ISSN 2078-5097. Bich. JIbBiB. yH-Ty. Cep. npuki. matem. Ta ind. 2013. Bun. 20. C. 69-76
Visnyk of the Lviv University. Series Appl. Math. and Informatics. Issue 20. P. 69-76

VIIK 517.958

MATHEMATICAL MODELS OF PLANE WAVE SCATTERING
ON MULTILAYER IMPEDANCE STRUCTURES
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The method of constructing of electromagnetic waves diffraction on multilayer not perfectly
conducting reflective structures had been built. The initial boundary-value problems for the
Helmholtz equation with boundary conditions of the third kind had been reduced to a system of
boundary integral equations of the first and second kind. The method of integral operators’ parametric
representations has been used in the derivation of integral equations. The method of discrete
singularities or the method of mechanical quadrature can be used for numerical solution of obtained
integral equations systems.

Key words: diffraction problems, multi-reflecting structure, boundary value problems, method
of integral operators’ parametric representations.

1. INTRODUCTION

Multilayer gratings, due to a special selection of the relations between the sizes of
structure elements, produce a field with the necessary physical characteristics [1,2].
Modeling the excitation resonance structures the researches must take into account the
absorption of the energy by structure. This leads to the creation of mathematical models
that take into account the finite conductivity of materials [3,4]. The existence of the energy
loss is often described by using the Shchukin-Leontovich boundary-value condition on the
surface of not perfectly conducting screens:

[nE]=-Z, [n[nH]
where (E JH ) — total electromagnetic field, Z_ -the surface impedance of the structure, n —
the normal to the surface. Therefore, the construction of mathematical models of
electromagnetic waves scattering on multilayer gratings with finite conductivity is an
important problem for investigation.

One of the most effective ways to build mathematical models of electrodynamic
systems is to use the method of parametric representations of integral transformations [5,6].
This method reduces the initial boundary value problem to an equivalent system of integral
equations. The obtained systems of integral equations are solved numerically by using the
method of discrete singularities [7 —9]. This approach has proved its efficiency in solving

of various electrodynamic problems [9].
2. THE PROBLEM FORMULATION

Using the method of parametric representations of singular integral transformations
will be shown on the example of this problem. Consider the following diffraction structure
(see Fig. 1). There is an infinite screen in the plane z =d, . Two layers of dielectrics lie on

this screen. First dielectric layer with permittivity €, fills the domain d, <z <d,, the
second dielectric layer with permittivity &, fills the area d, <z <d,. Between upper and
lower dielectric layers and on the upper layer of dielectric are endless screens with
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apertures. Screens are made of material with finite conductivity. The half-plane z>d; with a
dielectric permittivity ;=1 is above the described structure.
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Fig. 1. A cross-section of the diffraction structure by the plane YOZ

Let us define the points set
M;
L= B <o, <B, <<, <P, .<a,, <B,, <to, i=12
q=1

The sets L, are the projection on the axis OY apertures in the plane z =d, .

We introduce the definition of domains:
Q, = {(y,z)eR2 |z >d, ,ye R},

Q,={y,z)eR* |d, <z<d,yeR), i=12.

The time dependence of the fields is given by the factor e . A plane
monochromatic H-polarized electromagnetic wave of unit amplitude is falling from the
infinity on the top of the diffraction structure:

U,(y,2)= Ho’x(y,z)z exp(ik(y-sing—(z—d,)-coso)), &k =%

where ¢ — the speed of light in vacuum. It is necessary to find the total field

i+l

u(y,z)=H, (y, Z), appeared as a result of waves scattering on the considered structure. It
satisfies the Helmholtz equation:

Au +k2£,. -u=0, (y,z)e Q,, (i = 0,1,2)
in the domains Q,, (i =0,...,2), Meixner condition on edges, the scattered field - the

difference between total and incident field satisfies the Sommerfeld radiation conditions.
In the case of H-polarization, the Shchukin-Leontovich boundary-value condition
reduced to relations:

6”(ysad3+0)_h2,u(y’d3+0):0, VER; (1
zZ
‘au(y’ad—i O b u(rad, +0)=0, yeCL =R\L, i=12; &
zZ
'au(ybd—" O u(rd,~0)=0, yeCL, i=12 3)
iz

h =ike, Z.Z,", i=012.
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Objective: To construct a mathematical model of the H-polarized wave scattering
problem on a multilayer impedance reflecting structure on the base of the boundary integral
equations system.

3. DERIVATION OF BOUNDARY INTEGRAL EQUATIONS
Lets define function U(y,z) - a solution of the auxiliary boundary-value problem of

diffraction of plane monochromatic wave, defined by (1), on an infinite solid screen, which
has not the ideal conductivity and which fills the plane z =4, .
Field U(y,z) has the form:
U(y,z)= exp{ik(y -sing—(z—d,)-cos (p)}+
+I:KCOS—(p+h-exp{ik(y sing+(z—d,)-coso)}
iKcos@—h
and the properties:
oUu(y,d,)
Oz

U(y’dl):

We are looking for the total field u(y,z), appeared as a result of wave diffraction on

—hy-U(y,d))=0, yeR;

m exp(ik(y -sin (P))
iKcos@—h

the gratings, in the form: u(y,z) =38, -U(y,z)+u,(y,z2), (y,z) eQ,, i=0,12.
We introduce the notation:
v,(\) =422 —k%,, LeR, (i=012)
Fields u,(y,z) in the domains Q, are sought as a Fourier integrals:

uy(y,z) = T(;O((;:))Zo (X,z)ei;‘ydk, @)

w0 = | %(c; ()2 (n2)+ C (1) 2, (2))- €M, (n2)e Q. i=12 (5)

where
Z;0n2) =1+ 13 0) e 1 0Hed),
2! (1z) = p; (WNehly, Nz —d, ) by -y, (1)-shly, (L=~ )
27 (1,2)=—p; (W Nehly, Xz =, )= by v, (0)-shlr, (W Nz —d,)
0.(1)= 20,7, (1) chly, 00, ~ o )+ 1+ (-7 () ) shly, 00, —d))

Functions Z; (A,z) and Z; (X, z) has the following properties:

aﬁZT(X,d[)Jrhi 'Z;(k’di):’yi(k)’ aﬁzr(k’d#l)_hi 'Zi+(7\”di+l)zo’ i=12
z /A

i

aizi_(}\”di)+hl'Zl_(}\”di):()’ aiZi_(X,d )_hi'Zi_(}\”dH-]):yi(;\’)’ i=0,12.
z iz

i+l

The Sommerfeld radiation condition will be satisfied if
Re(y,(1))>0, Im(y,(A))<0, 2eR.

It follows from boundary conditions (1), that C; (1)= 0. Introduce the notation
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fly)=2 ‘ZU(ydnh Urnd,).

g, Oz
Conditions of fields’ connection on apertures of screens lead to the equalities:
8o, U(y,d))+u,_(y,d)=u,(y,d,), yelL, i=12; 6)

Jn+—= (aau‘) (v, dy)=hy uo(yd)j ( g—lhoj'uo(y,dl)=
z €,

Ou
:a_zl(y’dl)-f_h].u](y’dl)’ yekL; @)

g (Ou
—l(a—;(y,d2)+h2 '”2(Yadz)j_[h1 +

€

hz]'“z(yadz):

2
ou
=8—Z](y,dz)—hl'u1(y,dz), yelL, )

From equations (6)—(8) and field representations (4), (5), we obtain the integral
relations:

UGy.d )+ [ S Zud) ola) Z( o (hoch) ity _

o »)
-] ﬁ (€ 0) 2 a4 (1) 2 o )€™, yel; ©)
—o i1
J ()27 (\d,) M . -
S 7, (A
o0 1 .

- [ @0 7))z i) eV a, yers a0

[ ¢r)e™a-2 e ()™ an-

:, £
o S g @M= 1), vl (1)
,on(x)

j c;(x)-e”‘y dx—s—l j cr(n) e an+

+2h, - j ‘(nd)eMan=0, yeL, (12)
—0 2
Let us introduce the followmg notation
w (k)z_ZO’(x,dl)H W ()= 2 (hd)-1_ 7 (rd,y)+1 (13)
‘ Yo(x) : 'Yl(?‘) 'Yl(?‘)
Z(n,d,)-1 Z'(hdy))  Z7(\d,) 1
w,(\)=222) 7y (W)=l o 2 D) . (19
O Y B e (Y R (VN A ey

It is useful to remark that
m(0)=007) Aow, =012 W,()=0[ M)

i

It follows from (9)—(14)



V. Dushkin
ISSN 2078-5097. Bics. JIpBiB. yH-TY. Cep. npuki. Matem. Ta iHd. 2013. Bum. 20 73

Ic(x) ’Xydmjc )-w,(0)e ’}”ydmjy 0 My
—o 11

)
bV a- [ e ) e
)

’7‘yam+jc+ w,(1)e lxydmjy ()) ™+
l

o2
+JC(
N

155

+£C;(x).Wl(x) M, - {Oﬁ%e’xydx:o, vely; (15)
(*

T c*(x)-e"”ydx—ijc( M. v 2n, j—)e’”ydx

1 0 )
—o 80 -0 -0 0

+2h; - j C,0)w, ™= f(y). yel: (16)

iky dh+

Tc;(x)-e’“ydx—g—ch“( ™ d+2m - j

—o 82 -0 ’ -0 2 (7\’)
v2h - [Ci ), (™ an=0, yelL, (17)
Let us introduce the fun;:tions

i

F*(y)=%(y,dm>—h,.-ui<y,d,.ﬂ)= [c 0)-e™a, yer i=or (9

E*(y)=%(y,df)+hi-uf<y,d,.)=jc:(x)-e“ydx, yeER, i=12.  (19)

It follows from (2), (3), (19), (20)

F (y)=0, yeL,, i=01; F'(y)=0, yel, i=12 (20)

i+l? b i

i

C.*(x):gjﬁ*(t)-e‘i“dt, =12  AeR;
Ll

i

C.'(x)=L j F (e ™d, i=0L reR.
2m L,
With the help of well-known integral representations of Bessel and Neumann
functions of zero order

Jy(v)= %j c:)/sl(f—tt)ft, Y, (»])= —%T C:)/Sl(f—?fh

the relations

-[y((x) My =L .[H (kf|y t|)F (t)dt, i=0,; (21)
Iy ((x) Map.=1 jH (e v @ar i=12 (22)

had been obtained. Introduce the notatlon.
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A)eos(My—1))dn, (i=0,...,3). (23)

O'—.S

Note that

©

[ ¢ 0)w 0)e™an=L [0 (F wa, i=0 j=0..3 @4
TCLM

-0

| Cl.*(?»)~W/.(k)-emyd}»=lJ‘Q/.(y,t)E,*(t)dt, i=12; j=0,..3. (25)
. .

Due to the integral relations (21)—(25) the system of integral equations (15)—(18)
leads to a system of integral equations for the unknown functions £, (y), F*(v), 7' (v):

éIH(‘,(k\/;b/—t|)F0‘(t)dt+%JQ0(y,t)FO‘(t)dt+éIH(])(k\/g|y—t|)lT(t)dt+
L[ Q) B 0di=- [ 0,0) F 0di=U(v.d,). yeL: — (@6)
T T

éng(kJ§|y—t|)Fz (t)dt+%jQ2(y,t)F2 (t)dt+%jH;(k\/Z|y—t|)ﬁ*(t)dt+

oL [0, )F ()t —lj 0,(n1)F' (dt =0, yelL,; 7
Ty Ty
F ) =22 Fy =it [ oo =], - (8)

h
—% JO.0u)e =10 e

Fr )= 1F ) =il JH (ke [y —)F: (r)dr——jQZ VOF, ()dt, yelL,. (29)
Substituting (28) (29) into (26) (27), we obtain:

—j1n|y—t|F0-(t)dz+—jR0 y,tFO'(t)dt+—I R (y,1)-F (tydt = p,(v), velL;
uss uss T

L,

lflnly—t ) 1 [ RG.OF (de=py(y), vely
n; n;
where
R, ()/, =—1n|y t| Ny Q( > )_
]
| Bl - e =)o, -
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[h—JH =t~ s =i f e sl 0 d}
S {m otk

R (y,t):@% )-

€ T&

‘) +80 (zh j (k\/g|l‘—s|)ds+—jQ3 (7,5)0,(s,2)d ]

R,(y,1)=" 28185 =200 (y,1)-

€ t¢&,

[zh J.Q3 y, (kJ_|t s|)ds+—J‘Q3 y, Qo(s t) ]

)ds +— IQI V,8 s} i=0,2;

sl+s

po(y)_

{ [, (kf|y t|)f(t)aft+jQ1 (1) f(ydt~U(y.d )],

g +80

pa(v)=- j O,(v1)- f (.

€ +¢&

4. CONCLUSIONS AND FURTHER RESEARCH DIRECTIONS

The initial boundary-value problem had been reduced to the system of integral
equations of the first kind. These equations have logarithmic singularity in the kernel: The
discrete singularities method or the method of mechanical quadrature can be used for the
numerical solutions of these equation systems. In the future it is supposed to consider the
mathematical model of waves scattering on the grating consisting of arbitrary finite number
of screens.

REFERENCES

1. Nosich A.A. Numerical analysis and synthesis of 2-D quasioptical reflectors and beam
waveguides based on an integral-equation approach with Nystrom’s discretization
/ A.A. Nosich, A. Altintas, Yu.V. Gandel, T. Magath // Journal of Optical Society of
America A. —2007. — Vol. 24, Ne 9. — P. 2831-2836.

2. Nosich A.A. Numerical analysis of quasioptical multi-reflector antennas in 2-D with the
method of discrete singularities / A.A. Nosich, Yu.V. Gandel // IEEE Transactions on
Antennas and Propagation. — 2007. — Vol. 57, Ne 2. — P. 399—406.

3. Unvunckuu A.C. KonebaHus 1 BOJHBI B JJIEKTPOJUHAMHYECKUX CHCTEMaxX C MOTEPSIMHU
/ A.C. Unbunckuii, I'.51. Cnensn. — M.: U3n-Bo MI'Y, 1983. — 231 c.

4. Kpasuenko B.®. DneKTpoAMHAMIKA CBEPXIIPOBOISIINX CTPYKTYp. Teopus, anropuTMbl
u Metonbl Berauciiennii / B.®. Kpasuenko. — M: @uzmatnut, 2006. — 280 c.

5. Tandenv FO.B. [lapameTpudeckue  TPENCTaBICHUS  CHHTYISPHBIX  HHTETPABbHBIX
nmpeoOpa3oBaHuMii W KpaeBble 3amgaud  MaTematudueckoi ¢usuku / HO.B. anmens
// HenuueitHple KpaeBbIe 3aadd MaTEMaTHYECKOW (DM3MKHA M WX MPHIOKeHUs, Kues:
Wucturyt matematikn HAH Ykpaunsl, 1995. — C. 65-66.



V. Dushkin
76 ISSN 2078-5097. Bics. JIeBiB. yH-Ty. Cep. npuki. Matem. Ta iHg. 2013. Bun. 20

6. Gandel’ Yu.V. Boundary-Value Problems for the Helmholtz Equation and their Discrete
Mathematical Models / Yu.V. Gandel’ // Journal of Mathematical Sciences. — 2010. —
Vol. 171, Ne 1. — Springer Science+Business Media, Inc. — P. 74-88.

7. Gandel’ Yu.V. On the Justification of the Method of Discrete Singularities for Two-
Dimensional Diffraction Problems /Yu.V. Gandel’, LK. Lifanov, T.S. Polyanskaya
// Differential Equations. — Vol. 31, N 9. — 1995. — P. 1491-1497.

8. Lifanov LK. Singular Integral Equations and Discrete Vortices / I.K. Lifanov. — Utrecht,
the Netherlands; Tokyo, Japan: VSP, 1996. — 475 p.

9. Tlanoenv FO.B. Maremarnyeckue MOZEIH ABYMEPHBIX 3a1au audpakimn: CHHTYISIPHbIC
UHTErpaJIbHbIC YpPaBHCHHUA W  YUCJICHHBIC METOAbI AHUCKPCTHBIX OCO6eHHOCTel>lI
/ 10.B. I'anpens, B.J1. ymkun. — XapekoB: Akan. BB MBJI Ykpaunsi, 2012. — 544 c.

Cmamms: naoiiiuina 0o peokonezii 19.09.2012
doonpayvogana 12.12.2012
npuiinama 0o opyky 24.01.2013

MATEMATHYECKASI MOJEJ/Ib PACCESIHUSI IINIOCKUX BOJIH HA
MHOTI'OCJIOMHBIX UMIIEJAHCHBIX CTPYKTYPAX

B. Aymxun

Axademus enympennux eotick MB/] Ykpaunwi,
ni. Bocemanus, 3, Xapvros, 61005, e-mail: Dushkin_V_and V@mail.ru

[pennoxen cnoco® MOCTPOSHUSI MaTEMaTUUECKUX MoJenel U(pPaKIUU IEKTPOMarHATHBIX
BOJIH Ha MHOTOCJIOMHBIX HE HJEaTbHO NMPOBOASIINX OTPAXKAIOIINX CTPYKTypaX. McXxomHble KpaeBble
3a]a4u JJI ypaBHEHUH ['enpMronsla ¢ rpaHUYHBIME YCJIOBHSMU TPETHEIO POJAA CBEJCHBI K CUCTEME
TPAaHWYHBIX MHTETPAJbHBIX ypaBHEHUH IepBoro pona. IIpu BEIBOJE MHTETPAIBHBIX ypaBHEHHI OBLI
IPUMEHEH METOJ MapaMeTPUYECKHX IPeJCTaBICHHH MHTErpajbHBIX ONepaTopoB. [l 4MCIEHHOTIO
pELICHUs MOIYYEHHBIX CUCTEM HHTETrPAJbHBIX YpPAaBHEHMH MOYKHO NPUMEHUTb BBIYUCIUTEIbHBIC
CXeMbI METO/Ia IUCKPETHBIX 0COOEHHOCTEH M METOIa MEXaHUUECKHUX KBaIpaTyp.

Knouesvie cnosa: 3agaun III/Iq)paKHI/II/I, MHOTOCJIOMHBIE OTpaXaromue CTPYKTYpPbI, KpPacBbIC
3aga4yu, METOJ IMapaMEeTPUICCKUX HpeZ[CTaBJ'IeHI/Iﬁ HUHTErpAJIbHBIX OIIEPATOPOB.

MATEMATHYHA MOJEJIb PO3CISIHHSA IIVIOCKUX XBUJIb HA
BAT'ATOIIAPOBUX IMIIEJAHCHHUX CTPYKTYPAX

B. dymkin

Axaodemis enympiwnix giticox MBC kpainu,
nn. Iloscmanus, 3, Xapxis, 61005, e-mail: Dushkin_V_and_V(@mail.ru

3anponoHOBaHO cHoCi0 MOOYyIOBH MaTeMaTHYHHX MoOjelieil Tudpakmil eneKTpoMarHiTHHX
XBWJIb Ha 0araToOLIapoOBHX HE iJeanbHO MPOBIITHHUX BiAOMBAIOUMX CTPYKTypax. Buxigi kpaiioBi
3ajavi U piBHAHb [eNbMrojblia 3 TPAaHUYHUMH YMOBAMH TPETHOTO POIY 3BENCHI 10 CHCTEMH
TPaHUYHHUX IHTETPaJbHUX PIBHSAHB MEPUIOro poAy. BuBoasum iHTerpanbHI piBHSAHHS, 3aCTOCYBAIH
METO/l MapaMeTPUYHOTO IOJaHHS IHTErpajbHUX oreparopiB. Jjisi YHCENBHOTO PO3B’s3yBaHHS
OTPHMAHHX CHCTEM IHTErpaIbHUX PIBHSAHb MOXKHA 3aCTOCYBATH OOYMCIIFOBAIBHI CXEMH METOMLY
JIMCKPETHUX 0COOIMBOCTEH a00 METOly MEXaHIYHHUX KBaPATyp.

Knouosi cnosa: 3agaqi audpakuii, Gararomaposi BigOHBaIO4i CTPYKTypH, KpaioBi 3ajadi,
METO/I IapaMEeTPHYHUX YSBICHb IHTETPaIbHUX ONEPaTOpiB.



