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EXPONENTIAL REPLACEMENT IN FINITE ELEMENT METHOD
FOR THE PROBLEM OF ADVECTION-DIFFUSION
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The mathematical model of the distribution of drugs in the artery wall during the catheter
treatment of atherosclerosis, which is the initial boundary value problem for a system of two
differential equations, was considered. This process has such features as large Peclet number. During
the first numerical experiment it was revealed that direct application of the finite element method with
standard linear and quadratic basis functions leads to the loss of stability of the solution. This is due
to the specifics of input parameters of the problem, in fact a significant advantage over advection
coefficients of diffusion coefficients. The solution is to use special exponential replacement inside
finite element method.
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1. INTRODUCTION

Mathematical and computer modelling of physiological processes is relevant area of
research. The research problem, describing the distribution of drugs in the artery wall
during catheter treatment of atherosclerosis, will help optimize the procedure of the
treatment [1].

Drugs are represented by set of nanoparticles, each containing encapsulated
bioactive substances. After absorbing nanoparticles in blood vessels, a process of further
transfer is mainly due to the advection-diffusion process during which the encapsulated
drugs are released, providing a therapeutic effect on the target area of the artery.

The mathematical model of distribution of drugs in the artery wall during the
catheter treatment of atherosclerosis was considered. During first numerical experiment it
was found that in the case of actual biological and chemical numerical parameters the
solution, obtained by finite element method with linear and quadratic basis functions is
unstable, due to a significant advantage of advection coefficients over diffusion coefficients.

Problems with such feature as large Peclet number should be solved by using special
numerical methods.

2. FORMULATION OF THE PROBLEM
The problem is to find such C,,C, — unknown concentrations of nanoparticles and

encapsulated drug, respectively, which meet a system of differential equations in Q [3]

%Q+V~(\/Cl)—V~(K1~VC1)+O'1C1 =0

o 1)
8t2 +V-(VC,)-V-(K, -VC,)+0,C, =C,f;

initial conditions in Q :
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Ci(x,0)=0, C,(x,0)=0; )
and boundary conditions on I'x(0,T):
n- (Kl 'Vcl) +ﬂ1(C1 _Cl,oc) =0;
n-(K,-VC,)+4,(C,-C,_)=0.
In (1), (3) V s velocity vector, K, — diffusivity coefficients, o, — coefficients of
reaction and f — number of encapsulated drug in each nanoparticle.

Because of a fact that equations (1) are linked only by the presence of an unknown
concentration of nanoparticles in the right side of the second equation, it is appropriate to
firstly search an approximate solution of the first equation, and then find the solution of the
second equation. Further let us consider separately each equation, as operator for them is
common:

@)

Ac=V.(Wc)-V-(K-Vc)+oc. 4
Therefore, the next equation has been considered:
oc z
—+Ac=f; 5
o ®)

with right sides, initial and boundary conditions, respectively.

3. PROPOSED METHOD

During the first numerical experiment it was found that due to significant advantage
of advection over diffusion in a case of actual biological and chemical parameters, the
solution obtained by using finite element method with standard linear or quadratic basic
functions [6] is unstable. This numerical experiment was conducted using FreeFEM++ —
free software created at the university of Pierre and Marie Curie in France [2].

Therefore, such kind of problems with large Peclet number should be solved by
using special numerical methods. In this paper we propose to use the modification of
standard finite element method based on exponential replacement in formulation of problem
(1)-(3) and reverse replacement in variation formulation of the problem.

Let us introduce the substitution i =1,2 [4]

1 t S
C.(x,y,2,t) =U. (X, ¥, Z, ) exp(——rv ——— > V%), 6
(%Y, 2,8) =U;(x,y,2,t) |0(2Ki 4KHZ=1:' (6)
where
r=xi+yj+zk; v=vi+v,j+v,K; rv=xv,+yv, +zv,. ©)

Replacement (6) was used in formulation of the problems and leads to deprivation of
advection term. For testing proposed solution simplified problem has been considered. The
problem is to find unknown concentration ¢ which satisfies the following equation and
boundary conditions:

d’c ., dc

F'Fvld—"rUC: f,
X X

D, 55 (@) + Ac(@) - i ®)

-K

D, )+ 7:0(0) =,
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Let us assume that
\
c(x) =u(x)exp(——X). 9
(X) = u(x) p(2K ) 9)

Then after substitution (6) in (8) there were obtained following expressions for the first and
second derivatives:

dc du \A \A
— =—exp(——X) +——uexp(——x 10
dx dx (2K )+2K p(ZK ) (10)
d? A d2 d A
G =P N2 u(if): (11)

Therefore, a new boundary problem has been obtained in the form
2

d-u
—Kd7+Wu = fl'
du ~ -
Dla(a)ﬂ“ﬂlu(a) =, (12)

D, S (0)+ Lu) = 7,

where respectively coefficients are
2

W=t b= Fop X A= A+ 7=y op(oin). (19)

Let us introduce some space
V ={u(x) eW,? (Q)}. (14)

Then let us multiply (12) and some functionv(x) €V . Variation formulation for problem
(12) was constructed [5]. Find such unknown function ueV that meets the following
variational equation:

(15)
After integration by parts we obtaine
b
.[Kd—uﬂd —Kd—uv +Iwuvdx vadx (16)
dx dx
In (16) let us use the inverse substitution
Vl
u(x) =c(x)exp(———x) . 17
(%) = c(x) exp( oK ) (17)

After the division of the segment [a,b] by finite elements the solution on a finite
element (19) using linear basis functions (18) [7] was constructed

h X_Xi. h X_Xi—l.
o= Coh = : 18
P e H (18)
€,(¥) = €00, () eXP(— 2 X) + G (X) exp(— - X) (19)
h i-171-1 2K i 7 2K '
The next denotation has been introduced:
df i
(& o))= I (€] (&) (@) +W(E"(@]))dx, (20)

X1
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where
£ = gl exp(~ix) (21)
I I 2K
The main system of linear algebraic equations of finite element method was obtained
2.0 (& @A =(fe)) i=1n. (22)
j=1

Integrals in matrices of rigidity and mass were calculated analytically. The main
system of linear equations for finite element method was solved by adaptive Gauss method.

4. NUMERICAL EXPERIMENTS

For finding approximate solution (19) for a problem (12) several numerical
experiments were conducted. For this the software based on .NET Windows Forms
Application using Advanced Grapher Application was created.
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Fig. 1. Concentration of nanoparticles for Pe = 1.0

First numerical experiment was conducted for several meshes and Peclet humber
equals 1.0. On a fig. 1 the stability of solutions for different meshes is demonstrated.
Increasing number of finite elements does not much impact on approximation of the
solution.

Second numerical experiment was conducted for several meshes and Peclet number
equals 100.0. During this numerical experiment results also have been compared with exact
solution which is known:

[, _exp00-1] 1
° {X exp(y)—l}vl’ )

where:

\A
=—:0=0. 24
r=1° (24)
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Fig. 2. Concentration of nanoparticles for Pe = 100.0

Fig. 2 shows that increasing the number of mesh points leads to improving the
approximation to the exact solutions.

Therefore, obtained result for a testing problem (12) shows that using proposed
approach in finite element method leads to stability and convergence of approximation.

5. CONCLUSIONS

The mathematical model describing the process of drug delivery in artery wall was
considered. After first numerical experiment due to instability of solution obtained by using
standard finite element method with quadratic and linear basis functions a new methodology
in finite element method was proposed. Numerical experiments for different Peclet numbers
has shown that proposed solution gives correct results and could be applied for 2 or 3
dimensional non-stationary problems of advection diffusion due to the specific of the
proposed replacement.
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EKCHOHEHIIIAJIbHA 3AMIHA B METO/JI CKIHUEHHHUX
EJIEMEHTIB JIJISI 3AJIAY AJIBEKIIII-TU® Y311

S1. Casyuia, 10. Typuun

Jveiecokutl nayionanvruil yHieepcumem imeni leana Opanka,
eyn. Yuisepcumemcoka, 1, JIvgis, 79000, e-mail: juliaturchyn@gmail.com

PosrsiHyTOo MareMaTH4Hy MOJeTb PO3IOBCIO/KEHHS JIIKIB y CTiHII apTepii mmijg dvac
JMIKyBaHHS aTepoOCKIEepo3y, sKa € II0YaTKOBO-KpalOBOIO 3ajadero Uil  CHCTEMH  JIBOX
nudepeHIiaIbHuX piBHAHB. [Iporiec po3B’si3aHHs Hi€l 3a/1aui XapaKTepU3YEThCsl TAKOIO OCOOIHMBICTIO,
sk Benmuke gucno Ilekie. [lix gac 4MCIOBOTO eKCIIEPHMEHTY BUSIBHIIM, IO BHKOPHCTAHHS METOLY
CKIHYCHHHX EJICMEHTIB 3 JIHIHHHUMH a00 KBaJpaTHYHUMHU Oa3HCHUMH (YHKLIIMH HPH3BOAUTE JO
BTPaTH CTIMKOCTI po3B’s3ky. lle moB’s3aHo 31 crenuGikor BXiTHHUX MMapaMeTpiB 3amadi, a came
3HauyHy TriepeBary KoedimieHTiB axBeknii Haxm KoedimieHtamm  andysii.  3amporoHoBaHO
BHUKOPHCTOBYBATH ClelliaJIbHy €KCIIOHEHIIAIBHY 3aMiHy BCEPEIHHI METOY CKIHUCHHHX EJIEMEHTIB.

Knrouosi cnosa: apexuis-mudysis, MCE, uncino [exie, ekcioHeHianbpHa 3aMiHa.
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