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Åëàñòîñòàòèêà äîñëiäæó¹ é îïèñó¹ ïðîöåñè ëiíiéíî¨ ïðóæíîñòi, ùî âèíèêàþòü ó

ðiçíèõ çàäà÷àõ ôiçèêè é ìåõàíiêè. Ïëîñêà íåëiíiéíà îáåðíåíà çàäà÷à, ÿêó ðîçãëÿäà¹-

ìî, ïîëÿãà¹ ó ðåêîíñòðóêöi¨ îäíi¹¨ ìåæi òiëà çà çàäàíèìè äàíèìè Êîøi íà iíøié ìåæi,

àáî ÷àñòèíi öi¹¨ ìåæi. Çàäà÷à íåñòiéêà. Öå âèÿâëÿ¹òüñÿ ó òîìó, ùî íåìà¹ ñòiéêîñòi

çà âõiäíèìè äàíèìè. Äîñëiäæåíî iäåíòèôiêîâíiñòü âíóòðiøíüî¨ ãðàíèöi, à òàêîæ

íàâåäåíî çâåäåííÿ çàäà÷i äî íåëiíiéíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü. Îòðèìàíà

ñèñòåìà ïàðàìåòðèçîâàíà òà ëiíåàðèçîâàíà ç âèêîðèñòàííÿì ïîõiäíèõ Ôðåøå. Îïèñà-

íî iòåðàöiéíèé àëãîðèòì ðîçâ'ÿçóâàííÿ çàäà÷i. Äåÿêi iíòåãðàëè ìiñòÿòü îñîáëèâîñ-

òi, ÿêi áóëè âèäiëåíi àäèòèâíî ó ôîðìi ñïåöiàëüíèõ âàãîâèõ ôóíêöié. Âèñâiòëå-

íî äèñêðåòèçàöiþ ñèñòåìè ìåòîäîì êâàäðàòóð i çàñòîñóâàííÿ äî ïåðåâèçíà÷åíî¨ òà

ïîãàíî çóìîâëåíî¨ ñèñòåìè ìåòîäó íàéìåíøèõ êâàäðàòiâ. Ó ïiäñóìêó ïî÷àòêîâó

çàäà÷ó çâåäåíî äî ïîâíiñòþ äèñêðåòíî¨ ñèñòåìè ëiíiéíèõ ðiâíÿíü. Ðîçâ'ÿçàâøè öþ

ñèñòåìó, ìè çìîãëè ðåêîíñòðóþâàòè âèãëÿä âíóòðiøíüî¨ êðèâî¨. ×èñåëüíi åêñïåðè-

ìåíòè äåìîíñòðóþòü åôåêòèâíiñòü ìåòîäó íå ëèøå äëÿ òî÷íèõ âõiäíèõ äàíèõ, à é äëÿ

çáóðåíèõ äàíèõ iç ïåâíèì ðiâíåì øóìó.

Êëþ÷îâi ñëîâà: åëàñòîñòàòèêà, îáåðíåíà çàäà÷à, íåëiíiéíà çàäà÷à, ìåòîä iíòåðãàëüíèõ

ðiâíÿíü, òðèãîíîìåòðè÷íi êâàäðàòóðè, äâîçâ'ÿçíà îáëàñòü.

1. Âñòóï

Ìè ïðîïîíó¹ìî îäèí iç ñïîñîáiâ ÷èñåëüíî¨ àïðîêñèìàöi¨ íåëiíiéíî¨ îáåðíåíî¨
çàäà÷i åëàñòîñòàòèêè. Ó [9] çàïðîïîíîâàíî êiëüêà iòåðàöiéíèõ ìåòîäiâ äëÿ ðîçâ'ÿçó-
âàííÿ íåëiíiéíèõ çàäà÷ çà äîïîìîãîþ íåëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü. Çàãàëüíèé
àëãîðèòì ðîçâ'ÿçóâàííÿ äëÿ îáëàñòåé iç âêëþ÷åííÿìè òà òðiùèíàìè âèñâiòëåíî
ó [7]. Ó [1] íàâåäåíî çàñòîñóâàííÿ ìåòîäó IÐ äî çàäà÷i ðåêîíñòðóêöi¨ ìåæi ó
äâîçâ'ÿçíié îáëàñòi äëÿ âèïàäêó ðiâíÿííÿ Ëàïëàñà. Ñõîæèé ïiäõiä iç âèêîðèñòàííÿì
iíòåãðàëüíèõ ðiâíÿíü äëÿ ðîçâ'ÿçóâàííÿ îáåðíåíèõ çàäà÷ äëÿ ðiâííÿ Ëàïëàñà íàâå-
äåíî ó [2], [3]. Iç ñïîñîáàìè ðîçâ'ÿçóâàííÿì çàäà÷i Êîøi äëÿ ðiâíÿííÿ åëàñòîñòàòèêè
ìîæíà îçíàéîìèòèñü ó [4], [5].

Ìè ðîçãëÿäà¹ìî çàäà÷ó ó äâîâèìiðíèé äâîçâ'ÿçíié îáëàñòi D ⊂ R2, ÿêà îáìåæåíà
ãëàäêèìè çàìêíåíèìè êðèâèìè Γ1 i Γ2 â R2, ùî íå ìàþòü ñïiëüíèõ òî÷îê i ñàìî-
ïåðåòèíiâ. Ç ôiçè÷íîãî ïîãëÿäó, ìîæíà ââàæàòè, ùî îáëàñòü çàïîâíåíà òâåðäèì
içîòðîïíèì ïðóæíèì ìàòåðiàëîì. Êîíòóð Γ2 ìîæíà òðàêòóâàòè ÿê äîñòóïíó ãðà-
íèöþ òiëà, à êîíòóð Γ1 � ÿê íåäîñòóïíó.

Ïðÿìà çàäà÷à åëàñòîñòàòèêè ïîëÿãà¹ ó çíàõîäæåííi òàêî¨ âåêòîð�ôóíêöi¨ u ∈
C2(D) ∩ C1(D), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ Íàâ'¹

µ∆u+ (λ+ µ)grad divu = 0 â D, (1)
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îäíîðiäíó óìîâó Äiðiõëå íà âíóòðiøíié êðèâié

u = 0 íà Γ1 (2)

òà íåîäíîðiäíó óìîâó Äiðiõëå íà çîâíiøíié êðèâié

u = f íà Γ2, (3)

äå f � çàäàíà äîñòàòíüî ãëàäêà ôóíêöiÿ.
Ïëîñêà íåëiíiéíà îáåðíåíà çàäà÷à ïîëÿãà¹ ó ðåêîíñòðóêöi¨¨ âíóòðiøíüî¨ íå-

äîñòóïíî¨ çàìêíåíî¨ êðèâî¨ Γ1 â R2, êîëè âiäîìî âèãëÿä çîâíiøíüî¨ êðèâî¨ Γ2 â
R2, çàäàíî çíà÷åííÿ äàíèõ Äiðiõëå (2), (3) íà âíóòðiøiíé i çîâíiøíié ãðàíèöÿõ,
âiäïîâiäíî, à òàêîæ äàíi Íåéìàíà íà çîâíiøíié ìåæi

Tu = g íà Γ2, (4)

äå T � îïåðàòîð íàïðóæåíü, ÿêèé âèçíà÷åíèé ôîðìóëîþ

Tu = λdivu ν + 2µ(ν · grad)u+ µdiv(Qu)Qν.

Òóò ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi, Q � òàê çâàíà ìàòðèöÿ ïîâîðîòó, ùî
ìà¹ âèãëÿä

Q =

(
0 1

−1 0

)
.

Íàêëàäåìî äîäàòêîâi ïðèïóùåííÿ ñòîñîâíî ãëàäêîñòi ìåæi òà âõiäíèõ äàíèõ, ùîá
çàáåçïå÷èòè iñíóâàííÿ îïåðàòîðà T íà Γ2. Íåõàé Γ2 ∈ C2, g ∈ H−1/2(Γ2), f ∈
H1/2(Γ2), à òàêîæ f ̸= 0.

Îñêiëüêè çàäà÷à ðåêîíñòðóêöi¨ ìåæi íåëiíiéíà, âàæëèâî äîñëiäèòè ¨¨ ùîäî ¹äè-
íîñòi ðîçâ'ÿçêó, à ñàìå � îäíîçíà÷íî¨ iäåíòèôiêîâíîñòi Γ1 çà çàäàíèìè äàíèìè Êîøi
íà Γ2. Öi âëàñòèâîñòi âèñâiòëåíî ó òåîðåìi.

Òåîðåìà 1. Íåõàé D̃ òà D � öå äâi îáìåæåíi îáëàñòi çi ñïiëüíîþ çîâíiøíüîþ

ìåæåþ Γ2 i âíóòðiøíiìè ìåæàìè Γ̃1 òà Γ1; ũ òà u � ðîçâ'ÿçêè çàäà÷i Äiðiõëå (1)�(3)
â D̃ òà D, âiäïîâiäíî. Ïðèïóñòèìî, ùî f ̸= 0 òà

Tu = T ũ

íà Σ ⊆ Γ2. Òîäi

Γ1 = Γ̃1.

Äîâåäåííÿ òåîðåìè àíàëîãi÷íå ÿê äëÿ ðiâíÿííÿ Ëàïëàñà òà íàâåäåíî ó [9].

2. Çâåäåííÿ çàäà÷i äî ñèñòåìè íåëiíiéíèõ iíòåãðàëüíèõ

ðiâíÿíü

Âiäîìî, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ åëàñòîñòàòèêè ìà¹ âèãëÿä

Φ(x, y) =
C1

2π
Ψ(x, y)I +

C2

2π
J(x− y), (5)

äå

C1 =
λ+ 3µ

µ(λ+ 2µ)
, C2 =

λ+ µ

µ(λ+ 2µ)
,
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Ψ(x, y) = ln
1

|x− y|
, x, y ∈ R2 x ̸= y.

I � îäèíè÷íà ìàòðèöÿ ðîçìiðíîñòi 2× 2, J âèçíà÷åíî çà ôîðìóëîþ

J(ω) =
ωω⊤

|ω|2
, ω ∈ R2\{0}.

Ç âèâåäåííÿì ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ìîæíà îçíàéîìèòèñü ó [10].
Äëÿ âåêòîð-ôóíêöi¨ U ∈ H1(D), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ Íàâ'¹ (1), âèçíà÷èìî

ôóíêöiîíàë

G(U) =

∫
Γ2

(TUf − Ug) ds, (6)

äå f òà g � çàäàíi âåêòîð-ôóíêöi¨ ç (3) òà (4), âiäïîâiäíî. Òîäi çà íàñëiäêîì ç äðóãî¨
òåîðåìè Ãðiíà äëÿ âèïàäêó ðiâíÿííÿ åëàñòîñòàòèêè (íàâåäåíî ó [10]) îòðèìà¹ìî, ùî

G(U) =

∫
Γ1

Uhds. (7)

Òóò h = Tu i âèçíà÷à¹ íàïðóæåííÿ íà âíóòðiøíié ìåæi.
Ëåãêî ïåðåñâiä÷èòèñü, ùî ôóêöiîíàë (6) ìîæå áóòè âèçíà÷åíèé äëÿ âñiõ

U ∈ span{Φi(x, ·) : x ∈ Γ1}, i = 1, 2,

äå Φi � i-é ñòîâïåöü ìàòðèöi ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ Íàâ'¹. Î÷åâèäíî,
ùî ó âèïàäêó îäíîçâ'ÿçíî¨ îáëàñòi, ôóíêöiîíàë G òîòîæíî ðiâíèé íóëþ.

Âèêîðèñòîâóþ÷è ôóêíöiîíàë (6), ìîæíà îòðèìàòè íåëiíiéíó ñèñòåìó iíòåãðàëü-
íèõ ðiâíÿíü äëÿ çíàõîäæåííÿ íåâiäîìèõ (Γ1, h). Äëÿ öüîãî ìîæíà ïîäiÿòè ôóíê-
öiîíàëîì G íà ñòîâïöi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó (5) ç âiäïîâiäíî âèçíà÷åíèìè
àðãóìåíòàìè.

Âèêîðèñòîâóþ÷è (6) òà (7), ââåäåìî ¨õíi âiäïîâiäíèêè ç ôóíäàìåíòàëüíèì ðîç-
â'ÿçêîì. Äëÿ öüîãî âèçíà÷èìî ïîòåíöiàë ïðîñòîãî òà ïîäâiéíîãî øàðó ïî çîâíiøíié
ìåæi, äå ãóñòèíàìè ¹ çàäàíi âåêòîð-ôóíêöi¨ f òà g,

w(x) =

∫
Γ2

{
[TyΦ(x, y)]

⊤
f(y)− Φ(x, y)g(y)

}
ds(y), x ∈ R2 \ Γ2

i ïîòåíöiàë ïðîñòîãî øàðó ïî âíóòðiøíié ìåæi ç íåâiäîìîþ ãóñòèíîþ h

v(x) =

∫
Γ1

Φ(x, y)h(y)ds(y), x ∈ R2 \ Γ1.

Òàêîæ ââåäåìî äî ðîçãëÿäó äåùî âèäîçìiíåíi ïîòåíöiàëè

w̃(x) = w(x)− [I − Φ(x, 0)]

∫
Γ2

g(y)ds(y), x ∈ R2 \ {Γ2 ∪ {0}}, (8)

ṽ(x) = v(x) + [I − Φ(x, 0)]

∫
Γ1

h(y)ds(y), x ∈ R2 \ {Γ1 ∪ {0}}. (9)

Çàçíà÷èìî, ùî ïîòåíöiàëè (8), (9) ¹ îáìåæåíèìè.
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Âèçíà÷èìî îïåðàòîðè Sℓ : L2(Γ1) → L2(Γℓ)

(Sℓh)(x) =

∫
Γ1

Φ(x, y)h(y)ds(y), x ∈ Γℓ,

à òàêîæ îïåðàòîð äëÿ ìîäèôiêîâàíîãî ïîòåíöiàëó (9)

(S̃2h)(x) = (S2h)(x) + [I − Φ(x, 0)]

∫
Γ1

h(y)ds(y), x ∈ Γ2.

Ùîá îòðèìàòè ñèñòåìó, âèêîðèñòà¹ìî ôóêíöiîíàë (6). Âèáåðåìî îäèí íàáið ôóíêöié
ç òî÷êàìè äæåðåëà â D2 òà iíøèé íàáið ç òî÷êàìè â D1. Òîäi ñïðÿìó¹ìî òî÷êè
äæåðåëà äî Γ2 òà Γ1, âiäïîâiäíî. Ìîæíà ïåðåêîíàòèñü, ùî ñïðàâäæó¹òüñÿ òàêà
òåîðåìà.

Òåîðåìà 2. Îáåðíåíà ãðàíè÷íà çàäà÷à (1)�(4) ¹ åêâiâàëåíòíîþ äî ñèñòåìiè íåëi-

íiéíèõ iíòåãðàëüíèõ ðiâíÿíü

(S1h)(x) = w(x), x ∈ Γ1, (10)

(S̃2h) = w̃(x), x ∈ Γ2. (11)

Äîâåäåííÿ àíàëîãi÷íå äî íàâåäåíîãî ó [9]. Ñõîæèé ïiäõiä çâåäåííÿ çàäà÷i äî
ñèñòåìè íåëiíiéíèõ ðiâíÿíü òàêîæ âèñâiòëåíî ó [1, 7, 9].

3. Ïàðàìåòðèçàöiÿ iíòåãðàëüíèõ îïåðàòîðiâ i ïîõiäíèõ

Äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ ñèñòåìè IÐ, ïåðåéäåìî âiä iíòåãðàëiâ ïî êðèâié äî
âèçíà÷åíèõ iíòåãðàëiâ. Ïðèïóñòèìî, ùî êðèâi Γ1 i Γ2 ìîæíà ïîäàòè ó ïàðàìåòðè÷-
íîìó âèãëÿäi

Γi := {xi(t) = (xi1(t), xi2(t)), t ∈ [0, 2π]} , i = 1, 2,

äå xi1, xi2 � 2π�ïåðiîäè÷íi òà äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨. Äëÿ
ñïðîùåííÿ ðîçðàõóíêiâ ðîçãëÿíåìî âèïàäîê, êîëè âíóòðiøíÿ êðèâà ç êëàñó òàê
çâàíèõ çiðêîâèõ êðèâèõ i ìà¹ ïàðàìåòðè÷íå ïîäàííÿ

x1(t) = r(t)(cos t, sin t),

äå r : R → (0,∞) � ðàäiàëüíà âiäñòàíü âiä ïî÷àòêó êîîðäèíàò, ÿêó òðåáà îá÷èñëèòè.
Âèêîðèñòîâóþ÷è ïàðàìåòðè÷íå ïîäàííÿ êðèâèõ, îòðèìà¹ìî ïàðàìåòðèçîâàíi

iíòåãðàëüíi îïåðàòîðè, ùî âèêîíóþòü âiäîáðàæåííÿ L2[0, 2π] → L2[0, 2π]

(Siφ)(t) =
1

2π

∫ 2π

0

Ki1(t, τ)φ(τ)dτ, i = 1, 2,

(S̃2φ)(t) = (S2φ)(t) +
[
I − Φ(x2(t), 0)

] ∫ 2π

0

φ(τ)dτ.

Òàêîæ íàâåäåìî ïàðàìåòðèçîâàíi ïîòåíöiàëè

wi(t) =
1

2π

∫ 2π

0

{Ni2(t, τ)f2(τ)−Ki2(t, τ)g2(τ)} dτ+

+
1− i

2

f2(t)

|x′2(t)|
, i = 1, 2,
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w̃2(t) = w2(t)−
[
I − Φ(x2(t), 0)

] ∫ 2π

0

g2(τ)dτ.

Òóò ââåëè ïîçíà÷åííÿ
φ(t) = φ(x1(t))|x′1(t)|,

f2(t) = f(x2(t))|x′2(t)|, g2(t) = g(x2(t))|x′2(t)|,

wi(t) = w(xi(t)), w̃2(t) = w̃(x2(t)),

Kij(t, τ) = 2πΦ(xi(t), xj(τ)), Nij(t, τ) = 2π
[
Txj(τ)Φ(xi(t), xj(τ))

]⊤
.

Ïîäiÿâøè îïåðàòîðîì T íà ìàòðèöþ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ Φ ïî äðóãîìó
àðãóìåíòó, îòðèìà¹ìî ÿâíèé âèãëÿä ÿäåð Nij

Nij(t, τ) =
1

|x′j(τ)|

{
M1

ij(t, τ) +M2
ij(t, τ)

}⊤

, i, j = 1, 2,

äå

M2
ij(t, τ) =

 −x′
i(t)·Qx′′

i (t)
2|x′

i(t)|2

[
C3I + C4J̃(xi(t), xi(t))

]
, i = j, t = τ,

(xi(t)−xj(τ))·Qx′
j(τ)

|xi(t)−xj(τ)|2

[
C3I + C4J̃(xi(t), xj(τ))

]
,

iíàêøå

M1
ij(t, τ) = C3

(xi(t)− xj(τ)) · x′j(τ)
|xi(t)− xj(τ)|2

Q, i ̸= j,

Ââåäåìî ïîçíà÷åííÿ äëÿ ìíîæíèêiâ ó ìàòðèöÿõ M1
ij(t, τ) òà M

2
ij(t, τ), ùîá óíèê-

íóòè ãðîìiçäêîñòi ó ïîäàëüøèõ âèêëàäàõ

m1
ij(t, τ) =

(xi(t)− xj(τ)) · x′j(τ)
|xi(t)− xj(τ)|2

,

m2
ij(t, τ) =

(xi(t)− xj(τ)) ·Qx′j(τ)
|xi(t)− xj(τ)|2

.

Àíàëîãi÷íi ðåçóëüòàòè îá÷èñëåííÿ äi¨ îïåðàòîðà íàïðóæåíü íà ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê áóëî îòðèìàíî ó [10], [4] i [6].

Î÷åâèäíî, ùî ÿäðà Kii, Nii (äëÿ i = 1, 2) ìiñòÿòü ñèíãóëÿðíîñòi, òîìó âiäïîâiäíi
iíòåãðàëè òðåáà òðàêòóâàòè ÿê íåâëàñòèâi.

Íàâåäåíi îïåðàòîðè òà ïîòåíöiàëè çàëåæàòü âiä ôóíêöi¨ r. Âèêîðèñòà¹ìî ïîçíà-
÷åííÿ Sj(r, φ), S̃2(r, φ), wj(r), ùîá íàãîëîñèòè íà öüîìó. Ëåãêî áà÷èòè, ùî w̃2 âiä
r íå çàëåæèòü. Âðàõîâóþþ÷è öi îíîâëåííÿ, ñèñòåìó (10)�(11) ìîæíà çàïèñàòè ó
âèãëÿäi

S1(r, φ) = w1(r), (12)

S̃2(r, φ) = w̃2. (13)

Ñèñòåìà (12)�(13) � íåëiíiéíà. Ìîæíà ïîçáóòèñÿ íåëiíiéíîñòi ñòîñîâíî êðèâî¨ Γ1,
à ñàìå ñòîñîâíî ðàäiàëüíî¨ ôóíêöi¨ r, çàñòîñóâàâøè ëiíåàðèçàöiþ, äå ïåâíà ôóíêöiÿ
q áóäå âèçíà÷àòè ïîïðàâêó äî r ó âèãëÿäi r := r + q. Äëÿ öüîãî ïîïåðåäíüî òðåáà
îá÷èñëèòè ïîõiäíi Ôðåøå âiä íåëiíiéíèõ îïåðàòîðiâ S1(r, φ), S̃2(r, φ) òà ïîòåíöiàëó
w1(r) ñòîñîâíî r. �õ ìîæíà îá÷èñëèòè ÿâíî, ïðîäèôåðåíöiþâàâøè åëåìåíòè ÿäðà çà
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íàïðÿìîì q. Iç äåòàëüíiøèì çàñòîñóâàííÿì íàâåäåíîãî ïiäõîäó ìîæíà îçíàéîìèòèñü
ó [7] i [9]. Ïîõiäíi ìàòèìóòü âèãëÿä

w′
1(r; q)(t) =

1

2π

∫ 2π

0

q(t)

{
N ′

12(t, τ)f2(τ)−K ′
12(t, τ)g2(τ)

}
dτ,

S′
1(r, φ; q)(t) =

1

2π

∫ 2π

0

{
q(t)K ′

11(t, τ) + q(τ)K ′
11(τ, t)

}
φ(τ)dτ,

S̃′
2(r, φ; q)(t) =

1

2π

∫ 2π

0

q(t)K ′
21(t, τ)φ(τ)dτ.

Òóò ìè ââåëè ïîçíà÷åííÿ

K ′
1j(t, τ) = − (x1(t)− xj(τ)) · c(t)

|x1(t)− xj(τ)|2

{
C1 I + 2C2 J̃(x1(t), xj(τ))

}
+

+
C2

|x1(t)− xj(τ)|2
H1j(t, τ), j = 1, 2,

H1j(t, τ) =

(
2(x11(t)− xj1(τ)) cos t (x1(t)− xj(τ)) · c̃(t)
(x1(t)− xj(τ)) · c̃(t) 2(x12(t)− xj2(τ)) sin t

)
,

c(t) = (cos t, sin t), c̃(t) = (sin t, cos t).

ßäðà N ′
1j îá÷èñëþâàòèìåìî çà ôîðìóëîþ

N ′
1j(t, τ) =

1

|x′j(τ)| |x1(t)− xj(τ)|2
{
M1

1j
′
(t, τ) +M2

1j
′
(t, τ)

}⊤
,

j = 1, 2,

äå ìàòðèöi M1
1j

′
òà M2

1j
′
âèçíà÷åíi òàê:

M1
1j

′
(t, τ) = C3

{(
x′j(τ)− 2m1

1j(t, τ)(x1(t)− xj(τ))
)
· c(t)

}
Q,

M2
1j

′
(t, τ) =

(
Qx′j(τ)− 2m2

1j(t, τ)(x1(t)− xj(τ))
)
· c(t)×

×
[
C3I + C4J̃(x1(t), xj(τ))

]
+ C4m

2
1j(t, τ)×

×
[
H1j(t, τ)− 2(x1(t)− xj(τ)) · c(t)J̃(x1(t), xj(τ))

]
.

Ìîæíà ïåðåñâiä÷èòèñü, ùî ñïðàâäæó¹òüñÿ âëàñòèâiñòü

K ′
21(t, τ) = K ′

12(τ, t).

Ïåðåéøîâøè äî ãðàíèöi ïðè τ → t, ëåãêî áà÷èòè, ùî ÿäðî îïåðàòîðà S′
1(r, φ; q) ¹

íåïåðåðâíèì i ìà¹ âèãëÿä

K′
11(q; t) = lim

τ→t

{
q(t)K ′

11(t, τ) + q(τ)K ′
11(τ, t)

}
=

=
C2

|x′1(t)|2
H ′

11(t)−
z(t) · x′1(t)
|x′1(t)|2

{
C1 I + 2C2 J̃(x1(t), xi(t))

}
,
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äå ââåëè ïîçíà÷åííÿ

H ′
11(t) =

(
2z1(t)x

′
11(t) z(t) · x′1(t))

z(t) · x′1(t) 2z2(t)x
′
12(t)

)
,

z(t) = (z1(t), z2(t)),

z1(t) = q(t)′ cos t− q(t) sin t, z2(t) = q(t)′ sin t+ q(t) cos t.

4. Âèäiëåííÿ îñîáëèâîñòåé

ßäðà Kii i Nii ìiñòÿòü ñèíãóëÿðíîñòi, ÿêi ìîæíà âèäiëèòè àäèòèâíèì ñïîñîáîì
ó ôîðìi ñïåöiàëüíèõ âàãîâèõ ôóíêöié. Äëÿ öüîãî âèçíà÷èìî öi ÿäðà ÿê

Kii(t, τ) = K̃i(t, τ)−
C1

2
ln

{
4

e
sin2

t− τ

2

}
I, i = 1, 2.

Âèêîðèñòîâóþ÷è ðîçêëàä â ðÿä Òåéëîðà òà ïðàâèëî Ëîïiòàëÿ, ìîæíà äîâåñòè, ùî
êîìïîíåíòè K̃i ¹ íåïåðåðâíèìè ïðè t = τ , ¨õíÿ ãëàäêiñòü çàëåæèòü âiä ãëàäêîñòi
ãðàíè÷íèõ êðèâèõ. K̃i îá÷èñëþâàòèìåìî çà ôîðìóëîþ

K̃i(t, τ) =

{
Kii(t, τ) +

C1

2 ln
{

4
e sin

2 t−τ
2

}
I, t ̸= τ,

C1

2 ln 1
e|x′

i(t)|2
I + C2J̃(xi(t), xi(t)), t = τ,

äå

J̃(xi(t), xj(τ)) =

 x′
i(t)[x

′
i(t)]

⊤

|x′
i(t)|2

, i = j, t = τ,

J(xi(t)− xj(τ)), iíàêøå.

Ëåãêî ïåðåñâiä÷èòèñü, ùî ó ÿäðàõ Nii êîìïîíåíòè M2
ii äîñòàòíüî ãëàäêi, òîäi ÿê

M1
ii ìiñòÿòü ñèíãóëÿðíiñòü. Ùîá âèäiëèòè ¨¨, ïîçíà÷èìî

M1
ii(t, τ) =M3

i (t, τ) +
C3

2
cot

t− τ

2
Q, i = 1, 2.

Òîäi âèêîíóþòüñÿ ñïiââiäíîøåííÿ

M3
i (t, τ) =

{
M1

ii(t, τ)− C3

2 cot t−τ
2 Q, t ̸= τ,

− C3

2
x′
i(t)·x

′′
i (t)

|x′
i(t)|2

Q, t = τ.

Ó ïiäñóìêó îòðèìà¹ìî çàãàëüíó ôîðìóëó

Nii(t, τ) = Ñi(t, τ) +
C3

2|x′i(τ)|
cot

t− τ

2
Q⊤, i = 1, 2,

äå ïðàâèëüíà ðiâíiñòü

Ñi(t, τ) =


Nii(t, τ)− C3

2|x′
i(τ)|

cot t−τ
2 Q⊤, t ̸= τ,

1
|x′

i(t)|

{
M3

i (t, t) +M2
ii(t, t)

}⊤

, t = τ.

Òåïåð, âðàõóâàâøè âñi íàâåäåíi âèùå ïåðåòâîðåííÿ, ìîæåìî çàñòîñóâàòè ÷èñåëüíi
ìåòîäè äëÿ îá÷èñëåííÿ âèçíà÷åíèõ iíòåãðàëiâ ç ãëàäêèìè ÿäðàìè òà iíòåãðàëiâ, äå
çîñåðåäæåíi îñîáëèâîñòi.
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5. ×èñåëüíå ðîçâ'ÿçóâàííÿ ñèñòåìè iíòåãðàëüíèõ

ðiâíÿíü

5.1. Iòåðàöiéíèé àëãîðèòì

Âèêîíàâøè ëiíåàðèçàöiþ ñèñòåìè (12)�(13), îòðèìà¹ìî òàêå ¨¨ ëiíiéíå ïîäàííÿ:

S1(r, φ) + S1(r, ψ) + S′
1(r, φ; q) = w1(r) + w′

1(r; q), (14)

S̃2(r, φ) + S̃2(r, ψ) + S̃′
2(r, φ; q) = w̃2. (15)

Îïèøåìî àëãîðèòì iòåðàöiéíî¨ ïðîöåäóðè äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó (14)�(15).

� Îáðàòè äîâiëüíå ïî÷àòêîâå íàáëèæåííÿ r. Ðîçâ'ÿçàòè êîðåêòíó çàäà÷ó

S1φ = w1

ñòîñîâíî φ.
� Äëÿ çàäàíèõ r i φ ðîçâ'ÿçàòè çàäà÷ó (14)�(15) ñòîñîâíî q i ψ.
� Îá÷èñëèòè íîâå íàáëèæåííÿ ðàäiàëüíî¨ ôóíêöi¨ r := r+q òà íåâiäîìî¨ ãóñòèíè
φ := φ+ ψ.

� Iòåðóâàòè äâà îñòàííi êðîêè ïîêè íå âèêîíà¹òüñÿ ïåâíèé êðèòåðié çóïèíêè.
Íàïðèêëàä, ïîêè ïîïðàâêà íå áóäå äîñòàòíüî ìàëà

∥q∥L2[0,2π]

∥r∥L2[0,2π]

< ϵ

iç çàäàíèì ϵ > 0.

Çàóâàæèìî, ùî ñèñòåìà (14)�(15) ëiíiéíà, àëå äîñi çàëèøà¹òüñÿ íåêîðåêòíîþ
ç îãëÿäó íà íåêîðåêòíiñòü ïî÷àòêîâî¨ çàäà÷i. Ùîá îòðèìàòè ñòiéêèé ÷èñåëüíèé
ðîçâ'ÿçîê, ìîæíà íà êîæíié iòåðàöi¨ çàñòîñóâàòè ìåòîä ðåãóëÿðèçàöi¨ Òiõîíîâà.

5.2. Ìåòîä êîëîêàöi¨ òà êâàäðàòóð

Øóêàòèìåìî àïðîêñèìàöiþ ïîïðàâêè q ó ñêií÷åííîâèìiðíîìó ïðîñòîði. Íåõàé
öå áóäå ïðîñòið òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ñòåïåíÿ ìåíøîãî àáî ðiâíîãî N òàêèé,
ùî

q(t) ≈
N∑

m=0

am cosmt+

N∑
m=1

bm sinmt, N ∈ N.

Àáî æ ó áiëüø çàãàëüíèõ ïîçíà÷åííÿõ

q(t) ≈
2N∑
m=0

dmqm(t),

äå

dm =

{
am, m = 0, N,

bm−N , m = N + 1, 2N,

qm(t) =

{
cos (mt), m = 0, N,

sin ((m−N)t), m = N + 1, 2N.
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Çàäàìî ðiâíîâiääàëåíèé ïîäië

tj =
π

n
j, j = 0, . . . , 2n− 1, n ∈ N. (16)

Äåÿêi iíòåãðàëè ñèñòåìè ìiñòÿòü îñîáëèâîñòi. Äëÿ ¨õíüî¨ äèñêðåòèçàöi¨ âèêîðèñòà¹-
ìî êâàäðàòóðè

1

2π

2π∫
0

ln

{
4

e
sin2

t− τ

2

}
f(τ)dτ ≈

2n−1∑
j=0

Rj(t)f(tj), (17)

1

2π

2π∫
0

cot
τ − t

2
f(τ)dτ ≈

2n−1∑
j=0

T̃j(t)f(tj), (18)

äå Rj(t), T̃j(t) � âiäîìi âàãîâi ôóíêöi¨. Äî iíòåãðàëiâ iç ãëàäêèìè ÿäðàìè çàñòîñó¹ìî
ïðàâèëî òðàïåöi¨

1

2π

2π∫
0

f(τ)dτ ≈ 1

2n

2n−1∑
j=0

f(tj). (19)

Ç âèâåäåííÿì êâàäðàòóðíèõ ôîðìóë i äîâåäåííÿì ¨õíüî¨ çáiæíîñòi ìîæíà îçíàéî-
ìèòèñü ó [8].

Çàñòîñó¹ìî äî iíòåãðàëiâ ñèñòåìè (14)�(15) êâàäðàòóðíi ôîðìóëè (17)�(19). Äëÿ
ïîâíî¨ äèñêðåòèçàöi¨ êîëîêó¹ìî îòðèìàíi ñïiââiäíîøåííÿ ó âóçëàõ (16). Ó ïiäñóìêó
îòðèìà¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü

2n−1∑
j=0

A
(11)
ij ψj +

2N∑
j=0

dj A
(12)
ij = b

(1)
i ,

2n−1∑
j=0

A
(21)
ij ψj +

2N∑
j=0

dj A
(22)
ij = b

(2)
i ,

(20)

äå
ψj ≈ ψ(tj), i = 0, 2n− 1, 4n > 2N + 1.

Åëåìåíòè ìàòðèöi îá÷èñëþâàòèìåìî çà ôîðìóëàìè

A
(11)
ij =

1

2n
K̃1(ti, tj)−

C1

2
Rj(ti)I,

A
(21)
ij =

1

2n
K12(ti, tj) +

π

n

[
I − Φ(x2(ti), 0)

]
,

A
(22)
ij =

qj(ti)

2n

2n−1∑
k=0

K ′
22(ti, tk)φ(tk),

A
(12)
ij =

1

2n


2n−1∑
k=0

[qj(ti)K
′
11(ti, tk) + qj(tk)K

′
11(tk, ti)]φ(tk), t ̸= τ,

2n−1∑
k=0

K′
11(qj ; tk), t = τ.



ÂëàñþêÌ.

114 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2023. Âèï. 31

Âåêòîð âiëüíèõ ÷ëåíiâ ìàòèìå âèãëÿä

b
(1)
i = w1(ti)−

2n−1∑
k=0

A
(11)
ik φ(tk),

b
(2)
i = w̃2(ti)−

2n−1∑
k=0

A
(21)
ik φ(tk).

Çíà÷åííÿ ïîòåíöiàëiâ w1 òà w̃2 ó âóçëàõ (16) áóäåìî îá÷èñëþâàòè çà äîïîìîãîþ
êâàäðàòóð (17)-(19). Ïðàâèëüíi àïðîêñèìàöi¨

w1(ti) ≈
1

2n

2n−1∑
k=0

N12(ti, tk)f2(tk)−K12(ti, tk)g2(tk),

w̃2(ti) ≈
2n−1∑
k=0

[
1

2n
Ñ2(ti, tk) +

C3

2|x′2(tk)|
T̃k(ti)Q

⊤
]
f2(tk)−

−
2n−1∑
k=0

[
1

2n
K̃2(ti, tk)−

C1

2
Rk(ti)I

]
g2(tk)−

− f2(ti)

2|x′2(ti)|
− π

n

[
I − Φ(x2(ti), 0)

] 2n−1∑
k=0

g2(tk).

Îòðèìàíà ñèñòåìà (20) ¹ ïåðåâèçíà÷åíîþ òà ïîãàíî çóìîâëåíîþ.

5.3. Ìåòîä íàéìåíøèõ êâàäðàòiâ

Çàñòîñóâàâøè ìåòîä íàéìåíøèõ êâàäðàòiâ äî äèñêðåòíî¨ çàäà÷i (20), îòðèìà¹ìî
ðåãóëÿðèçîâàíó ñèñòåìó ëiíiéíèõ ðiâíÿíü iç êâàäðàòíîþ ìàòðèöåþ


αψi +

2n−1∑
j=0

a
(11)
ij ψj +

2N∑
j=0

dj a
(12)
ij = b

(1)
i , i = 0, 2n− 1,

βdi +
2n−1∑
j=0

a
(21)
ij ψj +

2N∑
j=0

dj a
(22)
ij = b

(2)
i , i = 0, 2N,

äå α > 0 òà β > 0 � ïàðàìåòðè ðåãóëÿðèçàöi¨, à åëåìåíòè ñèñòåìè îá÷èñëþþòüñÿ çà
ôîðìóëàìè

a
(lp)
ij =

2n−1∑
k=0

[
A

(l1)
ki

]⊤
A

(p1)
kj +

2N∑
k=0

[
A

(l2)
ki

]⊤
A

(p2)
kj ,

b
(l)
i =

2n−1∑
k=0

[
A

(l1)
ki

]⊤
b
(1)
k +

2N∑
k=0

[
A

(l2)
ki

]⊤
b
(2)
k .

Îá÷èñëèâøè íîâi àïðîêñèìàöi¨, ìîæíà ïðîäîâæóâàòè iòåðàöiéíèé ïðîöåñ, äîêè
íå âèêîíà¹òüñÿ êðèòåðié çóïèíêè.
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6. ×èñåëüíi åêñïåðèìåíòè

Ùîá âõiäíi äàíi ó ïðèêëàäàõ áóëè óçãîäæåíèìè, îá÷èñëèìî çíà÷åííÿ íàïðóæåí-
íÿ íà çîâíiøíié ìåæi, ðîçâ'ÿçàâøè çàäà÷ó Äiðiõå (1)-(3), äå f çàäàíî ÿê

f(x) =

(
x1 + x2

5x1 − x2

)
, x = (x1, x2) ∈ Γ2.

ßê ïàðàìåòðè Ëÿìå ïðèéìåìî λ = 2, µ = 1, ïàðàìåòðè äèñêðåòèçàöi¨ îáåðåìî n = 16
òà N = 6. Íåõàé çîâíiøíÿ ìåæà � öå êîëî ðàäióñà 6 ç öåíòðîì ó ïî÷àòêó êîîðäèíàò.
Âíóòðiøíÿ ìåæà Γ1 ìà¹ òàêå ïàðàìåòðè÷íå ïîäàííÿ:

Γ1 =
{
x2(t) = (1.8 cos t, 1.68 sin t+ 1.4 cos2 t) : t ∈ [0, 2π]

}
.

Çà ïî÷àòêîâå íàáëèæåííÿ îáåðåìî êîëî ðàäióñà 3 òåæ ç öåòðîì ó ïî÷àòêó êîîðäèíàò.
Íà ðèñ. çîáðàæåíî ðåçóëüòàòè îá÷èñëåííÿ äëÿ âèïàäêó òî÷íèõ âõiäíèõ äàíèõ i
äàíèõ ç ïîõèáêîþ ó 3%.

Ðåêîíñòðóêöiÿ ìåæi Γ1 ( ) òà ¨¨ òî÷íå çíà÷åííÿ (- - - -)

ïðè òî÷íèõ âõiäíèõ äàíèõ (a) i ïðè ðiâíi øóìó δ = 3% (b)

Çàçíà÷èìî, ùî ïàðàìåòðè ðåãóëÿðèçàöi¨ α òà β ïiäáèðàëè øëÿõîì ïîðiâíÿííÿ
íåâ'ÿçêè íà êîæíîìó êðîöi iòåðàöi¨. Õî÷à, ÿê çàçíà÷åíî ó [9], ìîæíà çàñòîñîâóâàòè
é iíøèé ïiäõiä: íà êîæíié iòåðàöi¨ àâòîìàòè÷íî ïåðåîá÷èñëþâàòè öi ïàðàìåòðè,
çðîáèâøè æîðñòêó ïðèâ'ÿçêó äî íîìåðà iòåðàöi¨. Àáî æ, ÿê ó [7], âèêîðèñòîâóâàòè
òi ñàìi çíà÷åííÿ α òà β íà êîæíié iòåðàöi¨, ïîïåðåäíüî âèçíà÷èâøè ¨õ íà ïåðøié
iòåðàöi¨.

7. Âèñíîâêè

Ìè ðîçâ'ÿçóâàëè íåëiíiéíó îáåðíåíó çàäà÷ó åëàñòîñòàòèêè. Ñïåðøó ¨¨ çâåëè äî
íåëiíiéíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü. Ïîòiì ïàðàìåòðèçóâàëè òà ëiíåàðèçóâàëè
ñèñòåìó, ïîïåðåäíüî îá÷èñëèâøè ïîõiäíi Ôðåøå. Çðîáèëè äåêîìïîçèöiþ ÿäåð iç
ñèíãóëÿðíîñòÿìè: îñîáëèâîñòi âèäiëèëè ó ôîðìi âàãîâèõ ôóíêöié. Ïîòiì äî ií-
òåãðàëiâ çàñòîñóâàëè êâàäðàòóðíi ôîðìóëè òà êîëîêóâàëè îòðèìàíi ñïiââiäíîøåííÿ
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ó âóçëàõ êâàäðàòóðíèõ ôîðìóë, ùî ïðèçâåëî äî ïîâíî¨ äèñêðåòèçàöi¨ ñèñòåìè. Ó
ïiäñóìêó îòðèìàëè ïåðåâèçíà÷åíó ÑËÀÐ. Äëÿ ¨¨ ðîçâ'ÿçóâàííÿ çàñòîñóâàëè ìåòîä
íàéìåíøèõ êâàäðàòiâ, ìiíiìiçóþ÷è íåâ'ÿçêó çi øòðàôàìè.

Íàâåäåíèé àëãîðèòì ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ îáåðåíåíî¨ çàäà÷i åôåêòèâíèé,
îñêiëüêè ðîçìiðíiñòü âèõiäíî¨ çàäà÷i çìåíøåíà íà îäèíèöþ. Ìè øóêàëè íàáëèæåííÿ
äî ìåæi ó êëàñi çiðêîâèõ êðèâèõ. Çàìiñòü îá÷èñëåííÿ ïîïðàâêè ó âåêòîðíîìó ïîëi,
ìè àïðîêñèìóâàëè ïîïðàâêó â ñêðàëÿðíîìó ïîëi. Íàâåäåíi ðåçóëüòàòè ñâiä÷àòü ïðî
åôåêòèâiíñòü ìåòîäó äëÿ òî÷íèõ i äëÿ çáóðåíèõ âõiäíèõ äàíèõ.
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ON A BOUNDARY RECONSTRUCTION PROBLEM
FOR AN ELASTOSTATICS EQUATION
IN A DOUBLE-CONNECTED DOMAIN
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Elastostatics describes the processes of linear elasticity that arise in various problems

of physics and mechanics. The nonlinear inverse elastostatics problem consists in the

reconstruction of one boundary of the body with a given Cauchy data on another boundary,

or a part of this boundary. The problem is ill-possed in terms of stability according to the

input data. The identi�ability of the internal boundary is shown. The reduction of the

problem to a nonlinear system of integral equations is presented. The resulting system is

parameterized and linearized using Fr�echet derivatives. Some integrals contain singularities

that have been allocated in a form of special weight functions. An iterative algorithm

for solving the problem is described. Discretization and regularization of the system are

highlighted. The initial problem was reduced to a completely discrete system of linear

equations. After solving this system, we reconstructed the inner boundary. Numerical

examples demonstrate the e�ectiveness and applicability of the proposed approach for

accurate input data, as well as for perturbed data with a certain noise level.

Key words: elastostatics, inverse problem, nonlinear problem, integral equations approach,

trigonometric quadratures, double connected domain.


