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Recently, multivariate models with complex variables and systems of complex equations
have been used in economic research. Specifically, economic and mathematical models are
often expressed in terms of complex variables. This approach provides compact modeling of
complex processes and describes the dependencies between variables differently, compared
to models of real variables. This emerging field, termed "complex economics", provides
economists with an innovative analytical instrument. The greater the versatility of this
tool, the broader the area of research objectives that can be addressed. These complex-
valued functions have very important properties. For example, one of these features is the
robustness of their estimates in the presence of multicollinearity.

This paper introduces a novel methodology that aims to expand the econometric re-
searcher’s arsenal by incorporating quaternions. The quaternion approach aims to show
alternative ways of developing a complex economy compared to those described by com-
plex functions. The paper presents formulas necessary to compute the coefficients of the
quaternion regression function and demonstrates their application through an example of
finding the coefficients of quaternion regression based on the World Bank statistics.
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1. INTRODUCTION

In most mathematical models, functions of real variables are used to describe and
forecast economic processes at various levels [1, 2]. However, to expand the instrumen-
tal base for modeling the relationships of economic variables, the functions of complex
variables were used, and this allowed to consider the relationships between indicators
by combining them into one complex variable and using it as a dependent variable, in
contrast to the functions of real variables, which model the dependence of only one indi-
cator [3-5]. Closer relationships between indicators can be represented using quaternion
theory. Therefore, the authors propose a new approach that allows combining twice as
many indicators into one quaternion variable of the form

= 2, + 20 + 257 + ik, (1)

where i2 = —1, j2 = 1,k = —1and ij = k, ji = —k, jk =i, kj = —i, ki = j, ik = —].

Note that the norm of the quaternion x is a non-negative real number 22+ 22 —I—x? +a3
[6].

The use of a variable in the form of a quaternion of the form (1) as a model connecting
four variables into one whole allows, on the one hand, to obtain a more compact notation,
and on the other hand, to include in the economic-mathematical model more detailed
information about modeled object, and also consider them in a close relationship.
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2. CONSTRUCTION OF THE METHOD

To construct a new linear econometric model with quaternion variables, let’s consider
a matrix model of the form
Y=A+BxX+FE, (2)

where n - dimensional vectors of quaternions Y and X are economic indicators, and
quaternions A and B are the coefficients to be found, F - is an error.
This model (2) in expanded notation has the form:

Yrt + Wit + Jyje + kyee = (ar +ta; + ja; + kag) + (br + ib; + jbj + kby) -
(Tp +is + Jaje + kvpe) + (€re + i€y + jej + kery), (3)

where e, + ie;; + jej¢ + ke — n-dimensional error vector, which also has the form of a
quaternion, and t = 1, n.

To estimate the parameters of this model based on sample observations, the least
squares method is used, in which, similar to the case of real variables, the criterion is the
minimization of the norm of the error vector

|E|| = |ler + ie; + je; + kex| = e; + €} + €5 + e, — min. (4)

This criterion has a fairly transparent interpretation: the smaller the norm of the error
of the quaternion variable, the smaller its distance to zero, therefore, we choose the
estimates where the sum of error distances to zero is minimal.

This requirement should be met on the entire range of values of t. Therefore, in the
general case, the criterion for evaluating these coefficients of the quaternion model is
written as follows:

Z(y’“t —a, — Re(Bx* X))? + Z(yzt —a; — Imi(B = X))* +

+Z(yjt —a; — Imj(B * X))2 + Z(ykt —a — Imy(B * X))2 — min. (5)

Therefore, in order to find the parameters of function with real variables (5), which
correspond to its minimum, it is necessary to calculate the derivatives of this function
by parameters, equate them to zero, and solve the resulting equations with respect to
ayr, G, aj, ap and by,b;, bj, by.

From the necessary conditions of the extremum we obtain the following system of
equations

Zyrt:nar-f—brzfﬂrt—biszit—bjzfjt—bkzwkt, (6)
=1 =1 =1 t=1 t=1
n n n n n
D v =mnai+be > w0y we by > wk — bk Y e, (7)
t=1 =1 =1 =1 =1
Sy =naj+b > @i+ wh by Y we b Y i, (8)
=1 =1 =1 =1 =1
Zykt:nak+brzﬂikt*biZIjt*ijIqukaIrt, 9)
=1 =1 =1 =1 t=1
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n n n n
E YrtTrt — E YitTit — E Yjt Tt — E YktTrt =
t=1 t=1 t=1 t=1
n n n n n
2 2 2 2
=a, E Tyt — Q; g Ty — aj g Tj — ag E Tt + by g (Typ — Tjy — T5y — They) —
t=1 t=1 t=1 t=1 t=1
n n n
— 2b2 E LptLit — 2bJ E TrtLjt — 2bk E LrtLt 5 (10)
t=1 t=1 t=1
n n n n
E YrtTit + E YitTrt + E YjtTht — E Ykt Tjt =
t=1 t=1 t=1 t=1
n n n n n
2 2 2 2
=a, E it + a; E Tre + aj E Tt — Ak E Tt + b; E (.’L‘Tt —Xi — LG — mkt) +
t=1 t=1 t=1 t=1 t=1
n n n
+ 2b, g Tty + 2b; E TrtTht — 2by, E Tyt (11)
t=1 t=1 t=1
n n n n
E Yrt Tt + g YjtTrt — E YitTrt + E Ykt Tit =
t=1 t=1 t=1 t=1
n n n n n
. _ ) s 2 2 2 2
= Qr Trt — Q4 Tt + a; Trt + Qg ZTit + J (xrt — L5 — irjt - ‘rkt) +
t=1 t=1 t=1 t=1 t=1
n n n
+ 2b, g Ty e — 2b; E Trt T + 2by, E TrtTit (12)
t=1 t=1 t=1
n n n n
E YrtTht + E Ykt Trt + E YitTjt — E YjtTit =
t=1 t=1 t=1 t=1
n n n n n
. _ _ ) _ b 2 2 2 2
= Gy Trt + a4 Tt — aj Tit + ak Tt + Ok (w3 — x5y — T — Tiy) +
t=1 t=1 t=1 t=1 t=1

n n n
+ 2b; Z Tyttt — 2bj Z Tt Tt + 20, Z Trt Lkt - (].3)
t=1 t=1 t=1

Having solved the system (6-13) with respect to the unknowns a., a;, a;, a; and b,,
bi, bj, by, we obtain the coeflicients of the linear model of quaternions.
In particular, when we introduce a designation

1 n n n n
Y, X, =— <Z YrtZTrt — Z YitTit — Z YjtTjt — Z yktl‘kt) -
"\i= t=1 t=1 t=1
1 n n n n n n n n
) (Zyrtzxrt - Zyit int - Zyjt ijt - Zyktzwkt> =
t=1 t=1 t=1 t=1 t=1 t=1 t=1 t=1

= (UrTr — UiTi — U5 — UnTr) — (U, Tr — UiTi — U;Tj — UpTh) »
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1 n n n n
Y, X; = - <Z YrtTit + Zyitﬂfrt + Zyjtzkt - Z YktTjt | —
t=1 t=1 t=1 t=1

1 n n n n n n n n
2 (Z Yrt Zﬂfit + Zyit Z%-t + Zyjt Zxkt - Zykt ijt> =
t=1 =1 t=1  t=1 t=1 =1 t=1  t=1

= (Ui + Yi%r + YTk — Ukxy) — (U, Ti + Ui Tr + YTk — YiTj)

n n n n
Yer = % (Z YrtTjt — Z YitTht + Z YjtTrt + Z yktxit> -
=1 t=1 t=1 t=1
1 n n n n n n n n
2 (Zyrt Zfﬂjt - Zyit Zxkt + Zyjt Zxrt + Zym int> =
t=1 t=1 t=1 t=1 t=1 t=1 t=1 t=1

= (Ur®j — Uitk + UiTr + i) — (,Tj — §;Tk + ;T + YiTi) ,

n n n n
Y, X, = % (Z YrtTht + Z YitTjt — Z YjtTit + Z yktxrt> -
t=1 t=1 t=1 t=1
1 n n n n n n n n
2 (Zynzxkt + Zyitzxﬁ - Zyjtzxit + Zyktzxrt> =
t=1  t=1 t=1  t=1 t=1  t=1 t=1 t=1

= (Ur@k + Ui — Ui + Gir) — (U, Tk + U5 — Y;Ti + GiTr)

Xop = (07 = af = 2f —a}) = (3" =" = 7" = W),

Xk = ToTk — Tp * T -
Then the solution of the system has the form:
A = Yr — (brxir - szz - bj@ - bk@)
a; =Y — (b,T; + b;Zr + b7 — brT;)
a; =7; — (byT7 — b;Tig + b;T, + biT;)
ar = Uk — (brTk + b;T; — b;T; + biTy)
b =[ (VX0 X + 2, X0 X0) (X2, +4X2) + 2%, X, X — 2%, X, X )
(X X 42X X0n)) (X2, +AX2) (X2 +4X7) — 4((2X,:X,5)%—
— (X X)) +2((Y, Xi Xy + 2V, X X0y ) (X2, +4X 7)) —
=20V, X; X,y — 2V, X0 X0 ) (X Xy — 2X00X,05)) (X2, + 4X7))-

: (X’I"TX’I”i - QXT’jXTk‘) + Q(erer + QXTjXri)(erer + 2X7"7.er)):|/
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J[((X2 +AXZ) (X2 +4X2) = 42X X0s)? = (X0s Xpr))-
(X AXT) (X, +4X7) — 42X X0)? — (X X)) +
FA((Xpr Xpi 4+ 2X0u X ) (X2, + 4X7) — 2(X05 Xor — 22X X))
Xk Xor — 2X05X00)) (X0 Xpi — 22X X, ) (X2, +4X7))+

+ 2(X e X + 22X X0 ) (Xij X + ZXTka‘))}

b; = [((YTXinr 2V, X X)) (X2 4+ 4X2) = 20V, X X,y — 2V, X0 X,)-
(X Xy — 2Xrinj)) ((er + 4X3k)(X3r + 4X3j) - 4((2erXri)2_
— (X0 X)) =2((Vo X, X+ 2Y, X Xop ) (X7, + 4X72))+
+ Q(Yerer - QYTXk:XTi)(erXTT + 2XTiXT:I€)) ((Xfr + 4X3j)

. (XTTXM' + 2erer) - 2(erX7‘j - 2erXri)(X'errk - 2XT’LX’I"]))i|/

(K2 AX2) (X2, +4X2) — 42Xk X0 — (X, X)) (X2, +4X7%)
(X2 AXE) — 42X X05)? — (X X)) H4 (X X s + 2X0 X )
' (szr + 4X7?7) - Q(XTjXTT‘ - 2XT’€XTi)(XTkXTT - QXTjXri)) ((XTTXM'_

— 2X 1 Xy (X2 4+ 4X2) 4 2( Xk X 42X, X0i) (X Xpr + 2erXM))}

b; = [((YTXJ-XW — 2V, X, X, ) (X2 + 4X2) + 2(Y, X Xy — 2V, X, X )-
’ (erer - 2XTiX7“j)) ((Xfr + 4Xr2k)(X3r + 4Xr21‘) + 4((2erXri)2*
- (erer)Q))‘F((Yer‘XrT - QYTXTXTk)(Xgr + 4X3i)+
+202Y, X, Xy — Vo X X0 ) (X0 X + 2X0 X00) ) (X2, + 4X7)-

. (erXm‘ -+ 2XTjer) - Q(erer - QXTkXTi)(XT‘T‘XTk - 2XriX7"j))}/

PO, + X2 (X2, 4+ 4X2) + 42X X00)? — (X X)) (X2, +4X2).
. (Xfr + 4X3]) - 4((2XTiXTj)2 - (XT]CXT’I‘)2))_2((XT"I‘X’I‘I€ + 2XriX7‘j)'
: (erer + 2XriX'r‘k) - (2X'r‘jer - Xrinr)(Xfr + 4X§1)) (2(erer_

— 2X . Xy ) (X Xk — 2X05 X i) — (Xri Xy + 2X05 X1 ) (X2, + 4X3i))}
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b= | (VX X = 2Y: X, X)) (XE, +4X2) = 2(Y, X Xy — 2Y, X, X
) (XTjer + QXTZXTk)) ((Xgr + 4XT2])(X3T + 4Xr21) - 4((2XTJXTi)2_
- (er:Xr'r)Q))'f'((Yterer - QYFXTX’I‘])(X?*T + 4X31) - Q(YrXinr_
- 2}/T'XTXTi)(2XTiXTj - er’er)) (4(X7"7"X7"k + QXTiXT'j)'

: (erer + QXrink) - 2(2erer - erXri)(Xgr + 4Xm))}/

/[((XET FAXZ) (X2 +4X2) + 42X X)? — (X X)) (X2 4+ 4X2).
(X7 A+ 4X72*j) — 42X X)) — (Xoe X0)?) —2((Xpr Xoke + 22X X,5)-
X X g+ 2X0i X0k) — (2X05 Xk — Xpi X0 ) (X2 4+ 4X2)) (2(X00 Xy~

= 20, X0) (X Xk — 2,5 X0s) — (X0 Xy +2X05 X0 (X2, +4X2)) |

It should be noted that such approach to building a model should be used when economic
indicators, that are combined into one quaternion variable, are characteristics of one
process or phenomenon, i.e. they reflect different aspects of this phenomenon. That
is, there must be a relationship both between the variables and between the real and
imaginary parts of each variable. The resulting model can be used for multivariate
predictive calculations of different indicators.

Example 1. Consider an example of use of the proposed method with quaternion
coefficients to construct a linear regression between the data given in the table.

Table 1

Statistical data are taken from the World Data Bank [7]

t Yrt Yit Yjt Ykt Lyt Tit Zjt Tt
2018 | 32,135 | 37,017 | 17,573 | 12,750 | 0,471 | 2,298 | 13,418 | 33,408
2019 | 31,865 | 39,702 | 18,392 | 13,159 | 0,433 | 2,440 | 13,938 | 33,057
2020 | 32,316 | 34,772 | 19,443 | 13,086 | 0,406 | 3,288 | 19,272 | 37,209
2021 | 30,054 | 38,065 | 15,533 | 18,682 | 0,390 | 4,132 | 21,169 | 33,261

Applying the formulas (14-21) we obtain the result:

ar = 34,184, a; =35,78082, a; = 31,65692, a; = 118,5162,
b, = —0,16808, b; =0,325369, b; =0,064241, by =0,012892.

So, the trend of the dependence of y,¢, Yit, Yji, Ykt ON Tpy, Tit, Tji, Tie Will look like
this:

Yrt + Yird + Y00 + yrek = 34,184 + 35, 78082 + 31, 656925 + 118, 5162k +
+(—0,16808 + 0, 325369 + 0,0642415 + 0, 012892k) - (¢ + wipi + Tj1f + Trek).
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In particular, this formula shows the dependence of spending on education, receipt of
grants to Ukraine in general and technical cooperation in particular, and total income
in Ukraine on spending on goods and services, spending on research and development,
other spending, and total spending.

3. CONCLUSIONS

This mathematical model can be used to forecast both economic indicators and any
other statistical characteristics. In addition to the analysis of the dynamics of the real
and imaginary parts of the quaternion variable, the dynamics of its other characteristics
- the modulus and polar angles - may be of interest to researchers. These indicators can
complement the analysis of the investigated indicators. The considered method requires
additional research, in particular, finding a confidence interval, estimating the error, etc.
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OcTaHHIM 9aCOM Yy eKOHOMIYHUX JOCJIiIXKEHHSIX M0YaJIi BUKOPUCTOBYBaTH Gararodax-
TOPHI MOJiesIi 3 KOMIIJIEKCHUMH 3MiHHUMH Ta CUCTEMH KOMIIJIEKCHUX PIBHAHL. Takwuil mima-
Xij 3abe3nedye KOMIAKTHE MOJIEJIFOBAHHS CKJIQHUX IPOIECIB Ta ONKMCYE 3aJEKHOCTI MixK
3MIHHUMHU IHIIHM CIHOCOOOM MOPIiBHAHO 3 MOJENSAMHU MiHCHHX 3MIHHHX. 3alpOIOHOBAHO
HOBHH migxijg, sikuii me Gijible PO3MKUPUTH IHCTPYMEHTAJIBHY 043y eKOHOMETPUYHUX J10C-
JIiJKeHb Ha MifCTaBi BUKOPUCTaHHS KBaTepHioHiIB. HaBenmeno dopmynu ajs o64ucieHHS
xoedinienTis kBarepuionHoi yHKIil perpecil, BUKOPUCTAHO IPHUKJIA[ 3HAXOKEHHS KOe-
dinienTis kBaTepHioHHO! perpecii Ha OCHOBI cTaTMCcTHYHHUX gaHUX, B3aTux 3i CBiTOBOrO

OaHKY.

Knat04061 cro6a: KBATEPHIOHH, EKOHOMETPUKA, METOJT HAUMEHIITUX KBAJAPATiB, JiHiitHA DyH-

KITis.



