNINTAYHAX PIBHAHP 31 3MiHHUMH KOoe(]illieHTaMH 9acTo
TPAIUIIOTHCS i YaC MOJICTIOBAaHHA Pi3HUX (DI3MIHHX IPOLECIB, 30KpeMa, 1 B eNCKTPUIHIN
imnenancHiit Tomorpadii (EIT) — rtexmimi MeawdHol Bisyamizamii, B sKii 300pakeHHS
MIPOBIIHOCTI YACTHHH Tijla BU3HAYAETHCA 3 €ICKTPUYHIX BIMIipIOBAaHb IIOBEPXHI IIHOTO Tila.
3acrocyBanHsa EIT MoxHa 3HaWTH B TaKuX Taly3sX: MEIUIMHA, Teodi3uka 4i KOHTPOIb
pyiiHyBaHHs (BM3HAueHHs TpiuH y wMarepianax) [4]. Takox Taki gudepeHmianbHi
PIBHAHHA YacTO BHHHUKAIOTh Yy 3a/4adaX, [0 OXOIUIIOIOTh HEOJHOPIAHI CepeoBHIIa
(nanpuknan, QyHKIIOHATIBHO TpaayiioBani matepianu) [9].

Bimomo, mo kpaifoBy 3amady M JHIHHOTO TUQEpEeHIIaTbHOTO pPIBHSIHHSA B
YaCTHUHHMX MOXITHUX (HAampuKiaj, 3axady Helimana aist piBHsHHA Jlanmaca) MOKHA 3BECTH
JI0 TPAaHUYHOTO IHTETPAIBHOTO PIBHSHHS 1 Jayli po3B’s3aTH Horo uucenbHo. [IpoTte Takuid
miaxig moTpedye HasBHOCTI (PYHOAMEHTANBHOTO pO3B’S3KY IS AU(EPEHIaTbHOTO
piBHsHHEA. Ha kanp, 3aranom (yHZAMEHTATbHUH PO3B’S30K IS SNINTHYHUX PIiBHAHB 31
3MIHHUMH KOE(IIliEeHTaMHA HEBINOMHH, IO YHEMOXIIHBIIOE 3BEACHHS 3ajqadi  JI0
IHTETpaNBHOTO PIBHAHHSA 3 IHTETpajaMH IIMIIE [0 TpPaHWIi, a BiATaK 3MCHIICHHS
po3mipHOCTi BuXimHOI 3amawi. OZHMM 3 BapiaHTIB pO3B’sA3yBaHHS IMOMIOHOI 3amadi €
BHUKOPUCTAaHHS mapamerpikca (pyHkmii Jlesi), mo penykye audepeHianbHy 3amgady a0
IPaHIMYHO-TIPOCTOPOBOTO iHTerpanbHOTo piBHsIHHS (['TIIP).

Bapro 3a3nauutH, mo MoxkHa posrsinatd aBa tunu [TIP. T'TIIP HasuBaroTh
00’eTHAHNM, SKIIO HEBiZoMa (QYHKINS U Ha TPaHUIIL € MMPOCTO CIiIoM (QYHKIIT U B 00NacTi,
Ha TPOTHBary TakK 3BaHOMY BimokpemiieHomy [TIIP, me HeBimomi rpaHwdHi GYHKIIT
PO3MIIAAAI0TH K (POPMATbHO HE3aNSKHI BiJl HEBIIOMUX 3MiHHUX B 0o0nacTi [8]. IurerpanbHi
PIBHSHHS IEpIIOro THIy MOXKHa OTPMMAaTH BHACIIJOK 3acTocyBaHHs (opmymu ['pina o
I epeHniaIbHOTO orneparopa PiBHSIHHS 3 BPaxyBaHHSIM I'DAaHWYHOI YMOBH. SIKIIO X JIs
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3BeNeHHA KpaioBOi 3afadi M0 IHTETPaJbHOTO PIBHSIHHSA BHKOPHCTOBYBATH 00 €MHHI
MOTEHIia] 1 TPaHWYHUI TOTEHIiaX, IO BiANOBIZAIOTH TMAapaMeTPiKCy 3 HEBIJOMUMH
ryctuHaMu, T0 otpuMaemo cucremy [TIIP mpyroro Tumy [7]. Came me#t migxim mwu
3aCTOCOBYBAJIH.

Hexait D — oGMexeHa 01HO3B’s13Ha 061acTh B R? 3 rpanmueio I € C?. Tpeba

3maiiti dyskmito U € H' (D), mo 3a10BonbHsE aH(epeHItianbae piBHAHHS
Lu=div(c(X)Vu(x)) =0, xe D Q)

Ta rpaHu4Hy ymoBy Heiimana

G(X)%(X)zf(x), xel, (2)

ne ceC”(D),o(x)>0,xeD; f eHY?(") — 3anani yHKitii, mpraomy

[ f(ds(y)=0. ®3)
T
Bimomo [3], mo 3amaua (1)-(3) Mae exuHuii po3B’s30K 3 TOYHICTIO 0 KOHCTaHTH.
€auHICTE O3B 3Ky Li€l 3a1a4i MOYKHA OTPUMATH, HAKJIABIIM IOJATKOBY YMOBY Ha IIYKaHY
¢yakmito U. He oOMexyroum 3araibHOCTI, BBaKaTHMEMO, Mo oOmacte D wmictuth
MOYaTOK KOOPAMHAT 1 3HAaUeHHs HeBiToMol GyHKIT U B Lii To4ni gopiBHIoE 0.

2. 3BEJIEHH S JIM®EPEHIIAJILHOI 3AJ1AUI JIO CUCTEMU
IHTEI'PAJIbHUX PIBHAHD

OCKINIbKM B 3arajbHOMY BHUIAJKY SIBHOTO BUIVISIAY (YHIaMEHTAILHOTO PO3B’SI3KY
Juist piBHsAHHA (1) Hemae, TO Ui 3BEJECHHS KpaioBOi 3a/1adi 10 IHTErpalbHOrO PiBHSHHS
OynemMo BUKOPHCTOBYBATH IIapaMeTpiKC.

Osuavenns 1. Oynkuis  P(X,y), X,y € R? HasuBaeThcs mapamerpikcom  (aGo
¢ynkuiero Jlesi) nudepennianpHoro oneparopa L, sikio
L P(xy) =8(x=y)+R(xy), x=y,
ne & — ¢ynkuis Jipaka; R — GyHKUis 3aHIIKY, 110 Mae ciabKy 0COOIUBICTb Tpu X =Y .
Binomo[8], mo mapamerpikc i nudepeHiiaipHoro piBHsHHS (1) 31 3MIHHUMHA
koedilieHTaMu HabyBae BUIIISAY
In|x—y|

P(Xv y) =S
2no(y)
Jlerko GaunTw, 1m0 GyHKIIS 3aIMIIKy R B IbOMY BHIIAJKy Ma€ TaKe MOJAHHS:
X—Y)-Vo(x
R, ) = X0 Vok)
2no(y)|x Y|

UYepes |X—y| MO3HAYEHO €BKJIIJIOBY BIJICTaHb MiX TOYKaMHM X Ta Y . 3ayBaKUMO, IIO

X,y R,

napaMeTpiKC Ma€ He €IMHE 300paXKeHHSI.
IMogamo po3s’si3ok 3amayi (1)-(3) y BuUmAi cymMu 06’€MHOTO MOTEHIHALy Ta
MOTEHIIaJTy [IPOCTOrO MIapy, 0 MICTITh MapaMeTpiKkc

u(x) = [ u(y)P(x, y)dy +[ w(y)P(x, y)ds(y), xeD, @)

ne weC(D), yeC(T') — uepinomi rycrunm. [ligcrapusmmu (4) B piBasuns (1) Ta KpaioBy

yMOBY (2), BpaXOBYIOUH O3HA4YEeHHS ITapaMeTpPIKCy Ta BIACTHBOCTI HOPMAaJBbHOI MOXiTHOT
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MOTEHIIIAy TPOCTOro Mmapy [5], oTpuMaeMo Taky CHCTEMy iHTErpaJbHUX PiBHSHD JPYTOTO
poay

M)+ j H(YIR(x, y)dy+Jw(y)R(x, y)ds(y) =0, xeD,
P(y) P(%, y)
a0 Ut jw(y) (0500 80) =09, xeT:

V Bumanky, komu o(X) =1 (3amaga (1)-(2) Bupomkyerscst B 3agaqy Heiimana s

®)
——\v(X) + j u(y)o() —-=

piBusHHA Jlammaca) cucrema (5) CHPOUIYETHCA OO KIACHYHOTO iHTErPANbHOTO PiBHSIHHS
ApyTroro poxy

1
S w0+ jw(y) av( )

Po3B’s130k piBHsiHHS (6) icHye, Kou kpuBa ' He € Tak 3BaHuM [ —xommypom [2].

ds(y) =f(x), xeTl. (6)

JloCTaTHROI YMOBOIO 3a0e3MeyeHHs pPO3B’s3Ky € BuOip obOmacti D gocute marnoro
po3mipy, takoro, mo diamD <1 [1]. [Ipore B upoMy Bumnajaky piBHsHHs (6) mMae Oe3mid

PO3B’S3KIB 1 U AOCATHEHHS € IMHOCTI PO3TIIIIAIOTH PIBHSIHHS

1 1 oln|x—y| . .
—=y(X)+— —————ds(y)—wy(x")=f(x), x,x" eTl. 7
5 V() 2nlw(y) ey W) =1 )
Binomo [2], mo IP (7) Mae exunmii po3s’s3ox y € L*(I) ms 6yas-axux f e L2(T),

1 1110 PO3B’s130K piBHSHHA (7) € cepen po3B’sa3kiB piBHsAHHA (6). ToMy po3risaaTuMemMo Taky
MOJU(IKOBAHY CUCTEMY:

100+ [IR( )y + [ IR0 YA(y) =0, x <D,

®
a(( )y) PEY) g5y) —y(x) = F(x), xeT,

——\v(X)+ j u(y)o(x) o

dy + jw(y) 00—
ne X" el.

3. TAPAMETPU3ALIA CUCTEMU TA YUCEJIbHE PO3B’S3YBAHHA
He oOmexyroum 3araipHOCTi, OyaeMo BBakaTH, Imo obmacte D cumerpudHa
CTOCOBHO ITOYaTKy KOOPAMHAT, a TpaHHYHA KpuBa [ Mae mapaMeTpuyHe TOJaHHS

F={x(®) = (4 (1) X, (), te[02xT},
ae X (), X, (t) — 2n-nepioguuni  GyHKm, |X'(t)| >0 ama  Beix te[0,2m] i
X € C?([0,27] x[0,27]) . 3pobumo 3aminy 3MiHHMX y MOABiiiHEX iHTerpamax. Jlist TOUKH
y= (y11 yz)
{Y1 =p.(& 1) =&, (n),
Yo = P, (& 1) =EX, (1),

ne (§,1)ell=[01)x[0,2r], a sxobian J(&,t)=E(X, (t)X;(t)—X,(t)X;(r)). Bekrop-
byukuis p=(p,, P,) mo3Hagae BimobpaxkeHus 3 obmacti I1 B obmacts D, Tomy moaiGHO
TOYKY X MOKHa 3amucatd sk X = p(n,t). 3simcum cucremy (8) MoXkHa Tepenucatd B

eKBIBaJICHTHIH apamMeTpu30BaHiil popmi
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010+ [ o(E IR EE DIE+ [00 (IR(LEDIE =0, (1Y <11
T 2n ©)
2000 - 05 0)+ - [9(6 P&, e+ 9P, e = (0.t e[0:27)
T 2n

ne (f(n,t) =n(p(. 1), @o® =w(x(®), f(t)="f(x(t). 3apamm
R(n,t:&,7) = 2nR(p(m,1), PE DI (E 1), Rt 1) = 27R(p(n, 1), X(D)[X' (7)),

IP(x(t), Ex(1)) T OP(x(t), x(1)
W J (é, T), P(t, ’L') = 27'[0'(X(t)) 6\/()((]:))

a sk Touka X" B3saro X" = X(0).

P(t; €, 1) = 2no(X(t)) x'(1)),

Anpo R wmictute ocobmmBicte THmy Komi mpu m=§, mnd BUOUIEHHS SKOL

BHUKOPHCTAEMO TIONAHHA BeKTop-(yHKuii Bu3HaueHoi Ha [ dyepe3 ii HopmanbHy Ta
TaHTeHLiaJbHy ckianoBi. Hexail kpuBa [ nOCTaTHRO Iiajka, IO iCHYIOTh OJMHUYHHUI
TaHTCHINIabHUN BeKTOp O Ta OOMHWYHWI BeKTOp HOopMaii V. Tozi BEeKTOp-QYHKINIO ©,
BU3HAa4YeHY Ha [, MOXKHA MOJaTH B TAKOMY BHTJISII:

o= (o-v)v+(w-0)6. (10)
BpaxoBytoun Te, 1110 3MiHHa T BiJNIOBiJa€ 3a IHTErPYBaHH: 10 KPUBIH B iHTErpai 3 SapOoM
R, a Takox 6epyun Vo B (10) 3aMicTh ®, MOXXEMO OTPUMATH TaKy TOTOXHICTb:
2n
X(t) = x(1)) - Vot
T KO=X-Vo)
0 |X(t) - X(T)|

t=-Vo(t)- VT f (1) In|x(t) - X(r)|dr =

=Va(t)- (v(t) %(t) j f (1) In|x(t) - x(v)|d + 6(t) %(t) j f (1) In|x(t) - x(v)]dr) =

= |1(t)+ |2(t)-
Jnst BuninenHs ocobnmuBocti Komri, mo mictutses B |,, moTpiOHO A0AaTH Ta BiAHATH
sin(t—t)

——————— Ta NpOBECTU MOAIOHI NEepeTBOpPEeHH:, 1o onucani B [6]. BukoHaBmn
2(1—cos(t—t))

AHAJIOTTYHI TEPETBOPEHHS, MOXKHA TTogatH sapo R(m,t;n,t) B Takiit hopmi:

RM.tn1) =R (M, tn)+RP (,tn, r)th;t'
3 TIIAJKAMU SIIpAMHA
~ Vo(mx(t)) - v(t)K, (t, 1) 1 Vo(nx(t)-0t)K,(t, 1)
R(l) tin, 1) = 1 J 1) — 2
R e AN 70 R )
ROmtnt) =+ Yox®)-6®) 5
e o)
Tyt pynkuii K, (t,7) Ta K, (t, 1) MaTh Take nogaHHs:

J(M, 1),
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X(t) —x(7)) - v(t
( |() (x) IZ()’ e
x(t) - x()
Kl(t‘ T) = ’ " ’ "

OO+ Ox0

, 3 ) - L
2x'(t))

(XD -X(t)-X')  sin(c-1)
x@)-x@>  20-cos(z-1)’
_X'(t)-x"(t)
2x'w)°

K, )=

Snpa R Ta I5 MAaroTh TaKUH SIBHUN BUTIISII:
Se oy - (MX() = X(7)) - Vo(mx()) |,
R(n,t;7) = > | X'(T),
= @@ )
o(x(t) (x(t) =&x(1)) - v(x(®)) , IE )
o(&x(®)  |x(t)-&x()

MoxHa JOBECTH, IO AAPO |5 HC Mae OCO6JII/IBOCT1 Ta BUBHAYAETHCA TaAK:

s(x(0) [X'()] (x(t) = x(x)(x; (1), X/ (1))

o(x(v) X' Ix(®) - x(0)f ’

CX'(0)-v(x(®) .
2|x’(t)| '

J1Jis 9MCceNbHOTrO pO3B’sI3yBaHHs OyaeMo BI/IKOpI/ICTOByBaTI/I Taki KBaapaTrypHi Gpopmyiu:
2n-1

2—1njg(a,r)olrd&_\~ > S, g0m,.t)

L )

P(t;& 1) =

t#r1,
P(t,1) =

=T

N 2n-1

—Jg(a r)cot—drda > T, 0gm t)),

k=1 j=0
2n-1

—If(r)dr~—2f(t

t— 2n-1

5! f(r)ln(gsmz “DYde ZF ®f(t,),
jn

ne o, € R — kBamparypmi Barm; m, €(01),t; == — kBamparypni By3aM, a Barosi
n

(GYHKIIT MarfOTh TaKMiA BUTIISI

1 =] 1
Fk(t)=—2— 1+22—cosm(t—tk)+—cos nt-t.) |,

T ()= ——Zsm m(t -t )——sm n(t—t,).

N2
OcTanHo KBaJpaTypHY q)OpMyﬂy 6yﬂ€M0 BUKOPUCTOBYBATHU JIA 06"H/ICH€HH5[ Ha6HI/DKeHOrO
3HAUYCHHs pO3B’H3Ky.
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[Ticng 3acTocyBaHHS HaBEACHMX KBaIpaTyp A0 iHTerpatiB y cucreMi (9) i komokarii
OTPUMAaHUX alPOKCHMAIIIHUX PIBHSIHB y TOUYKAX, IO BiIIIOBIAal0Th KBAAPATYPHUM By3JIaM,
Ma€eMO TaKy HOBHICTIO TUCKPETH30BaHy CUCTEMY PIBHSHb:

N 2n-1 1 2n-1
+zzak(Pk]R(nm’t|'nk’tJ)+ Z(POJR(nm’tlltj) o
k=1 j=0
(11)
1 2n-1 2n-1
E(Poi_(POO zzak(\okjp(t|1nklt])+ ZQOJP(tH j):
k=1 j=0
3 Qi ®OMimst) P =0, (L)), fi = f(ti), m=1...,.N, i=0,...2n-1,
ziﬁ(nm'ti;nkvtj)l m;tk!
5 n
R(ﬂm,ti;m,tj)= 1 -~ _
o RO M inn )+ T WRP iy tiimy ), m=k
Cucremy (11) MokHa nepenucaty y TakOMy BUTJISII:
2n-1 ) N _ )
Z{Ag";cp(,ﬁZ(aiﬁ mj')cpkj}=o, m=1..,N;i=0,..2n-1,
j=0 k=1 (12)

2n-1 6
2|:( 5 '0)(pOJ+ZAI?jI(ka:|_ fl,l—o Zn 1

=0

3 MaTPUIHAMH KoeQillieHTaMu

j:_R(nm’tlitJ) 0
15 .

—RMp ting,t;), m=Kk,

kj 1 ~ _
Z_R(l)(nm!ti;nm!tj)+Tj(ti)R(Z)(nmlti;nmltj)’ m =Kk,
n

:—P(tl, ;)=0,

oi _ % 5 .
j:EP(ti'nk’tj)zo'

Jisi 3HAXOJ/pKeHHST HAOJMXKEHOro po3B’si3Ky B obnacti Bukopuctaemo ¢dopmyny (4).
BukoHaBIIM napameTpu3anito 00JIacTi, ONKUCaHy paHilie, OTPUMAEMO TaKe IOJaHHs:

U= [9(& DP (6 Dtz + = [@u(IPME e, (=TT (13)

3 siApaMu
P t;&1) =27P(p(n 1), P& NIE 1), P(n,t;7) = 27P(p(n, 1), X()|X' (7).

Bapto 3a3HaunTH, mo sAapo P micTuTh orapudMidHy 0coOIHBICTE TP 1M = &, IKy MOXHA

BUAUTUTA y BHIIIAAI BIiAMOBIMHOI BaroBoi (yHKIII. BpaxoByrouum BIAacTHBOCTI siep Ta
3aCTOCYBAaBIIN KBAJPaTypHI (GOPMYIIH, 3HaxozmMo HAOMYDKEHUH PO3B’SI30K 33124l 5K
2n-1

un,t) = ZH}P(MJ )<po,+2<x P(ntnk,t,)tpk,} (nt)ell (14)
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3
Innx(®) - x(t )|

POV ==

et

1 —
_ EHPWanHLninw
P(n,t;m,t,-)=

_ 1 —
WWmthQHGNEHP@mePHL n=n,

1 BIAMOBITHUMY (DYHKIIISIMU p® , p®@
1 J(m,,t i )

POMmtimt)=>—-—"1,
) =2 Smextt, )

2
1 I t) | O -x(;)|
— In - y titj,
2 o(mX(t;)) 4sin? 1
1 J(m,t,-)

2 o(nx(t;)

P(Z)(n,t;m,tj)=
InEn?|x'()"), t=t

IE

4. YUCEJIbHI EKCITEPUMEHTU

s HabmmKeHOTo OOYUCIICHHS MOABIMHMX iHTEerpamiB y cuctemi (9), 30kpema s
inrerpyBannst no 3minHiii &€ (0,1), OyaemMo BHKOPUCTOBYBATH (OPMYIY CepeaHix
NPSIMOKYTHHKIB 3 KBaJIpaTYpPHUMH BYy3JIaMU

2k -1
Me=1-= = k=1..N

Ta BaraMu

oLy ::]gi.

Jns HabmKeHOro 0OUNCIIeHH s BIJHOCHOI OXUOKHU po3B’a3Ky B obaacti D 3a Hopmoro L,

BUKOPHUCTOBYEMO TaKy anpokcumaniio 3 N =20, 0 =32:

Z (uNn_uex)z(ﬁk!Fj)‘](ﬁk!Fj)

Unp —Ugy|
" Nn exllLy (D) k=1 j=0

(15)

2n-1

Jue] > S DI
L2(D) 2 2 Uua(M t)IM 1)

k=1 j=0
Hpukaan 1. O6nacte D — kpyr pagiyca R =1,
o(X)=4—x +x5,xeD;
f(X) =(4-x2 +x2)2x,x,, xeT.
Jlerko 6auntw, wo ¢yskuis f 3amoBombuse ymoBy (3). @yHKLisA U, = X,X, € PO3B’I3KOM

3amadi (1)-(3) nns HaBeneHUX BHIE AaHWX. Y TaOi. | HaBemeHO MOXHUOKW PO3B’S3KYy 3a
Max-HOpMOI0 Ha TPHOX KPHMBHX, IO MICTAThCA B obmacti D Ta BH3HawaroThes 3a
dhopmyIoro
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T, = {x (t) = @—0.25k)x(t), t € [0,27], k =1,2,3},
Iapamerpu N Ta N BiONOBigalOTh 3a KUJIBKICTh KBAaApaTYpHHX BY3IiB y cuctemi (12).
Takok y TaOmuii HaBeIEHO BiTHOCHY IOXHOKY pO3B’A3Ky B 00macti, o0dYMCIIeHy 3a
dopmyoro (15)

Tabnuys 1
[oxubkn mns mpukiany 1
”u Nn _uexul_ (D)
N Nn "U Nn " Uex "c(rl) "u Nn _uexuc(rz) "U Nn _uexnc(rg) "u " £—-100%
exllLo (D)
3 16 6.21E-005 1.33E-005 1.05E-006 3.39617
32 1.94E-007 3.87E-008 3.08E-009 0.74938
64 1.66E-012 3.31E-013 2.67E-014 0.06774
7 16 8.09E-004 1.65E-004 1.34E-005 3.40873
32 6.44E-005 1.33E-005 1.18E-006 0.74813
64 5.52E-007 1.14E-007 1.02E-008 0.06772
15 | 16 2.38E-003 4.59E-004 2.88E-005 3.56188
32 4.57E-004 9.38E-005 8.01E-006 0.76257
64 4.23E-005 8.79E-006 7.97E-007 0.06882

AL ¢
Ry
!

TR
‘0.‘._“\“

Habmmxenuit po3s’sizok npu N=7, N=32 (a) i Tounwuii (0) po3B’sa3ku Jj1s npuKiany 1

Hpukaanx 2. O6nacte D — eninc 3 miBocsimu & =2, b =1, 10610 06MACTH OOMENKYE

kpuBa X(t) = (acos(t), bsin(t)), t €[0,2x], o(X) =8+2x,X,, x=(X, X,) € D;

f~(t) _ (8+ 2ab cos(t) sin(t))(2a cos(t)bsin(t) — 2b sin(t)asin(t)) .
\/bz cos? (t)+a® sin’(t)

Jns  TakMx  BXiTHHX

JIAHUX TOYHUH PO3B’30K U, (X) = X7 —X5. Pesynbraté 06UKCIEHs HABEIEHO B Ta6IL. 2.
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Tabauys 2
[MoxuOku amst mpuKIamy 2
”u Nn _UEXHL (D)
N n ”u Nn _ueX"c(rl) "u Nn _ueX"c(rz) "U Nn _ueX||c(r3) ———————100%
ueel, o)
3 16 1.54E-005 2.77E-006 1.86E-004 6.16930
32 2.70E-007 1.40E-006 6.47E-007 1.80596
64 1.84E-010 1.28E-010 4.32E-011 0.28752
7 32 1.03E-006 9.51E-005 1.22E-004 1.81412
64 3.37E-006 4.76E-006 1.12E-006 0.28746
128 7.96E-010 9.60E-011 1.14E-009 0.02211
15 64 5.86E-005 1.63E-006 3.25E-005 0.31450
128 4,32E-006 4.47E-006 1.29E-006 0.02262
256 5.51E-010 1.04E-009 2.15E-009 0.00038
6. BUCHOBKU

3a nomomororo ¢yHkii JIeBi kpaiioBa 3aqaua HelfimMana i einTHYHOTO PIBHSIHHS
31 3MiHHUMH Koe(illieHTaMH 3BeAeHa 10 CUCTEMH PaHHMYHO-IIPOCTOPOBUX IHTETPAIBHUX
PiBHSAHB Jpyroro poay. BukoHaHo mapamerpuzaniro o0nacTi, a JJisi 3aCTOCYBaHHS METOIY
HucrproMa Ta BIINOBIIHHX KBaapaTyp Oylo BHIUICHO CHIbHY Ta JiorapudMiuny
0coONMMBOCTI B cucTeMi. UYmMcCenbHI EKCIIEPUMEHTH JEMOHCTPYIOTh 3aJIeKHICTh MIX
napaMeTpamMH JMCKpeTH3alii Ta BOJXHOYAC JOBOJATH 301KHICT CXEMH y pa3l 0JJHOUYACHOTO
X 30LIbIICHHSI.
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ON THE INTEGRAL EQUATION APPROACH FOR SOLUTION OF A
NEUMANN BOUNDARY VALUE PROBLEM FOR AN ELLIPTIC EQUATION
WITH VARIABLE COEFFICIENTS

A. Beshley

Ilvan Franko National University of Lviv,
Universytetska Str., 1, Lviv, 79000, e-mail: andriy.beshley@Inu.edu.ua

There are a lot of different physical processes modeling of which lead us to a differential
problems for elliptic equations with variable coefficients. An example of such process is electrical
impedance tomography (EIT) — a medical imaging technique in which an image of the conductivity of
some part of the body is determined from electrical surface measurements. Applications of EIT can be
found in medicine (lung function monitoring, skin cancer detection), nondestructive testing
(determination of cracks in materials) or geophysics. Elliptic equations with variable coefficients
often appear in problems for heterogeneous environments (for instance, functionally graded
materials).

It is well known that a boundary value problem for a differential partial equation (e.g. the
Neumann boundary value problem for Laplace equation) can be reduced to a boundary integral
equation and then numerically solved. However, this approach requires availability of a fundamental
solution for main differential equation. Unfortunately, in the general case, the fundamental solution
for elliptic equations with variable coefficients is unknown that makes it impossible to consider an
equivalent boundary integral equation. One of options for solving this problem is to use a parametrix
(Levi function) that transforms the differential problem to the boundary-integral equation (BDIE).

Two types of BDIESs can be distinguished. BDIE is called united if the unknown function u on
the boundary is just a trace of the function u in the domain as opposed to the segregated BDIE, where
the unknown boundary functions are considered as formally independent of the unknown variables in
the domain. The integral equations of the first type can be obtained as a consequence of Green’s
formula application to the differential operator of the equation taking into account the boundary
condition. Using the parametrix-based potential operators we can obtain a system of BDIEs of the
second type. The last approach is used in this paper.

We consider the Neumann boundary value problem for an elliptic equation with variable
coefficients in a bounded simply connected domain. It is known that the solution u of the problem can
determined uniquely up to an additive constant. A uniqueness of the unknown function u can be
reached by applying an additional condition. We assume that the solution domain contains an origin
of coordinates and the solution function equals zero at that point. Since the fundamental solution for
is in general not explicitly known, as it was mentioned above, we use the parametrix.

Using an indirect integral equation approach the solution of the Neumann problem is
represented as a sum of the volume and the single layer potentials (based on the parametrix) with
unknown densities over domain and boundary. Substituting the representation of the solution to the
differential equation and Neumann boundary condition, taking into account Levi function properties
and jump relation property of the normal derivative of the single layer potential, we obtain a system
of BDIEs of the second kind. Further we consider the modified system (to satisfy the uniqueness
condition), assume that our simply connected domain is symmetric relative to origin and the boundary
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curve has the parametric representation. Making the change of variables in the double integrals the
system of integral equations can be rewritten in the parameterized form.

The strong singularity in one of the kernels can be split using a statement in which a vector
function is represented via its normal and tangential vectors. Employing the quadratures for
continuous and strong singular integrands together with collocating the approximating equations at
the quadrature points lead to the fully discretized system. Having the densities values we can find an
approximate solution in the domain that is confirmed by numerical experiments.

Key words: elliptic equation with variable coefficients, Levi function, boundary-domain integral
equations, strong and logarithmic singularities, Nystrom method.



