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Äîñëiäæåíî ìiøàíó (ïî÷àòêîâî-êðàéîâó) çàäà÷ó ç íåîäíîðiäíèìè êðàéîâèìè óìî-
âàìè äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â
íåîáìåæåíèõ çà ïðîñòîðîâèìè çìiííèìè îáëàñòÿõ. Ó öüîìó âèïàäêó íå íàêëàäà¹òüñÿ
æîäíèõ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêó i çðîñòàííÿ âõiäíèõ äàíèõ íà íåñêií÷åííîñòi.
Äîâåäåíî iñíóâàííÿ, ¹äèíiñòü i íåïåðåðâíó çàëåæíiñòü âiä âõiäíèõ äàíèõ óçàãàëüíåíèõ
ðîçâ'ÿçêiâ òàêèõ çàäà÷, âèêîðèñòîâóþ÷è óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà.
Îòðèìàíî àïðiîðíi îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷.

Êëþ÷îâi ñëîâà: ìiøàíà çàäà÷à, íåëiíiéíà ïàðàáîëi÷íà ñèñòåìà, çìiííèé ïîêàçíèê
íåëiíiéíîñòi, íåîáìåæåíà îáëàñòü, óçàãàëüíåíèé ïðîñòið Ëåáåãà.

1. Âñòóï

ßê äîáðå âiäîìî, ìiøàíi àáî, iíøèìè ñëîâàìè, ïî÷àòêîâî-êðàéîâi çàäà÷i äëÿ
ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü i ñèñòåì â íåîáìåæåíèõ çà ïðîñòîðîâèìè çìiííèìè
îáëàñòÿõ ¹ êîðåêòíèìè, ÿêùî íà ¨õíi ðîçâ'ÿçêè òà âõiäíi äàíi äîäàòêîâî íàêëàäåíi
ïåâíi îáìåæåííÿ íà ¨õ çðîñòàííÿ íà íåñêií÷åííîñòi [15, 18]. Ïîäiáíi ðåçóëüòàòè
âèçíà÷åíi i äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç øèðîêèõ êëàñiâ [7]. Ïðîòå
iñíóþòü íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ òà ñèñòåìè, ìiøàíi çàäà÷i äëÿ ÿêèõ îäíî-
çíà÷íî ðîçâ'ÿçíi áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi [1�4,6, 8, 17].

Óòî÷íèìî ñêàçàíå íà ïðèêëàäi çàäà÷i

ut − uxx + |u|p−2u = f(x, t), (x, t) ∈ Q := (0,+∞)× (0, T ],

u|x=0 = 0, t ∈ (0, T ], u|t=0 = u0(x), x ∈ [0,+∞),

äå p ⩾ 2, T > 0 � ÿêi-íåáóäü ôiêñîâàíi ñòàëi, f : Q → R, u0 : [0,+∞) → R � çàäàíi
ôóíêöi¨, u : Q→ R � íåâiäîìà ôóíêöiÿ.

Ó [15] áóëî äîâåäåíî, ùî êëàñè÷íèé ðîçâ'ÿçîê öi¹¨ çàäà÷à äëÿ ëiíiéíîãî ðiâíÿííÿ,
òîáòî ó âèïàäêó p = 2, ¹äèíèé çà äîäàòêîâî¨ óìîâè íà éîãî ïîâåäiíêó íà íåñêií-
÷åííîñòi âèãëÿäó: |u(x, t)| ⩽ Aea|x|

2

, (x, t) ∈ Q, äå a,A � çàëåæíi âiä u ñòàëi.
Òàêîæ áóëî ç'ÿñîâàíî, ùî öÿ óìîâà ¹ ñóòò¹âîþ, à òî÷íiøå, áóëî äîâåäåíî, ùî öÿ
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çàäà÷à ó ëiíiéíîìó âèïàäêó (p = 2) ç f ≡ 0, u0 ≡ 0 ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè

çi çðîñòàííÿì Aea|x|
2+ε

ïðè |x| → +∞ äëÿ áóäü-ÿêîãî ε > 0. Çàóâàæèìî, ùî
òàêå îáìåæåííÿ íà ïîâåäiíêó ðîçâ'ÿçêó ìîæíà iíòåðïðåòóâàòè ÿê àíàëîã êðàéîâî¨
óìîâè íà íåñêií÷åííîñòi. Ó öié ïðàöi ç'ÿñîâàíî, ùî äëÿ iñíóâàííÿ êëàñè÷íîãî
ðîçâ'ÿçêó ñôîðìóëüîâàíî¨ âèùå çàäà÷i äëÿ ëiíiéíîãî ðiâíÿííÿ ïîòðiáíî, êðiì óìîâ
íà ãëàäêiñòü âõiäíèõ äàíèõ, íàêëàñòè ïåâíi îáìåæåííÿ ùîäî ¨õíüî¨ ïîâåäiíêè ïðè
|x| → +∞, à ñàìå: |f(x, t)| + |u0(x)| ⩽ B eb|x|

2

, x ∈ (0,+∞), t ∈ (0, T ], äå b,B �
ÿêi-íåáóäü ñòàëi.

Àëå â [8] (âïåðøå) äîâåëè, ùî ó âèïàäêó, êîëè p > 2 i f : Q → R � áóäü-
ÿêà âèìiðíà ôóíêöiÿ òàêà, ùî ¨¨ çâóæåííÿ íà ìíîæèíó QR := (0, R) × (0, T ]
íàëåæèòü ïðîñòîðó Lp′

(QR) äëÿ áóäü-ÿêîãî R > 0, äå p′ � ñïðÿæåíå äî p, òîáòî
1/p+1/p′ = 1, ñôîðìóëüîâàíà âèùå çàäà÷à ìà¹ òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê,
ÿêèé ¹ êëàñè÷íèì çà ïåâíî¨ ãëàäêîñòi ïðàâèõ ÷àñòèí.

Ìè ðîçãëÿäà¹ìî íîâèé êëàñ íåëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì, äëÿ ÿêèõ ïðàâèëü-
íi ðåçóëüòàòè ñòîñîâíî êîðåêòíîñòi ìiøàíî¨ çàäà÷i ïîäiáíi äî òèõ, ùî ¹ â [8].
Ðiâíÿííÿ â öèõ ñèñòåìàõ ìàþòü çìiííi ïîêàçíèêè íåëiíiéíîñòi i äëÿ ¨õ äîñëiäæåííÿ
âèêîðèñòîâóþòüñÿ óçàãàëüíåííÿ ïðîñòîðó Ëåáåãà [10]. Òàêîãî òèïó ðiâíÿííÿ àêòèâ-
íî äîñëiäæóâàëè â áàãàòüîõ ïðàöÿõ [5, 9, 11�14]. Öå ïîâ'ÿçàíî ç òèì, ùî ðiâíÿííÿ
çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi âèíèêàþòü ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi
ðiçíèõ òèïiâ ôiçè÷íèõ ïðîöåñiâ i, çîêðåìà, îïèñóþòü ïîòîêè åëåêòðîðåîëîãi÷íèõ
ðå÷îâèí, ïðîöåñè âiäíîâëåííÿ çîáðàæåíü, åëåêòðè÷íèé ñòðóì ó êîíäóêòîði ïiä
âïëèâîì çìiííîãî òåìïåðàòóðíîãî ïîëÿ [14]. Îòðèìàíi òóò ðåçóëüòàòè ¹ óçàãàëü-
íåííÿì i äîïîâíåííÿì ðåçóëüòàòiâ [4], â ÿêié ðîçãëÿäàþòüñÿ íåëiíiéíi ïàðàáîëi÷íi
ñèñòåìè çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi.

Ñòàòòÿ ñêëàäà¹òüñÿ ç ï'ÿòè ðîçäiëiâ. Ó äðóãîìó ðîçäiëi ââåäåíî îñíîâíi ïîçíà-
÷åííÿ òà äîïîìiæíi ôàêòè. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó ìiñòèòü
òðåòié ðîçäië. Ó ÷åòâåðòîìó ðîçäiëi íàâåäåíî äîïîìiæíi òâåðäæåííÿ. Ó ï'ÿòîìó
ðîçäiëi îá ðóíòîâàíî îñíîâíèé ðåçóëüòàò.

2. Îñíîâíi ïîçíà÷åííÿ òà ïîíÿòòÿ

Íåõàé n,N � ÿêi-íåáóäü íàòóðàëüíi ÷èñëà. Ïiä Rk, äå k = n àáî k = N ,
ðîçóìiòèìåìî ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ íàáîðiâ y = (y1, . . . , yk)

⊤

äiéñíèõ ÷èñåë ó âèãëÿäi âåêòîð-ñòîâï÷èêiâ i íàäiëåíèé ñêàëÿðíèì äîáóòêîì (y, z) :=
k∑

i=1

yizi i íîðìîþ |y| :=
( k∑
i=1

|yi|2
)1/2

. Ïiä RN×n ðîçóìiòèìåìî ëiíiéíèé ïðîñòið

äiéñíèõ ìàòðèöü η = (η1, . . . , ηn), äå ηk = (ηk1 , . . . , η
k
N )⊤ ∈ RN , k = 1, n, ç íîðìîþ

|η| :=
( N∑
i=1

n∑
k=1

|ηki |2
)1/2

.

Íåõàé Ω � íåîáìåæåíà îáëàñòü ó ïðîñòîði Rn ç êóñêîâî-ãëàäêîþ ìåæåþ Γ := ∂Ω.
Íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî 0 ∈ Ω i äëÿ äîâiëüíîãî R > 0 ïîçíà÷èìî
÷åðåç ΩR çâ'ÿçíó êîìïîíåíòó ìíîæèíè Ω∩{x : |x| < R} òàêó, ùî 0 ∈ ΩR. Ïðèéìåìî
ΓR := Γ ∩ ∂ ΩR äëÿ áóäü-ÿêîãî R > 0.

Ðîçãëÿíåìî ëiíiéíèé ïðîñòið C1(Ω) (ñêëàäåíèé ç íåïåðåðâíèõ íà Ω i íåïåðåðâíî-
äèôåðåíöiéîâíèõ â Ω ôóíêöié, ïîõiäíi ïåðøîãî ïîðÿäêó ÿêèõ ìàþòü íåïåðåðâíå
ïðîäîâæåííÿ íà Ω) i éîãî ïiäïðîñòið C1

c (Ω), åëåìåíòàìè ÿêîãî ¹ ôóíêöi¨ ç íîñiÿìè,
ùî ¹ êîìïàêòàìè â Ω, òà ïiäïðîñòið C1

c (Ω), åëåìåíòàìè ÿêîãî ¹ ôóíêöi¨ ç íîñiÿìè,
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ùî ¹ êîìïàêòàìè â Ω. Î÷åâèäíî, ùî C1
c (Ω) ⊂ C1

c (Ω) ⊂ C1(Ω).
Äëÿ áóäü-ÿêîãî q ∈ [1,∞] ïîçíà÷èìî

Lq
loc(Ω) = {v(x), x ∈ Ω : v|ΩR

∈ Lq(ΩR) ∀R > 0}.

Òóò i äàëi ïiä v|ΩR
ðîçóìiòèìåìî çâóæåííÿ ôóíêöi¨ v(x), x ∈ Ω íà ìíîæèíó ΩR.

Äëÿ äîâiëüíîãî R > 0 ïiä H1(ΩR) ðîçóìiòèìåìî ïðîñòið Ñîáîë¹âà âèçíà÷åíèé
íà ΩR ôóíêöié, òîáòî H1(ΩR) := {v ∈ L2(Ω) : vxj ∈ L2(Ω), j = 1, n}, ç íîðìîþ

‖v‖H1(ΩR) :=

 ∫
ΩR

[
|∇v(x)|2 + |v(x)|2

]
dx

1/2

,

äå òóò i äàëi ∇v(x) = (vx1(x), . . . , vxn(x)), x ∈ Ω, � ãðàäi¹íò ôóíêöi¨ v. Ïðèéìåìî

H1
loc(Ω) := {v ∈ L2

loc(Ω) : vxj
∈ L2

loc(Ω), j = 1, n}

i íà öüîìó ïðîñòîði ââåäåìî ñèñòåìó ïiâíîðì çà ïðàâèëîì:
{
‖v‖H1(ΩR) : R > 0

}
. Öÿ

ñèñòåìà ïiâíîðì çàäà¹ òîïîëîãiþ ëîêàëüíî îïóêëîãî ïðîñòîðó i çà íåþ âií ¹ ïîâíèì.

Çàìèêàííÿ ïðîñòîðó C1
c (Ω) â H

1
loc(Ω) ïîçíà÷àòèìåìî ÷åðåç

◦
H1

loc(Ω). Î÷åâèäíî, ùî

çáiæíiñòü ïîñëiäîâíîñòi {vk}∞k=1 â H
1
loc(Ω) (âiäïîâiäíî, â

◦
H1

loc(Ω)) îçíà÷à¹ iñíóâàííÿ

åëåìåíòà v ∈ H1
loc(Ω) (âiäïîâiäíî, v ∈

◦
H1

loc(Ω)) òàêîãî, ùî ‖vk − v‖H1(ΩR) → 0 ïðè
k → ∞ äëÿ êîæíîãî R > 0.

Ïiä
◦
H1

R(Ω), äå R > 0 � áóäü-ÿêå, ðîçóìiòèìåìî çàìèêàííÿ â ïðîñòîði H1
loc(Ω)

éîãî ïiäïðîñòîðó {v ∈ C1
c (Ω) : supp v ⊂ ΩR}. Î÷åâèäíî, ùî ïðîñòið

◦
H1

loc(Ω) ¹ iíäóê-

òèâíîþ ãðàíèöåþ ñiì'¨ ïðîñòîðiâ {
◦
H1

R(Ω) : R > 0}. Ïðèéìåìî
◦
H1

c(Ω) :=
⋃
R>0

◦
H1

R(Ω).

×åðåç
◦
H1(ΩR) ïîçíà÷èìî ïðîñòið, ñêëàäåíèé çi çâóæåíü åëåìåíòiâ ïðîñòîðó

◦
H1

R(Ω)
íà îáëàñòü ΩR, òîáòî çàìèêàííÿ â H1(ΩR) ïðîñòîðó

C1
c (ΩR) := {v ∈ C1(ΩR) : supp v � êîìïàêò â ΩR}.

Íåõàé T ∈ R � ÿêå-íåáóäü ÷èñëî. Ïîçíà÷èìî

Q := Ω× (0, T ), Σ := Γ× (0, T );

QR := ΩR × (0, T ), ΣR = ΓR × (0, T ), R > 0.

Äëÿ äîâiëüíîãî R > 0 ââåäåìî ïðîñòîðè

H1,0(QR) := {w ∈ L2(QR) : wxj
∈ L2(QR), j = 1, n}

ç íîðìîþ

‖w‖H1,0(QR) :=

 ∫
ΩR

[
|∇w(x, t)|2 + |w(x, t)|2

]
dxdt

1/2

;

H1,0
0 (QR) := {w ∈ H1,0(QR) : w(·, t) ∈

◦
H1(ΩR) äëÿ ì. â. t ∈ (0, T )},
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à òàêîæ ïðîñòîðè

Lq
loc(Q) = {v(x, t), (x, t) ∈ Q : v|QR

∈ Lq(QR) ∀R > 0}, q ∈ [1,∞];

H1,0
loc (Q) = {v ∈ L2

loc(Q) : vxj ∈ L2
loc(Q), j = 1, n};

H1,0
0,loc(Q) = {v ∈ H1,0

loc (Q) : v(·, t) ∈
◦
H1

loc(Ω) äëÿ ì. â. t ∈ (0, T )}.

Ó ïðîñòîðàõ Lq
loc(Q),H1,0

loc (Q) i H1,0
0,loc(Q) âèçíà÷à¹ìî çáiæíiñòü ïîñëiäîâíîñòåé òàê

ñàìî, ÿê â Lq
loc(Ω) ÷è H1

loc(Ω), òîáòî ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó Lq
loc(Q) ÷è

H1,0
loc (Q) (âiäïîâiäíî, H1,0

0,loc(Q)) çáiæíà â Lq
loc(Q) ÷èH1,0

loc (Q) (âiäïîâiäíî, âH1,0
0,loc(Q)),

ÿêùî äëÿ êîæíîãî R > 0 ïîñëiäîâíiñòü çâóæåíü íà QR ÷ëåíiâ çàäàíî¨ ïîñëiäîâíîñòi
¹ çáiæíîþ, âiäïîâiäíî, â Lq(QR) òà H

1,0(QR). Ïðîñòîðè L
q
loc(Q), H1,0

loc (Q), H1,0
0,loc(Q)

¹ ïîâíèìè ëîêàëüíî îïóêëèìè ïðîñòîðàìè.
Ïðèéìåìî

C([0, T ];L2,loc(Ω)) = {v : Q→ R : t 7→ v(·, t)|ΩR
∈ C([0, T ]; L2(ΩR)) ∀R > 0}.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {vk}∞k=1 çáiæíà äî v â C([0, T ];L2
loc(Ω)), ÿêùî äëÿ

êîæíîãî R > 0 ïîñëiäîâíiñòü {vk|QR
} çáiæíà äî v|QR

â C([0, T ];L2(ΩR)).
Íåõàé D � äîâiëüíà îáëàñòü â Rn, r ∈ L∞(D) � ÿêà-íåáóäü ôóíêöiÿ òàêà, ùî

r(x) ≥ 1 äëÿ ìàéæå âñiõ x ∈ D, ïðè÷îìó ÿêùî r(x) > 1 äëÿ ìàéæå âñiõ x ∈ D, òî

r′(x), x ∈ D, � ôóíêöiÿ, ÿêà âèçíà÷åíà ðiâíiñòþ
1

r(x)
+

1

r′(x)
= 1 äëÿ ìàéæå âñiõ

x ∈ D. Íåõàé Lr(·)(D) � ëiíiéíèé ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié v : D → R, äëÿ

ÿêèõ ôóíêöiîíàë ρr,D(v) :=

∫
D

|v(x)|r(x) dx íàáóâà¹ ñêií÷åíèõ çíà÷åíü, ç íîðìîþ

‖v‖Lr(·)(D) := inf{λ > 0 : ρr,D(v/λ) ≤ 1}.

Öåé ïðîñòið íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà àáî ïðîñòîðîì Ëåáåãà çi

çìiííèì ïîêàçíèêîì ïiäñóìîâóâàííÿ (äèâ., íàïðèêëàä, [10]). Çàçíà÷èìî òàêå: ÿêùî
r(x) = r = const ≥ 1 äëÿ ìàéæå âñiõ x ∈ D, òî Lr(·)(D) = Lr(D) i ‖ · ‖Lr(·)(D) =
‖ · ‖Lr(D). Âiäîìî, ùî êîëè 1 < ess infx∈D r(x) ≤ ess supx∈D r(x) < ∞, òî ñïðÿæåíèé

äî Lr(·)(D) ïðîñòið ìîæíà îòîòîæíèòè ç ïðîñòîðîì Lr′(·)(D). ßêùî G := D× (0, T ),
òî ïðîñòið Lr(·)(G) âèçíà÷à¹ìî ïîäiáíî äî Lr(·)(D) ç ôóíêöiîíàëîì

ρr,G(w) :=

∫∫
G

|w(x, t)|r(x) dxdt

çàìiñòü ρr,D(v).
Íåõàé p ∈ L∞

loc(Ω), ïðè÷îìó p(x) ⩾ 1 äëÿ ìàéæå âñiõ x ∈ Q. Äëÿ êîæíîãî R > 0
ïðèéìåìî ρp,R(w) := ρp,QR

(w). Íåõàé

L
p(·)
loc (Q) =

{
w ∈ L1

loc(Q) : w|QR
∈ Lp(·)(QR) ∀R > 0

}
.

Íà ïðîñòîði L
p(·)
loc (Q) ââîäèòüñÿ òîïîëîãiÿ, çà ÿêîþ çáiæíiñòü ïîñëiäîâíîñòåé éîãî

åëåìåíòiâ âèçíà÷à¹òüñÿ òàê ñàìî, ÿê â Lq
loc(Q).

Ïîçíà÷èìî ÷åðåç C1
c (0, T ) ëiíiéíèé ïðîñòið íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíê-

öié, ÿêi âèçíà÷åíi íà iíòåðâàëi (0, T ) i íîñi¨ ÿêèõ ¹ êîìïàêòàìè íà öüîìó iíòåðâàëi.
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3. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó

ÍåõàéX � äåÿêà ìíîæèíà. ×åðåç [X]N ïîçíà÷àòèìåìî äåêàðòiâ ñòåïiíü ìíîæèíè
X ç ïîêàçíèêîì N : [X]N := X ×X × . . .×X︸ ︷︷ ︸

N-ðàçiâ

, åëåìåíòè ÿêîãî çàïèñóâàòèìåìî ó

âèãëÿäi âåêòîð-ñòîâï÷èêiâ. ßêùî X � ëiíiéíèé òîïîëîãi÷íèé (âiäïîâiäíî, íîðìî-
âàíèé) ïðîñòið, òî íà [X]N ïðèðîäíî ââîäèòüñÿ ëiíiéíà ñòðóêòóðà òà òîïîëîãiÿ
(âiäïîâiäíî, íîðìà).

Ïîçíà÷èìî
P := {p ∈ L∞

loc(Ω) : ess inf
x∈ΩR

p(x) > 1 ∀R > 0}.

Î÷åâèäíî, ùî êîëè p ∈ P, òî p′ ∈ P, äå
1

p(x)
+

1

p′(x)
= 1 äëÿ ìàéæå âñiõ x ∈ Ω.

Íåõàé p ∈ P. Ïiä Ap ðîçóìiòèìåìî ìíîæèíó âïîðÿäêîâàíèõ íàáîðiâ (a0, a1, . . .,
an) =:(aj) ç n+1 âèçíà÷åíèõ íà Q×RN ×RN×n çi çíà÷åííÿìè â RN âåêòîð-ôóíêöié

aj(x, t, ξ, η) := (aj1(x, t, ξ, η), ..., a
j
N (x, t, ξ, η))⊤,

(x, t, ξ, η) ∈ Q× RN × RN×n, j = 0, n,

ÿêi çàäîâîëüíÿþòü òàêi óìîâè:

1) äëÿ êîæíîãî j ∈ {0, 1, ..., n} âåêòîð-ôóíêöiÿ aj : Q × RN × RN×n → RN¹
êàðàòåîäîðiâñüêîþ, òîáòî äëÿ áóäü-ÿêèõ ξ ∈ RN i η ∈ RN×n âåêòîð-ôóíêöiÿ
aj(·, ξ, η) : Q → RN � âèìiðíà çà Ëåáåãîì òà äëÿ ìàéæå âñiõ (x, t) ∈ Q âåêòîð-
ôóíêöiÿ aj(x, t, ·, ·) : RN × RN×n → RN � íåïåðåðâíà;

2) äëÿ ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ ξ ∈ RN , η ∈ RN×n âèêîíóþòüñÿ íåðiâíîñòi

|a0i (x, t, ξ, η)| ⩽ h0i,1(x, t)(|ξ|p(x)−1 + |η|2/p
′(x)) + h0i,2(x, t), i = 1, N,

|aji (x, t, ξ, η)| ⩽ hji,1(x, t)(|ξ|+ |η|) + hji,2(x, t), i = 1, N, j = 1, n,

äå hji,1 ∈ L∞
loc(Q), i = 1, N , j = 0, n; h0i,2 ∈ L

p′(·)
loc (Q); hji,2 ∈ L2

loc(Q), i = 1, N ,

j = 1, n.

Íåõàé Fp � ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (f0, f1, . . . , fn) =:
(f j) ç n + 1 âèçíà÷åíèõ íà Q âåêòîð-ôóíêöié çi çíà÷åííÿìè â RN (òîáòî f j =
(f j1 , . . . , f

j
N )⊤, äå f ji : Q → RN , i = 1, N , j = 0, n), ÿêi çàäîâîëüíÿþòü óìîâó:

f0i ∈ L
p′(·)
loc (Q), f ji ∈ L2

loc(Q), i = 1, N , j = 1, n, òîáòî Fp := L
p′(·)
loc (Q)×

[
L2
loc(Q)

]N−1
.

Ïðèéìåìî

Φp := {φ ∈ [H1,0
loc (Q) ∩ Lp(·)

loc (Q)]N : φt ∈ [L2
loc(Q)]N}.

Áóäåìî ãîâîðèòè, ùî ïîñëiäîâíiñòü {φk}∞k=1 ⊂ Φp çáiãà¹òüñÿ äî φ â Φp, ÿêùî

φk −→
k→∞

φ â [H1,0
loc (Q)∩Lp(·)

loc (Q)]N i φk
t −→
k→∞

φt â [L2
loc(Q)]N . Î÷åâèäíî, ùî êîëè φ ∈ Φp,

òî φ(·, 0) ∈ [L2
loc(Ω)]

N .
Íåõàé V := [L2

loc(Ω))]
N . Ñêàæåìî, ùî ïîñëiäîâíiñòü {u0,k}∞k=1 çáiãà¹òüñÿ äî u0 â

V, ÿêùî u0,ki −→
k→∞

u0i â L2
loc(Ω)) äëÿ êîæíîãî i ∈ {1, . . . , N}.

Ïîçíà÷èìî
Up := [H1,0

loc (Q) ∩ Lp(·)
loc (Q) ∩ C([0, T ];L2

loc(Ω))]
N .



ÁîêàëîÌ., ÁîêàëîÒ., ÄîìàíñüêàÎ., ÁóãðiéÍ.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31 17

À òåïåð ñôîðìóëþ¹ìî çàäà÷ó, ÿêó äàëi áóäåìî äîñëiäæóâàòè.
Íåõàé p ∈ P i (a0, a1, . . . , an) =: (aj) ∈ Ap, (f

0, f1, . . . , fn) =: (f j) ∈ Fp, φ ∈ Φp,
u0 ∈ V � äîâiëüíî çàäàíi. Áóäåìî øóêàòè ôóíêöiþ u = (u1, . . . , uN )⊤ ∈ Up, ÿêà
çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi) ñèñòåìó ðiâíÿíü

ui,t −
n∑

j=1

d

dxj
aji (x, t, u,∇u) + a0i (x, t, u,∇u) =

=−
n∑

j=1

∂

∂xj
f ji (x, t) + f0i (x, t), (x, t) ∈ Q,

(1)

i = 1, N, êðàéîâó óìîâó
ui = φi íà Σ , i = 1, N,

òà ïî÷àòêîâó óìîâó
ui = u0i íà Ω , i = 1, N,

àáî òå ñàìå, àëå ó âåêòîðíié ôîðìi,

ut−
n∑

j=1

d

dxj
aj(x, t, u,∇u)+a0(x, t, u,∇u)=−

n∑
j=1

∂

∂xj
f j(x, t)+f0(x, t), (x, t) ∈ Q, (2)

u = φ íà Σ (3)

òà ïî÷àòêîâó óìîâó
u = u0 íà Ω. (4)

Öå ¹ ìiøàíà çàäà÷à àáî, iíøèìè ñëîâàìè, ïî÷àòêîâî-êðàéîâà çàäà÷à äëÿ ñèñòåì
ðiâíÿíü âèãëÿäó (1). Äàëi öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çàäà÷åþ (1) � (4).

Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1) � (4) íàçèâàþòü ôóíêöiþ
u ∈ Up òàêó, ùî u− φ ∈ H1,0

0,loc(Q) i âèêîíó¹òüñÿ óìîâà (4) òà ðiâíiñòü∫∫
Q

[
− (u, ψ)ω′ +

{ n∑
j=1

(aj(x, t, u,∇u), ψxj
) + (a0(x, t, u,∇u), ψ)

}
ω
]
dxdt =

=

∫∫
Q

{ n∑
j=1

(f j , ψxj
) + (f0, ψ)

}
ω dxdt (5)

äëÿ áóäü-ÿêèõ ψ ∈ [
◦
H1

c
(Ω) ∩ Lp(·)(Ω)]N i ω ∈ C1

c (0, T ).
Ìíîæèíó óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i (1) � (4) äëÿ çàäàíèõ (aj) ∈ Ap, (f

j) ∈
Fp, φ ∈ Φp, u

0 ∈ V ïîçíà÷àòèìåìî ÷åðåç SPF ((aj), (f j), φ, u0).

Îçíà÷åííÿ 2. Íåõàé Ãp ⊂ Ap, F̃p ⊂ Fp, Φ̃p ⊂ Φp, Ṽ ⊂ V.
Ñêàæåìî, ùî çàäà÷à (1) � (4) ¹ îäíîçíà÷íî ðîçâ'ÿçíîþ íà ïðîñòîði Ãp ×

F̃p × Φ̃p × Ṽ, ÿêùî äëÿ áóäü-ÿêèõ (aj) ∈ Ãp, (f
j) ∈ F̃p, φ ∈ Φ̃p, u

0 ∈ Ṽ ìíîæèíà
SPF ((aj), (f j), φ, u0) ñêëàäà¹òüñÿ ç îäíîãî åëåìåíòà.

Ââàæàòèìåìî, ùî çàäà÷à (1) � (4) ¹ êîðåêòíîþ íà ïðîñòîði Ãp × F̃p × Φ̃p × Ṽ,
ÿêùî âîíà ¹ îäíîçíà÷íî ðîçâ'ÿçíà íà öüîìó ïðîñòîði i äëÿ äîâiëüíèõ ïîñëiäîâíîñòåé

{(aj,k)}∞k=1 ⊂ Ãp, {(f j,k)}∞k=1 ⊂ F̃p, {φk}∞k=1 ⊂ Φ̃p, {u0,k}∞k=1 ⊂ Ṽ òàêèõ, ùî



ÁîêàëîÌ., ÁîêàëîÒ., ÄîìàíñüêàÎ., ÁóãðiéÍ.

18 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31

(aj,k) −→
k→∞

(aj) â Ãp, (f j,k) −→
k→∞

(f j) â F̃p, φ
k −→
k→∞

φ â Φ̃p, u
0,k −→

k→∞
u0 â Ṽ, ìà¹ìî

uk −→
k→∞

u â Up, äå u
k∈SPF ((aj,k), (f j,k), φk, u0,k), k ∈ N, u ∈ SPF ((aj), (f j), φ, u0).

Îêðåñëèìî òî÷íiøå ïðîáëåìó, ÿêó ðîçãëÿäà¹ìî. ßê óæå çãàäóâàëîñÿ âèùå,
iñíóþòü íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ, äëÿ ÿêèõ ìiøàíà çàäà÷à â íåîáìåæåíèõ
îáëàñòÿõ ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê. Íàñ áóäå öiêàâèòè ïèòàííÿ ïðî
ïîøèðåííÿ öüîãî ðåçóëüòàòó íà âèïàäîê ñèñòåìè ðiâíÿíü, òîáòî øóêàòèìåìî ìíî-

æèíó P∗ ⊂ P i òîïîëîãi÷íi ïðîñòîðè Ãp, F̃p, Φ̃p, Ṽ, äå p ∈ P∗ òàêi, ùî çàäà÷à (1) � (4)

íà ïðîñòîði Ãp × F̃p × Φ̃p × Ṽ êîðåêòíà äëÿ êîæíîãî p ∈ P∗.
Âðàõîâóþ÷è ñêàçàíå ñòîñîâíî ÷àñòêîâîãî âèïàäêó íàøî¨ çàäà÷i, ìîæíà âèñóíóòè

ãiïîòåçó, ùî ìíîæèíà P∗ ñêëàäà¹òüñÿ ç åëåìåíòiâ P òàêèõ, ùî

ess inf
x∈Ω

p(x) =: p− > 2, ess sup
x∈Ω

p(x) =: p+ <∞,

i äëÿ êîæíîãî p ∈ P∗ ìíîæèíà A∗
p ìà¹ åëåìåíòàìè íàáîðè ôóíêöié (aj) ∈ Ap, ÿêi

çàäîâîëüíÿþòü óìîâè:

3) iñíó¹ (çàëåæíà âiä (aj)) ñòàëà B > 0 òàêà, ùî äëÿ êîæíîãî j = 1, n, ìàéæå âñiõ

(x, t) ∈ Q i áóäü-ÿêèõ ξ, ξ̃ ç RN òà η, η̃ ç RN×n âèêîíó¹òüñÿ íåðiâíiñòü

|aj(x, t, ξ, η)− aj(x, t, ξ̃, η̃)| ⩽ B(|ξ − ξ̃|+ |η − η̃|);

4) iñíóþòü (çàëåæíi âiä (aj)) ñòàëi K1 > 0, K2 ⩾ 0, K3 > 0 òàêi, ùî äëÿ ìàéæå

âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ, ξ̃ ç RN òà η, η̃ ç RN×n âèêîíó¹òüñÿ íåðiâíiñòü

n∑
j=1

(aj(x, t, ξ, η)− aj(x, t, ξ̃, η̃), ηj − η̃j) + (a0(x, t, ξ, η)− a0(x, t, ξ̃, η̃), ξ − ξ̃) ⩾

⩾ K1|η − η̃|2 +K2|ξ − ξ̃|2 +K3|ξ − ξ̃|p(x),

ïðè÷îìó, ÿêùî n > 1 i p+ ⩾ 2n

n− 1
, òî (îáîâ'ÿçêîâî) K2 > 0.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {(aj,k)}∞k=1 ⊂ A∗
p çáiæíà äî (aj) â A∗

p, äå p ∈ P∗, ÿêùî

åëåìåíòè (aj,k), k ∈ N, i åëåìåíò (aj) çàäîâîëüíÿþòü óìîâè 3) i 4) ç òèìè ñàìèìè
ñòàëèìè B, K1, K2, K3 i äëÿ êîæíîãî R > 0 ìà¹ìî

lim
k→∞

ess sup
(x,t)∈QR

sup
ξ∈RN ,η∈RN×n

( |a0,k(x, t, ξ, η)− a0(x, t, ξ, η)|
|ξ|p(x)−1 + |η|2/p′(x) + 1

+

+

n∑
j=1

|aj,k(x, t, ξ, η)− aj(x, t, ξ, η)|
|ξ|+ |η|+ 1

)
= 0.

Ïîçíà÷èìî ÷åðåç A∗∗
p ïiäìíîæèíó ìíîæèíè A∗

p, ÿêà ñêëàäà¹òüñÿ ç åëåìåíòiâ

(aj) ∈ A∗
p, ÿêi çàäîâîëüíÿþòü äîäàòêîâó óìîâó:

5) äëÿ ìàéæå âñiõ (x, t) ∈ Q i äîâiëüíèõ ξ, ξ̃ ∈ RN , η, η̃ ∈ RN×n âèêîíó¹òüñÿ
íåðiâíiñòü

|a0(x, t, ξ, η)− a0(x, t, ξ̃, η̃)| ⩽

⩽
∼
h0(x, t)

((
|η|+ |η̃|

)(p(x)−2)/p(x)|η − η̃| +
(
|ξ|+ |ξ̃|

)p(x)−2∣∣ξ − ξ̃
∣∣),

äå
∼
h0 ∈ L∞

loc(Q).
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Äàëi äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ

aj(v)(x, t) := aj(x, t, v(x, t),∇v(x, t)), (x, t) ∈ Q, j = 0, n.

Îñíîâíèì ðåçóëüòàòîì öi¹¨ ïðàöi ¹ òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé p ∈ P∗. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.

1◦. Çàäà÷à (1) � (4) ¹ îäíîçíà÷íî ðîçâ'ÿçíîþ íà ïðîñòîði A∗
p×Fp×Φp×V i äëÿ áóäü-

ÿêèõ (aj) ∈ A∗
p, (f

j) ∈ Fp, φ ∈ Φp, u
0 ∈ V ôóíêöiÿ u ∈ SPF ((aj), (f j), φ, u0) ìà¹

îöiíêó

max
t∈[0,T ]

∫
ΩR0

|u(x, t)|2 dx+

∫∫
QR0

[
|∇u|2 +K2|u|2 + |u|p(x)

]
dxdt ⩽

⩽
(

R

R−R0

)s {
C1R

n− q
q−2 + C2

∫∫
QR

[ n∑
j=1

|f j − aj(φ)|2+

+|f0 − a0(φ)− φt|p
′(x)

]
dxdt+ C3

∫
ΩR

|u0(x)− φ(x, 0))|2 dx
}
+

+C4

∫∫
QR0

[
|∇φ|2 +K2|φ|2 + |φ|p(x)

]
dxdt+ C5 max

t∈[0,T ]

∫
ΩR0

|φ(x, t)|2 dx, (6)

äå R0, R � äîâiëüíi ñòàëi òàêi, ùî 0 < R0 < R, R ⩾ 1, à q = p+, ÿêùî K2 = 0,

i q ∈ (2, p−] ∪ {p+} ïðè K2 > 0; s > max

{
2p−

p− − 2
,

2q

q − 2

}
� äîâiëüíå ôiêñîâàíå

÷èñëî; C1, C2, C3, C4 C5 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä B, K1, K2, K3

(ç óìîâ 3) i 4)), p−, p+, n, q, s.
2◦. Çàäà÷à (1) � (4) ¹ êîðåêòíîþ íà ïðîñòîði A∗

p × Fp × {0} × V i i äëÿ áóäü-ÿêèõ

(aj) ∈ A∗
p, (f

j) ∈ Fp, u
0 ∈ V ôóíêöiÿ u ∈ SPF ((aj), (f j), 0, u0) ìà¹ îöiíêó (6) ç

φ = 0.
3◦. Çàäà÷à (1) � (4) ¹ êîðåêòíîþ íà ïðîñòîði A∗∗

p × Fp × Φp × V i äëÿ áóäü-ÿêèõ

(aj) ∈ A∗
p, (f

j) ∈ Fp, φ ∈ Φp, u
0 ∈ V ôóíêöiÿ u ∈ SPF ((aj), (f j), φ, u0) ìà¹

îöiíêó (6).

Çàóâàæåííÿ 1. Ïðèêëàäîì ñèñòåìè (1), äëÿ ÿêî¨ ïðàâèëüíå òâåðäæåííÿ 3◦

òåîðåìè 1 (äèâ. [6]), ¹ ðiâíÿííÿ

ut −
n∑

j=1

(
âj(x, t)uxj

)
xj

+ â0(x, t)|u|p(x)−2u = f(x, t), (x, t) ∈ Q,

äå p ∈ P∗, âj ∈ L∞(Q), ess inf
Q

âj > 0, j = 0, n, ïðè÷îìó, ÿêùî n > 1, òî p+ <
2n

n− 1
.

4. Äîïîìiæíi òâåðäæåííÿ

Íàâåäåìî ïîòðiáíi äëÿ äîâåäåííÿ òåîðåìè äåÿêi äîïîìiæíi òâåðäæåííÿ.
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Ëåìà 2 ( [16]). Íåõàé âåêòîð-ôóíêöi¨ v ∈ [L2(0, T ;
◦
H1

loc
(Ω)) ∩ Lp(·)

loc
(Q)]N , g0 ∈

[L
p′(·)
loc

(Q)]N , gj ∈ [L2
loc

(Q)]N , j = 1, n òàêi, ùî∫∫
Q

[
− (v, ψ)ω′ +

{ n∑
j=1

(gj , ψxj
) + (g0, ψ)

}
ω
]
dxdt = 0 (7)

äëÿ áóäü-ÿêèõ ω ∈ C1
c (0, T ), ψ ∈ [

◦
H1

c
(Ω) ∩ Lp(·)(Ω)]N , suppψ ⊂ ΩR∗ , äå R∗ > 1 �

ÿêå-íåáóäü ôiêñîâàíå ÷èñëî.
Òîäi v ∈ [C([0, T ];L2(ΩR))]

N äëÿ êîæíîãî R ∈ (0, R∗), i äëÿ äîâiëüíèõ ôóíêöié
θ ∈ C1[0, T ], w ∈ C1

c
(Ω), suppw ⊂ ΩR∗ , òà áóäü-ÿêèõ t0, t1 òàêèõ, ùî 0 ⩽ t0 < t1 ⩽ T,

ïðàâèëüíà ðiâíiñòü

θ(t1)

∫
Ω

|v(x, t1)|2w(x) dx− θ(t0)

∫
Ω

|v(x, t0)|2w(x) dx−
t1∫

t0

∫
Ω

|v(x, t)|2w(x)θ′(t) dxdt+

+2

t1∫
t0

∫
Ω

[ n∑
j=1

(gj , (vw)xj
) + (g0, vw)

]
θ dxdt = 0. (8)

Êðiì òîãî, ÿêùî v(x, t) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q \QR∗ , òî v ∈ C([0, T ];L2(Ω)) i
â ðiâíîñòi (8) ìîæíà âçÿòè w = 1.

Ëåìà 3. Íåõàé p ∈ P∗, (aj) ∈ A∗
p i äëÿ êîæíîãî l ∈ {1, 2} ôóíêöi¨ (f j,l) ∈ Fp,

u0,l ∈ V òà ul ∈ Up òàêi, ùî u1 − u2 ∈ [H1,0
0 (QR∗)]

N i∫∫
QR∗

[
− (ul, ψ)ω′ +

{ n∑
j=1

(aj(x, t, ul,∇ul), ψxj
) + (a0(x, t, ul,∇ul), ψ)

}
ω
]
dxdt =

=

∫∫
QR∗

{
n∑

j=1

(f j,l, ψxj ) + (f0,l, ψ)}ω dxdt (9)

äëÿ áóäü-ÿêèõ ω ∈ C1
c
(0, T ), ψ ∈ [

◦
H1

c
(Ω)) ∩ Lp(·)(Ω)]N òàêèõ, ùî supp ψ ⊂ ΩR∗ , äå

R∗ ⩾ 1 � äåÿêå ÷èñëî.
Òîäi äëÿ áóäü-ÿêèõ ÷èñåë R0, R òàêèõ, ùî 0 < R0 < R ⩽ R∗, R ⩾ 1, ïðàâèëüíà

íåðiâíiñòü

max
t∈[0,T ]

∫
ΩR0

|u1(x, t)− u2(x, t)|2 dx+

∫∫
QR0

[
|∇u1 −∇u2|2 +K2|u1 − u2|2+

+|u1 − u2|p(x)
]
dxdt ⩽

(
R

R−R0

)s [
C1R

n− q
q−2+

+C2

∫∫
QR

{ n∑
j=1

|f j,1 − f j,2|2 + |f 0,1 − f 0,2|p
′(x)

}
dxdt+ C3

∫
ΩR

|u0,1 − u0,2|2 dx
]
, (10)
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äå q i s òàêi æ, ÿê â òåîðåìi 1, C1, C2 i C3 � äåÿêi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä
B, K1, K2, K3 (ç óìîâ 3) i 4)), q, s, p−, p+, n.

Äîâåäåííÿ. Ïðèéìåìî v := u1−u2. Ç iíòåãðàëüíèõ òîòîæíîñòåé, îòðèìàíèõ ç (9)
ïî ÷åðçi äëÿ l ∈ {1, 2}, ìà¹ìî∫∫
QR∗

[
− (v, ψ)ω′ +

{ n∑
j=1

(aj(x, t, u1,∇u1)− aj(x, t, u2,∇u2), ψxj
) + (a0(x, t, u1,∇u1)−

−a0(x, t, u2,∇u2), ψ)}ω
]
dxdt =

∫∫
QR∗

{
n∑

j=1

(f j,1 − f j,2, ψxj
)+ (f0,l − f0,2, ψ)}ω dxdt (11)

äëÿ áóäü-ÿêèõ ω ∈ C1
c (0, T ) i ψ ∈ [

◦
H1

c(Ω)) ∩ Lp(·)(Ω)]N òàêèõ, ùî suppψ ⊂ ΩR∗ .
Ç (11) çà ëåìîþ 2 îäåðæèìî

θ(t1)

∫
ΩR∗

|v(x, t1)|2w(x) dx− θ(t0)

∫
ΩR∗

|v(x, t0)|2w(x) dx−
∫∫
QR∗

|v|2wθ′ dxdt+

+2

∫∫
QR∗

{
n∑

j=1

(aj(u1)− aj(u2), (vw)xj
) + (a0(u1)− a0(u2), vw)}θ(t) dxdt =

= 2

∫∫
QR∗

{
n∑

j=1

(f j,1 − f j,2, (vw)xj
) + (f0,1 − f0,2, vw)} θ dxdt, (12)

äå θ ∈ C1([0, T ]), w ∈ C1
c (Ω), suppw ⊂ ΩR∗ , 0 ⩽ t0 < t1 ⩽ T � äîâiëüíi.

ÍåõàéR0, R � áóäü-ÿêi äiéñíi ÷èñëà òàêi, ùî 0 < R0 < R ⩽ R∗, R ⩾ 1.Ïðèéìåìî
ζ(x) = (R2 − |x|2)/R, ÿêùî |x| ⩽ R, i ζ(x) = 0, êîëè |x| > R. Âiçüìåìî â (12) t0 =
0, t1 = τ ∈ (0, T ], θ = 1, w = ζs, äå s > 0 � äîñòàòíüî âåëèêå ÷èñëî (éîãî çíà÷åííÿ
óòî÷íèìî ïiçíiøå; î÷åâèäíî, ùî ïðè s > 1 ìà¹ìî ζs ∈ C1(Ω), supp ζs ⊂ ΩR). Ó
ïiäñóìêó ìàòèìåìî ðiâíiñòü∫
ΩR

|v(x, τ)|2 ζs(x) dx+2

∫∫
Qτ

R

{
n∑

j=1

(aj(u1)−aj(u2), (vζs)xj
)+(a0(u1)−a0(u2), vζs)} dxdt =

+2

∫∫
Qτ

R

{
n∑

j=1

(f j,1 − f j,2, (vζs)xj ) + (f0,1 − f0,2, vζs)} dxdt+
∫
ΩR

|v(x, 0)|2 ζs(x) dx,

äå
Qτ

R := ΩR × (0, τ), τ ∈ (0, T ].

Çâiäñè, ìiðêóþ÷è òàê, ÿê ó âiäïîâiäíîìó ìiñöi [16], îäåðæèìî∫
ΩR

|v(x, τ)|2 ζs dx+

∫∫
Qτ

R

[
K1|∇v|2 +K2|v|2 +K3|v|p(x)

]
ζs dxdt ⩽

⩽ C6

∫∫
Qτ

R

ζs−
kq
q−2 dxdt+ C7

∫∫
Qτ

R

n∑
j=1

{|f j,1 − f j,2|2 + |f0,1 − f0,2|p
′(x)} ζs dxdt−
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−
∫
ΩR

|u0,1 − u0,2|2 ζs dx, k = 1, 2, (13)

äå C6, C7 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä p−, p+, q, n, r, s, B, K1, K2, K3.
Âðàõîâóþ÷è, ùî R ⩾ 1, 0 ⩽ ζ(x) ⩽ R äëÿ âñiõ x ∈ Rn, ïðè÷îìó R − R0 ⩽ ζ(x),

êîëè |x| ⩽ R0, òà âèáðàâøè s > 2p−/(p− − 2), ç (13) ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü i
îöiíîê îòðèìó¹ìî (10). □

5. Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó

Ñïî÷àòêó äîâåäåìî iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1) � (4) íà ïðîñòîði
A∗

p×Fp×Φp×V, äå p ∈ P∗ � ÿêå-íåáóäü. Íåõàé (aj) ∈ A∗
p, (f

j) ∈ Fp, φ ∈ Φp òà u
0 ∈ V.

Âèáåðåìî ïîñëiäîâíîñòi {φk}∞k=1, {(f j,k)}∞k=1, {u0,k}∞k=1 òàêi, ùî φ
k ∈ Φp, (f

j,k) ∈ Fp,
u0,k ∈ V ∀ k ∈ N i φk(x, t) = φ(x, t), f j,k(x, t) = f j(x, t), j = 1, n, äëÿ ìàéæå âñiõ
(x, t) ∈ Qk−3/4, òà φk(x, t) = 0, f j,k(x, t) = 0, j = 1, n, äëÿ (x, t) ∈ Q \ Qk−1/2,

u0,k(x) = u(x), x ∈ Ωk−3/4, i u
0,k(x) = 0, x ∈ Ω \ Ωk−1/2.

Íåõàé k ∈ N � äîâiëüíå ôiêñîâàíå ÷èñëî. Ðîçãëÿíåìî äîïîìiæíó çàäà÷ó:
çíàéòè ôóíêöiþ uk ∈ [H1,0(Qk) ∩ Lp(·)(Qk) ∩ C([0, T ];L2(Ωk))]

N òàêó, ùî uk − φk ∈
[H1,0

0 (Qk)]
N , uk|t=0 = u0,k(x), x ∈ Ωk, i ïðàâèëüíà ðiâíiñòü∫∫

Qk

[
− (uk, ψ)ω′ +

{ n∑
j=1

(aj(x, t, uk,∇uk), ψxj
) + (a0(x, t, uk,∇uk), ψ)

}
ω
]
dxdt =

=

∫∫
Qk

{ n∑
j=1

(f j,k, ψxj
) + (f0,k, ψ)

}
ω dxdt (14)

äëÿ áóäü-ÿêèõ ψ ∈ [
◦
H1(Ωk) ∩ Lp(·)(Ωk)]

N , ω ∈ C1
c (0, T ).

Äëÿ öüîãî, ùîáè äîâåñòè, ùî öÿ çàäà÷à ìà¹ òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê,
òîáòî iñíó¹ ¹äèíà ôóíêöiÿ uk, ÿêà âîëîäi¹ ïîòðiáíèìè íàì âëàñòèâîñòÿìè, ðîáèìî
â (14) çàìiíó çìiííèõ uk = v + φk, äå v � íîâà íåâiäîìà ôóíêöiÿ. Äëÿ ôóíêöi¨ v
îòðèìó¹ìî ïîäiáíó ÿê äëÿ uk çàäà÷ó, àëå ç îäíîðiäíîþ êðàéîâîþ óìîâîþ. Iñíóâàííÿ
óçàãàëüíåíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i äîâîäèìî ìåòîäîì Ôàåäî-Ãàëüîðêiíà, à ¹äèíiñòü
� ìåòîäîì âiä ñóïðîòèâíîãî, âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöié (aj) (äèâ., íàï-
ðèêëàä, [16]).

Äëÿ êîæíîãî k ∈ N ôóíêöiþ uk ïðîäîâæèìî íóëåì íà âñþ ìíîæèíó Q i çà öèì
ïðîäîâæåííÿì çàëèøèìî ïîçíà÷åííÿ uk. Äîâåäåìî, ùî ïîñëiäîâíiñòü {uk} ìiñòèòü
ïiäïîñëiäîâíiñòü, ÿêà çáiãà¹òüñÿ â ïåâíîìó ñåíñi äî u ∈ SPF ((aj), (f j), φ, u0).

Íåõàé k i l � äîâiëüíi íàòóðàëüíi ÷èñëà áiëüøi çà 1, a R0, R � áóäü-ÿêi äiéñíi
÷èñëà òàêi, ùî 0 < R0 < R ⩽ min{k, l}− 1, R ⩾ 1, q � äiéñíå ÷èñëî, ÿêå çàäîâîëüíÿ¹
âiäïîâiäíi óìîâè ó ôîðìóëþâàííi òåîðåìè 1 i òàêå, ùî n − q/(q − 2) < 0. Òîäi ç
ëåìè 3, âçÿâøè R∗ := min{k, l} − 1, îòðèìà¹ìî

max
t∈[T−R0,T ]

∫
ΩR0

|uk(x, t)− ul(x, t)|2 dx+

∫∫
QR0

[
|∇uk −∇ul|2 + |uk − ul|p(x)

]
dxdt ⩽

⩽ C1

(
R

R−R0

)s

Rn− q
q−2 , (15)
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äå C1 > 0, s > 0 � ñòàëi, ÿêi âiä R0 i R íå çàëåæàòü.
Íåõàé ε > 0 � ÿêå-íåáóäü ÷èñëî. Âèáåðåìî äîâiëüíî i çàôiêñó¹ìî R0 > 0

òà ïðèéìåìî R ⩾ 1 íàñòiëüêè âåëèêèì, ùîá ïðàâà ÷àñòèíà íåðiâíîñòi (15) áóëà
ìåíøîþ çà ε. Òîäi äëÿ áóäü-ÿêèõ k > R + 1 i l > R + 1 ëiâà ÷àñòèíà íåðiâíîñòi (15)
ìåíøà çà ε. À öå îçíà÷à¹, ùî ïîñëiäîâíiñòü ôóíêöié {uk|QR0

}∞k=1 ôóíäàìåíòàëüíà

â [H1,0(QR0
) ∩ Lp(·)(QR0

) ∩ C([0, T ];L2(ΩR0
))]N . Îñêiëüêè R0 > 0 � äîâiëüíå ÷èñëî,

òî çâiäñè âèïëèâà¹ iñíóâàííÿ ôóíêöi¨ u ∈ [H1,0
0,loc(Q) ∩ Lp(·)

loc (Q) ∩ C([0, T ];L2
loc(Ω))]

N

òàêî¨, ùî

uk −→
k→∞

u â [H1,0
0,loc(Q) ∩ Lp(·)

loc (Q) ∩ C([0, T ];L2
loc(Ω))]

N . (16)

Òåïåð çàóâàæèìî, ùî íà ïiäñòàâi óìîâè 3) íà (aj), ìàòèìåìî∫∫
QR0

|aj(x, t, uk,∇uk)− aj(x, t, u,∇u)|2 dxdt ⩽

⩽ 2B2

∫∫
QR0

[|∇uk −∇u|2 + |uk − u|2)] dxdt, j = 1, n. (17)

Ç (16) i (17), îñêiëüêè R0 � äîâiëüíå, òî âèïëèâà¹, ùî

aj(·, ·, uk(·, ·),∇uk(·, ·)) −→
k→∞

aj(·, ·, u(·, ·),∇u(·, ·)) (ñèëüíî) â [L2
loc(Q)]N , j = 1, n.

(18)
Äîâåäåìî, ùî iñíó¹ ïiäïîñëiäîâíiñòü {uks} ïîñëiäîâíîñòi {uk} òàêà, ùî

a0(·, ·, uks(·, ·),∇uks(·, ·)) −→
s→∞

a0(·, ·, u(·, ·),∇u(·, ·)) ñëàáêî â [L
p′(·)
loc (Q)]N . (19)

Íåõàé R0 > 0 � ÿêå-íåáóäü ÷èñëî. Òîäi ç íàñëiäêó ëåìè 3 (âçÿâøè R = R0+1) ìà¹ìî

max
t∈[T−R0,T ]

∫
ΩR0

|uk(x, t)|2 dx+

∫∫
QR0

[|∇uk(x, t)|2 + |uk(x, t)|p(x)] dxdt ⩽ C∗(R0), (20)

äå k ⩾ R+1, C∗(R0) � ñòàëà, ÿêà âiä k íå çàëåæèòü. Íà ïiäñòàâi óìîâè 2) i íåðiâíîñòi
Ãåëüäåðà äëÿ ìàéæå âñiõ (x, t) ∈ Q òàêèõ, ùî p− ⩽ p(x) ⩽ p+, ìà¹ìî

|a0i (x, t, uk(x, t),∇uk(x, t))|p
′(x) ⩽ |h0i,1(x, t)(|∇uk(x, t)|2/p

′(x) + |uk(x, t)|p(x)−1)+

+h0i,2(x, t)|p
′(x) ⩽ (2|h0i,1(x, t)|p(x) + 1)

p′(x)
p(x) (|∇uk(x, t)|2+

+|uk(x, t)|p(x) + |h0i,2(x, t)|p
′(x)), i = 1, N. (21)

Ïðîiíòåãðóâàâøè íåðiâíiñòü (21) ïî QR0
, âðàõóâàâøè (20), îòðèìà¹ìî∫∫

QR0

|a0(x, t, uk(x, t),∇uk(x, t))|p
′(x) dxdt ⩽ C17(R0), k > R0 + 2, (22)

äå C17(R0) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü, àëå ìîæå çàëåæàòè âiä R0.
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Íà ïiäñòàâi (16) i (22), âðàõóâàâøè ðåôëåêñèâíiñòü ïðîñòîðó [Lp(·)(QR0)]
N , ðî-

áèìî âèñíîâîê ïðî iñíóâàííÿ ïiäïîñëiäîâíîñòi {uks}∞s=1 ïîñëiäîâíîñòi {uk}∞k=1 òà

ôóíêöi¨ χ0 ∈ [L
p′(·)
loc (Q)]N òàêèõ, ùî

uks −→
s→∞

u ìàéæå âñþäè íà Q, (23)

a0(·, ·, uks(·, ·),∇uks(·, ·)) −→
s→∞

χ0(·, ·) ñëàáêî â [L
p′(·)
loc (Q)]N . (24)

Ç óìîâè 1) òà (23) i (24) îòðèìà¹ìî, ùî

χ0(·, ·) = a0(·, ·, u(·, ·),∇u(·, ·)). (25)

Çi (24) i (25) ìà¹ìî (19).

Íåõàé ψ ∈ [
◦
H1

c(Ω) ∩ Lp(·)(Ω)]N . Äëÿ êîæíîãî s ⩾ s∗, äå s∗ ∈ N òàêå, ùî suppψ ⊂
Ωks∗

, ç îçíà÷åííÿ uks ìà¹ìî∫∫
Q

[
− (uks , ψ)ω′ +

{ n∑
j=1

(aj(x, t, uks ,∇uks), ψxj
) + (a0(x, t, uks ,∇uks), ψ)

}
ω
]
dxdt =

=

∫∫
Q

{ n∑
j=1

(f j,ks , ψxj
) + (f0,ks , ψ)

}
ω dxdt. (26)

Ïåðåéäåìî â (26) äî ãðàíèöi ïðè s → +∞. Ó ïiäñóìêó, âðàõóâàâøè (16), (18), (19),
à òàêîæ òå, ùî f j,ks −→

s→∞
f â Fp, îòðèìà¹ìî (5) äëÿ çàäàíî¨ ôóíêöi¨ ψ. Îñêiëüêè

ψ � äîâiëüíà ôóíêöiÿ, i uks − φks −→
s→∞

u − φ â [H1,0
0,loc(Q)]N , òî ìè äîâåëè, ùî u ∈

SPF ((aj), (f j), φ, u0).
Äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1) � (4) íà ïðîñòîði A∗

p×Fp×
Φp×V, äå p ∈ P∗, òîáòî, ùî ìíîæèíà SPF ((aj), (f j), φ, u0) ìiñòèòü íå áiëüøå îäíîãî
åëåìåíòà. Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1, u2 � äâà ðiçíi åëåìåíòè ìíîæèíè
SPF ((aj), (f j), φ, u0). Ç ëåìè 3 (R∗ � äîâiëüíå ÷èñëî) ìà¹ìî

max
t∈[T−R0,T ]

∫
ΩR0

|u1(x, t)− u2(x, t)|2 dx ⩽ C1

(
R

R−R0

)s

Rn− q
q−2 , (27)

äå R0, R � äîâiëüíi ñòàëi òàêi, ùî 0 < R0 < R, R ⩾ 1, q > 0 � òàêå, ùî n−q/(q−2) <
0, äå C1, s � ñòàëi, ÿêi âiä R0, R íå çàëåæàòü. Çàôiêñó¹ìî R0 > 0 i ïåðåéäåìî â (27) äî
ãðàíèöi ïðè R → +∞. Ó ïiäñóìêó îòðèìà¹ìî, ùî u1 = u2 íà QR0 . Îñêiëüêè R0 > 0
� äîâiëüíå ÷èñëî, òî çâiäñè ìà¹ìî, ùî u1 = u2 íà Q, òîáòî îòðèìàëè ñóïåðå÷íiñòü ç
íàøèì ïðèïóùåííÿì. Öå îçíà÷à¹, ùî òâåðäæåííÿ ïðàâèëüíå.

Òåïåð äîâåäåìî íåïåðåðâíó çàëåæíiñòü âiä âõiäíèõ äàíèõ óçàãàëüíåíîãî ðîç-
â'ÿçêó çàäà÷i (1) � (4) íà ïðîñòîðàõ A∗∗

p ×Fp×Φp×V òà A∗
p×Fp×{0}×V, äå p ∈ P∗.

Ëåãêî ïåðåêîíàòèñÿ, ùî äîñòàòíüî ðîçãëÿíóòè âèïàäîê çàäà÷i (1) � (4) íà ïðîñòîði
A∗∗

p × Fp × Φp × V.
Íåõàé (aj,k) −→

k→∞
(aj) â A∗

p, (f
j,k) −→

k→∞
(f j) â Fp, φ

k −→
k→∞

φ â Φp, u
0,k −→

k→∞
u0 â V i

uk ∈ SPF ((aj,k), (f j,k), φk, u0,k), k ∈ N, òà u ∈ SPF ((aj), (f j), φ, u0).
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Ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü, âèêîðèñòîâóþ÷è ëåìó 3, îòðèìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|vk(x, t)− v(x, t)|2 dx+

∫∫
QR0

[
|∇vk −∇v|2 + |vk − v|p(x)

]
dxdt ⩽

⩽
(

R

R−R0

)s [
C1R

n− q
q−2 + C2

∫∫
QR

{ n∑
j=1

|f j,k − f j + aj(φ+ vk)−

−aj,k(φk + vk)|2 + |f0,k − f0 + a0(φ+ vk)− a0,k(φk + vk)− φk
t + φt|p

′(x)
}
dxdt+

+C3

∫
ΩR

|uk,0 − u0|2 dx
]
, (28)

äå R0 i R � äîâiëüíi ñòàëi òàêi, ùî 0 < R0 < R, R ⩾ 1; C1, C2, s, q � äåÿêi ñòàëi,
ïðè÷îìó n − q/(q − 2) < 0. Çâiäñè, ìiðêóþ÷è òàê ÿê ó [16] òà âðàõîâóþ÷è, ùî
u0,k −→

k→∞
u0 â V, îòðèìó¹ìî çáiæíiñòü

uk −→
k→∞

u â [H1,0
loc (Q) ∩ Lp(·)

loc (Q) ∩ C([0, T ];L2
loc(Ω))]

N ,

ùî i ïîòðiáíî áóëî äîâåñòè.
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Initial-boundary value problems for the parabolic equations and systems in unbounded
with respect to the space variables domains were studied in many works. As is well known,
in order to guarantee the uniqueness of the solutions of the initial-boundary value problems
for the linear and many nonlinear parabolic equations and systems in unbounded domains,
it need to impose certain restrictions on growth of the solutions at in�nity, for example, to
require limitations of the solutions or their belonging to some functional spaces. However,
there are nonlinear parabolic equations for which the initial-boundary value problem is
uniquely solvable without any conditions at in�nity.

The nonlinear di�erential equations with the variable exponents of the nonlinearity
appear in mathematical modeling of the various physical processes. In particular, these
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equations describe streams of the electroreological substances, recovering of the images,
electric current in the conductor under the in�uence of the temperature �eld change.

Here the initial-boundary value problem with inhomogeneous boundary conditions for
nonlinear parabolic systems with variable exponents of nonlinearity in unbounded in space
variables domains without conditions at in�nity is considered. The existence, uniqueness,
and continuous dependence of data-in of weak solutions of such problems in the correspond-
ing generalized Lebesgue and Sobolev spaces are proved. Also estimates of this solutions
are obtained.

Key words: initial-boundary value problem, parabolic system, nonlinear parabolic equation,
variable exponent of nonlinearity, unbounded domain, Faedo-Galyorkin method, monotone
method.


