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3anpomoHOBaHO Ta  JOCH/DKEHO iTepamiiiHmii  AndepeHmialbHO-pI3HUIEBHH  METOJ
PO3B’sI3yBaHHS HENHIHHOI 3a1adi Ipo HaiiMeHIN KBaapaTH, KU BHKOPHCTOBYE 3aMICTh sIKoOiaHa
CyMy mOXimHOi BiZ au(epeHIIHOBHOI YacTHHH oOIepaTopa 1 MOAUIEHY PpI3HHUIO Bif
HeU(pepeHIIIHOBHOI YaCTHHH, T4 METOJ], SKHI BHKOPHCTOBYE 3aMiCTh SKOOiaHA TiIbKH MOXITHY BiJl
mudepeHIiioBHoi yacTHHN omepaTtopa. J[oBeneHO TeopeMu, siKi OOIPYHTOBYIOTH iXHIO JIOKAJIbHY
301KHICTh, BHU3HAUCHO INBUJAKICTH 301KHOCTI PpO3IJSIHYTHX MeToniB. HaBeneHo pe3ynbraTu
YHCIIOBOTO €KCIIEPUMEHTY.
Kniouoei cnosa: HemiHiliHA 3aja4a NMPO HaWMEHINI KBagpaTH, MU(epeHIiaTbHO-PI3HUIEBUI METO[,
MOJICH] Pi3HULI, IIBHAKICTD 301KHOCTI, BIAXII.

1. BCTVYII

Heninilini 3ajavi mpo HaliMeHII KBaJpaTd HaW4acTille BHHUKAIOTH y pasi
PO3B’sI3yBaHHS TMEPEBU3HAUCHUX CUCTEM pIBHSHb, OLIHIOBAHHS MapameTpiB (i3MYHUX
NpOLIECIB 3a pe3yjbTaTaMd BUMIpPIOBaHb, MOOYIOBU HENIHIMHUX pErpeciiiHuX MoJelei,
PO3B’sI3yBaHHsS 1HXEHEpHHX MpodieM Tomo. EQekTMBHUMH MeTonamMH pO3B’S3yBaHHS
HeJTiHIHHOT 3a/1aui Mpo HaiiMeHun kBaapatu € meron I aycca — HetotoHa [1, 2, 6] Ta iioro
moaudikarii [1, 5, 6, 8, 9]. OgHak yacto Ha HPaAKTUI[ MaeMO MPOOIEMH 3 OOUHCIEHHIM
MOXiJHUX. Y TaKOMy BHIAJKy MOXXHa BUKOPHCTOBYBATH iTepalliifHO-Pi3HUIIEBI METOIH, SIKi
He NOoTpeOyloTh OOYMCIEHHS MaTpHLi MOXITHHX 1 BOJHOYAC HE MOCTYMAIOTHCS METONY
I'aycca — HproTOHA 3a MIBUAKICTIO 301KHOCTI Ta OJU3BKI 10 HHOTO 3a KIJBKICTIO OOYHCIICHb.
IHkoun HemiHiiHA (YHKLIS CKIAAAEThCS 3 AudepeHIiHoBHOT 1 HeanpepeHIIHOBHOT YaCTHH.
X0Y MOKHA 3aCTOCOBYBATH JJIsl PO3B’SI3YBaHHsI TAKMX 3a/1a4 PI3HUILIEBI iTepaliiiHi MeToIu
[5, 6, 8, 9], npoTte MoxHa MOOYIYBaTH iTepaIliiiHi METOH, SKi BPAXOBYIOTH IIf0 CIEIH(IKY.
30KkpemMa, MOXKHa BHKOPHCTOBYBATH 3aMiCTh MOBHOTO sKoOiaHa (KM He iCHYE) TiJIbKU
NoXigHy Bix JudepeHuiioBHOT wacTuHM oneparopa. OpHaK OTPUMaHi Tak METOAM
30iraf0ThCsl TOCUTh MOBUTBHO. E(QEKTHUBHIMINMU BUSIBISIOTHCS METOAM, SIKi 3aMiCTh
sKoOiaHa BMKOPUCTOBYIOTh CyMy HOXiZHOI Bif Au(epeHLioBHOT YacTHHU Oleparopa Ta
MOJIUICHOT Pi3HUI Bix Heau(epeHIiHOBHOT YacTHHH. 3ayBa)XUMO, 1110 TaKUil miaxix moope
3apeKOMeHTyBaB cebe /s pO3B’sI3yBaHHS HEMiHIMHUX PiBHSHG [4, 6, 7].

Brepie mpornoHyeMO KOMOIHOBaHMN METOM [UIsS PO3B’SI3yBaHHS HENIHIAHOI 3amadi
npo HaliMeHII KBaJpaTH, 1o0yaoBaHuil Ha mijcTaBi MerojiB ['aycca-HploToHa Ta Xopa, a
TaKOX METOJ, SIKMH BHKOPHUCTOBYE TUIBKM TMOXIIHY BiJl IU(QEPEHIIHOBHOI YacTHHH
oreparopa, MPOBOIUMO OOIPYHTYBaHHS iXHBOI JIOKAJILHOT 301KHOCTI, Ha TECTOBUX 3a/1auax
3’5ICOBY€EMO XHIO e(heKTHBHICTh OPIBHAHO 3 METOZOM THUITy Xopx [8, 9].

2. POPMVYJIIOBAHHA 3ATAYI

PosrasiHemMo HelniHilHY 3a/1a4y PO HaliMEHII KBaJpaTu BUTIISLY

© axuo C., llyuskin 1O., 2017


mailto:s_shakhno@lnu.edu.ua

C. Llaxno, IO. Ilynovkin

ISSN 2078-5097. BicH. JIbBiB. yH-Ty. Cep. mpuki. MateMm. Ta ing. 2017. Bum. 25 39
min%(F(x) +G(x)" (F(x) +G(x)), (€
xeRP

ne ¢dyukuis Bimxmny F+G:RP - R™ (m> p)—wueniniiina no x; F — HemepepBHO
mudepenniiioHa ¢pyakuis; G — HenmepepBHa (QYHKIIA, TU(PEPEHIIHOBHOCTI SIKOi 3araiom
HE BUMAaraeThCsl.

Jnst 3HaXoIDKeHHsT po3B’s3Ky 3amadi (1) mpomoHyeMo Taky MoAuikaliio MeToxry
I'aycca-HproTOHA:!

X1 =X = (ATA) A (F(%,)+G(x,)), n=01,.. )
Tyr A =F'(x)+G(x,,%,,), F'(x,) —saxobian Bim F(x); G(X,,X,,) — HoxineHa
PI3HUIS TEPIIOTO MOPIIKY (GyHKIIT G(X) [3] 3a Toukamm X, X,,; X,, X, —3ajmaHi

MOYaTKOBI HAOJIVKEHHS.
Mpuitasemm A, = F'(X,), Mu orpuMaemo 3 (2) mis pos3B’si3yBaHHS 3amadi (1)

iTepamiitauit Meton Tumy ["aycca-HproToHa

X =X, —(F'(x,) F'(%, )" F'(x,) (F(x,)+G(x,)), n=0,1,... (3)
YacTkoBuM BunaakoM (1) mpu M= p € HeniHiliHa cUCTeMa PIBHIHb
F(x)+G(x)=0. (4)
VY upomy pasi meto/ (2) BUpOKy€eThes Y KoMOiHOBaHui MeTox HetotoHa-xop [4,7]
X, =X, —(F'(X,)+G(X,, %, ) "(F(%,)+G(x,)), n=01,..., (5)

a mMeton (3) — y Meron tuny HeroToHa [Tt po3B’sAI3yBaHHs HENiHIMHUX piBHSHB [10]
X, =% —(F'(x,)"(F(x,)+G(x,)), n=0,1,....

3. OBIPYHTYBAHHS 3BIDKHOCTI METOJTY (2)

JlocTaTHi yMOBHM Ta IIBWJKICTh JIOKaJbHOI 30DKHOCTI iTepariiiHoro mpouecy (2)
BHU3HAYCHI B TaKiil TeopeMi.

Teopema 1. Hexaii F+G:RP — R™ — nenepepena B o6macti D < RP, npuuomy
F uenepepsHo audepenmiiioBHa B it obnacti, G — HenepepBHa ¢yHkiis. [Ipumycriumo,
mo 3amada (1) mae po3p’s3ok X° B obmacti D, Ta icHye oOepHeHmii omepaTop
(ATA) " =[(F'(x)+G(x,x )" (F'(x)+Gx,x NI i [ (ATA) " [I<B.

B ob6macti D moxigna ®peme F' 3amoBoipHse ymMoBy Jlimmmmrs

||F'(x)—F'(x*)||£ L||x—x* || (6)
a pyHkmist G Mae mofiieHy pi3HHUITO MEPIIOTO MOPSAKY i
1G(%Y) =GV [ M(I x=ull+[y—-VI). ()
Kpiwm toro,
I F(x)+G(x) <7, [F(x)+G(x,x) < e ©)
B(L+2M)n <1, 9)

i Q=0(x",r)={X:||x=X" |<r}= D, ne I — emunuii nomaTHUA KOPiHb TMOJiHOMA (],
3aJ1aHOTO PiBHICTIO
g(r) =B[(a+(L+2M)r)(L+2M)r/2+(L+2M)n]+

+B[2a+ (L+2M)r](L+2M)r —1. (10)
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Toni ana X,, X, € Q) iTepaniiinuii npouec (2) KOPeKTHO BU3HAYEHUH 1 reHEpOBaHa
HAM TIocIinoBHICTB{X }, N =0,1,..., MicTuTBCA y BimKpuTiii obmacti ) Ta 306iraeThcs 10
PO3B’S3KY X', Jic CIIPaBKYEThCS OIlIHKA
X =X S Gl Xy =X 4G X =X [ +Ca [ Xy =X (Il X =X [+

+Cy [ Xy =X |l %, =X [[+C5 [ %, =X [P + 11)
+Co |1 X0y =X [l X =% [F +C (1%, =% |
Tyr
g(r) =B[l-B2a+(L+2M)r)(L+2M)r]™;
C,=g(t)M7; C,=g(r)(L+M)y; C;=g(r)aM; C, =g(r)M?; (12)
2
C, = g(r*)a%; Cs = g(n)(g LM +M Zj; C, = g(n)[%+%}

Joeedenns. 3riqHO 3 TeopeMo mNpo cepenHe 3HayeHHs Ha [0, r] mma mocutsb
BEJIMKOTO I 132 BUKOHaHHS (9) MONiHOM ( Mae JIO0AaTHUI KOPiHb, MO3HAUCHUH depe3 ..
Ane q'(r)>0 gns r >0. Orxe, ueii kopinb exuanid Ha [0, r].

[Tosnaummo A =F'(x,)+G(x,,x,,). Ilpuiimemo n=0. 3a mnpunymeHHsM,
X9, X ; €Y. 3poOUMO TaKy OLIHKY:

IT=(ATA) ' A AIEI(ATA)(ATA - A A) |I=

=I(ATA)(AT(A = A)+(AT - A)A -A)+(AT - A)A)I<

SHATA)IAATITA = A N+HITAT=A A=A+ AT=AT[ITA ) <

<B(al|A-AI+IIAT=A Il A=A ll+al| AT = AT ).
Bpaxxatumemo, 1o

1A = A IEIHFO6) + G (%, X 1)) = (F(x) + G (x ", X)) [I=
=l F'(%) = F (%) +G(Xp, x ;) =G(x*, x") [|<
<ITFO6) = F () [+ 11 G (%, X,) =G (X, x) [I<

LI =X [+M (% =X [+ %, =X )

(14)

i nns esknizosoi Hopmu || A — A ||=l| AT — A ||. Toxi 3 Hepiuocti (13), o3HaueHHs I,
(10) orpumaemo
T =(ATA) A A IS Bl2a+ L[| % =X, | +M ([ % =X ||+ %, = %" [D]x
XL =X [+M (I % =X [+ x = x [D] <
< B[2a+(L+2M)L](L+2M)r. = (15)

=1- B{%[a+(L+2M)r*](L+2M)r* +(L+2M)n}<1.

Jauti 3a Teopemoro banaxa npo obeprenwmii oreparop [2] 3 (13), (14) i (15) matumemo
(A A) " I 9o = B{L—Bl2a + (L [ %y = X" | +M (| X, =X ||+ [ X, = %" [)]x
(L% =% [[+M (% =% [ +]1 %, =x [N} <
<g(r) =B{l-B[2a+(L+2M)r](L+2M)r.} .
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OT)Ke, iTepaui;I X1 KOPEKTHO BHU3HAYCHA.

Jami 3’sacyemo, mo X, € Q(X*,1.) . Hacammnepern oTpiuMaemo OIiHKY

1 =% =] % =X = (A A (AT (F (%) + G ) = AT (F(x ) +G(x)) [I<
<AV A) AT (A = [ FI(x (06 = x))dt -
=G, X (% =X )+ (A = ADF(x ) +GO NIl

3BijgcH 3 ypaxyBaHHSAM HEPiBHOCTEH

1A = [ F O +0% =X ))dt=G (%, x) || =
:” F l(Xo)_.l[ F I(Xk +t(xo —X*))dt+G(X0,X71)—G(XO,X*) ”:

= ” j(F l(Xo)_ F l(X* +t(X0 —X‘))dt+G(X0,X71)—G(X0,X*) ”S

1

1
<DL =X MG = =2 (LI = [+2M ] = l),

2
A ISEA NI A=Al a+ LI =x [[+M (% =X [+ x; =X [])

OTpUMAEMO
1% =% < Bf{@+ L1 % =X | +M (| %=X [+ X, =x" )

><%(L||x0 —x*||+2M ||x71 —x*") [ X, — x|+
(L% =X [ +M (% =X [+ %, =X [}/
I{L=Bl2a +L || % =X [[+M (| %, =X [|+]| X, =" [D]x

(LI % =X [[+M (% =X [+ X =x ()} <
< Gol(a+ L% =X [[+M (| %o =X |+ X, =X [)) x

><%(L||x0 —x*||+2M ||x71 —x*") | X =% ||+

(L 11% =X [[+M (% =X [+, =% )<
<g(r)(e+(L+2M)r)(L+2M)r. / 2+ (L+2M)7]r. =
=p(r)r =r.,
ae  p(r)=g)[(a+(L+2M)r)(L+2M)r/2+(L+2M)7n], To0bTO X €Q(X',L) i
crnpaBuKyeTbest HepiBHICTb (11) st n=0.

IMpunyctumo, mo X, € Q(x*,r.) mt n=0,1..,K i Bukonyerbcs ouinka (11) mis
n=01..k-1, ne k>1— mine uncno. Jdani noBememo, mo X,,, €2 i cIpaBIKyeThCS
omiuka (11) mst n =Kk . BusHaunmo

IT=(ATAT)"ATA = (ATA)(ATA -ATA) =
=1 (ATA) T (AT(A =AY +(AT = AD(A -A)+(AT-ADA) |
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<HATAYTIATAT A = A+ITAT=ATIITA A+ AT =ATITA ) <
<Ba||A-Al+IIAT-AT A=A [ +a | AT -Al|) <
<BRa+L[[x =x [[+M (X =X | +][ Xy =X [)]x
ML X =X [[ =M% =X [+ % =X D] <
<B[2a+(L+2M)r,J(L+2M)r, <1.
Otxe, (A.KT A()il icHYE i
1 (ACAL) 1= 9 = BEL-B2ar + (L | % =X [[+M (| X =X [|+ ]| Xy =X [))]x
(LI X =% (M =X T+l % =X D)} < g(r).
Tomy iTepanis X,,, KOPEKTHO BU3HAUEHA I CIIPAB/DKYEThCA OLIIHKA

e =X, 1=l % =X = (AT A) (AT (F) +Gx ) = AT (F(x ) +G(x)) <
<II-(ATA) Il (I=AT (A = [ F(x +t(x, = x))dt -
=G (%, X)X =X ) + (AT = AT)(F(x) +G(x )]lI<

< gf(@+LII% =X [[+M (1% =X [+ ] %, =% )
< {Llx e [+ 2M [ ik e+
(L% =X M =% [+ %, =X )<

<g(E){(ar+ L% =x [[+M (% =X [+ ] %=X [))x
><%(L||xk —x*||+2M ||xk71 —x*") | X, — %" ||+

(Ll = [+MI% =% [+ %, =X D)<
< p(r)r =r.,
IO IOBOAWUTE X, ,, € Q(X*,L.) iomiaky (11) mm1 n=Kk.
Orxe, itepariiinuii mporec (2) KOpPeKTHO BH3Ha4deHui, X, €Q(X',L) st BCix
n>0 i copaBmkyerbes ominka (11) mig Beix N=>0. 3anumunock 1oBecTd, MO X, —> X'

npu N—>o0.
Busnauumo ¢ynkuii @ i b na [0, r.]

a(r)=g(r)((L+M)p+alLr/2+L(L+M)r*/2);

b(r) = g(r)(M#n +aMr +(2M? +3ML/ 2)r?). (%)

3rigHo 3 BHOOPOM [, MH OTPHMAaEMO
a(r.)>0, b(r)>=0, a(r.)+b(r.) =1 @an
BuxopucroBytour oninky (11), o3nauenns cramux C, i=12,..,7, 1 ¢pynkuiit a i b, mu

otpumaemo st N >0
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Xy =X € Cy [ Xy 3 =X 1 4C, | %, =X [ +Cy. [ X,y =% ||+

n+1
+C,E [ Xy =X IHCGE [ X, =X [+ Gl [[ X,y =X | +C,E2 [ X, =X [|= (18)
=a(r) [ X, —x [[+b(r) [ X, =X |-
Sk nosezneHo B [6], 3a ymoB (16) — (18) nmocninoBHicTs { X, } 30iraeThest 1o X mpu
N — oo . JloBeneHHs TeopeMu 1 3aBepIIcHO.
Hacainok 1. I[Topsmok 301KHOCTI iTepaliiiiHoro mnporecy (2) y BHIAAKY HYJIbOBOTO

1+\/§
>

VY Bumaaky 77 =0 MaeMo HeniHIMHY 3a7ady HalMEHIIUX KBaJApaTiB 3 HYJIbOBHM

BiIXWITy JOPIBHIOE

BiaxuioM y po3B’sa3ky. Toxi crami C, =0 1 C,=0 ioninka (11) naGyze Burisany
=X (IS (Cy +Cyr) 1 X,y =X [l %, =X [|+(Cs + Cgh + CR) | X, =X |,
1+J§

2
Hexaii B (1) G(x)=0. Toxi 3 Teopemu 1 oTpEMaeMo Takuil HACIIIOK.

%

n+1

TOOTO iTepariiftHuii mporec (2) 30iracThes 3 MOPAIKOM

Hacuainok 2. [Topsgok 301KHOCTI iTepaliiifHoro mnporecy (2) y BHUIAAKY HYJIbOBOTO
BIZIXHJTY KBaJpaTUIHHH.
Cmpasni, sxkmo G(x)=0, To B ymoBax teopemu crama M =0. Tomi C,=0 i
C, =0 iominka (11) crane Takoro:
* . 112
[ X0 =X [[€(Cs + Gk +Cr) [ X, =X 1%,

10 CBiTYHUTH PO KBaIPaTHYHY IIBUAKICTH 301KHOCTI mporecy (2).

n+1

4. OBIPYHTYBAHHS 3BDKHOCTI METOTY (3)

JoctaTHi yMOBH Ta MIBHIKICTh JIOKaNnbHOI 30DKHOCTI iTepamiitHoro mporecy (3)
BHU3HAYCHI B TaKiil TeOpeMi.

Teopema 2. Hexaii F+G:RP — R™ — nenepepena B o6macti D < RP, npuuomy
F uenepepsHo audepeniiiioBna B 1iit 0baacti, G — HenepepBHa ¢yHkiis. [Ipumycriumo,
mo 3amada (1) mae po3p’s3ok X° B obmacti D, Ta icHye oOepHeHmii omepaTop
(ATA) =[F'(x) F'(x)™" i |[(AAA)"||<B. B obmacti Q moxigna ®peme F' i

¢yukuis G 3a10BONBHSAIOTH YMOBH Jlinmums

|||: (x) - F '(x* )|| < L||x— X’ || , (19)
1GO) =G ) [EM I x=x]. (20)
Kpiwm toro,
I F(x)+G(x) <7, I F'x) e (21)
B(Ln+Ma) <1 (22)

i Q=0(x",r)={X:||x=X" |<r}= D, ne I — emunuii nomaTHUA KOPiHb TOJiHOMA (],

3a[JaHOTO PiBHICTIO
q(r) =B[(a + Lr)(Lr +2M)/ 2+ L7] + B[2« + Lr]Lr —1. (23)
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Tomi mna X, €Q irepauiiiHuii nmpouec (3) KOPEKTHO BH3HAUCHMH i reHepoBaHA HHUM
nocminoBHiCTE{X .}, N=0,1,... MictuThcst y BigkpmTiii obmacti () Ta 306iraeThcs 10
PO3B’S3KY X', JIc CIIPaBKYEThCS OIIIHKA
1%y =X I C, 1%, =X 4G, 1%, = P + C, [l %, —x" |F. (24)
Tyr
g(r) =B[1-B(2a + Lr)(Lr +2M)]™%;
C =9(r)Ln+Ma);, C,= g(ﬂ)(LM +%Lj: C, = g(f*)L?z- 9
Jlosedenns. 3rimHo 3 TeopeMoro mpo cepenHe 3HadeHHs Ha [0, r] mist gocuth
BEIIMKOTO I' i 32 BUKOHAHHS (22) TIONHOM (] Ma€ JOJaTHHM KOpiHb, TI0O3HAYCHHIT Yepe3 I,
VY upomy Bumanky ('(r) >0 ms r > 0. Tomy et kopins eaunuii Ha [0, r].
IMosmaunmo A =F'(x,). Ipwmitmvemo n=0. 3a npumymeHHAM X;,X, €Q.
AmnarorivHo, 5Kk B (13) Teopemu 1, orpumyemo
IT=(ATA)'AAISB@lA-Al+IAT-A Il A=A ll+a| AT =Al). (26)
BpaxoByrouu, 110
1A = A [FITF () =F () i< LI =X i @7)
ta pisnicts || A — A, |=| AT — A ||, npaBuibHy npuHaiiMHi 1y €BKIiI0BOi HOpMH, 3
HepiBHOCTI (26), o3HaueHHs [, (23) oTpuMaeMo

IT=(ATA) AL A [I< Bl2a + L[| =X [IL [ % = X" I

1 (28)
<B[2a+ L]l =1-B{[a+ LE]Lr + Lk <1

Jauni 3a Teopemoro banaxa npo ob6eprenuii oneparop [2] 3 (26) — (28) matumemo
(A A) " 1< 9y = Bl-B[2a+ L[| % —x" (L || % —x [} <
<g(r) =B{l-B[2a +LrJLr}™".
Orxe, iTepamiss X, KOPEKTHO BU3HAUYCHA.

Haui 3’sacyemo, mo X, € Q(X", .) . Hacamnepen oTpuMaemMo OLiHKyY

1% =% =1 % =X = (AT A (A] (F (%) +G(%,)) = AT (F () + G (x)) [|<
< (A A IHITT=AT (A = [ F 0+ 0 =X ))dt (0 — ) -
—(G(%) =G (x ) + (AT — AN )(F(x )+ G Il

3BiJICH 3 ypaXyBaHHSIM HEpiBHOCTEH

1A —j F(X, +t06 =x))dt(%, =x*) = (G (%) =G (x )l =
= J(F (%) = F (X" +t0% =x*))dt (%, —=x) =(G(%) =G(x"))lI<

1 1
s[ELuxo—x* ||+MJ||xo—x* =5 (LI =X 1142M ) 1 = |l
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A ISTA T+ A=A llsa+Lix—x |

oniepKiMO
1% =X [|I< Bf(ar+ L[| % —x ||)%(L||xo—x*||+2M)||xo—x* |+
+n (L% = [[H/AL=B[2ar+ L[| %=X [IL ] % —x" <
< gul{@+ LI =x )5 (Lo —x [+ 2M )= Tt - x <

<g(){(a+Ll%-x ||)%(L||x0 =x [+ 2M )% = x L % = (<
<g(r)(e+Lr)(Lr.+2M)/2+ Lyl =r.,
T00TO X € QU(X",I.) i cnpaBmKyeThest HepiBHICTS (24) mmst n=0.
Ipumyctumo, mo X, € Q(x*,r.) mt n=0,1,...,K i BukoHyeTbcs omiHka (24) mus

n=0,1,..k-1, e k> 1- wine uucmo. Jani mosememo, mo X , €} i COPaBIKYETHCSI

n+1
ominka (24) nust n=K .
Buznaunmo

IT=(ATAT) T ATA = (ATA)(ATA -ATA) =
=I(ATA)(AT(A =A)+(AT = AD(A -A)+(AT-ADA) =
SHATAYTIAATIITA = A+ ITAT =ATIITA A [+ITAT=ATIITA ) <
<B(al| A=A+ AT=ATIIA - A ll+a | AT - AT[) <
<B[2a+L| % —x |[IL| X, —X" ||<B[2e + Lr,]Lr, <1.
OTxe, (AkT Ak)il icHYE i
I (ACaAL) " 1S9, =BL-B[2a+L|| % —x [IL{Ix —x [} <g(r).

Tomy iTepania X,,, KOPEKTHO BU3HAUEHA 1 CIIPABIXKY€EThCS OLIIHKA
[ Xeq =X =% =% = (ACA) (A (F (%) + G (%)) = AT (F(x ) + G(x)) |I<
<IH=(ATA) ™ I T=AT (A = [F (¢ +t(x —x)dt -

~G (% X)X =X ) + (AT = AD(F () +G(x D] <
<gf(a+Llx —x ||)§(L||xk —x[+2M )l =x [+l [ % =X [

<g(f(a+L]x —x ||)%(L||xk =x[+2M ) lx = x [T+l =X (<.

IO TOBOAUTH X, € QU(X',I.) iowinky (24) mst n=K .

Orxe, itepamiiiuii mporec (3) KOpeKTHO BH3HaudeHWiH, X, € Q(X',L) s Bcix
n >0 i cipaBmkyeThes ouinka (24) mst Beix N >0.

Busnaunmo ¢yukuito a Ha [0, I.]

a(r)=g(r)(Lp+Ma+(aL/2+LM)r+L*r*/2). (29)
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BukopucroByroun ouinky (24), osnauenns cramux C,, 1=1,2,3 i dynkuii a, mu

oTpumMaemo s N >0
X =X IS Cy 1%, =X [[4C,E [ %, =% [[+Cor? || %, =X ||= (30)
=a(r) || x, —x" .

Jns nmoBimeHOTo I, >0 i mouaTkoBoi ToukH X, € Q(X',I.) icHye r' Take, mo
0<r'<r, X% eQ(x',rY). Omxe, ouinka (30) crnpaBIKyeThCs, KO . 3aMiHUTH Ha I'.
3okpema, mu otpumaemo 3 (30) st n >0

[ X0 =X [=afl %, =x ],
ne a=a(r’). OueBumgno, mo a>0, a<a(r)=1. Toxi
Xy =X IS @l %, =X <. <@™ |1 % =X |l
e a"t —0 npu N —>oco. Omxe, mocmigoBHicTs { X, } 30iraeTbcs m0 X* mpH N —> o0,

MPUYOMY 31 IIBUIKICTIO TEOMETPHUHOT mporpecii. TeopemMy n1oBeaeHO.
Sk Gaummo 3 omiHOK (24) i (25), 30ikHICTE iTepariitHoro mporecy (3) CyTTEBO
3aNIeKUTh Bl HOMAHKIB, SKi MICTSTh BenwdwHU 77, «, L Ta M . [Ing 3amaq 3 manum

BIAXWIIOM y po3B’si3Ky (77 — “Mmane”) i 31 cmabkoro HemiHidHicTIO (¢, L 1 M —“mami”
30DKHICTB iTEpallifHOTO IpoIlecy JiHiHa. Y pasi BENMUKUX BimxmiiB (77 — “Benmke”) abo
JUTSA CHITBHO HEeNiHIHHUX 33734 (@, L 1/abo M — “Benmki”) iTepamiitHuii nporec (3) Moxxe
B3araii He 30iratucs.

5. PE3VJIbTATU YNCJIOBOI'O EKCIIEPUMEHTY

Ha kiTbKOX TECTOBHX MPHKIIAJaX MOPIBHAEMO MIBUIAKOCTI 301KHOCTI KOMOIHOBaHOTO
Metoxny (2), meroxy tumy laycca-HeioToHa (3) Ta pi3HHIIEBOTO METOXY THITY XOPH IJIS
HENHIHAX 3a7a4 Ipo HaiMeHIIi KBajpaTd [8, 9]

X = %, _(A\rAw)il A;F(F(Xn)_'_G(Xn))!
A =F (X, X 1)+G(X,,%,4), n=0,1..

TecTyBaHHS TPOBOAWIM HA HETIHIMHUX CHCTEMax 3 HeAU(EPEHIIHOBHHM OIEPaTopoM 3
HYJIbOBUM 1 HEeHyJbOBUM Biaxuiamu. Knacuuni meron ['aycca-HeioTona ta HproroHa st

(31)

iXHbOTO PO3B’A3yBaHHA HE3aCTOCOBHi. PesynpTaTw Imykanu 3 ToudicTio & =107,
OO6uncneHHs BUKOHYBAJIH 10 BUKOHAHHA YMOB

1% =%, <& 1a | AL (F(%,)+G(x,) < &,
y oMy Bumnaziky f (X) =min % (F(X) +G(X))" (F(X) +G(x)).
xeR"

Mpuxaan 1. [4, 7]

3x’y—y? —1-|x-1]=0,

x*+xy® —1+|y|=0,

(X', y") ~ (0,89465537, 0,32782652), f(x)=0.

Mpukaan 2. n=2, m=3;
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3x’y—y? —1-|x-1|=0,

x*+xy® —1+|y|=0,

|X2 _y|:01

(X', y") = (0,74862800, 0,43039151), f(x")~4.0469349-107.

VY Tabnuui HaBeIEHO pe3yJIbTaTH YHCIOBOIO EKCIIEPUMEHTY, 30KpeMa, IIOpPiBHIOEMO
JOCIIKYBaHI METO/M 3a KUIBKICTIO iTepalii, 3po0ieHnX A 3HaXO/KEHHS PO3B’S3KY 3
3aJ]aHOI0 TOYHICTIO. Y mpuKiazai 1 Bci MeToaM 301irmcst 10 OAHOTO PO3B’S3KY. 3ayBaKUMO,
mo y mnpukiagi 2 merox tumy laycca— Heiotona (3) 36ircs g0 mepiroi TOYKH
(X", y") ~ (0,89465537, 0,32782652) 3 Binxunom f(X")~1.11666739-10", 3a Tiei camoi

KimpKocTi iTepamiid. Lli iteparii mo3HadeHi B Tabnuii cuMBoioM *. IHII MeToAM 3HAMILIN

TOUKY (x,y") =~ (0,74862800, 0,43039151) 3 MEHIINM BiZIXHIIOM
f(x") ~ 4.0469349-107 .
KinpkicTb iTeparii, 3a sIKi OTpEMaHO PO3B’SI30K TECTOBUX 3a1a4
Howmep ITouarkose Meton
MpUKIany | HaONMKEHHS tuny ["aycca — THUILY XOPJ KOMOIHOBaHUiA
(%1 ¥o) Herorona (3) (31) meron (2)
1 (1,0) 19 7 7
(3,1) 22 11 10
(0,5, 0,5) 21 18 10
2 (1,0) 19* 22 12
(3,1) 22* 25 15
(0,5, 0,5) 21* 19 13
6. BUCHOBKU
OTKe, Ha WIACTaBI TEOPETUYHHMX MAOCIIJDKEHb, MPAKTHYHHX PO3PAaxXyHKIB 1
MOPIBHSHHS OTPUMAaHHMX pE3yJbTAaTIB MOXKHA CTBEp/KYBAaTH, 110 KOMOIHOBaHHI

nudepeHnianbHo-pi3HuIEeBUi Meton (2) 30iraeThes WBHILIE, HDK MeToA Tuiy [aycca—
Hetorona (3) ta merox tumy xopz (31). OCKijbkH, sIK JTOBEICHO, Y BHMAIKY HYJIbOBOTO
BIIXMJIy METOJI MA€ BUCOKUH MOPSIOK 301KHOCTI ((1+\E ) Ta He moTpedye 0OUYMCIEHHS
MOXITHUX BiJ Heau(EepeHIiHOBHOI YaCTHHH oOmeparopa, TO po3rsaHyTuit meron (2) e
e(eKTUBHUM METOZIOM pO3B’sI3yBaHHs HEJIHIHHOT 3ajaui Npo HalMeHIN KBajpaTh 3
Heu(epeHIIHOBHUM OTIEPaTOPOM.
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ONE COMBINED METHOD FOR SOLVING NONLINEAR LEAST
SQUARES PROBLEMS

S. Shakhno, Yu. Shunkin

Ivan Franko National University of Lviv,
Universytetska Str., 1, Lviv, 79000, e-mail: s_shakhno@Inu.edu.ua

One iterative differential-difference method for solving nonlinear least squares problems,
which uses instead Jacobian the sum of derivative of differentiable parts of operator and divided
difference of nondifferentiable parts, and a method, which uses instead Jacobian the derivative of
differentiable parts, are proposed and studied. We have proved theorems where convergence of the
proposed methods are justified and rate of convergence are established. Numerical results are
presented.

Key words: nonlinear least squares problem, differential-difference method, divided differences, rate
of convergence, residual.
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