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There is investigated a task whether the expected value by the probability distribution,
determined with minimizing assuredly the absolute deviations among the fixed N values of an object
factor, stays unvarying. For that there has been proved the expected value as a scalar product of the
N -dimensional point and the second player optimal strategy by the corresponding matrix N x N
game is an invariant of this strategy on the convex compact, being the set of all the second player
optimal strategies. The proof helps to evaluate the object factor, although the invariant brings the
investigator to the choice problem over that convex compact, when the specific probability
distribution is needed.
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1. PREFACING

Sometimes it is important to obtain or determine a probability distribution over
values of an object factor, when the object identification access is restricted or just being
launched [1, 2]. This problem is essentially simplified for factors with the finite number of
their values. However, restrictions on watching the object bring to situations when there
spring up continual sets of relatively admissible probability distributions [3, 4]. The present
paper is going to give a manifestation of that in a specific way of obtaining the class of such
sets, those corresponding probability distributions have the common numerical feature.

2. AN UNSOLVED TASK

There is an unsolved task in investigating the features of sets of probability
distributions over the object factor values, when these distributions are obtained under
uncertainties [3, 5, 6] or random circumstances combination. The spoken above common
numerical feature of those probability distributions is the expected value of the factor,
produced by them. And there should be vindicated that expected value whether to stay
unvarying for a minimax method [3, 4, 7, 8] of determining the probability distribution.

3. PUTTING A TARGET
May there be N values of the factor, describing the object. Let the set

i}, at v,eR, Vi=1,N and v,<v,,, ¥V j=1 N-1 (1)

Jj+l1

be the sorted in ascending order set of those values of the factor v, where N € N\{1}. The

probability distribution over the values in the set (1) is determined through playing [1, 4]
the matrix Nx N game

<{mk }szl’ {C/‘ }],-v:]’ [”k/]NxN> = <{mk }kN:I’ {C/ }],-v:ls U> 2)
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in which the second player, using its pure strategy c, to assign the factor value v,,
possesses an optimal strategy [4] over the set of its pure strategies {c i }7:1 to minimize

assuredly the absolute deviations
u,q:|vk—vj|, Vk=L,N and V j=L, N, A3)
while the first player, personifying the random circumstances combination [2, 3, 7]
. . . N .
generator, uses its pure strategy m, from its pure strategies set {mk }kzl to assign the factor
value v, . The being sought probability distribution over the values in the set (1) is assigned

to a second player optimal strategy in the game (2) with (3). The target is to clear up
whether the expected value of the object factor varies if the set of the second player optimal
strategies is rendered out by the game (2) with (3) continual.

4. HITTING THE TARGET

Above all, it ought to be mentioned that although the second player optimal
strategies in the game (2) with (3) have not been substantiated to constitute the continuum
set, for N=3 and N =4 it was [9, 10] proved that, speaking generally, in the game (2)
with (3) from (1) the second player possesses the continuum Q of its optimal strategies.
Meanwhile, it is easy to see that for N =2 in the game (2) with (3) from (1) the second

. . - |1 1 .
player possesses the single optimal strategy Q = {E 5} . Nevertheless, assumption about

that in the game (2) with (3) from (1) the second player possesses the continuum Q of its
optimal strategies is most likely to be substantiated soon.

And now, for to help in hitting the target, there is a useful lemma, which can come
in handy for a lot of practical situations.

Lemma 1. In the support of an optimal strategy of the first player of the matrix
game there are only pure strategies, on which the optimal game value is reached.

Proof. May in the matrix game, where the first player has its N pure strategies, be
the optimal game value w,, . An optimal strategy of the first player as an N -dimensional

point of the (N —1) -dimensional fundamental simplex is presented with its coordinates

N
{p, }fil by p, € [O; 1] at Z p, =1. Let the support of the first player optimal strategy

i=1
consist of its pure strategies with their numbers within the set I c m } Suppose that
3 fl <1 such that V i€ I S I the first player payoff wfi'> , resulting from that, that the
first player selects its i,-th pure strategy, while the second player holds to the optimality
principle, is such:
wi > w, (4)
But then (4) violates the optimality principle for second player, who cannot lose greater

than w_ . So, the set I: = . Now suppose that 3 fo c I such that V iy € fO <1 thereis

opt *

M}lln < Wopt 2 (5)
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where wfiU> is the first player payoff when it selects its i#,-th pure strategy. Then for

denoting

Wl<iU> =Wy, =5, at s, > 0 Vi, eio - I (6)

to

from (5) the first player payoff can be assigned as

Zﬁ[ﬂ W1<i0> + Zﬁiwopt = Zﬁi“ (Wopt _Sfo )+ Zﬁ[wom =

ipel, iel\l, ipely iel\l,

:Wopt[zﬁia + Zﬁij_ Zﬁiosio :WOpt - Zﬁiosio 2 Wopt' (7)

igely iel\l, igel, igel,

But the assignment statement (7) with (6) is possible only if I o =& . This means that the

first player, selecting its i -th pure strategy, gets the payoff wl<i> =Wo» VIE Ic {I, N }

The lemma has been proved.

Obviously, this lemma may be proved in many other ways [4]. Besides, the assertion
of Lemma 1 can be stated also for the support of an optimal strategy of the second player
by symmetric reasoning. Moreover, the assertion of Lemma 1 can be broadened from the
matrix game to the antagonistic game, having its solution [4].

Actually, further there should be examined the set @ of all the second player
optimal strategies in the game (2) with (3) from the aggregate (1), that it is better to
consider as an R" point

V:[v] Yy o Vg vN] at v, eR, Vizl,_N and v, <v,,, Vj=1, N-1.(8)
Having
o = 1 . . T = 1 A. . T
Q—argl(l)qggrlr)leag((P Uu-Q ) arg%qgg(P U-Q ) &)
by
N [
Q=[g, o - qN]eQ={QeRN:Zq,~=Lq,~e[0;1]VJ=1,N}, (10)
j=1
Q=[¢, ¢ - q]eargminmax(P-U-Q')-0c@, (1)
and

P=[p p, - pN]e’P:{PeRN:ipi:1,pie[0;l]Vi:L_N}, (12)

i=1

P=lp p o plearenaxpinlP-u-Q7)-PcP, (13)

there is the expected value
V(Q):Zq.f"j =QV (14)

Jj=1
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over the data in the set (1), found by the probability distribution or the convex combination
from the element (11) of the set (9). The following assertion is effective for those sets in the

form of (9), where ‘Q‘ >1.

Theorem 1. The expected value (14) as scalar product of the point (8) and the
optimal strategy (11) by the game (2) with (3) is an invariant of this strategy on the convex
compact (9).

Proof. The just declared assertion means that the expected value (14) does not
depend upon the optimal strategy (11) from the set (9), when this set contains more than the

single element, that is the value (14) stays constant V Q € Q . May this theorem assertion

be false. Then there 3 Ql €Q and 3 62 € Q such that

7@ )>7(0.) (15)
by Ql # Qz . In the scalar product term, the inequality (15) is
Q,-V'>Q,-V". (16)
Now in stating the product
U'QT :H:[hil]le a7

from the product P-U-Q" have:

—1 i—1 N N
=i+ 2.4 24,
j=1 j=1 J=i+l j=i+l
i—1 _ N _ i—1 _ N _ -
=vil 2.4~ Zq./ 2.9V Z%-Vf at i=1, N, (18)
j=1 Jj=i+l J=1 Jj=itl
whereas
SO Ny il _ N
QV =quvj=2qjvj+qivi+ quvj. (19)
j=1 j=1 J=i+l

With the expansion (19) the i -th element (18) of the matrix vector (17) is

N - i—1 i—1 N
hy = Zufﬁ/ =Q-V' _22‘7/‘"/ —qv; + ‘{Zéi - ZJ,J =
J=1 Jj=1 Jj=1 J=i+l

_ i1 i1 N - _ .
=Q-V'-2> g, +v,[2qj —qu):QVT +g,.(Q) at i=1,N. (20)
j=1 Jj=1 Jj=i
Letting the support of the first player optimal strategy consist of its pure strategies with
their numbers within the set 7 c i, N( by Lemma 1, from (20) have

Q V' +g(Q)=w, Vielcl N @1

But consider an affine equivalent game
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<{mk}f’:p te, )t U—Q-VT> 22)

to the game (2) with the matrix U—Q-VT. In the game (22) both the players have the

same sets of optimal strategies [4] as in the game (2). The optimal value of the game (22) is
[4, 11] expressed via the optimal value (21) of the game (2):

W) =, —QV =Q- V' +g(Q)-Q V' =g,(Q), vielc LN @3

As the strategies Q S Q and (32 cQ are optimal for the second player in the game (22),
then

W =2(Q)=2(Q.). ¥Q eQ ad ¥Q, <0 (24)

from (23), what shows that on the convex compact (9)
%gi(()):o VQGQ at ieig{L_]V}

and the value g, (é) is constant V Q cQatiel {1,7N } Then from (16) and (24) there
goes
Q- Vel virgle). viel i
what is false because of
Wy =Q, V' +g(Q)=Q, V' +g@). vielc{lL N},

taken from (21). The assumption about the varying expected value (14) over the set (9) is
contradictory. The theorem has been proved.

Once again, this theorem, bearing theoretical and practical purport, may be proved in
a good few other ways [4]. But it would be precautiously fine to prevent broadening the
assertion of Theorem 1 from the matrix game to the antagonistic game, having its solution

[4, 12], as then the sequence with its values from analogue of the sorted set (1) must be a
continuous increasing function, owning, very likely, some supplementary properties.

5. DEDUCTION

The proved Theorem 1 assists in finding the expected value (14) by the probability
distribution, determined with minimizing assuredly the absolute deviations (3) through any
second player optimal strategy in the game (2). Also it helps to evaluate the object factor,
although the invariant (14) brings the investigator to the choice problem over the set (9),
when the specific probability distribution is needed. Having (9) by (10) — (13), the expected
value (14) may be found conveniently, in particular, by the element of the set (9) with the
maximal number of zero probabilities, that is with minimum of the support cardinality of
the second player optimal strategy. Initially for N € {2, 3, 4} it is [9, 10] learned that such a

. . . cee oo 1
strategy support contains two pure strategies ¢, and ¢, with probabilities ¢, =q, = 7 For

greater integer N substantiating the minimum of the support cardinality of the second
player optimal strategy for finding the expected value (14) conveniently is the further job,
though.
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. THBAPIAHT OYIKYBAHOI'O 3HAYEHH? 3A PO3IIOALI/IOM
HMMOBIPHOCTEM SIK OIITUMAJIBHOIO CTPATEI'TEIO JPYI'OI'O I'PABISA
Y I'P1 3 TAPAHTOBAHOIO MIHIMIBAIIIE€IO ABCOJIIOTHHUX BIIXUJIEHDb

B. Pomaniox

Xmenvnuyvkuii HayionanbHuil ynieepcumen,
eyn. Incmumymcoka, 11, Xmenvnuyokuti, 29016, e-mail: romanukevadimv@mail.ru

JocmimkyeTMo 3amady Mpo T€, YM 3ajMIIA€THCS HE3MIHHUM OYiKyBaHE 3HA4YeHHS 3a
PO3MOIIIOM IMOBIpHOCTEH, SIKMI BU3HAYAETHCS TApAaHTOBAHOKO MiHiMi3amielo abCOMIOTHUX BIAXMICHD
cepen 3adikcoBanux N 3HaueHb Aesikoro (akropa o00’ekrta. Js LBOro JOBEICHO, IO Take
OYiKyBaHE 3HAYEHHS K CKAIAPHUI 100yTOK N -BUMIpHOT TOYKH ¥ ONTHMAaibHOI CTparerii Apyroro
rpaBis 3a BiAnoBigHOW Marpuuroo N X N -rporo € iHBapiaHTOM Ii€l cTpaTerii Ha OMyKIOMY
KOMIIaKTi, IKHH € MHOXXHHOIO BCIX ONTHMAJIbHUX CTPATeTii Ipyroro rpasis. [loBeneHHs JoIoMarae
B OLIIHIOBaHHI (pakTopa 00’€KTa, X04a i el iHBapiaHT NPHUBOANTH JOCHIITHHUKA JI0 33a1adi BHOOpPY Ha
TOMY OIYKJIOMY KOMITaKTi, KOJIM MTOTPiOHO BUIUTHTH OCOOIMBHIT PO3IOILT IMOBIpHOCTEH.

Kniouosi cnosa: odikyBaHe 3HA4YEHHs, PO3MOILT IMOBIPHOCTEH, TapaHTOBAHO MiHIMi30BaHi
aOCOMIOTHI BIAXWIIGHHS, ONTHMAlbHI CTpaTerii Jpyroro TpaBIld, CIIEKTP ONTUMAIBHOI CTparerii,
OITyKJIMI KOMITAKT, IHBapiaHT.

HHBAPHUAHT OKHUIAEMOI'O 3HAYEHMS 1O PACIIPEIEJTEHUIO
BEPOSITHOCTEM KAK OIITUMAJIBHOM CTPATETMEN BTOPOI'O UTPOKA
B UT'PE C TAPAHTUPOBAHHOW MUHUMM3AIIUEN
ABCOJIFOTHBIX OTKJIOHEHUM

B. Pomaniox

XmenbHuyxuii HayuoHALHbIL YHUGEpCUmen,
yi. Muemumymcekas, 11, Xmenonuyruii, 29016, e-mail: romanukevadimv@mail.ru

HccnenoBano 3agauy O TOM, OCTaéTcs JM HEM3MEHHBIM OXMJAEMO€ 3HAueHHe 110
pacupesesIieHHI0 BEpOSITHOCTEH, OIpenesieMoe TapaHTUPOBAHHONH MHHHUMHU3ALUEeH aOCOIIOTHBIX
OTKJIOHEHH cpenu 3adukcupoBaHHBIX N 3HAYEHMI HEKOTOpPOro (akropa oObekrta. s 3TOTO
JOKa3aHo, 4TO TaKOe OXKHIAeMOe 3HaYeHHe KaK CKasIpHOe Mpou3BeneHne N -MEepHOH TOYKH H
ONTHMANBHOM CTPAaTErHH BTOPOTO MTPOKA IO COOTBETCTBYIOMIEH Martpuaroir N X N -urpe siBisieTcst
WHBAapUAHTOM 53TOM CTpPAaTeTMHM Ha BBIMYKJIOM KOMIIAKTE, SBISIOIIMMCS MHOXKECTBOM BCEX
ONTHMAJBHBIX CTPAaTerMii BTOPOro Wrpoka. JloKa3aTenbCTBO MOMOraeT B OIEHUBaHMU (hakTopa
00BEKTa, XOTS M 3TOT MHBAapHAHT IPHBOJHUT HCCIEIOBATENs K 3amade BHIOOpPAa HA TOM BBITYKIOM
KOMIIaKTe, Korza TpeOyeTcst BEIEIUTh 0c000€ PACIpeieIeHHe BEPOSITHOCTEH.

Kniouesvie cnosa: oxugaeMoe 3Hau€HUE, pacCHpeneleHHe BEPOATHOCTEH, TapaHTHPOBAHO
MHHUMU3UPOBAHHBIE a0CONIIOTHBIE OTKJIOHEHUS, ONTHUMANIbHbIE CTPaTerdH BTOPOTO HIPOKA, CIIEKTP
ONITHMAJIBHON CTPATeTHH, BBITYKIIbIH KOMIIAKT, HHBAPHAHT.



