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JloBeneHO ampOKCHMATHUBHICTh Ta JIHIMHY HE3aJEXKHICTh KyCKOBO-CTEIIEHEBUX 0a3MCHUX
¢ynkuii. [IpoBeneHo ampiopHuii aHaii3 MOXMOKM CTENEHEBUX anpokcuMaliil. JloBeaeHo 30DKHICTh
CTENCHEeBHX alPOKCHUMALLiif 3a pi3HUX CIIOCO0iB BHOOPY Mapamerpa anpoKCHMAIlii.

Kniouosi cnoga: MeToll CKIHUCHHHUX €JIEMEHTIB, CTaOlLTi30BaHi CXEMH, KYCKOBO-CTECIICHEBI
6a3ucHi QyHKLI1, CHHTYJSIpHO-30ypeHa KpaloBa 3a1aya, piBHSIHHS aJABeKLii-1udy3ii-peakii.

1. BCTVYII

Y MaTeMaTHYHOMY MOZEIIOBAaHHI IPOIIECiB €KOJIOTIi, MeTeopoorii, okeaHorpadii,
ripoMeTeoposIorii, Gpi3uKK HaIiBOPOBITHHUKIB 3HAUHY POJIb BIIrPalOTh KpaioBi 3a1a4l uis
piBHSHHS aaBekuii-audys3ii-peakuii. 3a NEBHHX YMOB, a camMe IIpH JIOMiHYBaHHI
a/IBEKTUBHUX MpOIECciB Haja Mudy3iiiHMMH mponecamu Taki 3ajadl CTalTh CHHIYJSIPHO
30ypeHUMH. 3acTOCYBaHHS KJIACHYHUX CXEM MeToly CKiHdeHHHX pisHuubs (MCP) um
Mmerony ckiHueHHux enemeHTiB (MCE) € yTpyaHeHuM, ajpke nmpu BequKuX uuciax [lexie
BUHMKAIOTh HENPUPOJHI OCHWIIALI] HAOMMKEHUX PO3B’S3KIiB, SIKI MOXKHA YCYHYTH JIMIIIE
3aBIISIKM 3TYIIEHHIO CITKH, KUJIBKICTB BY31iB IOBMHHA JlopiBHIOBaTH uncity [lexie [8].

3 50-X pOKIB MHUHYJOTO CTOJNITTS PO3POOJCHO HU3KY METOIIB i MIIXOMIB IS
pO3B’s3yBaHHS TaKuX 3adad. 3alpomoHoBaHO cxeMy lmpina — Amnmena — CaycBemna, sika
o0umcIIOE TOYHI 3HA4YCHHS PO3B’sA3Ky y By3nmax citku. [lopsn 3 mum po3pobieHo
MIPOTHUIIOTOKOBI cXxeMu [7], 3acTocoBaHO ampokcuMarii Xemkepa [5, 6], eKCIIOHeHITiaIbHi
6a3ucHi QyHKLIT [4] METOAY CKIHUEHHUX €JIEMEHTIB, CTaOLII30BaHI Ta aIanTUBHI CXEMHU.

VY mpausix [1, 2] mis crabinizanii anpokcuMaliii 3anpornoHOBaHO BUKOPUCTOBYBATH
KyckoBo-crenieHeBi 0OasucHi ¢ynkuii MCE mis kpaiioBoi 3amadi 3 piBHSAHHSIM aJBEKIil-
mudysii-peakuii. Jleski BIACTUBOCTI 3alpOIOHOBAHUX CTENEHEBUX 0a3MCHUX (QYHKIIH
OyJsu mepeniueHi 6e3 TEOPETHYHOTO JOBEACHHS.

Meta mpari — JOCHIAMTH ampOKCUMAIIWHI BIACTUBOCTI KYCKOBO-CTCIICHEBHX
6a3ucHux QyHKLIH 1 ToBecTH 301KHICTh KycKoBo-cTeneHeBux anpokcumanii MCE. Cratrs
noOysoBaHa TaK: y ApYroMy IyHKTi C(OpPMyYJIbOBAHO 3a/lauy, Y TPETbOMY ITyHKTI HaBEJECHO
O3HA4YEHHsI CTEIEHEBOI anpOKCUMAIlil, Y YeTBEPTOMY MOBEICHO IJIiHIMHY HE3aJIeXHICTh
KyCKOBO-CTENICHEBUX Oa3ucHUX (QYHKIiH y mnpocropax H "’(Q) Y m’aroMy MyHKTI
HaBEJCHO OIIHKKM IOXMOOK CTEeleHeBOl ampokcuMaiii y (yHKLIIOHANBHUX MPOCTOpaxX

L’'(Q), H'(Q), C(Q), a y mocTtoMy MyHKTi J0BEIEHO 301KHICTh KyCKOBO-CTENEHEBOT

anpokcumanii y mpoctopi H'(Q) ta L (Q).
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2. DOPMVJIIOBAHHS 3A JAUI
Po3risiHeMo MoJenbHY KpaloBYy 3ajiady JUisi PIBHSHHS anBekuii-andysii-peakiii 3
nocTiiHuMy KoedimienTamu [2]
sHaumu @yuryio u = u(x) maxy, wo
{—u"+Peu'+Gu = f na Q:=(0,1),u(0)=u(1)=0.
Tyt uncno Ilekine Pe XxapakTepu3ye BiIHOLICHHS IIBUAKOCTI aJBEKLIHHMUX MPOLECIB JI0
mudysiiianx npouecis: Pe=B/u, ne B>0- KoehilieHT amBEKUiHHOTO MEpEHECEHH,

@.1)

p>0— xoedimient mudysii. SAkmo Pe— o, To 3amaua (2.1) € cUHTYIIpHO-30ypeHa i

MOPOKY€E HecTiikicTs crangapTaux cxem MCE.
Bapiaiiine popmymntoBanus 3anadi (2.1) HabyBae BUTIIS LY

3adano npocmip V = H,(Q) = {v e H'(Q):v(0)=v(1) = 0},

2.2)
snatmu u €V maxkuit, wo a(u,v)=<IlL,yv>veVl,

1 1
ne a(u,v) = I(u’v'—i—Peu’v—i—Guv)dx, <l,y>= vadx,Vu,v eV.
0 0
3asHaummo, mo 3amada (2.2) kopekTtHO cdopmyisoBaHa [3]. Beememo HOpMy
mpoctopy V :

||u||12/ =a(u,u)= J.(u’)z dx . (2.3)

3. KYCKOBO CTEIEHEBA ATIPOKCUMALIIS ®YHKIIIA

3adikcyemo HarypampHe N Ta mominmmMo Bigpizok [0,1] Ha iHTepBanm
K= (xl.,x,.H) ROBXUHA A, =X, —x; >0,1=0,..,N-1.

JIpoGoBUM iHAEKCOM MO3HAYAEMO HOMEp IHTEpBaLy i NEBHI MO0 XapaKTEePUCTUKH.
Hanpuknan, x,,,, = 1/ 2 (xHl + x,.) - LIEHTP Baru iHTEepBATY K= (x5 x50,
{u(x)}m/2 =u,,, — 3Ha4CHHS QyHKWI u(X) y TOUUI X =X, ).

Hexaif 3agqano noctatHbo peryisipHy GyHKIi0 ¢ = u(x) . Ans nosimsHOro o >0 Ha

KO)KHOMY 3 IHTEpBaNiB BHOEpPEMO aNpOKCHMAIIMHWNA TIONIHOM Yy BHUIJBIAI JHIHHOT
KOMOIHami1

u(X) 21ty gy (X 0y ) = 106 )P; (06, 0y ) (X )P (X, 0y,) VX EK s,
i=0,.,N-1
CTETICHEBUX (YHKIIIH

3.1)

(3.2)
Pint ()C, 0“i+1/2) =1- (Pi(ai+l/29x)s

Jae o, :(x—x[fl)/hm/z, a crama o, >0 Bigirpae poss napamerpa ampoxcumauii Ta

{(Pi (x, 0Li+1/2) =1- (u)l_ (x))""‘-'/Z ,

crabimizamii [2] mis 3amadi (2.2).
Sxmo 3amaHa QyHKIIA ueC([O, 1]), TO KyCKOBO-BU3HaueHa OQyHKuis y (3.1)

u,(x,0) Oyzme TakoXX KyCKOBO-BH3HAYECHOIO Ha BiAPi3Ky [O, 1] 1 1l MO’KHA TIOJATH Y BUTIISI

u;(x,0) = iuid)i(x,otiﬂ/z) Vx e[0,1], (33)

i=0
Jie 6a3uc iHTepHosLil HaOyB BUTIISITY
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supp by = K2, ¢, (x) = 1- (o, ()",
- = (@,(0) ", xeKiyp, — —
supp ¢, = Ki-y2 U K2, §,(x) = ~  i=LN-1 (3.4)
1- ((x),.+1 (x))o”*'/Z ,xeKiyp,

SUpp 9, = K w12, by () = (@, (1)),
Jlnst BenuuuH, SIKi XapaKTepU3yIOTh CEPEHE 3HAYCHHS anpokenmauii u,,,,(o;x) Ta
LIBH/IKOCTI il 3MIHHM Ha CKIHYCHHOMY €JIeMEHTI K, , , BBEICMO I03HAYCHHSI
Uiy = 1/2 (ui+1 + ui)’
L.li+l/2 = (”m —Uu )/hi+l/2 .
BesnocepeHiMu 0OUUCICHHSIMH TIEPEKOHYEMOCH Y TPABUIIBHOCTI TAKOT JIEMH.

Jlema 1. [Ipo cTpyKTYypy CTEEHEBUX AIPOKCUMAITIH.
Crerenesa anpoxcumanist (3.1) Ha CKIHYCHHOMY eNeMeHTi K, HaOyBae BUITISILY

3.5)

Upap(500) =1, + ¢, (x, OL){hi‘}m/z- (3.6)

Kpim Toro, nepia ta apyra noxigHa anpokcumariii (3.1) naOysae Burisimgy
u;,i+l/2 ()C,G) =00, (x:a_l)’;‘m/z ’ (37)
Uf oy (x,00) = oc(oc - l)(pm (x, 00— 2){L.l/h}i+l/2 . (3.3)

4. JIIHIMHA HE3AJIEXXHICTb KYCKOBO-CTEITEHEBUX ®YHKIII

(3] N . .
KyckoBo-Bu3HaueHy cucteMy QyHKIIH {(I),. }i:O XapaKTepU3yIOTh TaKi BIACTUBOCTI.

Jlema 2. I1po niHiiiHy HE3aNeKXHICTh CUCTEMH KyCKOBO-CTEICHEBHUX (PYHKIIIH.
1. Hexail mapamerp ampokcumanii o = mlm 0y, >0, TOMI cHCTeMa KyCKOBO-
i=ln

cTeneHeBux (QyHKii {(I)i(-,oc)}jio niniitHO HesanmesxHa B mpoctopi LP(Q) 3i

CKaJISIPHUM J00yTKOM (U, V) Iuvdx .

Q

e T
2. Hexait me N, Toal ansd MOBUIBHUX 3HAYCHb IapaMeTpa ampOKCHMAIll o

N

Takux, mWo o >m—1/2 cucTema KycKOBO-CTeneHeBUX (yHKIIiH {¢,-(',0€)},-:0

TiHIAHO He3anexHa B mpoctopi H ™ () 31 ckansgpHUM JOOYTKOM

m
o (k) (k))
(u,v)H,,,(Q) .—I(uV—i—Z(u % de.
Q k=1
Jlosedenns. JloBeneMo IMiHIHHY HE3aJEKHICTb CHCTEMH KyCKOBO-CTETICHEBUX
dyHKIiH {¢i('»0‘)}£0 y mpoctopi L*(Q). Jlnsg mporo Ham TpebGa JOBECTH, IO MATPHILA
I'pama G, enemeHTiB {(I)i(',oc)}?i , JOJaTHO BH3HAYeHa, TOOTO i JOBITLHOIO BEKTOpa
g € R™" Takoro, mo ¢ # 0 npasumsHa (G,q,q)>0 .
Martpumto G, n0oOyIOBaHO 3rifHO 3 IPAaBUIOM Goyii:(d)i’d).i)ﬁ(g)’i’ j=0,N.

BuxoHaHHAM omepaliif iHTerpyBaHHS IepecBiguyeMoch, Mo Marpuugd G, HaOyBae
BUTJISIITY
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m, n,
m, m,+m, m,
m m +m; m
G, =h 2 AR ’

m, m+m; m,

m, iy
Je KOMIIOHEHTH OOUHUCITIOIOTh 3a IIPaBUIIOM m, =20’ / (1 +3a+20a” ) ,
m, = a/(l +3a+20° ) ,  my = 1/(1 + 2oc) . BuxonanHiM  apudMeTHYHHX  omepariil
N-1 N N-1
repekoHyeMoch, 1110 (G,q,q)= h/(l +3a+2a° )(az gl +ad gl +Y (g, +q.,) ] .
i=0 i= i=

Oneprxanu
G,q,q)> h/\1+3a.+ 20’ oczNilq.2+aNq.2 >0
( 0 ) /( i i
i=0 i=1

oTXxe, cucreMa (QyHKITiH {(I)i(-,ot)}lo niniifHO He3anexkHa B mpocTopi L’ ().

JoBenemo JTiHIHHY HE3aJEKHICTb CHCTEMH KYCKOBO-CTEIICHEBHX (DYHKIIN
{¢i(~,a)}i0 y mpoctopi H™(Q) .

Baeziemo Gininiitny dopmy g, (.,.): H (Q)x H*(Q) — R Taxy, mo

d ku d g
g, (u,v)= J. dx Yu,ve H (Q), ke NU{0}.
Hexait marpuist G, = {Gk’l,j }jvj:o nobynosana 3a npasuiom G, =g,(;,¢,) , Tom
. N - .
MaTpuns ['pama eneMeHTIB {d),.(-,oc)}[:o HaOyBae Burimy G = sz . Marpuui G, ,

k =1,m HaOyBalOTh BUIIIALY

A=

n (20—2k+1)

k
1H(oc—l+1)2 P

-1 1
BesnocepenHiMM 00UUCIEHHIMH IEPEKOHYEMOCH, III0 BUKOHY€ETBCS
1 m N-1
(Gg.9)= h—k((]_[(a ~1+1) j /((20t—2k + 1))}2(% ~4) -
I=1 i=0
SIKIO mapameTp ampoKcUMalii o 3aJ0BONIbHAE YMOBY o >k —1/2, To mnpaBmibHa
HEPIiBHICTh

1=1 i=0

(qu,q):hik[(]ﬂ[(a—lﬂ)zJ/ 2002k +1 JNZ‘j ~¢,,) 20
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Jost MAaTpHIILi I'pama €JIEMEHTIB {d) ; (-, (1)}:\;0 OTPUMAEMO TaKy
m N-1 N
ouinky (Gg,q)= Z( 4,9)>(G,q.9)> h/(l +30+20° )(ocz qu + (xz qf] , IO JOBOJMTH
k=0 i=0 i=1

NiHiiHY He3anexHicTh y npoctopi H " (Q) . OTxe, JeMy T0BEICHO.

5. OLIIHKA TTOXWBKH CTEIIEHEBOI AITPOKCUMAILTIT

Beenemo Hopmy Ha iHTepBami K, : ||”",~2+1/2 = r(u(x))zdx. Kpim Toro,

XI

BBAKATUMEMO, 1O Ha iHTepBani K, , mapaMerp anpoxkcumalii HabyB AesKOro 3Ha4CHHs
Oy =0

Teopema 1. [Ipo 1mOXHOKY CTCIEHEBOrO IHTEPIONIOBAHHS Ha CKIHYCHHOMY
CJIEMEHTI.

Hexait u(x)e H*(Q), {(pl.(~, ot)}?io e H'(Q) ta a>1/2, toni npaBuibHi anpiophi

OLIIHKH MMOXHOKH Ha CKineHHOMy €JIEMEHTI:

"u u, () i+y2 = l+1/2/2"u i+1)2 |OL 1|/ V2o - h'+1/2‘V 2h,+1/2| L (Q) CRY)
Ta
"u’_u; G OL)"m/z = hi+l/2/\/5"u" i+1/2 +|OL _1|/ V2a -1 Vhi+1/2 "u' Q" (5:2)

Josedenns. Ilpuiimemo, mo h=h,,,, Ha CKiHueHHOMY enementi K, , . JloBenemo,

110 Ha CKIHYCHHOMY elieMeHTi K,

=, Gl < W2 = 0) @)

DyHKIiI0 MOXUOKHU CTEIIEHEBOI alpOKCHMALIii MO3HAYMMO 4epe3 e, (x,a) == u(x) —u, (x,a).

<h

i+1/2

(5.3)

i+1/2 7

IToxubxka e, (x,0.) Mae Taki BIACTUBOCTI

1. Ha Bysnax ckiH4eHHOro enementa K, , JUii JIOBUIbHMX 3HaY€Hb MapameTpa

alpoKcHUMalil oL BUKOHYETHCS PIBHICTE e, (x,,a) =e,(x;,;,a)=0.
2. 3arteopemoro Pomms icHye Touka z € (x,,X,,,) Taka, mo e, (z,a)=0.
. — ” "

3. Ha ckinvenHomy enementi K, ), : e (x)=u"(x)—u;(x,a).

Y Bunmanmkax, Jie 3HauYeHHS IlapaMeTpa amnpoKcuMalii He Biirpae poi,
BBOXaTUMeMO, 1o e,(x):=e,(x,0) . BuxopucroByroun ¢opmyny HeioTona-JleiibHina,
HepiBHicTh Koi Ta Teopemy Posusi, orpumanu

(e;,<x))2={j e"(t)dtJ (j dr]{[ ¢'(1) dt} pe=fle’]},

z

3BiKH ||e e =1/2h " "|.,,,- Amanoriuso orpumano ||eh S <1/2h " Ly - O,
0TpUMAEMO OLIHKY BurIsiay (5.3)
"eh ||i+1/2 < h/ﬁ"e;'”mﬁ < h2/2||e;1,||i+1/2 : (5'4)

Hexaii u,(x, 1)— niniitna intepmomsiuis, To e (x, 1) =u"(x) ta 3 (5.4) onepxumo

e =0, < W2 = D < 002007

i+1/2 i+1/2 "
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i+1/2 TaK:
"u _ul (.’ a)"iH/Z < "u'_u; (.’ 1)
< h/\/E"u” i+1/2 +||u; G 1)_u; G, OL)"M/z'

Ockinbku @) (x,0) = —@;,,(x,0) , BpaxyBapmu (3.3), TO OTPEMAEMO SIBHUH BHPa3 MOXUOKH

Orninnmo ||u —u; (-, o)

i+1/2 +||u; G D=u( OL)"m/z <

Ha CKiHueHHOMY enemeHTi u,(x,1)—u;(x,0) =1, (1 —ak! (x)). Hopma mnoxuOku Ha
CKIHUEHHOMY €JIEMEHTI HaOyBa€e BUIIIS LY

e, D=2}, @) s = |a—1|/J2a-1 a,.ﬂ/zwh,.ﬂ/z < |0L—1|/«/20c—1 ‘/hlﬂ/2 e’

IMIpu o =1 cremneHeBa iHTEPHOJSALS BIATBOPIOE JIIHIMHY IHTEPHOJSALIIO, TOMY MPHUPOIHO,

@’

mo nmpu o =1 oTpumMaemo ||u G D=u;(, a) =0 . Orxe, TeOpeMa 10BEJCHA.

i+1/2
Teopema 2. [Ipo nokpaiieHy OILiHKY TOXHOKH KyCKOBO-CTEIIEHEBOT allpOKCUMAIIT.
Hexaii  u(x)e H*(Q), {(p[.(-, a)}fio eH'(Q) Ta mnpu BubOpi mnapamerpa

anpokcumantii - o =1+4h,,, |u IpaBWIbHI ampiOpHi OLIHKM IOXHUOKH

i+l/2

KyCKOBO-CTEIEHEBOI alipoKcHMallii Ha CKIHUEHHOMY €JIEMEHTI

L*(Q)

"u_ul i+1/2 < hf2+1/2"u” i+1/2 (5.5)

Ta
o =il < V2ol (5.6)
Jlosedenns. Illpn o >1 mpaBUIbHA OI[IHKA |a l| —A+a—-1, 3Bigku (5.2)

Nl j‘
i+1/2 < 1/\/5(}!"“/2"”"

[TapameTrp anpokcumariii o BubepemMo Tak, MO0 \/oc—1||u

i)
@/’

’ — 'h "un
I (Q) i+1/2

|2 |
i+|/2/||u

L*(Q) E

sammmemo  y  Burmmi  u’—u) (o)

i+1/2 + hi+1/2

i+1/2 "

Binurykasim 3HaueHHs napameTpa anpokcumarii y surisai o =1+h,,, ||u

MPUXOJIMMO JI0 OIIHOK (5.5) Ta (5.6), 110 3aBepIrye JOBEACHHSI TCOPEMHU.
Jlema 3. Icuye Touka 6 € K, Taka, mo

ul (0) = u'(0). (5.7)
Kpim toro, 3a Bubopy
Oy = u"(0)/u'(0)(0—x,)+1 (5.8)
CIIPABXKY€ETHCS
u”(0) = u"(8). (5.9)

I HaBmakw, K10 BUKOHYETHCS (5.9), TO cripaBmxyeThes (5.7) 3a yMOBH BHOOpPY mapameTpa
anpoKcUMallii 3riiHo 3 ymoBom (5.8).
Hoseoennsa. Ockinbku u,(x,) =u(x;) 1a u,(x,,)=u(x,,), T0 3rIHO 3 TEOPEMOIO

Ponns icuye touka 0€ K, Taka, mo u;(0)=u'(0). Bubpasum napamerp y B

(5.6), Mu nocsiraemo u; (0) =u"(0) . Cnpasni,
u"(0

uy(0) =09

uK®=e_l 0 0

=u'(6).
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3 OCTaHHBOT'O 3aITUCY JIETKO OAYUTH 3BOPOTHE TBEPXKESHHS JIEMHU.
3 oy Ha Te, 110 BEJIMYMHA MOXUOKU CTENEHEBOI allpoOKCHMAIllil Ha CKIHYEHHOMY

3alleKUTh BIJ JiaMeTpa CKIHYeHHOro ememeHra K, Ta

€JIeMeHTi ||u —uj(-,a) 2

BUGPAHOT BETMMHY TIAPAMETPA O, > 3/2, HAM BJIACTCS 3HANTH HalKpalle HaGTKeHHs

JI0 IHTEpIOoJIbOBaHOI (DYHKIIT HAa IIbOMY CKIHUSHHOMY €JIEMEHTI, SIKIIIO PO3B’SHKEMO 3a/1auy
MiHIMi3aIlil TaKoro QyHKIliOHAA

f+1/2 = T(”"(x) —u;(x, Oy ))2 dx = (u"(n) —u;(n, Ay ))2 hz’+1/2 )

Xi

ne mek,,,. V sunaaky, komn m=0 1 3HaueHHs mapamerpa BuOpano 3a (5.8), mn

Jz’+1/2 (a u"—uj(,0)

AOCSITHEMO J,, ), (0,,) = 0.

Tenep 31 3HalACHUM ONTHUMAJIBHUM 3HAUYEHHSAM IapaMeTpa MO)KHA HAOIMKEHO
OLIIHUTH MiHIMaJIbHE 3HaYEeHHsI PO3IJIsIyBaHOTO (pyHKIIOHANA

n O ' " M”(e) 0— Xi)
Ty (00) = lu 5 uo)| =l ——— o —E 3141(',0@) =
X i+1/2 u'(0) (x—x, i+1/2
(9 ;-2
"(0) xX-x,
= | |{u"(x)— —X; : dx=C,,(u,o)h,,,
Xj g O s AIRCALE
u"(0) .
ae g, :We) 9—xi)+l , TPHYOMYy HeoOXimHo, 100 3HAYEHHS MapaMeTpa
337I0BOJILHSIIO YMOBY
oy > 3/2. (5.10)

BpaxoBytoun owiHky (5.4), NpUXOAMMO 10 YTOYHEHHX 3HAa4Y€Hb ANpPIOPHUX OLIHOK
MOXHOOK THTEPIOIIOBAHHSL.
Teopema 3. [Ipo onTUMalbHy OIIIHKY TOXHOKH CTETICHEBOTO THTEPIIOIIOBAHHSL.

. . .. N
Hexaii BukoHano ymoBu Teopemu 1. Toxi anst KokHOI TpiaHTyssmii 7, = {K 2 },-zo

3a BubOpy mapametpa (5.8) Takoro, 1o 3ag0BodbHIE YMOBY (5.10), moxubka cTerneHeBoro
IHTEPIIOIIOBAHHS JIOMYCKA€E TaKi anpiopHi ouiHKH:

LZ(Q) Z hz+1/2 i+1/2 (”a a)’

||u u, (- o)
(5.11)

"u —u, (, Ol) Lz(g) zh1+l/2 z+1/2(”»°‘)'

Josedenns. 3rimHo 3 ouiHko0 (4.4) OTpUMyEMO, IO Ha CKineHHOMy €JIEMEHTI
2 1 2 (. 2 1 ne. 2
i+1/2 <3 hi+l/2"u ul( ,0t) i+1/2 <7 1+1/2 "u u1( ;o) i+1/2 "
3a ymoBu BuOOpY mapamerpa 3rigHo 3 (5.8) ta (5.10) otpumanu, mo

"”" —u;(, (x)”;zn/z =Cp (w, O‘)hm/z :

K., BUKOHYETBCS ||u —u,(-,a)

Toxi

"” u, (, a) i = 15+1/2Cz+1/2(” (x) " —u; (o) ,-2+1/2 = :u/zczn/z(” a)

BuKOHaBIIM MiICYMOBYBaHHS ITOXHOKH IHTEpIIOJIOBAaHHS HA KOXKHOMY CKIHYCHHOMY
€JIEMEHTI, 0TpUMaeEMO OLIHKY BUIIsAY (4.9). OTxke, TeOpeMy JOBEICHO.
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BBenemo HOpMy it HelepepBHUX (YHKIIH Ha CKIHYUEHHOMY €JIEMEHTI BUTIISTY

lo.....po = ess sup fu).

XE(X; 5 Xy
Teopema 4. IIpo omiHKy MOXHOKM IHTEpPIONIOBAHHS B IIPOCTOPi HETEpPEepBHUX
(DyHKIIIH.
IToxubka creneHeBoi ampokcumarii (3.1) B mpocropi C(Q) xapakTepu3yeThes
TaKOIO arpiopHOIO OLIHKOIO:
—u( < Bl p(a= 1]
"u ul(’a)"w,m/z - hl+l/2 u o0,i+1/2 +h1+1/20'(a 1) o0,i+1/2 " (5‘12)
Jlosedennsi. 3rimHO 3 HEPIBHICTIO TPUKYTHUKA OTPHMAEMO
— . < — . . — .
"u ul( ’ a)”m,m/z - ”u u ( ’1)||m,i+l/2 + ”u, ( ’1) u ( ’a)"m,m/z :
[Toxmbxa TiHIHHOT anpOKCUMAIIii XapaKTepU3YETHCS BEIIMIUHOIO
||u —u,(, 1)"00 oy S hlil/zuu""w e Tak sik y nmoBeneHHI TeopeMu 1, OTPUMAEMO OLIHKY ISt

"

h 1

NOXUOKH e,(x,0)=u,(x, )—u,(x,a): lle, ||m+l/2 <He,| <h’|e

0.i+1/2 T 0.i+1/2

BUKOPHCTABIIH JIEMY TIPO CTPYKTYPY CTEIIEHEBUX alPOKCUMAIIii 0JIepKUMO, [II0
7 (roo0| = a1y
Y miicyMKy MpuxoanuMo 1o oiiHk (5.12).
6. CTEIIEHEBI AIIPOKCUMALIIT MCE TA IXHS IIOXUBKA

[ToBeprarounch 10 3amadi (2.2), CKOPUCTAEMOCS KYCKOBO-CTCTICHCBUMH (DYHKIIISIMU
i3 m.3 Ui BimmykaHHS 1 HaOMMKEHHMX po3B’s3kiB. [loxuOka ampokcumariii po3B’si3Ky
sritito 3 nemoro  Cea  XapakTepH3yeTbCsl ~ TakOIO  alpiOpHOI  OLIHKOIO

||u - ”h",, < (1 + Pe/ 2+ o/ 2)|u —u ,||V . Hexaii 3HaueHHs mapameTpa anmpoKcuMariii BUOpaHo

. _ ll2 N2 . . .
3riIHO 3 YMOBOIO O = 1+h,~+1/z ||u ||M/2 / ||u /(@ » TOAI Ha TIJICTaBi TeOpeMH 2 OTpEMaEMO

OLIIHKY HOXHOKH KYCKOBO-CTEIIEHEBO1 anpokcumanii PO3B’SI3KYy
=], <1+ Pe/\2 +0/2)h|u]

3a3HauMMoO, M0 HapaMeTp ampokcuMallii BUOpaHo Ha mifcraBi iHdopmarii mpo
XapakTep po3B’s3Ky. IIpoTe He 3aBXIM BHAEThCA MPOBECTH AlpPiOpHUI aHAJ3 XapakTepy
pPO3B’SI3Ky, TOMY JOIJIbHO BHOpaTd mapamerp cradOumizamii 3 yMOBH KOPEKTHOCTI
o0uncIIoBaIbHOT cxeMHu [2].

BukopucraBm  kyckoBo-creneHeBi ©OasucHi ¢yHkuii MCE mis 3amaudi (2.2),
MPUXOAXUMO JI0 PO3IJISAAY PErySIPH30BaHOI BapialiiHol 3ama4i

, » 110 3a0e311eye MOHOTOHHY 30DKHICTb alpoKCHMalii.

3a0ano Koegiyicnm wmyunoi ougysii p = ocz/(2(x - l) >1,
oininitiny gpopmy s(u,,v):VxV = R:

1
s(u,,v)= I(pu;v' + Peu, v+ Guv)dx, (6.1)

0

1
JUHIUHUT ynkyionan <1,y >V —> R:<[,v>= jfvdx,
0
suaumu u, €V maxuil, wo s(u,,v)=<Il,v> VveVl,
SIKY PO3B’SDKEMO 3 BUKOPHCTaHHAM 0a3ucHuX QyHKuid Kypanra.
BuBunmMo BnactuBOCTI OinmiHilHOI dopmu s(u,,v) 3 (6.1). Ouinumo mnoxuobky

CTereHeBoi anpokcuMallii po3B’s3Ky 3axadi (2.2). 3 HEepiBHOCTI TPUKYTHHKAa OTPHUMAaEMO,
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o u—u,.,|, <

. . R .
u, —u - ac "M _M‘X"V — HOpMa P13HUIIl TOYHUX PO3B A3KIB

ah

u, —u

o o,h v

BuximHoi 3amaui (2.1) ta 30ypenoi 3amaui (6.1), a

— HOpMa MOXUOKH

ampokcumarii 30ypenoi 3amagi. Ockineku koedimienty 3amad (2.1) ta (6.1) mocriitHi, TO
HOpMa PIi3HUII TOYHUX PO3B’I3KiB HAOyIIa BUTIISITY

S2p=1)l=p=e"(1+p)+e (=1 +p)p)

Z(epe - 1)(epe/" )Pep(l +p) ’
anpu o =1oTpuMyeMO OUiKyBaHe CITiBBiJHOILICHHS ||u —u1||V =0. Tenep Tpeba oTpumaTu

s =ucll, =

OIIIHKY TIOXHOKH arpokcuMarii 30ypeHoi 3amadi.
Jlema 4. IIpo BmactuBOCTI cTabimi30BaHOi OiNTiHIIHOT popMH.
bininiitHa ¢popma s(u,v) HenepepBHa Ta KOSPLUTHBHA, TPUIOMY

1) |s(u,v)|_ y:p+Pe/x/5+G/2;
2) s 2B vveV,mep=p.
lloseoenms.

1. JloBememMo HemepepBHiCTh. 3a  HepiBHICTIO [ 'bompiepa  OTPUMAEMO

j|uv|dx<||u|| ||v||V, “u v|dx< U J *dx = "u” ||v|| . 3a HepiBHICTIO
2

Dpinpixca

Ta

7 M,

1
< E"v”i 0JIEP)KUMO j|u'v|dx < L
0

1
Jluvfax <, I, - Owivnvo
0

|s(u v)| “pu V' + Peu v+csuv|dx <( +—+ j"u" ”V”

Pe o
,»TO0TO Y =p+—=+—

V2 2

Otxe, |s(u,v)|S( +%+ j”“" "V

2. JloBememMoO KOCpPIUTHBHICTD.
Bpaxysasuu, 1mo

1 1

P

IPev'vdx = Pejvdv = —ev2|l =0,

2 o
0 0

OTPHMAEMO

s(v,v) = pj. ((v')2 +ov’ )dx > pj. ((v’)2 )dx = p"v"i )

OTtxe, s(v,v) 2 p||v||i , TOOTO B=p.

Hexait mapamerp crabimizamii o, BHOpanm TakuM, Mo KoeilieHT mTydHoi andys3ii

<Jv/ ||u ||V, nme cram B,y

BU3HAYalOTh 3 BJIACTUBOCTEH PpO3MJIALyBaHOL 61H1HII/IH01 ¢opmu. Tomi, mpu Kpoii
nuckperusanii s >2/Pe, moxubka ampokcumarii 30ypeHoi 3amaui XapaKTepU3yeThCs

cTaHoBUTh p = Peh/2[2], 3rixHo 3 nemoio Cea

u

] cx h

TaKOIO alpiopHOIO OLIHKOIO:
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|V < hwll+\/5 h||u”

|V =0, TOOTO TOCHIIOBHICTP HAONMKEHUX pPO3B’SI3KiB

ua _uu,h LZ(Q) . (62)

[Tpuaomy }gl&"ua —u,,
30ypeHoi 3aadi 30ira€ThCs 10 TOYHOTO B TIpocTopi V', 3 mopsakom 30ixkHOCTI 1/2 .
Hexaii Tenep kpok muckpernsauii /4 <2/Pe. Toxi 3Ha4eHHs koedillieHTa WTYYHOT

mudysii 30iraetbes 3 koedimieHTrom mudysii BuxigHoi 3amaui. Tomi "”‘%"V =01

|V <hyfl+ Pe/ NG ||u”||LZ(Q) . 3 "epiBHOCTI Ppigpixca BUILIMBAE

30DKHICTB B mpocTopi L, (€2) . OTxe, 3a pi3HOTO crioco0y BUOOpPY MapaMeTpa arpoKcUMaii

OTPUMY€EMO OLIHKY |[u, —U

ao,h

KyCKOBO-CTENeHEBHUX (PYHKIIIH BAAETHCSI TOOYAyBaTH 301%KHY MOCTIJOBHICTh alipoOKCHMAIIii
PO3B’S3KY.
7. BUCHOBKU

JloBesieHa NiHiliHA He3aneKHICTh CTEMEHEeBUX 6a3UCHMX (yHKIIH y mpocTopax L
Ta H" , BU3HaUCHO OOME)KCHHS HAa 3HAYCHHS TapamMeTpa anpoKCHMAIIii.

3HaliieHO OIiHKM MOXHOOK CTENEeHEeBOro iHTEPNoIoBaHHs B pocTopax L*, H' Ta
B TPOCTOPi HemepepBHUX (YHKLIl 3a MOBUIBHOIO NOIYCTHMOIO 3HAYCHHS MapaMeTpa
iHTepromoBaHHA. KpiM TOro, OTpPHMaHO OIIHKY MOXUOKH iHTEpPIIONIOBAHHS TIPU
ONTUMAIIFHOMY 3HA4eHi MapaMeTpa iHTEPITOIIOBAHHS.

Ha mincraBi nemu Cea 3HAWIEHO OIIHKM TOXMOKHM CTENEHEBOI ampoKcHMarlii
CHHTYJISIPHO 30ypeHoi KpaloBoi 3a/1a4i Ta JOBEeHO 301KHICTh CTENeHEeBOT allpOKCUMAIii.
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CBOWMCTBA CTENEHHBIX BA3UCHBIX ®YHKIUIA METOJA
KOHEYHBIX JIEMEHTOB JIJISI CHHT'YJISIPHO BO3MYIIIEHHBIX 3AIAY
AJIBEKIIUH — TUPDY3UU - PEAKLIUH

Apxaauii Knnnblﬁamolcl, I. H_[l/mlcapemcol’2

! ITvsosckuii nayuonanvuwiii ynusepcumem umenu Heana ®panko,
yi. Yuusepcumemckas, 1, JIveos, 79000, e-mail: a.kindybaluk@mail.ru
Ononvevkuii nonumexnuyeckuii YHUBepcumem,
ya. Ipyoickosckas, 76, Onone, 45-758, e-mail: h.shynkarenko@gmail.com

Jloxa3aHbl OCHOBHBIE CBOMCTBa CTENEHHBIX Oa3ucHbIX (yHKumil. [IpoBeneH anpHOpHBINA
aHalIM3 TOTPELIHOCTH CTENEHHBIX aNMpOKCHMAILMH U ONTHMAJIbHOTO 3HAYEHHUs Iapamerpa
CTabunu3anuy A CHHTYJISPHO BO3MYIIEHHOM 3afadyu ¢ ypaBHEHMeM ajaBekuuu — auddysun —
peakmuu. Jloka3aHa CXOAUMOCTh CTEHEHHBIX AITPOKCHMAIUH.

Kniouesvle cnosa: MeTos] KOHEUHBIX DJIEMEHTOB, CTAOMJIM3MPOBAHHBIE CXEMBI, CTEIICHHbIC
GasucHble (YHKLMH, CHHIYJSIDHO BO3MYIUEHHAs 3ajaya, ypaBHeHHE aiBekumun — aubdysun —
peakIuu.

PROPERTIES OF THE POWER BASIS FUNCTIONS OF THE FINITE
ELEMENT METHOD FOR SINGULAR PERTURBED PROBLEMS OF
ADVECTION - DIFFUSION — REACTION

Arkadii Kindybaliuk', H. Shynkarenko'”

"Ivan Franko National University of Lviv
Universytetska Str, 1, Lviv, 79000, e-mail: a.kindvbaluk@mail.ru
’Opole University of Technology,
Proszkowska Str., 76, Opole, 45-758, e-mail: h.shynkarenko@gmail.com

Properties of power basis functions have been proved. A priory error analysis of power
approximations via optimal value of stabilization parameter for singular perturbed boundary value
problem for advection — diffusion — reaction has been conducted. The convergence of power
approximations has been proved.

Key words: Finite Element Method, stabilized schemes, power basis functions, singular
perturbed problem, advection — diffusion — reaction equation.



