Bapmiw M., Kosaavuyx O., Ozopodnux H.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta iud. 2022. Bun. 30 5

NPNKJIAJHA MATEMATUKA
YIK 519.6

TPUKPOKOBI METO/JIY MIHIMI3AITIT ®YHKIIIN
3 HAAKBAJIPATUYHOIO 3BI2KHICTIO

M. Baprim, O. KoBanbuyk, H. Oropomuuk

Jveiecorutl Hayionarvrud yrisepcumem imens leana Pparka,
eyn. Ymuieepcumecwvka, 1, JIveis, 79000,
e-mail: mykhaylo.bartish@lnu.edu.ua, olha.kovalchuk@Inu.edu.ua,
nataliya.ohorodnyk@Inu. edu.ua

JlocigzkeHo HOBui BapiaHT moOymoBM TPHKPOKOBHX MeTOAIB Mimimizamil dymkmil 6a-
ratboX 3MiHHEUX. PO3TyIAHYTO 3arajbHy cxeMy NOOYJOBH TaKHX METOJIB, a TAaKOXK JIBA
KOHKDPeTHUX ajropurmu. JloBemeHno 30i>KHICTH 3aIPONOHOBAHAX AJITOPUTMIB. Y BHKOPHC-
TaHH] 3aIIPOIIOHOBAHUX AJITOPUTMIB JleTaJIbHillle BUKOPUCTOBYEThCA OTPUMaHa iH(OpMaIis
upo 3HadeHHst Gyl i1 moxigaux i nogiseHux pisHunb. 3’s1COBAHO, IO MIBUJKICTb
3612KHOCTI 3aIIPOMOHOBAHUAX AJITOPUTMIB BUIIA 200 JOPIBHIOE MIBUAKOCTI 30i2KHOCTI 6a30BUX
AJICOPUTMIB.

Karow06i cao6a: TPATIEHTHUN METOJ, MOMIEH] Pi3HUII, iTepaIliiHO-pi3HUIEB] METOIM, TPH-
KPOKOBI MeTO/IH.

1. Bcrym

Ha npakruni 4acTo BUHHKAOTH 33/1a9i, MATEMATUYIHI MOJEJI SKAX IPU3BOIATH 0
3azad onrumisamii. B miteparypi momano Husky amroputmin [3,4] ans po3r’s3yBaH-
H Takux 337a4. Ha Kasib, He Mae yHiBepcaJbHOrO METOMy IX pO3B’s3yBaHHs. Mn
MPOTIOHYEMO HOBWI Miaxia majs moOy1oBu KOMOIHOBAHMX AJITOPUTMIB, SKi €hEeKTHBHI B
CeHCl KiTMbKOCTI OOYMCTEHDb AJi PO3B’a3yBaHHsS TAaKUX 337349 MOPIBHIHO 3 0A30BHMMI.
3aponoHOBAHO KJIAC TPUKPOKOBHUX AJITOPUTMIB PO3B’s3yBaHHs 3a/1a4 MiniMizaril ¢pyHK-
mii 6araThoX 3MIHHWX. 3aMpPOMOHOBAHI AJTOPUTMU OLIBIT €(HEKTHBHO BUKOPUCTOBYIOTH
indopmariiio, OTpuMaHy Ha KOXKHi#l iTeparii, mpo 3HaYeHHs QYHKIMI, 11 TOXiTHIX, TOTi-
JIEHUX PI3HUIIL Ha KOXKHIi#l iTeparrii.

2. ®OPMYJIIOBAHHST 3AJAYI

Posrnsremo 3aga1y 6e3yMOBHOI MiHIMiBaITil
f(x) — min, z € R" (1)

3arajibHOBIIOMUME MeTOHaMU pO3B’sa3yBanHs 3aza4i (1) € rpaieHTHHI MeTOm, MeTo[
Hbiorona Ta ixui momudikanii romo [3-5]. BukopucroByouu indopmaiio npo yxe
BizoMi Merozu, Mu moOyLyeEMO HOBHiI KJIaC METO/IB, sIKuil 1a€ 3Mory Bubparu edexkTus-
HUil aJaropuTM B ceHcl KijabKocTi 064uciienb /it po3B’d3yBaHH:d KOHKpeTHOI 3aa4i (1),
a came

U = CIJ(xk);

vk = — f (T, ue) T (T); )

Tprl = argmvinf(uk + y(vg — ug)); (2)
k=0,1,..,
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e ®(z) omeparop, AKuii 33J0BOJIHHSIE YMOBY

[@(z) — 2" < K |z —2"|",

T €1,2], (3)

f/(z,y) — mogimena pisuus meprioro nmopsiaky Bekrop-dyukiii f'(z) [5]; x* — po3r’sa30K
zazadi (1).

3. OBI'PYHTYBAHHS 3BIKHOCTI METOLY (2)

Teopema 1. Hexaif BHKOHYIOTHCS YMOBH:
1) f(z) € CY(D), ne D = {z € R", f(x) < f(x0)}, z0 — MoYaTKOBE HAD/IMKEHHST;

2) f"(@,y) = f'(@, 2)|| < Mally — 2| amst Beix @y, z € D;
3) m e —yl* < (f'(@)=f'(y),x—y) < M|z —y|*, 160 < m < M s peix z,y € D;
4) icaye f'(z,y)~ !, a Takox Hf’(ac,y)*ln < B pgas Bcix x,y € D;
5) mis Beix @ € D omeparop ®(z) sazosonbusie ymosy ||®(z) — a*|| < K ||z —z*||7,
T € [1,2], K — neska xoucranra, mo 0 < K < oo;
6) mouarkoBe HAGIHKEHHS T 33/[0BOJIBHIE YMOBY
q" = L(f(zo) = f(=")" <1,
MB2M:K?2"

ge L = mitT
Tomi copaBIKY€EThCS OIIHKA,

k . .
Flax) = F@) < [ a2 (F o) = fl@*),k =0,1,..,

i=1

aev; € (0,1] i * — poss’ssok 3aza4i(1).

Zosedenns. 13 ymoBu cuiibHOI OnmyKJsiocTi (pyHKIIN BHILINBA€E iICHYBaHHS TOYKU T,
roui f/(x*) =0, f(z*) < f(x) nna Beix x € D.

Hexaii aisa k > 1 orpumalin Tk, TOAL OAE€PKUMO

o — 2*|| = ||zk — 2 — F(@ruwe) ™ F (@) || = || @rwe) ™I (20, ur)—
— (@, 7)) (g — 2*)| < BMy |[(uy — 2*) (g — 2%)|| < BMiK ||y, — 2|77
Buxkopucrasim ymoBy (3), orpumaeMo

1
flx) = f(a") = /0 l(f’(ir* +r(—a%) = f1(@"), (e —a"))dr =

T

1
>m [ rle—adr = o =o'
O 2

lz = 2*|* <

(f(z) = f(a7)).

S

OrouacHo

1
fl@)= 16" = [ L@ 4 rla o) = F@)rle =) < 5o —a”|.
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Temep MoykeMo 3amucaTu

M M .l
flow) = f(@7) < = llow = 2||* < - (BMiK |jzg — 2 IM7)? <

_ M(BM,K)*
- 2
M(BM, K)?2"
< Z\FT) 2
- mitT

1ir) _ M(BMK)

Jow — 220+ < SR (2 () — @) <

(f(xx) = f@))'™7 = L(f(2x) — (@)

Orpumaemo

(f(zrs1) = f(@) < e L(f(@r) = f(@)' T (4)

Ockinbkn f(wp41) < mind f(uk), f(v)}, TO Yeq1 < 1.
3acTOCYyEMO METO/ MATEMATHIHOL 1HIYKITil.
Hng k = 0 marumemo

(f(z1) = f(z")) < nL(f(zo) — f(@)™T < ma"(flzo) — f(z")).

Hexait qia mesikoro k > 1 BUKOHYETHCSH yMOBa

k . .
fn) = £ < [T a7 7 (f o) = £, (5)

Tomi 3riguo 3 (4) i (5)

k .
(F(@r1) = F@)) < e L(F @) = F@)7 < e LA g0 -t

=1

k+1

(o) = fa )+ < T g0
=1

k+1_q

(f(wo) = f(z7)).

Orke, BUKOHYETHCS OIIIHKA 3017KHOCTI i TeOpeMa, TOBEIEHA. O
Iikasi, y n1poMy BuIaKy, KOHKpeTHi BapianTu oneparopa ®(z).

4. TIEPIIINIT BUBIP OTIEPATOPA ®(x)

Posrnsaemo Buma oK, KOIU i OOYUCTEHHS U, BAUKOPUCTAHO I'PAJIEHTHHUI METOT,
O(xy) = ap — apf'(z);7 = 1.

Toni orpuMaeMoO HACTYIHAN ATTOPUTM:

ug =z, — ap f'(xr);

vp = 2 — f (T, ue) T (@)

Tht1 = argrfgnf(uk + (v — uk));
k=0,1,..

Teopema 2. Hexaif BHKOHYIOTHCSI YMOBH:

1) f(z) € CY(D), ne D = {z € R", f(z) < f(zo)};
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2) |1, y) —
3) mllz —yl

4) icnye f'(2,y)

f'(z,2)|| < Mi|ly — z|| anst Beix x,y, z € D;

< (f’(x)—f’(y),x—y) < MH:r—sz,;zeO <m < M,Z[JIHBCiX.’E,y € D;

1 a rakox Hf’(x,y)*lH < B 4 Bcix x,y € D;

5) mouarkoBe HAOJIMXKEHHS T( 33/[0BOJIbHSIE YMOBY

ae L =

q = L(f(xo) = f(z") <1,

2M B*M?
m2 '

Toni copaBIKy€ETHCS OIIHKA,

[

aev; € (0,1] i x*

Jlosederts.

<H72k T (f(wo) — fx) k= 0,1, .,

— po3B’s130K 3aa4i (1).
I3 ymoBH cuibHOI omyKaocTi (DYHKINH BUILTABAE iICHYBAHHSA TOYKA X*,

romi f'(x*) =0, f(x*) < f(x) nna Beix x € D.

Hexait nna k

> 1 oTpuMann Tk, TOAI OJEPKUMO

o — 2*|| = [Jar — 2" = f (ze,we) " f @) || = || F (@ wn) 7T (2 un ) —

_f/(x/ﬁ

) (. — 2*)|| < BM || (uy, — 2*) @y — 2*)|| < BMuas |l — 2*|*.

VY wamomy Bunaixy |ug — x| < ¢1 |zx — 2*|| me ¢1 < 1.

Ockinbku

s = 2 < 2 () — F(&))

(Flon) = F) < o~

TO TEIIEP MOXKEMO 3aIIUCaTH

flog) = f(a") < 5 vk —= 1> < - (BMiqu |loy — = 1) =

Orxe,

w 2 — 2| < %(%(ﬂu) — fa*)? <
< MBI (1) — fa)? < LUf@) ~ Fa)
(fl@nsn) = F@") < LS (e) — F@), @

ae Ye+1 < 1.

Sacrocyemo meroy maremarudsol ingykuii. Jos k = 0 maTumemo

(f(z1) = f(2) € nL(f(xo) — f(27))* < mal(f(zo) — f(z")).

Hexait qnsa mesikoro k > 1 BUKOHYETHCS yMOBa,

en ) < Hf’“ N (f(wo) — f(z7)). ®)
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Tomi 3riguo 3 (7) i (8)

k .
F@rg) = @) < v L(f(er) = f(@)? < men L] 72 %

i=1

k+1

x(f(ao) — F@))? < I3 ¢ (@) — f(z¥)).

i=1

Orke, BUKOHYETHCS OIiHKA 3012KHOCTI i Teopema JI0BeIeHa. (|

5. JIPyruil BUBIP OIIEPATOPA O(z)

Posrusinemo mie oqun BapianT merony (2), a came

up =z — [ (wg, o5 — af (zx) " f (21);
vg = o — f(@g,ur) "t (21);
Tpy1 = arg mvin Jug +y(vr — ug));

k=0,1,...

Teopema 3. Hexaif BHKOHYIOTHCS YMOBH:

1) f(z) € CY(D), ne D = {x € R", f(z) < f(w0)};

2) 1" (@,y) = f'(z,2)|| < Milly — 2| ana Beix z,y, 2 € D;

3) m e —yl* < (f'(@)=f'(y),x—y) < M ||lz —y|*, 1e0 < m < M g seixw,y € D;
4) icaye f'(z,y)~ !, a Takox Hf’(x,y)_lH < B mgsa Bcix x,y € D;

5) | f'(x,y)|| < My mnst Beix ¢,y € D;

6) nmouarkoBe HAOJIMXKEHHS T( 33/[0BOJIbHSIE YMOBY

q = L(f(z0) — f(z") <1,

2 2
e L = 2V MB ]Wylnglﬂ-aMg).
Tomi copaBIKYy€EThCS OIIHKA,

k .
Paw) = 1) <TI0 6" (o) = F@) k= 0,1,

Je ©* — po3B’sa30k 3aa4i(1).
Jlosedennsa. Hexait mis mesitkoro k > 1 orpumaemo Ty

lug = 2*|| = ||lox — 2 = 'z, 2 — af (2x) " f ()| =
= || (@r ox — oof ()" (' (@0, 2 — f ' (2n) = [ (@, 2%)) (2 — 27) || <
< BM |lag — af'(wx) — 27| [lo — 2*[| < BMi(1+ aMy) [lag — 2.
OTke, TEmep MOYKHA 3aTNCATH

o — 2*|| = [Jar — 2" — f(ze, we) " (@0)|| = || F (zn, wn) |-
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N @y ue) = (@, 2%)) (@ — 2")| < BMy [lug — 27 |z, — ™[] <

< (BM))*(1+ aMy) |Jey — o[

Ockinbku L, 2 )

llur = 27" < —(f(ur) = f(2)),
TO

(F(o) — F@) < 5 o —

Orpumaemo

Flon) = F(a) < B o — 2| < 5 (BM)P(1L+ ady) [l — a°[[2)” =
= MM 4 a2 e -2 < LEME (1 1 anry2( 2 (p(a) - 1)) =
= BB 4 am 2 (s an) — 1) = L2 () — F0))
3Bigcu

(f(xrpa) = £(2) < L2(f (ax) — f(27))°. (10)
J1s moBeeHHS TeOpeMU TaKOK BUKOPUCTAEMO METOJ MaTeMaTWdHOl iHAyKIii. [Ipn
k=20
(f(z1) = f(a")) < nL?(f(wo) = f(2")® < mg*(f(wo) — f(*))°.

Hexait nna gesskoro k > 1 BUKOHYETBCS YMOBa,
k k—i ok
flay) = f@) <[ a® ' (flwo) - f(")). (11)
i=1
Toxi 3riguo 3 (10) i (11)

k -
Flane) = F@) < ma L2 () = F@)° < e 2[4 6 ' x
i=1

k+1

X (o) = F@))* < T2 6™ (o) = fla)):

Orke, BUKOHYETHCS OIIIHKA 3017KHOCTI i TeOpeMa, TOBEIEHA.
]
BayBaxkumo, gkiio y (9) mapamerp o BUOpaTH TAKKUM, 10 3MIHIOETHC aHAJIOIIYHO K
y TPAJIEHTHOMY METO/Ii, TO Te JACTh 3MOTY 3MEHIINTH 3HAMEHHUK 3012KHOCTI METO.Ty.

6. BUCHOBOK

Ha mincrapi 3ampororoBanoro y [1,2] miaxomay mo mobyoBr METONIB PO3B’s3yBaHHS
3a1a4 6e3yMOBHOI MiHiMizaril dyHKIil 6araTbox 3MIHHAX 3AMTPOIOHOBAHO CXEMY TPUKPO-
KOBUX aJTOPUTMIB 13 HAIKBAIPATUIHOIO MBUIAKICTIO 30ixkHOCTI. JloBemeno 36iKHICTD y
3araJibHOMY BUIAAKY. TaKoK PO3IVIAHYTO YaCTKOBI BUIIA/IKU, & CAME TPUKPOKOBUN METO/I
3 HAJAKBAAPATUYHOIO 30i’KHICTIO Ha 6a3i rpaieHTHOrO METOMY, a TAKOXK Ha 0a3i MeTomy
Credencena. Jlosemeno 36i:KHICTH 3aIIPOMOHOBAHNX METOIIB.
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The article considers the solving to the problem of unconstrained minimization of a
function of many variables. Well-known methods for solving such problems are gradient
methods and Newton’s methods. But all existing methods have their advantages and
disadvantages and solve well different classes of problems. In previous works, we proposed
a three-step method. On each iteration, it uses the information about the function and
the function’s derivatives obtained at the previous iteration more efficiently. Using the
same approach as in the three-step algorithm, we propose new methods. In the article, we
presented a general scheme of construction of new three-step methods and two particular
variants. Given the conditions of the method’s convergence and proved convergence in the
general case.

As a basic method, we use the method of divided differences and gradient method in
the first case; the Steffensen method and method of divided differences in the second. The
main calculations of function and its derivatives are made in the first method of divided
differences. So the three-step method reaches the solution in fewer steps than the basic
method if it is used alone.

In both cases, theorems of convergence are proved. Also, we showed that the rate of
convergence of the new-proposed algorithms is greater or equal then the rate of convergence
of basic methods.

Numerical experiments were done and their results proved the theoretical research.

Key words: gradient method, divided differences, iterative-difference methods, and three-
step methods.



