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Âèêîðèñòîâóþ÷è àïàðàò íåïåðåðâíèõ äðîáiâ i ìåòîäèêó ïîáóäîâè îäíîêðîêîâèõ

ìåòîäiâ, çàïðîïîíîâàíî ÷èñëîâi ìåòîäè ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ íåëiíiéíèõ iíòåã-

ðî-äèôåðåíöiàëüíèõ ðiâíÿíü. Çà âiäïîâiäíèõ çíà÷åíü ïàðàìåòðiâ îòðèìàíî íàáëèæåí-

íÿ äî òî÷íîãî ðîçâ'ÿçêó ïåðøîãî òà äðóãîãî ïîðÿäêó òî÷íîñòi. Çàïðîïîíîâàíî

ìíîæèíó ïàðàìåòðiâ, çà ÿêèõ îäåðæàíî ðîçðàõóíêîâi ôîðìóëè, ÿêi íà êîæíîìó

êðîöi iíòåãðóâàííÿ äàþòü çìîãó îòðèìóâàòè âåðõí¹ òà íèæí¹ íàáëèæåííÿ äî òî÷íîãî

ðîçâ'ÿçêó. Âèêîðèñòîâóþ÷è ëèøå äâà îá÷èñëåííÿ ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöi-

àëüíîãî ðiâíÿííÿ, ïîáóäîâàíî ìíîæèíó ïàðàìåòðiâ, çà ÿêèõ îòðèìàíî íå òiëüêè

äâîñòîðîííié ìåòîä, à òàêîæ ìîæíà îá÷èñëþâàòè ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëü-

íî¨ ïîõèáêè.

Êëþ÷îâi ñëîâà: ÷èñëîâi ìåòîäè, çàäà÷à Êîøi, iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ, äâî-

ñòîðîííi íàáëèæåííÿ.

1. Âñòóï

Áàãàòî ïðèêëàäíèõ çàäà÷ çâîäÿòüñÿ äî ðîçâ'ÿçàííÿ íåëiíiéíèõ iíòåãðî-äèôåðåí-
öiàëüíèõ ðiâíÿíü. Äëÿ ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ âàæëèâî, ùîá îñíîâíi âëàñòèâîñòi
ðîçâ'ÿçêó äîáðå âiäîáðàæàëèñü íàáëèæåíèìè ìåòîäàìè. Â ïðèêëàäíié ìàòåìàòèöi
øèðîêîãî çàñòîñóâàííÿ íàáóëè äðîáîâî-ðàöiîíàëüíi íàáëèæåííÿ, ÿêi çà âiäïîâiä-
íèõ óìîâ äàþòü âèñîêó øâèäêiñòü çáiæíîñòi àëãîðèòìiâ, à òàêîæ äâîñòîðîííi àáî
ìîíîòîííi íàáëèæåííÿ äîñëiäæóâàíèõ çàäà÷. Ó ðîçðàõóíêó çàäà÷ ãiäðîàêóñòèêè,
â'ÿçêîïðóæíîñòi, åïiäåìiîëîãi¨, êiíåòèêè, åëåêòðîíiêè, i ò. ä. âèíèêà¹ ïîòðåáà çíà-
õîäèòè íå òiëüêè íàáëèæåíi ðîçâ'ÿçêè äîñëiäæóâàíèõ ìàòåìàòè÷íèõ ìîäåëåé, à é
îòðèìóâàòè îöiíêó ïîõèáêè ðåçóëüòàòó. Òîìó iíòåðåñ äî ïèòàíü ïîáóäîâè äâîñòî-
ðîííiõ íàáëèæåíü ÿê äî ìîæëèâèõ çàñîáiâ îöiíêè ïîõèáêè îñòàííiì ÷àñîì çðîñòà¹.
Îäíèì ç åôåêòèâíèõ ñïîñîáiâ ïîáóäîâè òàêèõ íàáëèæåíü ¹ ëàíöþãîâi äðîáè. Ïðîöåñ
¨õ îá÷èñëåíü öèêëi÷íèé i ëåãêî ïðîãðàìó¹òüñÿ íà ÏÊ.

2. Ôîðìóëþâàííÿ çàäà÷i

Ðîçãëÿíåìî íà âiäðiçêó IL : [x0, x0 + L] çàäà÷ó Êîøi äëÿ íåëiíiéíîãî iíòåãðî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ

u′(x) = F

[
x, u(x),

∫ x

x0

g[x, s, u(s)]ds

]
, (1)

u(x0) = u0, x ∈ [x0, x0 + L] , L < ∞. (2)
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Ïðèïóñòèìî, ùî ðîçâ'ÿçîê (1), (2) iñíó¹ i ¹äèíèé, à ôóíêöi¨ F i g âîëîäiþòü
íåîáõiäíîþ ãëàäêiñòþ. Çàóâàæèìî, ùî ðiâíÿííÿ (1) ìîæíà ïåðåòâîðèòè â åêâiâà-
ëåíòíó ñèñòåìó

u′(x) = F [x, u(x), z(x)] , z(x) =

∫ x

x0

g[x, s, u(s)]ds.

Ïðîïîíóþòüñÿ îá÷èñëþâàëüíi ñõåìè, ÿêi äàþòü çìîãó íà êîæíîìó êðîöi iíòåãðó-
âàííÿ îòðèìóâàòè íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1)�(2) ïåðøîãî òà
äðóãîãî ïîðÿäêó òî÷íîñòi. Âèïèñàíî çíà÷åííÿ ïàðàìåòðiâ, çà ÿêèõ îòðèìó¹ìî
äâîñòîðîííi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó.

3. Ïîáóäîâà ìåòîäiâ Ðóíãå-Êóòòà

Íà âiäðiçêó IL ââåäåìî ñiòêó σh = {x0 < x1 < ... < xN−1 < xN = x0 + L} ç
êðîêîì h = xi+1 − xi, i = 0, N − 1. Âèêîðèñòîâóþ÷è àïàðàò ëàíöþãîâèõ äðîáiâ [1-3]
òà òåîðiþ ïîáóäîâè ìåòîäiâ Ðóíãå-Êóòòà [4, 5], íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1), (2)
â òî÷öi x1 = x0 + h øóêà¹ìî ó âèãëÿäi íåïåðåðâíîãî äðîáó [6, 7]

u
[k,l]
1 =

P[k,l]

Q[k,l]
=

c0
k−1∑
i=0

di,0 +
dk,0

1 +
dk,1

1 + . . . +dk,l

. (3)

Ïðè k + l = 2 (k = 1, 2; l = 0, 1)

c0 = u0, d1,0 = −δ1
c0

, d1,1 =
δ21 − c0δ2

δ1c0
, d2,0 =

δ21 − c0δ2
c20

,

δi = h

2∑
j=1

aijkj , i = 1, 2, k1 = F [x0 + α1h, u0, 0], (4)

k2 = F [x0 + α2h, x0 + β21hk1, γ21K1], K1 = hg[x0 + αh, x0 + βh, u0 + γhk1]

äå a11, a12, a21, a22, α, α1, α2, β, β21, γ− íåâiäîìi ïàðàìåòðè.
Ðîçâèíåííÿ ðîçâ'ÿçêó çàäà÷i (1)�(2) â ðÿä Òåéëîðà â îêîëi òî÷êè x0 ìà¹ âèãëÿä

u(x0+h) = u(x0) + hu′(x0) +
h2

2
u′′(x0) +

h3

6
u′′′(x0) +O(h4),

äå

u′(x0) = (F )0,

u′′(x0) = (Fx)0 + (Fu)0(F )0 + (Fz)0(g)0,

u′′′(x0) = (Fxx)0 + 2(Fxu)0(F )0 + (Fuu)0(F
2)0 + (Fx)0(Fu)0+

+ (Fzz)0(g
2)0 + 2(Fxz)0(g)0 + 2(Fuz)0(F )0(g)0 + 2(Fz)0(gx)0+

+ (Fz)0(gu)0(F )0 + (Fz)0(gs)0 + (F 2
u)0(F )0 + (Fu)0(Fz)0(g)0.

(5)
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Ðîçãëÿíåìî ôîðìóëè (3) i (4) ïðè k = 1, l = 1

u
[1,1]
1 =

u0

1−
h
a11k1 + a12k2

u0

1 +
h(a11k1 + a12k2)

2 − u0(a21k1 + a22k2)

u0(a11k1 + a12k2)

(6)

k1 = F [x0 + α1h, u0, 0], k2 = F [x0 + α2h, u0 + β21hk1, γ21K1],

K1 = hg[x0 + αh, x0 + βh, u0 + γhk1].
(7)

Íåâiäîìi ïàðàìåòðè aij , αj (i = 1, 2; j = 1, 2), β21, γ21, α, β, γ âèáåðåìî ç óìîâè, ùîá

R[1,1] =
∣∣∣u(x0 + h)− u

[1,1]
1

∣∣∣ = O(h3).

Äëÿ öüîãî ñïî÷àòêó ïåðåòâîðèìî ôîðìóëó (6) äî âèãëÿäó

u
[1,1]
1 = u0 +

h(a11k1 + a12k2)

1−
a21k1 + a22k2

a11k1 + a12k2

,

àáî

u
[1,1]
1 = u0 +

h(a11k1 + a12k2)
2

(a11 − a21)k1 + (a12 − a22)k2
= u0 +

P[1,1]

Q[1,1]
. (8)

Ïîäàííÿ ôîðìóëè (6) ó âèãëÿäi (8) äà¹ çìîãó ïðîâîäèòè ðîçðàõóíêè ïðè u0 ≡ 0, à
òàêîæ, ÿê ñâiä÷èòü ïîäàëüøå âèêëàäåííÿ, ÿêùî a11k1 + a12k2 = 0, òî∣∣∣u(x0 + h)− u

[1,1]
1

∣∣∣ = O(h3).

Ðîçâèíóâøè P[1,1] òà Q[1,1] â ðÿäè Òåéëîðà, îòðèìà¹ìî:

u(x0 + h)− u
[1,1]
1 =

1

Q[1,1]

(
h(F 2)0

[
a11 − a21 + a12 − a22 − (a12 + a22)

2
]
+

+ h2

[
(a11 − a21)α1 + (a12 − a22)α2 +

1

2
(a11 − a21 + a12 − a22)−

− 2(a12 + a22)(a11α1 + a12α2)] (F )0(Fx)0 + h2

[
1

2
(a11 − a21 + a12 − a22)+

+(a11 − a22)α1 + (a12 − a22)β21 − 2(a11 + a12)a12β21

]
(Fu)0(F

2)0+

+ h2

[
1

2
(a11 − a21 + a12 − a22) + (a12 − a22)γ21−

− 2(a11 + a12)a12γ21

]
(F )0(Fz)0(g)0 +R[1,1].
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Ïîõèáêà R[1,1] ìà¹ âèãëÿä

R[1,1] = h3

{
(A1 +A2 −A3α

2
2)(F )0(Fxx)0 +

[(
1

2
A4 −A3

)
α2β21 + 2A2

]
(F )20(Fxu)0+

[(
1

2
A4 −A3

)
β2
21 +A2

]
(F )30(Fuu)0 +

{
(A4 −A3)α1β21 +A2 +

[
A5 +

1

2
A4β21

]}
×

× (F )0(Fx)0(Fu)0 +

[(
1

2
A4 −A3

)
γ2
21 +A2

]
(F )0(Fzz)0(g)

2
0+

+ [(A4 − 2A3)α2γ21 + 2A2] (F )0(Fxz)0(g)0+

+ [(A4 − 2A3)β21γ21 + 2A2] (F )20(Fuz)0(g)0+

+ [(A4 − 2A3)γ21α+ 2A2] (F )0(Fz)0(gx)0 + [(A4 − 2A3)γ21γ +A2] (F )20(Fz)0(gu)0+

+ [(A4 − 2A3)γ21β +A2] (F )0(Fz)0(gs)0 +A2(F )20(Fu)
2
0 +A2(F )0(Fu)0(Fz)0(g)0+

+ (Fx)
2
0

[
A5 − (a11α1 + a12α2)

2
]
+

[
1

2
A4β21 − a212β

2
21

]
(F )20(Fu)

2
0+

+

[
1

2
A4γ21 − a212γ

2
21

]
(Fz)

2
0(g)

2
0 +

[
A5 +

1

2
A4β21

]
(Fx)0(Fz)0(g)0+

+

[
A5 +

1

2
A4β21 +

1

2
A4γ21

]
(F )0(Fz)0(Fu)0

}
+O(h4),

äå

A1 = (a11 − a21)
α2
1

2
+ (a12 − a22)

α2
2

2
, A2 =

1

6
(a11 − a21 + a12 − a22),

A3 = (a11 + a12), A4 = (a12 − a22), A5 = (a11 − a21)
α1

2
+ (a12 − a22)

α2

2
.

Âèïèøèìî âèðàçè äëÿ êîåôiöi¹íòiâ ÷èñåëüíèêà ïðè ñòåïåíÿõ h i h2

h(F 2)0 : a11 − a21 + a12 − a22 − (a11 + a12)
2.

h2(F )0(Fx)0 : (a11 − a21)α1 + (a12 − a22)α2 +
1

2
(a11 − a21 + a12 − a22)−

−2(a11 + a12)(a11α1 + a12α2).

h2(F 2)0(Fu)0 :
1

2
(a11 − a21 + a12 − a22) + (a12 − a22)β21 − 2(a11 + a12)a12β21.

h2(F )0(Fz)0(g)0 :
1

2
(a11 − a21 + a12 − a22) + (a12 − a22) γ21 − 2(a11 + a12)a12γ21.

ßêùî ïðèðiâíÿòè êîåôiöi¹íòè ïðè h i h2 äî íóëÿ, òî îòðèìà¹ìî òàêó ñèñòåìó
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àëãåáðè÷íèõ ðiâíÿíü:

a11 − a21 + a12 − a22 − (a11 + a12)
2 = 0,

(a11 − a21)α1 + (a12 − a22)α2 +
1

2
(a11 − a21 + a12 − a22)−

−2(a11 + a12)(a11α1 + a12α2) = 0,

1

2
(a11 − a21 + a12 − a22) + (a12 − a22)β21 − 2(a11 + a12)a12β21 = 0,

1

2
(a11 − a21 + a12 − a22) + (a12 − a22) γ21 − 2(a11 + a12)a12γ21 = 0.

(9)

Ó öüîìó âèïàäêó ëîêàëüíà ïîõèáêà íàáóäå âèãëÿäó R[1,1] = u(x0 + h) − u
[1,1]
1 =

O(h3). Îñêiëüêè α, β, γ íå âõîäèòü ó ñèñòåìó (9), òî ¨õ ìîæíà âèáðàòè äîâiëüíèìè,
íàïðèêëàä, ïðèéíÿòè α = β = γ = 0.

Äëÿ îòðèìàííÿ ìåòîäó ïåðøîãî òà äðóãîãî ïîðÿäêó òî÷íîñòi íåîáõiäíî, ùîá a11+
a12 = 1. Òîäi ìè îòðèìà¹ìî äâi ìíîæèíè ðîçâ'ÿçêiâ òàêî¨ ñèñòåìè:

I. α1 = α2 :

a11 = 1− a12, a21 = −a22, α1 = α2 =
1

2
, β21 = γ21 =

1

2(a12 + a22)
,

äå a11, a12− ïàðàìåòðè (a12 + a22 ̸= 0);
II. α1 ̸= α2 :

a11 = 1− a12, a21 = a12 +
2α1 − 1

2(α2 − α1)
,

a22 =
1− 2α1

2(α2 − α1)
− a12, β21 = γ21 =

α2 − α1

1− α1
,

äå α1, α2, a12− äîâiëüíi ÷èñëà (α1 ̸= 1).
Ìîæíà âèáðàòè ïàðàìåòðè aij , αi(i, j = 1, 2), β21, γ21, α, β, γ òàê, ùîá çìåíøèòè

êiëüêiñòü äîäàíêiâ ïðè h3. Íàïðèêëàä, ïðèéìåìî

α1 = 0, α2 =
2

3
, β21 = γ21 =

2

3
, α =

2

3
,

β =γ =
1

3
, a11 = 1, a12 = 0, a21 = −

3

4
, a22 =

3

4
.

Òîäi

R[1,1] = u(x0 + h)− u
[1,1]
1 =

h3

{
1

6
(F )0(Fu)0u

′′(x0)−
1

4
(u′′(x0))

2

}
+O(h4)

(F )0 −
1

2
hu′′(x0) +O(h2)

=

=
1

12
h3u′′(x0){2(Fu)0 − 3u′′(x0)/(F )0}+O1(h

4).

(10)

Äëÿ âñiõ âèçíà÷åíèõ âèùå ïàðàìåòðiâ (a21k1+ a22k2) ∼= hu′′(x0) i ÿêùî (Fu)0 = 0, òî
ç (10) ìîæíà îòðèìàòè iíôîðìàöiþ ïðî âåëè÷èíó ïîõèáêè R[1,1].
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Çàóâàæåííÿ 1. ßêùî ó ôîðìóëàõ (6)�(7) ïðèéíÿòè a21 = a22 = 0, òî îòðèìà¹ìî
òðàäèöiéíi ìåòîäè Ðóíãå-Êóòòà äðóãîãî ïîðÿäêó òî÷íîñòi äëÿ ðîçâ'ÿçàííÿ çàäà÷i
Êîøi äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü òèïó Âîëüòåððà [8].

Ðîçãëÿíåìî òåïåð ôîðìóëè (3)�(4) ïðè k = 2, l = 0

u
[2,0]
1 =

u0

1−
h(a11k1 + a12k2)

u0
+

h2(a11k1 + a12k2)
2 − u0h(a21k1 + a22k2)

u2
0

.

Ïåðåòâîðèìî u
[2,0]
1 äî âèãëÿäó

u
[2,0]
1 =

u3
0

u2
0 − u0h[(a11 + a21)k1 + (a21 + a22)k2] + h2(a11k1 + a12k2)2

=
P[2,0]

Q[2,0]
.

Ðîçâèíåííÿ Q[2,0] â ðÿä Òåéëîðà â îêîëi òî÷êè x0 íàáóâà¹ âèãëÿäó

Q[2,0] = u2
0 − hu0{(a11 + a21)k1 + (a12 + a22)k2}+ h2(a11k1 + a12k2)

2 =

=u2
0 − hu0(a11 + a21 + a12 + a22)(F )0−

−h2
{
[(a11 + a21)α1 + (a12 + a22)α2](Fx)0u0 − (a12 + a22)β21u0(F )0(Fu)0−

−(a21 + a22)γ21u0(Fu)0(g)0 + (a11 + a12)
2(F 2)0

}
+O(h3).

Ðîçãëÿíåìî ðiçíèöþ

u(x0 + h)− u
[2,0]
1 =

{
u(x0 + h)Q[2,0] − P[2,0]

}
/Q[2,0] =

=
[
{1− (a11 + a21 + a12 + a22)}hu2

0(F )0 +

+

{
1

2
− [(a11 + a21)α1 + (a12 + a22)α2]

}
h2u2

0(Fx)0+

+

{
1

2
− (a12 + a22)β21

}
h2(F )0(Fu)0+

+

{
1

2
− (a12 + a22) γ21

}
h2u2

0(Fu)0(g)0+

+
{
(a11 + a12)

2 − (a12 + a21 + a12 + a22)
}
u0(F )0 +O(h3)

]
/Q[2,0].

Ïðèðiâíÿâøè äî íóëÿ êîåôiöi¹íòè ïðè h i h2, îòðèìà¹ìî òàêó ñèñòåìó ðiâíÿíü:

1− (a11 + a21 + a12 + a22) = 0,

1

2
− (a11 + a21)α1 + (a12 + a22)α2 = 0,

1

2
− (a12 + a22)β21 = 0,

1

2
− (a12 + a22) γ21 = 0,

(a11 + a12)
2 − (a12 + a21 + a12 + a22) = 0.

(11)
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Ñèñòåìà (11) ìà¹ òàêi äâi ñiì'¨ ðîçâ'ÿçêiâ
I. α1 = α2 :

α1 = α2 =
1

2
, β21 = γ21, a11 = 1− a12, a22 =

1

2γ21
− a12,

äå γ21, a12− ïàðàìåòðè (γ21 ̸= 0).
II. α1 ̸= α2 :

a11 = 1−a12, a21 = −a22, a22 =
1− 2α1

2(α2 − α1)
−a12, β21 = γ21 =

α2 − α1

1− 2α1
, (1−2α1 ̸= 0),

äå α1, α2, a12− ïàðàìåòðè (α1 ̸= 1/2).
Öÿ ñèñòåìà ìà¹ òàêèé ðîçâ'ÿçîê

a11 = 1−
1

2β21
+ a22, a12 =

1

2β21
− a22, a21 = −a22,

α2 = β21 + (1− 2β21)α1, γ21 = β21,

äå α1, a22, β21 (β21 ̸= 0) − ïàðàìåòðè.
Íàïðèêëàä, ÿêùî ïðèéíÿòè α1 = 0, òî îòðèìà¹ìî

α2 = β21, γ21 = β21, a11 = 1−
1

2β21
+ a22,

a12 =
1

2β21
− a22, a21 = −a22.

Òóò a22, β21 (β21 ̸= 0) − ïàðàìåòðè.

ßêùî ïðèéíÿòè β21 =
1

2
, òîäi

α2 =
1

2
, γ21 =

1

2
, a11 = a22, a21 = −a22, a12 = 1− a22,

äå a22, α1 − ïàðàìåòðè.

4. Ïîáóäîâà äâîñòîðîííiõ ðîçðàõóíêîâèõ ôîðìóë

Îñêiëüêè íåìà¹ åôåêòèâíîãî ñïîñîáó îöiíêè ïîõèáêè íàáëèæåíîãî ðîçâ'ÿçêó, òî
âèíèêëà íåîáõiäíiñòü ðîçðîáêè äâîñòîðîííiõ ìåòîäiâ [9-11].

Ïîáóäó¹ìî ðîçðàõóíêîâi ôîðìóëè, ÿêi äàþòü äâîñòîðîííi íàáëèæåííÿ äî òî÷íîãî
ðîçâ'ÿçêó çàäà÷i (1)�(2). Ïðèéíÿâøè â ñèñòåìi (9) a11 + a12 = 1, i ïðèðiâíÿâøè
äðóãå, òðåò¹ òà ÷åòâåðòå ðiâíÿííÿ âiäïîâiäíî äî ω1, ω2, ω3, îòðèìà¹ìî ðîçðàõóíêîâó
ôîðìóëó, ïîõèáêà ÿêî¨ â òî÷öi x = x1 = x0 + h ìà¹ âèãëÿä

R[1,1] = h2
[
ω1(F )0(Fx)0 + ω2(F

2)0(Fu)0 + ω3(F )0(Fz)0(g)0
]
/Q[1,1] +O(h3).

Çàóâàæèìî, ùî çà ðiçíèõ çíà÷åíü ωi (i = 1, 2, 3) ìîæíà ïîáóäóâàòè äâîñòîðîííi
íàáëèæåííÿ íà ðiçíèõ êëàñàõ ôóíêöié.

1. ßêùî ïðèéíÿòè ω1 = ω à ω2 = ω3 = 0, òî îòðèìà¹ìî äâi ñiì'¨ ðîçâ'ÿçêiâ:
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1à) α1 = α2 :

a11 = 1− a12, a21 = −a22, a22 =
1

2β21
− a12, α1 = α2 =

1

2
− ω, γ21 = β21,

äå β21 � âiäìiííèé âiä íóëÿ ïàðàìåòð;
1á ) α1 ̸= α2 :

a11 = 1− a12, a21 = −a22, a22 = a12 −
1

2β21
, α2 = α1 + β21(1− 2α1 − 2ω), γ21 = β21.

Òóò β21(β21 ̸= 0) � ïàðàìåòð.
Ëîêàëüíà ïîõèáêà òîäi íàáóâà¹ âèãëÿäó

R[1,1](ω1 = ω) = u(x0 + h)− u
[1,1]
1 = ωh2(F )0(Fx)0/Q[1,1] +O(h3).

2. Ó âèïàäêó, ÿêùî ω2 = ω, à ω1 = ω3 = 0, òî îòðèìà¹ìî òàêi ðîçâ'ÿçêè:
2à) α1 = α2 :

a11 = 1− a12, a21 = a12 −
1

2γ21
, a22 = −a21, α1 = α2 =

1

2
, β21 = (1− 2ω)γ21,

äå β21 � âiäìiííèé âiä íóëÿ ïàðàìåòð;
2á ) α1 ̸= α2 :

α2 = γ21 + (2γ21 − 1)α1, a11 = 1− a12, a21 = −a22, a22 =
1

2γ21
, β21 = (1− 2ω)γ21.

Òóò α1, γ21 (γ21 ̸= 0) � ïàðàìåòðè. Òîäi

R[1,1](ω2 = ω) = u(x0 + h)− u
[1,1]
1 = ωh2(F 2)0(Fu)0/Q[1,1] +O(h3).

3. ßêùî ω3 = ω, à ω2 = ω3 = 0, òî ìà¹ìî òàêó ìíîæèíó ðîçâ'ÿçêiâ:

3à) α1 = α2 =
1

2
,

a11 = 1−
1

2β21
+ a22, a12 =

1

2β21
− a22, a21 = −a22, γ21 = (1− 2ω)β21,

äå a22, β21 ̸= 0 � ïàðàìåòðè;
3á ) α1 ̸= α2 :

α2 = β21+(1−2β21)α1, a11 = 1−a12, a12 =
1

2β21
−a22, a21 = −a22, γ21 = (1−2ω)β21.

Òóò α1, β21(β21 ̸= 0) � ïàðàìåòðè. Çà öèõ ïàðàìåòðiâ

R[1,1](ω3 = ω) = u(x0 + h)− u
[1,1]
1 = ωh2(F )0(Fz)0(g)0/Q[1,1] +O(h3).

Çàóâàæåííÿ 2. Ó âñiõ òðüîõ âèïàäêàõ âèðàçè, ÿêi çîáðàæàþòü ïàðàìåòðè α1, α2

àáî β21, ìiñòÿòü ïàðàìåòð ω. Öå îçíà÷à¹, ùî äëÿ îòðèìàííÿ äâîñòîðîííiõ íàáëèæåíü
äî òî÷íîãî ðîçâ'ÿçêó ïîòðiáíî äîäàòêîâi çâåðòàííÿ äî ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (1).
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4. Ïðèéíÿâøè ω2 = ω3 = ω i ω1 = 0, îòðèìà¹ìî òàêi ðîçâ'ÿçêè:

4à) α1 = α2 =
1

2
, a11 = 1+ a22 +

2ω − 1

2β21
, a12 =

1− 2ω

2β21
− a22, a21 = −a22, γ21 =

β21, äå a22, β21(β21 ̸= 0) � ïàðàìåòðè.

4á ) α2 = α1 +
1− 2α1

1− 2ω
β21, a11 = 1 + a22 +

2ω − 1

2β21
, a12 =

1− 2ω

2β21
− a22, a21 =

−a22, γ21 = β21, äå a22, α1, β21(β21 ̸= 0) � ïàðàìåòðè. Çà öèõ çíà÷åíü ïàðàìåòðiâ

R[1,1](ω2 = ω3 = ω) = ωh2[(F 2)0(Fu)0 + (F )0(Fz)(g)0]/Q[1,1] +O(h3).

Çàóâàæåííÿ 3. Ó ôîðìóëàõ iç 4à) ïàðàìåòðè α1, α2, β21, γ21 íå ìiñòÿòü ω.
À öå îçíà÷à¹, ùî ðîçðàõóíêîâi ôîðìóëè (6)�(7) çà öèõ ïàðàìåòðiâ äàþòü çìîãó
îòðèìóâàòè âåðõíi òà íèæíi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1)�(2) áåç
äîäàòêîâèõ çâåðòàíü äî ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (1). Òîáòî, âèêîðèñòîâóþ÷è
òiëüêè äâà çâåðòàííÿ äî ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ, ìîæíà
îòðèìàòè ðîçðàõóíêîâó ôîðìóëó äðóãîãî ïîðÿäêó òî÷íîñòi, à òàêîæ äâîñòîðîííi
íàáëèæåííÿ ïåðøîãî ïîðÿäêó òî÷íîñòi äî òî÷íîãî ðîçâ'ÿçêó.

5. ßêùî, íàïðèêëàä, ïðèéíÿòè ω1 = ω2 = ω3 = ω i

a11 = 1− a12, a21 = a12 −
1− 2ω

2β21
, a22 =

1− 2ω

2β21
− a12,

α1 = 0, α2 = β21, γ21 = β21, (ω ̸= 1/2),

äå a12, β21 (β21 ̸= 0) � ïàðàìåòðè, òîäi

R[1,1](ω1 = ω2 = ω3 = ω) = ωh2(F )0u
′′(x0)/Q[1,1] +O(h3) =

= ω
hk1(k2 − k1)

(2α2 + 1)k1 − k2
+O(h3).

Çà öèõ ïàðàìåòðiâ îòðèìà¹ìî ðîçðàõóíêîâi ôîðìóëè, ÿêi äîïîìàãàþòü çíàõîäèòè
íå òiëüêè äâîñòîðîííi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1)�(2) â òî÷öi x1,
à òàêîæ îá÷èñëþâàòè ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè ìåòîäó áåç
äîäàòêîâèõ îá÷èñëåíü ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Äëÿ çíàõîäæåííÿ íàáëèæåíü ó òàêèõ òî÷êàõ xn(n ≥ 2) êîðèñòó¹ìîñÿ ñïîñîáîì
ðóõîìîãî ïî÷àòêó. Ïîäàâøè ðiâíÿííÿ (1) ó âèãëÿäi

u′(x) = F [x, u(x), wn(x) +W (x)],

äå

wn(x) =

∫ xn

x0

g(x, s, u(s))ds, W (x) =

∫ x

xn

g(x, s, u(s))ds,

îòðèìà¹ìî çàäà÷ó ç íîâèì ïî÷àòêîì iíòåãðóâàííÿ (xn), äëÿ ðîçâ'ÿçóâàííÿ ÿêî¨
âèêîðèñòîâóþòü ôîðìóëè âèãëÿäó (5)�(6), ïðè÷îìó íàáëèæåííÿ äî wn(x) çíàõîäèìî
çà äîïîìîãîþ êâàäðàòóðíèõ ôîðìóë.
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5. Âèñíîâêè

Âèâåäåíî ðîçðàõóíêîâi ôîðìóëè ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ iíòåãðî-äèôåðåí-
öiàëüíèõ ðiâíÿíü, ùî áàçóþòüñÿ íà íåïåðåðâíèõ äðîáàõ. Çà âiäïîâiäíèõ çíà÷åíü
ïàðàìåòðiâ ìîæíà îòðèìóâàòè íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i Êîøi (1)�
(2) ïîðÿäêó O(h2) i O(h3).

Çíàéäåíî ìíîæèíó ïàðàìåòðiâ, çà ÿêèõ ìîæíà îòðèìàòè äâîñòîðîííi ðîçðàõóí-
êîâi ôîðìóëè. Ïàðà ôîðìóë, ùî âiäïîâiäàþòü äâîì çíà÷åííÿì, ÿêi âiäðiçíÿþòüñÿ
ëèøå çíàêîì, ñòàíîâëÿòü ðîçðàõóíêîâi ôîðìóëè äâîñòîðîííüîãî ìåòîäó. Îäíà ç íèõ
áóäå äàâàòè âåðõí¹ íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó, à iíøà � íèæí¹ íàáëèæåííÿ.
Çà íàáëèæåíèé ðîçâ'ÿçîê ïðèéìà¹ìî ïiâñóìó äâîñòîðîííiõ íàáëèæåíü. Ìîäóëü
ïiâðiçíèöi äâîñòîðîííiõ íàáëèæåíü äà¹ ïîõèáêó ìåòîäó.

Çàïðîïîíîâàíî ðîçðàõóíêîâi ôîðìóëè, ÿêi äàþòü çìîãó çíàõîäèòè íå òiëüêè
äâîñòîðîííi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1)�(2) â òî÷öi x1, à òàêîæ
îá÷èñëþâàòè ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè ìåòîäó áåç äîäàòêîâèõ
îá÷èñëåíü ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Ìîäóëüíèé õàðàêòåð çàïðîïîíîâàíèõ ìåòîäiâ äà¹ çìîãó â êîæíié òî÷öi iíòåãðó-
âàííÿ îòðèìàòè êiëüêà íàáëèæåíü äî òî÷íîãî ðîçâ'ÿçêó.

Çàïðîïîíîâàíó ìåòîäèêó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ìîæíà çàñòîñóâàòè äëÿ ïîáóäîâè ÷èñëîâèõ ìåòîäiâ
áiëüø âèñîêîãî ïîðÿäêó òî÷íîñòi.
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NUMERICAL METHODS FOR SOLVING INITIAL VALUE
PROBLEM FOR NONLINEAR INTEGRO-DIFFERENTIAL

EQUATIONS

Ya.Pelekh, A.Kunynets, S.Mentynskyi

Lviv Polytechnic National University,

12, Bandera str., 79013, Lviv

e-mail: andrii.v.kunynets@lpnu.ua

Numerical methods for solving the Cauchy problem for nonlinear integro-di�erential

equations of the Volterra type using the apparatus of continued fractions and the method

of constructing one-step methods are proposed.

Two nonlinear methods are constructed. The values of parameters for methods with

�rst and second-order accuracy are obtained.

Computational formulas are proposed, which at each integration step allow obtaining

upper and lower approximations to the exact solution without additional calculations of

the right-hand side of the integro-di�erential equation. The computational formulas form a

two-sided method, where the main terms of the local error di�er only in sign. The half-sum

of the two-sided approximations to the exact solution is taken as the approximate solution

at the integration point, and the absolute value of half-di�erence determines the error of

the obtained result.

Using only two computations of the right-hand side of the integro-di�erential equation,

a set of parameters is constructed for which not only a two-sided method is obtained but

also an explicit expression for estimating the main term of the local error is calculated.

The modular structure of the proposed algorithms allows obtaining several approxima-

tions to the exact solution at each integration point, and comparing these approximations

provides useful information for choosing the integration step size and assessing the accuracy

of the approximate solution.

Key words: numerical methods, Initial value problem, Volterra integro-di�erential equa-

tions, two-sided approximation.


