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On the basis of Green-Lindsay thermopiezoelectricity model with so-called �relaxation

time�-parameters, which in�uence on the way of interaction between mechanical, electrical

and thermal �elds in pyroelectric materials, we formulate initial boundary value problem

and the corresponding variational problem in terms of vector of elastic displacements, elec-

trical potential, and temperature increment. We derive the respective energy balance law

and perform energy estimates of the solutions of the variational problem. Using the latter

the well-posedness of the variational problem is proved. Based on �nite element method

and Newmark scheme the numerical scheme is developed for approximate solution of this

problem. The unconditional stability of the constructed time integration scheme is proved.

Finally we show the results of the numerical experiment which demonstrates the in�uence

of the values of �time relaxation� parameters of Green-Lindsay model on the obtained so-

lution.
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1. Introduction

Nowadays various mathematical models of behaviour of pyrolectric and piezoelectric
materials are in place. The classic one is the linear thermopiezoelectricity model proposed
by Mindlin [10] and then comprehensively studied by Nowacki [11]. However, that theory
has a signi�cant drawback because it assumes in�nite speed of heat propagation wave
in the material. To overcome it, Green and Lindsay [7] proposed a modi�ed theory for
thermoelasticity problem where heat conduction equation is considered to be hyperbolic
by introduction of two so-called �relaxation time�-parameters. Chandrasekharaiah [6]
extended that approach to the linear thermopiezoelectricity model.

Apart from Green-Lindsay theory of generalized thermoelasticity, there exists a set
of other theories, namely Lord-Shulman, Chandrasekharaiah-Tzou, Green-Naghdi, etc.
The e�ect of the �relaxation time� parameter of Lord-Shulman theory in piezoelectric
materials has been studied in works of Ashida&Tauchert [2], [3]. Bassiouny&Youssef [4]
have studied a two-temperature generalized thermopiezoelasticity of �nite rod using
Laplace transform method. Kuang [9] considered the application of variational prin-
ciples for generalized dynamical theory of thermopiezoelectricity. More recent works of
Zenkour et al. [17], Shari� [12] are dedicated to problems of Green-Lindsay thermoe-
lasticity. Shivay&Mukhopadhyay [13] show the application of �nite element method for
Green-Lindsay thermoelasticity problem.
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In Stelmashchuk&Shynkarenko paper [15] Lord-Shulman theory of thermopiezoelec-
tricity for dynamical problems was investigated. The Green-Lindsay model of thermoe-
lasticity have been extensively studied in work of Chyr&Shynkarenko [1]. Then in arti-
cle of Stelmashchuk&Shynkarenko [14] forced vibrations of pyroelectric materials under
Green-Lindsay theory were studied. In the current article we extend the investigation
of Green-Lindsay thermopiezoelectricity problem done in [14] by considering an initial
boundary value problem for Green-Lindsay model. Similar techniques as in the work [15]
are applied in this paper.

In section 2 the initial boundary value problem of Green-Lindsay thermopiezoelectric-
ity is formulated. Section 3 is dedicated to construction of the corresponding variational
problem. In section 4 we prove the well-posedness of the constructed variational prob-
lem. Section 5 describes how Galerkin semi-discretization allows us to build a Cauchy
problem for solving this variational problem. Section 6 is dedicated to time integration
scheme. Section 7 contains a proof of stability of the time integration scheme. Section 8
shows the results of the numerical experiments. Finally, in section 9 the conclusions are
made.

2. Problem statement

We will set up the initial boundary value problem of Green-Lindsay thermopiezoelec-
tricity just like it was done in the article [14].

Consider a bounded connected domain Ω of points x = (x1, ..., xd) ∈ Rd with
Lipschitz-continuous boundary ∂Ω = Γ that de�nes the pyroelectric specimen. Let
n = (n1, ..., nd) be the unit outer normal vector, ni = cos(n, xi). We also consider a
time interval [0, T ], 0 < T < +∞. Just like in classic thermopiezoelectricity problem,
our goal is to �nd a vector of elastic displacements u = {ui(x, t)}di=1, electric potential
p = p(x, t) and temperature increment θ = θ(x, t) which satisfy the following system
of partial di�erential equations in Ω × (0, T ] (here and everywhere below the ordinary
summation by repetitive indices is expected):

ρu′′i − σij,j = ρfi, (1)

D′
k,k + Jk,k = 0, (2)

ρ(T0S
′ − w) + qi,i = 0. (3)

In fundamental equations (1)�(3) by prime symbol ′ we denote a partial di�erentiation
by a time variable. The aforementioned expressions (1)-(3) are equation of motion, dif-
ferentiated Maxwell's equation and heat conduction equation respectively. The notation
σij is used for a stress tensor which is de�ned by the following constitutive equation:

σij = cijkm[εkm − αkm(θ + t1θ
′)]− ekijEk + aijkmε

′
km. (4)

Constitutive equation for electric displacement Dk:

Dk = ekijεij + χkmEm + πk(θ + t1θ
′). (5)

And the entropy density S is de�ned by:

ρS = cijkmαkmεij + πkEk + ρcv
T0

(θ + t0θ
′). (6)

Here in the constitutive equations (4)�(6) the parameters t1 ≥ t0 > 0 are of time
dimension and were �rstly introduced by Green and Lindsay in [7] for the classic heat
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conduction problem to resolve the problem of in�nite speed of heat propagation wave.
These parameters are also often referred in the literature as so-called �relaxation times�
or �relaxation time�-parameters. The values of these parameters are always taken very
small (less than 10−10s). If we put t1 = t0 = 0 we come to the constitutive equations of
the classic thermopiezoelectricity model.

Vector q = {qi}di=1 is a heat �ux in di�erent directions and it is assumed to satisfy
the classic Fourier's law:

qi = −λijθ,j .

Vector J = {Jk}dk=1 de�nes the electrical current density. We also assume that the
electric current that runs through the pyroelectric specimen satis�es standard Ohm's
law:

Jk = zkmEm(p).

Strain tensor ε = {εkm}dk,m=1 and electrical �eld vector E = {Ek}dk=1 satisfy the
equations:

εkm = εkm(u) = 1
2 (uk,m + um,k),

Ek = Ek(p) = −p,k.

Here and elsewhere in the problem statement a comma in the subscript means a partial
derivative by a spatial variable, i.e. g,k = ∂g/∂xk.

Notation ρ is a mass density of pyroelectric material, cv is its speci�c heat and T0
is a �xed uniform reference temperature of the specimen. Vector f = {fi}di=1 de�nes
mechanical volume forces and w represents volume heat forces. Tensors {aijkm} and
{cijkm} describe the viscosity and elasticity properties of a pyroelectric material and
satisfy common conditions of symmetry and ellipticity. Notation {eij} is a piezoelectricity
coe�cients tensor with symmetric properties:

ekij = ekji.

Coe�cients zkm, χkm, λij , αkm determine the symmetrical and elliptical electric con-
ductivity, dielectric susceptibility, heat conductivity and thermal expansion coe�cients
correspondingly. Notation πk de�nes a vector of pyroelectricity coe�cients that satis�es
the inequality [11], [14]:

χkmykym + 2πkykξ + ρcvξ
2 ≥ 0 ∀ξ, yk ∈ R. (7)

The boundary conditions for mechanical �eld are [14]:{
ui = 0 on Γu × [0, T ], Γu ⊂ Γ,mes(Γu) > 0,

σijnj = σi on Γσ × [0, T ],Γσ := Γ \ Γu.

The boundary conditions for electrical �eld are [14]:
p = 0 on Γp × [0, T ], Γp ⊂ Γ,mes(Γp) > 0,

[D′
k + Jk]nk = 0 on Γd × [0, T ], Γd ⊂ Γ, Γp ∩ Γd = ⊘,∫

Γe

[D′
k + Jk]nkdγ = I on Γe × [0, T ], Γe = Γ \ (Γd ∪ Γp),

Ek(p)− nkEm(p)nm = 0 on Γe × [0, T ].
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The boundary conditions for heat �eld are [14]:{
θ = 0 on Γθ × [0, T ], Γθ ⊂ Γ,mes(Γθ) > 0,

qini = q on Γq × [0, T ],Γq := Γ \ Γθ.
(8)

To �nalize the formulation of the initial boundary value problem of Green-Lindsay
thermopiezoelectricity all the aforementioned equations are complemented by the initial
conditions:

u|t=0 = u0, u′|t=0 = v0, p|t=0 = p0, θ|t=0 = θ0 in Ω.

3. Variational problem statement

Let us introduce the spaces of admissible elastic displacements, electric potentials and
temperature increments

V =
{
v ∈ [H1(Ω)]d| v = 0 on Γu

}
,

Q =
{
p ∈ H1(Ω)| p = 0 on Γp, p = const on Γe

}
,

Z =
{
ξ ∈ [H1(Ω)]| ξ = 0 on Γθ

}
.

Here Hm(Ω) is a standard Sobolev space.

We will also denote Φ = V ×Q×Z and its dual space Φ′ = V ′×Q′×Z ′. Besides, we
will use the Lebesgue spaces L2(0, T ; Φ) and L2(0, T ; Φ′). The space L2(0, T ; Φ), where
Φ = Φ or Φ = Φ′, means that a function of two variables (x, t) to be the element of
that space has to be square integrable by variable t via Lebesque integral over the time
interval [0, T ] and regarding the integration by space variable x the function must satisfy
the restrictions of the corresponding space Φ. Then the initial boundary value problem
of Green-Lindsay thermopiezoelectricity de�ned in the previous section can be rewritten
in the following variational formulation:

given ψ0 = (u0, p0, θ0) ∈ Φ, v0 ∈ [L2(Ω)]d, θ10 ∈ L2(Ω)

and (l, r, µ) ∈ L2(0, T ; Φ′);

�nd ψ = {u(x, t), p(x, t), θ(x, t)} ∈ L2(0, T ; Φ) such that

m(u′′(t), v) + a(u′(t), v) + c(u(t), v)− e(p(t), v)−
−γ(θ(t) + t1θ

′(t), v) =< l(t), v >,

g(p′(t), q) + e(q, u′(t)) + z(p(t), q) + π(θ′(t) + t1θ
′′(t), q) =< r(t), q >,

s(θ′(t) + t0θ
′′(t), ξ) + k(θ(t), ξ) + π(ξ, p′(t))+

+γ(ξ, u′(t)) =< µ(t), ξ > ∀ t ∈ (0, T ] ,

m(u′(0)− v0, v) = 0, c(u(0)− u0, v) = 0 ∀v ∈ V,

g(p(0)− p0, q) = 0 ∀q ∈ Q,

s(θ(0)− θ0, ξ) = 0, s(θ′(0)− θ10, ξ) = 0 ∀ξ ∈ Z.

(9)

In the aforementioned variational problem statement (9) the following bilinear and
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linear forms are used:

m(u, v) :=
∫
Ω

ρuividx =
∫
Ω

ρu · vdx,

a(u, v) :=
∫
Ω

aijkmεij(u)εkm(v)dx,

c(u, v) :=
∫
Ω

cijkmεij(u)εkm(v)dx,

< l, v >:=
∫
Ω

ρfividx+
∫
Γσ

σividγ,

γ(ξ, v) :=
∫
Ω

ξcijkmαkmεij(v)dx,

e(q, v) :=
∫
Ω

ekijEk(q)εij(v)dx ∀u, v ∈ V,

(10)

g(p, q) :=
∫
Ω

χkmEk(p)Em(q)dx,

z(p, q) :=
∫
Ω

zkmEk(p)Em(q)dx,

< r, q >:= Iq|Γe
,

π(ξ, q) =
∫
Ω

ξπkEk(q)dx ∀p, q ∈ Q,

s(θ, ξ) =
∫
Ω

cvT
−1
0 θξdx,

k(θ, ξ) =
∫
Ω

T−1
0 λijθ,iξ,jdx,

< µ, ξ >:=
∫
Ω

T−1
0 wξdx+

∫
Γq

T−1
0 qξdγ ∀ξ, θ ∈ Z.

(11)

4. Energy balance equation

To simplify things instead of (8) we will use the following uniform boundary conditions
for heat �eld: {

θ = 0 on Γθ × [0, T ], Γθ ⊂ Γ,mes(Γθ) > 0,

qini = 0 on Γq × [0, T ],Γq := Γ \ Γθ.

Thus the linear form < µ, ξ > used in variational problem statement (9) will be simpli�ed
to:

< µ, ξ >:=

∫
Ω

T−1
0 wξdx.

This assumption allows us to estimate the linear form < µ, ξ > using Cauchy-Schwartz
inequality using the norm of L2(Ω) space, that is:

| < µ, ξ > | ≤ ||µ||∗∗ · ||ξ||L2(Ω).

Here ||µ||∗∗ is a norm of linear form µ in the space dual to L2(Ω).
Also, in our further analysis we will assume a strict inequality t1 > t0 instead of

t1 ≥ t0 as it was in problem statement.
Note that bilinear forms in (10)�(11) admit a clear physical interpretation and conti-

nuity and ellipticity properties of some of them allow us to introduce the following energy
norms:

||v||2m = m(v, v), ||v||2c = c(v, v), ||v||2a = a(v, v) ∀v ∈ V,

||q||2g = g(q, q), ||q||2z = z(q, q) ∀q ∈ Q,

||ζ||2k = k(ζ, ζ) ∀ζ ∈ Z, ||ζ||2s = s(ζ, ζ) ∀ζ ∈ L2(Ω).
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Let us assume (9) admits a solution ψ = (u, p, θ). Then after substitution φ =
(v, q, ξ) = (u′, p, θ+ t1θ

′) into equations of (9) and after addding them up we receive the
following integral identity:

1
2

d
dt

[
||u′(t)||2m + ||u(t)||2c + ||p(t)||2g + 2π(θ(t) + t1θ

′(t), p(t)) + t1||θ(t)||2k
]

+
[
||u′(t)||2a + ||p(t)||2z + ||θ(t)||2k + s(θ′(t) + t0θ

′′(t), θ(t) + t1θ
′(t))

]
=< l, u′(t) > + < r, p(t) > + < µ, θ(t) + t1θ

′(t) > ∀t ∈ (0, T ].

(12)

Let us perform the following transformations with the term s(θ′(t)+t0θ
′′(t), θ(t)+t1θ

′(t)):

s(θ′ + t0θ
′′, θ + t1θ

′) = 1
2

d
dt ||θ + t0θ

′||2s + s(θ′ + t0θ
′′, (t1 − t0)θ

′) =

= 1
2

d
dt ||θ + t0θ

′||2s + (t1 − t0)||θ′||2s + 1
2

d
dt (t1 − t0)t0||θ′||2s =

= 1
2

d
dt

[
||θ + t0θ

′||2s + (t1 − t0)t0||θ′||2s
]
+ (t1 − t0)||θ′||2s.

(13)

Then substitute (13) into (12) and receive:

1
2

d
dt

[
||u′(t)||2m + ||u(t)||2c + ||p(t)||2g + t1||θ(t)||2k + ||θ(t) + t0θ

′(t)||2s+
+(t1 − t0)t0||θ′(t)||2s + 2π(θ(t) + t1θ

′(t), p(t))
]
+

+
[
||u′(t)||2a + ||p(t)||2z + ||θ(t)||2k + (t1 − t0)||θ′||2s

]
=

=< l, u′(t) > + < r, p(t) > + < µ, θ(t) + t1θ
′(t) > ∀t ∈ (0, T ].

(14)

After integration of (14) over any time interval [0, t] and utilizing the initial conditions
of the problem we obtain:

1
2

[
||u′(t)||2m + ||u(t)||2c + ||p(t)||2g + t1||θ(t)||2k + ||θ(t) + t0θ

′(t)||2s+
+(t1 − t0)t0||θ′(t)||2s + 2π(θ(t) + t1θ

′(t), p(t))
]
+

+
t∫
0

[
||u′(t)||2a + ||p(t)||2z + ||θ(t)||2k + (t1 − t0)||θ′||2s

]
dτ =

= 1
2

[
||v0||2m + ||u0||2c + ||p0||2g + t1||θ0||2k + ||θ0 + t0θ10||2s+

+(t1 − t0)t0||θ10||2s + 2π(θ0 + t1θ10, p0))
]
+

+
t∫
0

[< l, u′(τ) > + < r, p(τ) > + < µ, θ(τ) + t1θ
′(τ) >] dτ ∀t ∈ [0, T ].

(15)

The term 2π(θ(t) + t1θ
′(t), p(t)) > 0 because of the inequality (7). Therefore we can

introduce the notations:

||ψ(t)||2 = ||u′(t)||2m + ||u(t)||2c + ||p(t)||2g + t1||θ(t)||2k + ||θ(t) + t0θ
′(t)||2s+

+(t1 − t0)t0||θ′(t)||2s + 2π(θ(t) + t1θ
′(t), p(t)),

(16)

|||ψ(t)|||2 = ||u′(t)||2a + ||p(t)||2z + ||θ(t)||2k + (t1 − t0)||θ′(t)||2s. (17)

Then the obtained energy balance equation for Green-Lindsay thermopiezoelectricity (15)
can be represented as:

1
2 ||ψ(t)||

2 +
t∫
0

|||ψ(τ)|||2dτ = 1
2 ||ψ(0)||

2+

+
t∫
0

[< l, u′(τ) > + < r, p(τ) > + < µ, θ(τ) + t1θ
′(τ) >] dτ ∀t ∈ [0, T ].

(18)



DrebotiyR., StelmashchukV., ShynkarenkoH.

34 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31

Here the term ||ψ(t)||2 de�nes a total energy of the pyroelectric specimen. The energy

dissipation is determined by the term
t∫
0

|||ψ(τ)|||2dτ .

Now we will use an inequality

ab ≤ εa2 +
1

4ε
b2 ∀a, b ∈ R, ∀ε > 0

and Cauchy-Schwartz inequality to estimate the terms in the right part in the energy
balance law (18). Therefore, the following inequalities are held:

t∫
0

< l, u′(τ) > dτ ≤ 1

2

t∫
0

[
||l||2∗ + ||u′(τ)||2a

]
dτ, (19)

t∫
0

< r, p(τ) > dτ ≤ 1

2

t∫
0

[
||r||2∗ + ||p(τ)||2z

]
dτ, (20)

t∫
0

< µ, θ(τ) + t1θ
′(τ) > dτ ≤

t∫
0

[||µ||∗||θ(τ)||k + t1||µ||∗∗||θ′(τ)||s] dτ ≤

≤ 1

2

t∫
0

[
||µ||2∗ + ||θ(τ)||2k

]
dτ +

1

2

t∫
0

[
t21

t1 − t0
||µ||2∗∗ + (t1 − t0)||θ′(τ)||2s

]
dτ.

(21)

Here and everywhere by symbol || · ||∗ we denote the norms in dual spaces V ′, Q′ and Z ′

respectively. Substituting (19)�(21) into energy balance law (18) we receive:

1
2 ||ψ(t)||

2 +
t∫
0

|||ψ(τ)|||2dτ ≤ 1
2 ||ψ(0)||

2+

+ 1
2

t∫
0

[
||l||2∗ + ||u′(τ)||2a

]
dτ + 1

2

t∫
0

[
||r||2∗ + ||p(τ)||2z

]
dτ+

+ 1
2

t∫
0

[
||µ||2∗ + ||θ(τ)||2k

]
dτ + 1

2

t∫
0

[
t21

t1 − t0
||µ||2∗∗ + (t1 − t0)||θ′(τ)||2s

]
dτ

∀t ∈ [0, T ].

Taking into account the de�nition |||ψ(τ)|||2, after transformations we obtain:

1
2 ||ψ(t)||

2 + 1
2

t∫
0

[
||u′(t)||2a + ||p(t)||2z + ||θ(t)||2k + (t1 − t0)||θ′(t)||2s

]
dτ ≤

≤ 1
2 ||ψ(0)||

2 + 1
2

t∫
0

[
||l||2∗ + ||r||2∗ + ||µ||2∗ +

t21
t1 − t0

||µ||2∗∗
]
dτ ∀t ∈ [0, T ].

Having divided the latter by 1
2 we receive:

||ψ(t)||2 +
t∫
0

|||ψ(τ)|||2dτ ≤

≤ ||ψ(0)||2 +
t∫
0

[
||l||2∗ + ||r||2∗ + ||µ||2∗ +

t21
t1 − t0

||µ||2∗∗
]
dτ ∀t ∈ [0, T ].

(22)
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The estimation (22) shows that solution continuously changes depending on the input
data of the variational problem. Let us denote

|||ψ(t)|||2Φ = ||ψ(t)||2 +
t∫
0

|||ψ(τ)|||2dτ ∀t ∈ [0, T ].

Then the expression |||ψ(t)|||2Φ de�nes so-called energy norm of the solution of the vari-
ational problem.

Proposition 1. The estimation (22) is valid if the input data of the variational
problem (9) satisfy the following conditions:

v0 ∈ [L2(Ω)]d, u0 ∈ [H1(Ω)]d,

p0 ∈ H1(Ω), θ0 ∈ L2(Ω), θ10 ∈ L2(Ω),

(l, r, µ) ∈ L2(0, T ; Φ′).

(23)

Moreover, a solution ψ = (u, p, θ) of the problem (9), if one exists, is characterized by
the following regularity inclusions:

u′ ∈ L∞(0, T ; [L2(Ω)]d) ∩ L2(0, T ;V ), u ∈ L∞(0, T ;V ) ∩ L2(0, T ;V ),

p ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;Q),

θ′ ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;Z), θ ∈ L∞(0, T ;Z) ∩ L2(0, T ;Z)

(24)

and stability inequality

|||ψ(t)|||2Φ ≤ ||ψ(0)||2 +
t∫
0

[
||l||2∗ + ||r||2∗ + ||µ||2∗ +

t21
t1 − t0

||µ||2∗∗
]
dτ

∀t ∈ [0, T ].

(25)

Proof. The conditions (23) are de�ned in the variational problem statement (9) and
are necessary for the boundedness of the term 1

2 ||ψ(0)||
2 of the energy balance equation

(18). The regularity inclusions (24) provide us the boundedness of all other terms in
the energy balance equation (18). Finally, the stability inequality (25) is proved via the
above mentioned procedures. □

Proposition 2. A solution ψ = (u, p, θ) of the problem (9), if one exists, is unique.
Proof. By contradiction. Suppose there exist two di�erent solutions ψ1(t) and ψ2(t) of

the problem (9). Then their di�erence ψ(t) = ψ1(t)−ψ2(t) ̸= 0 satis�es the homogeneous
equations of the problem (9). Therefore, from the inequality (25) we have:

|||ψ(t)|||2Φ ≤ 0 ∀t ∈ [0, T ],

which contradicts with our assumption that ψ(t) ̸= 0. □

5. Finite element semi-discretization

Let us de�ne in the space Φ = V ×Q×Z a sequence of �nite-dimensional subspaces
Φh = Vh × Qh × Zh, such that dimΦh → ∞ when h → 0 with the following density
properties: 

∀ϕ ∈ Φ ∩ [Hk+1(Ω)]d+2, k ≥ 1,

∃ϕh ∈ Φh and C = const > 0 such that

∥ϕ− ϕh∥m,Ω ≤ Chk+1−m∥ϕ∥k+1,Ω, 0 ≤ m ≤ k.

(26)
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Here k is the greatest degree of the polynomial that approximates the unknown solution
(it will be precisely de�ned by the base functions of Φh). The norm ∥ · ∥m,Ω is a norm
in a standard Sobolev space Hm(Ω). Also, here and everywhere below the symbol C
de�nes di�erent positive constants, values of which do not depend on the solutions of our
problem. For each �xed h > 0 a solution ψh = (uh, ph, θh) of the problem

given ψ0 = (u0, p0, θ0) ∈ Φh, v0 ∈ Vh, θ10 ∈ Zh and (l, r, µ) ∈ L2(0, T ; Φ′
h);

�nd ψ = {uh(x, t), ph(x, t), θh(x, t)} ∈ L2(0, T ; Φh) such that

m(u′′h(t), v) + a(u′h(t), v) + c(uh(t), v)− e(ph(t), v)−
−γ(θh(t) + t1θ

′
h(t), v) =< l(t), v >,

g(p′h(t), q) + e(q, u′h(t)) + z(ph(t), q) + π(θ′h(t) + t1θ
′′
h(t), q) =< r(t), q >,

s(θ′h(t) + t0θ
′′
h(t), ξ) + k(θh(t), ξ) + π(ξ, p′h(t))+

+γ(ξ, u′h(t)) =< µ(t), ξ > ∀ t ∈ (0, T ] ,

m(u′h(0)− v0, v) = 0, c(uh(0)− u0, v) = 0 ∀v ∈ Vh,

g(ph(0)− p0, q) = 0 ∀q ∈ Qh,

s(θh(0)− θ0, ξ) = 0, s(θ′h(0)− θ10, ξ) = 0 ∀ξ ∈ Zh

(27)

we will call a semi-discrete Galerkin approximation of the solution ψ = (u, p, θ) of the
variational problem (9). The constant h will be called a space discretization parameter
of the problem (9).

Let us �x some bases {vi}, {qi}, {ξi} in the approximation subspaces Vh, Qh and Zh

respectively. Those bases we will select by means of �nite element method. Then our
unknown solutions might be represented as follows:

uh(x, t) =
dimVh∑
i=1

Ui(t)vi(x),

ph(x, t) =
dimQh∑
i=1

Pi(t)qi(x),

θh(x, t) =
dimZh∑
i=1

Θi(t)ξi(x).

(28)

Then by the Galerkin procedure we obtain a Cachy problem for determining the unknown
coe�cients U(t) = {Ui(t)}, P (t) = {Pi(t)} and Θ(t) = {Θi(t)} of approximations uh, ph
and θh:

MU
′′
(t) +AU

′
(t) + CU(t)− ETP (t)− Y T (Θ(t) + t1Θ

′
(t)) = L(t),

EU
′
(t) +GP

′
(t) + ΠT (Θ

′
(t) + t1Θ

′′
(t)) + ZP (t) = R(t),

Y U
′
(t) + ΠP

′
(t) + ST (Θ

′
(t) + t1Θ

′′
(t)) +KΘ(t) = F (t),

MU
′
(0) = V 0, CU(0) = U0,

GP (0) = P 0, S(Θ(0) + t0Θ
′
(0)) = Θ0 + t0Θ

10.

(29)

Here the coe�cients of matrices M,A,C,E, Y,G,Π, Z, S,K in the system above are cal-
culated by the corresponding bilinear forms (10)-(11) applied to the base functions of
the �nite-dimensional subspaces Vh, Qh and Zh, for example, M = {mij} = m(vi, vj),
Y = {γij} = γ(ξi, vj), Π = {πij} = π(ξi, qj), E = {eij} = e(qi, vj) (in general, a matrix
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denoted by some capital letter is formed by a bilinear form denoted by the respective
lowercase letter). The vectors L(t), R(t), F (t) are formed using the expression below:

L(t) = {< l(t), vi >}, R(t) = {< r(t), qi >}, F (t) = {< µ(t), ξi >}

and vectors that represent the initial conditions of the problem are calculated via expres-
sions:

V 0 = {m(v0, vi)}, U0 = {c(u0, vi)}, P 0 = {g(p0, qi)},
Θ0 = {s(θ0, ξi)}, Θ10 = {s(θ10, ξi)}.

Since matrices M , A, C, G, Z, S, K are positively de�ned for each h > 0, the
Cauchy problem (29) has a unique solution which in its turn de�nes a semi-discrete
Galerkin approximation ψh = (uh, ph, θh) in a form(28). Moreover, taking into account
Proposition 1 from the previous section we can formulate the following theorem.

Theorem 3 (about well-posedness of semi-discretized variational problem of Green-
Lindsay thermopiezoelectricity).

Let the input data of the variational problem (9) satisfy the conditions (23). Then
for each h > 0 there exists a unique solution ψh = (uh, ph, θh) of the problem (27), such
that

|||ψh(t)|||2Φ ≤ ||ψh(0)||2 +
t∫
0

[
||l||2∗ + ||r||2∗ + ||µ||2∗ +

t21
t1 − t0

||µ||2∗∗
]
dτ

∀t ∈ (0, T ].

Proof. The existence implies from the aforementioned procedure. The uniqueness is
proved by Proposition 2 of the previous section. □ The above mentioned results let us
to formulate the following theorem.

Theorem 4 (about well-posedness of variational problem of Green-Lindsay ther-
mopiezoelectricity). Let the input data of the variational problem (9) satisfy the condi-
tions (23). Then the variational problem (9) has a unique and stable solution ψ = (u, p, θ)
that is characterized by regularity conditions (24) and stability conditions (25).

Proof. Implies from the density properties of the �nite-dimensional subspa-
ces (26). □

6. Discretization in time

To complete the discretization of the Cauchy problem (29) we will consider a uniform
partition of the time interval [0, T ] by nodes tj = j∆t, j = 0, 1, ..., NT , where NT is some
�xed number and T = NT∆t. Then we will apply a standard Newmark scheme [5], [8]
for the hyperbolic equations of motion and heat conduction with parameters γ, β and
a generalized trapezoidal rule [8] with parameter α = γ for the parabolic di�erentiated
Maxwell's equation.

The nodal approximations of elastic displacement U j+1 and its velocity U̇ j+1 accord-
ing to the Newmark scheme are de�ned by:

U j+1 = U j +∆tU̇ j + ∆t2

2

[
(1− 2β)Ü j + 2βÜ j+1

]
U̇ j+1 = U̇ j +∆t

[
(1− γ)Ü j + γÜ j+1

]
,

(30)

where Ü j is an approximation of the mechanical acceleration at node tj .
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The nodal approximations of electric potential P j+1 according to the generalized
trapezoidal rule are calculated as:

P j+1 = P j +∆t
[
(1− γ)Ṗ j + γṖ j+1

]
, (31)

where Ṗ j is an approximation of the velocity of electric potential at node tj .

The nodal approximations of temperature change Θj+1 and its velocity Θ̇j+1 accord-
ing to the Newmark scheme are de�ned by:

Θj+1 = Θj +∆tΘ̇j + ∆t2

2

[
(1− 2β)Θ̈j + 2βΘ̈j+1

]
Θ̇j+1 = Θ̇j +∆t

[
(1− γ)Θ̈j + γΘ̈j+1

]
,

(32)

where Θ̈j is an approximation of the acceleration of temperature increment at node tj .
Combining those approximations (30)�(32) with the Cauchy problem (29) we come

to the following numerical scheme:

given ∆t > 0, t1 ≥ t0 > 0, 1 ≥ γ ≥ 0, 1
2 ≥ β ≥ 0, (U̇ j , U j , P j , Θ̇j ,Θj);

�nd (Ü j+1, Ṗ j+1, Θ̈j+1) such that M +∆tγA+∆t2βC −∆tγET −(∆tγt1 +∆t2β)Y T

∆tγE G+∆tγZ (t1 +∆tγ)ΠT

∆tγY Π (t0 +∆tγ)S +∆t2βK

×

×

 Ü j+1

Ṗ j+1

Θ̈j+1

 =


Lj+1 −A ˜̇U j+1 − CŨ j+1 + ET P̃ j+1 + Y T

[
Θ̃j+1 + t1

˜̇Θj+1
]

Rj+1 − E ˜̇U j+1 − ZP̃ j+1 −ΠT ˜̇Θj+1

Fj+1 − Y ˜̇U j+1 − S ˜̇Θj+1 −KΘ̃j+1

 ,

where we have used predictors

Ũ j+1 = U j +∆tU̇ j + ∆t2

2 (1− 2β)Ü j ,

˜̇U j+1 = U̇ j +∆t(1− γ)Ü j ,

P̃ j+1 = P j +∆t(1− γ)Ṗ j ,

Θ̃j+1 = Θj +∆tΘ̇j + ∆t2

2 (1− 2β)Θ̈j ,

˜̇Θj+1 = Θ̇j +∆t(1− γ)Θ̈j

and then the following correctors to compute the �nal values at time step j + 1

U j+1 = Ũ j+1 +∆t2βÜ j+1,

U̇ j+1 = ˜̇U j+1 +∆tγÜ j+1,

P j+1 = P̃ j+1 +∆tγṖ j+1,

Θj+1 = Θ̃j+1 +∆t2βΘ̈j+1,

Θ̇j+1 = ˜̇Θj+1 +∆tγΘ̈j+1.
(33)
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7. Proof of time integration scheme stability

For pure hyperbolic problems the Newmark scheme is known to be unconditionally
stable [5], [8] if γ ≥ 1

2 and the selection of parameters γ = 1
2 and β = 1

4 gives the highest
rate of convergence (equal to 2). For pure parabolic problems the generalized trapezoidal
rule is also unconditionally stable [8] if γ ≥ 1

2 . Therefore we would like to prove that in
our case of the system of coupled PDEs (which is not pure hyperbolic or parabolic) the
numerical scheme de�ned by (30)�(33) is unconditionally stable for γ = 1

2 and β = 1
4 .

For this selection of parameters γ and β the accelerations of elastic displacement Ü j+ 1
2

and acceleration of temperature change Θ̈j+ 1
2 and velocity of electric potential Ṗ j+ 1

2

are assumed to be constant within the time interval [tj , tj+1]. Therefore the relations
(30)-(32) for approximation of the values of unknowns at time step j + 1 reduce to the
following:

U j+1 = U j +∆tU̇ j+ 1
2 ,

Θj+1 = Θj +∆tΘ̇j+ 1
2 ,

P j+1 = P j +∆tṖ j+ 1
2 ,

U̇ j+1 = U̇ j +∆tÜ j+ 1
2 ,

Θ̇j+1 = Θ̇j +∆tΘ̈j+ 1
2 ,

U j+1 = U j+ 1
2 + 1

2∆tU̇
j + 1

4∆t
2Ü j+ 1

2 .

(34)

Since we can do the discretization by space variables and by time variable in any order,
for further proof let us consider the variational problem of Green-Lindsay thermopiezo-
electricity (9) in the middle of the time interval [tj , tj+1] and let us do the necessary
substitutions instead of admissible functions to obtain the energy relations:

m(üj+
1
2 , u̇j+

1
2 ) + a(u̇j+

1
2 , u̇j+

1
2 ) + c(uj+

1
2 , u̇j+

1
2 )− e(pj+

1
2 , u̇j+

1
2 )−

−γ(θj+ 1
2 + t1θ̇

j+ 1
2 , u̇j+

1
2 ) =< lj+

1
2 , u̇j+

1
2 >,

g(ṗj+
1
2 , pj+

1
2 ) + e(pj+

1
2 , u̇j+

1
2 ) + z(pj+

1
2 , pj+

1
2 ) + π(θ̇j+

1
2 + t1θ̈

j+ 1
2 , pj+

1
2 ) =

=< rj+
1
2 , pj+

1
2 >,

s(θ̇j+
1
2 + t0θ̈

j+ 1
2 , θj+

1
2 + t1θ̇

j+ 1
2 ) + k(θj+

1
2 , θj+

1
2 + t1θ̇

j+ 1
2 )+

+π(θj+
1
2 + t1θ̇

j+ 1
2 , ṗj+

1
2 ) + γ(θj+

1
2 + t1θ̇

j+ 1
2 , u̇j+

1
2 ) =

=< µj+ 1
2 , θj+

1
2 + t1θ̇

j+ 1
2 > .

(35)

Here the notations ẏ and ÿ denote the velocities and accelerations of the corresponding
variable y (just like they were described in the previous section for semi-discretized
solutions). Besides, the superscript j + 1

2 always means the value of the respective

function or linear form at the middle of the time interval tj+ 1
2
=

tj+tj+1

2 , for example,

uj+
1
2 = u(tj+ 1

2
), lj+

1
2 = l(tj+ 1

2
).

It is worth to note that the relations (34) remain valid for non-discretized by space
variables uj+1, θj+1, pj+1, u̇j+1, θ̇j+1 as well. Therefore, for every variable y and every
bilinear form b(·, ·):

b(yj+
1
2 , ẏj+

1
2 ) = b(y

j+1+yj

2 , y
j+1−yj

∆t ) = 1
2∆tb(y

j+1 + yj , yj+1 − yj) =

= 1
2∆t [b(y

j+1, yj+1)− b(yj , yj)] = 1
2∆t [||y

j+1||2b − ||yj ||2b ].
(36)



DrebotiyR., StelmashchukV., ShynkarenkoH.

40 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31

In addition notice that

π(θ̇j+
1
2 + t1θ̈

j+ 1
2 , pj+

1
2 ) + π(θj+

1
2 + t1θ̇

j+ 1
2 , ṗj+

1
2 ) =

= π( θ
j+1−θj

∆t + t1
θ̇j+1−θ̇j

∆t , p
j+1+pj

2 ) + π( θ
j+1+θj

2 + t1
θ̇j+1+θ̇j

2 , p
j+1−pj

∆t ) =

= 1
2∆t [π(θ

j+1 + t1θ̇
j+1, pj+1)− π(θj + t1θ̇

j , pj+1) + π(θj+1 + t1θ̇
j+1, pj)−

−π(θj + t1θ̇
j , pj) + π(θj+1 + t1θ̇

j+1, pj+1) + π(θj + t1θ̇
j , pj+1)−

−π(θj+1 + t1θ̇
j+1, pj)− π(θj + t1θ̇

j , pj)] =

= 1
2∆t [2π(θ

j+1 + t1θ̇
j+1, pj+1)− 2π(θj + t1θ̇

j , pj)]

(37)

and

s(θ̇j+
1
2 + t0θ̈

j+ 1
2 , θj+

1
2 + t1θ̇

j+ 1
2 ) =

= s(θ̇j+
1
2 + t0θ̈

j+ 1
2 , θj+

1
2 + t0θ̇

j+ 1
2 ) + (t1 − t0)s(θ̇

j+ 1
2 + t0θ̈

j+ 1
2 , θj+

1
2 ) =

= 1
2∆t [s(θ

j+1 + t0θ̇
j+1, θj+1 + t0θ̇

j+1)− s(θj + t0θ̇
j , θj + t0θ̇

j)]+

+ 1
2∆t t0(t1 − t0)[s(θ̇

j+1, θ̇j+1)− s(θ̇j , θ̇j)] + (t1 − t0)s(θ̇
j+ 1

2 , θ̇j+
1
2 ).

(38)

Therefore, after summing up the equations from (35) and using the expressions (36)�(38),
we obtain:

1
2∆t [m(u̇j+1, u̇j+1)−m(u̇j , u̇j)] + 1

2∆t [c(u
j+1, uj+1)− c(uj , uj)]+

+ 1
2∆t [g(ṗ

j+1, ṗj+1)− g(ṗj , ṗj)] + 1
2∆t t1[k(θ

j+1, θj+1)− k(θj , θj)]+

+ 1
2∆t [s(θ

j+1 + t0θ̇
j+1, θj+1 + t0θ̇

j+1)− s(θj + t0θ̇
j , θj + t0θ̇

j)]+

+ 1
2∆t t0(t1 − t0)[s(θ̇

j+1, θ̇j+1)− s(θ̇j , θ̇j)]+

+ 1
2∆t [2π(θ

j+1 + t1θ̇
j+1, pj+1)− 2π(θj + t1θ̇

j , pj)]+

+a(u̇j+
1
2 , u̇j+

1
2 ) + z(pj+

1
2 , pj+

1
2 )+

+k(θj+
1
2 , θj+

1
2 + (t1 − t0)s(θ̇

j+ 1
2 , θ̇j+

1
2 ) =

=< lj+
1
2 , u̇j+

1
2 > + < rj+

1
2 , pj+

1
2 > + < µj+ 1

2 , θj+
1
2 + t1θ̇

j+ 1
2 > .

(39)

Using the notations (16)�(17), the identity (39) can be rewritten as follows:

1
2∆t [||ψ

j+1||2 − ||ψj ||2] + |||ψj+ 1
2 |||2 =

=< lj+
1
2 , u̇j+

1
2 > + < rj+

1
2 , pj+

1
2 > + < µj+ 1

2 , θj+
1
2 + t1θ̇

j+ 1
2 > .

(40)

Using the estimates for the linear functionals like in expressions (19)-(21) we obtain:

< lj+
1
2 , u̇j+

1
2 > + < rj+

1
2 , pj+

1
2 > + < µj+ 1

2 , θj+
1
2 + t1θ̇

j+ 1
2 >≤

≤ 1
2

[
||lj+ 1

2 ||2∗ + ||rj+ 1
2 ||2∗ + ||µj+ 1

2 ||2∗ +
t21

t1 − t0
||µj+ 1

2 ||2∗∗
]
+ 1

2 |||ψ
j+ 1

2 |||2.

Applying the latest inequality to (40) we receive:

1
2∆t [||ψ

j+1||2 − ||ψj ||2] + |||ψj+ 1
2 |||2 ≤

≤ 1
2

[
||lj+ 1

2 ||2∗ + ||rj+ 1
2 ||2∗ + ||µj+ 1

2 ||2∗ +
t21

t1 − t0
||µj+ 1

2 ||2∗∗
]
+ 1

2 |||ψ
j+ 1

2 |||2.
(41)
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Let's introduce a notation:

||Kj+ 1
2 ||2∗ = ||lj+ 1

2 ||2∗ + ||rj+ 1
2 ||2∗ + ||µj+ 1

2 ||2∗ +
t21

t1 − t0
||µj+ 1

2 ||2∗∗.

Then the inequality (41) transforms into:[
||ψj+1||2 − ||ψj ||2

]
+∆t|||ψj+ 1

2 |||2 ≤ ∆t||Kj+ 1
2 ||2∗. (42)

Now let's add up the inequalities (42) for j = 0, 1, ...,m, ∀m = 0, 1, ..., NT − 1:

||ψm+1||2 +∆t

m∑
j=0

|||ψj+ 1
2 |||2 ≤ ||ψ0||2 +∆t

m∑
j=0

||Kj+ 1
2 ||2∗. (43)

The inequality (43) shows that the solution ψm+1 obtained by the time integration scheme
for each node tm+1,m = 0, 1, ..., NT − 1 is bounded, so the utilized scheme is stable.

8. Numerical experiments

We consider a piezoelectric bar of length L = 10−8 m made of PZT-4 ceramics. The
behavior of the bar is examined during a very short time interval T = 11.2 ·10−12 s. The
boundary conditions for temperature increment θ are the ones that describe a ramp-type
heating of one edge of the bar while another one is kept at the initial temperature:

θ(0, t) = θc

{
t
tp
, 0 ≤ t ≤ tp

1, tp ≤ t ≤ T
,

θ(L, t) = 0, 0 ≤ t ≤ T.

where tp = 10−12 s and θc = 293 K. The boundary conditions for both mechanical and
electric �elds are of Neumann type:

σ = σ = 0 N/m2 on Γσ × [0, T ],Γσ = {x = 0} ∪ {x = L},
(D′ + J) = 0 A on Γd × [0, T ],Γd = {x = 0} ∪ {x = L}.

The initial conditions are taken to be zeros:

u(x, 0) = 0,

u′(x, 0) = 0,

p(x, 0) = 0,

θ(x, 0) = 0

∀x ∈ [0, L].

Thus, our numerical experiment reproduces the one described in the article [16] (where
actually Lord-Shulman model of thermopiezoelectricity is considered, but we can compare
results when the �relaxation time� parameters are small enough). So, we will take physical
coe�cients of PZT-4 ceramics just like in [16]:



DrebotiyR., StelmashchukV., ShynkarenkoH.

42 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31

ρ = 7500 kg/m3,

cv = 420 J/kg ·K,
λ = 2.1 W/m ·K,
c = 115 × 109 N/m2,

e = 15.1 C/m2,

π = −2.12× 10−4 C/K ·m2

χ = 5.62× 10−9 C2/N ·m2.

Also we will take
α = 3.13× 10−5 K−1,

z = 5× 10−12 Ω−1 ·m−1,

a = 0 m2 · s−1,

T0 = 293 K.

Fig. 1. Temperature increment θ at x = 0.3L depending on t0 and t1

However, the exact values of �relaxation time� parameters t0, t1 are unknown for
majority of materials (including PZT-4 ceramics). But practical experiments show that
these values can vary between 10−10 s for gases and 10−14 s for metals. Also, recalling
the condition that t1 ≥ t0 ≥ 0, in our experiment we will �x t1 = 10−12 s and show the
in�uence of t0 parameter of the Green-Lindsay model by sequentially setting its value to
0.5 · 10−12 s, 0.5 · 10−13 s and 0.5 · 10−14 s.

For discretization in space we divide the interval [0, L] into N = 256 �nite elements
with piecewise quadratic approximations. For time discretization we uniformly divide the
time interval [0, T ] into NT = 1200 subintervals. Besides, we will take the parameters
of the time integration scheme γ = 1

2 and β = 1
4 (the ones that provide unconditional

stability of the numerical scheme).
Fig. 1 shows the temperature increment θ varying in time at point x = 0.3L of the

piezoelectric bar when one can obviously see the impact of t0 parameter on the received
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solution. Moreover, if t0 = 0.5 · 10−14 s the solution is very close to the one of classical
thermopiezoelectricity problem and the one with a very small (τ = 10−14 s) �relaxation
time� parameter of Lord-Shulman thermopiezoelectricity model, see [15] and [16].

9. Conclusions

The dynamical behaviour of the pyroelectric specimen have been studied under gener-
alized Green-Lindsay thermopiezoelectricity model. The initial boundary value problem
was formulated, transformed into the variational problem. After formulating the en-
ergy balance law the regularity conditions of the input data have been de�ned (quite
acceptable for practical applications), which allow us to prove the well-posedness of the
variational problem.

We have used similar technique as in the article [15] to construct a numerical scheme
for solving the variational problem of Green-Lindsay thermopiezoelectricity. It has been
proved that the constructed time integration scheme is unconditionally stable if its pa-
rameters are taken γ = 1

2 and β = 1
4 .

Finally, we perform the numerical experiment inspired by other researchers' work [16]
and the obtained results show us the impact of the �relaxation time� parameters on the
solution of the problem.
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Íà îñíîâi ìîäåëi òåðìîï'¹çîåëåêòðèêè Ãðiíà-Ëiíäñåÿ ç òàê çâàíèìè ïàðàìåòðà-

ìè ðåëàêñàöi¨, ÿêi âïëèâàþòü íà õàðàêòåð âçà¹ìîäi¨ ìåõàíi÷íîãî, åëåêòðè÷íîãî òà

òåïëîâîãî ïîëiâ ó ïiðîåëåêòðèêàõ, ñôîðìóëüîâàíî ïî÷àòêîâî-êðàéîâó òà âiäïîâiäíó ¨é

âàðiàöiéíó çàäà÷ó öi¹¨ ìîäåëi â òåðìiíàõ âåêòîðà ïðóæíèõ ïåðåìiùåíü, åëåêòðè÷íîãî

ïîòåíöiàëó, ïðèðîñòó òåìïåðàòóðè. Âèâåäåíî âiäïîâiäíå ðiâíÿííÿ åíåðãåòè÷íîãî

áàëàíñó òà çðîáëåíî åíåðãåòè÷íi îöiíêè ðîçâ'ÿçêiâ âàðiàöiéíî¨ çàäà÷i. Íà öié ïiäñòàâi

äîâåäåíî êîðåêòíiñòü âàðiàöiéíî¨ çàäà÷i. Íà áàçi ìåòîäó ñêií÷åííèõ åëåìåíòiâ òà

ñõåìè Íüþìàðêà ðîçðîáëåíî ÷èñåëüíó ñõåìó äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ öi¹¨

çàäà÷i. Äîâåäåíî áåçóìîâíó ñòiéêiñòü ïîáóäîâàíî¨ ñõåìè iíòåãðóâàííÿ â ÷àñi. Íàâåäåíî

ðåçóëüòàòè ÷èñëîâîãî åêñïåðèìåíòó, ÿêèé äåìîíñòðó¹ âïëèâ çíà÷åíü ïàðàìåòðiâ ðå-

ëàêñàöi¨ ìîäåëi Ãðiíà-Ëiíäñåÿ íà îòðèìàíèé ðîçâ'ÿçîê.

Êëþ÷îâi ñëîâà: ïiðîåëåêòðè÷íèé åôåêò, òåðìîï'¹çîåëåêòðèêà, ìîäåëü Ãðiíà-Ëiíäñåÿ,

ïî÷àòêîâî-êðàéîâà çàäà÷à, âàðiàöiéíà çàäà÷à, êîðåêòíiñòü âàðiàöiéíî¨ çàäà÷i, íàïiâ-

äèñêðåòèçàöiÿ Ãàëüîðêiíà, ìåòîä ñêií÷åííèõ åëåìåíòiâ, ñõåìà Íüþìàðêà, ñòiéêiñòü

÷èñëîâî¨ ñõåìè iíòåãðóâàííÿ â ÷àñi.


