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Äîñëiäæåíî íîâèé âàðiàíò ïîáóäîâè òðèêðîêîâèõ ìåòîäiâ ìiíiìiçàöi¨ ôóíêöi¨ áà-

ãàòüîõ çìiííèõ. Ðîçãëÿíóòî çàãàëüíó ñõåìó ïîáóäîâè òàêèõ ìåòîäiâ, à òàêîæ äâà

êîíêðåòíèõ àëãîðèòìè. Äîâåäåíî çáiæíiñòü çàïðîïîíîâàíèõ àëãîðèòìiâ. Ó âèêîðèñ-

òàííi çàïðîïîíîâàíèõ àëãîðèòìiâ äåòàëüíiøå âèêîðèñòîâó¹òüñÿ îòðèìàíà iíôîðìàöiÿ

ïðî çíà÷åííÿ ôóíêöi¨ ¨¨ ïîõiäíèõ i ïîäiëåíèõ ðiçíèöü. Ç'ÿñîâàíî, ùî øâèäêiñòü

çáiæíîñòi çàïðîïîíîâàíèõ àëãîðèòìiâ âèùà àáî äîðiâíþ¹ øâèäêîñòi çáiæíîñòi áàçîâèõ

àëãîðèòìiâ.

Êëþ÷îâi ñëîâà: ãðàäi¹íòíèé ìåòîä, ïîäiëåíi ðiçíèöi, iòåðàöiéíî-ðiçíèöåâi ìåòîäè, òðè-

êðîêîâi ìåòîäè.

1. Âñòóï
Íà ïðàêòèöi ÷àñòî âèíèêàþòü çàäà÷i, ìàòåìàòè÷íi ìîäåëi ÿêèõ ïðèçâîäÿòü äî

çàäà÷ îïòèìiçàöi¨. Â ëiòåðàòóði ïîäàíî íèçêó àëãîðèòìiâ [3, 4] äëÿ ðîçâ'ÿçóâàí-
íÿ òàêèõ çàäà÷. Íà æàëü, íå ìà¹ óíiâåðñàëüíîãî ìåòîäó ¨õ ðîçâ'ÿçóâàííÿ. Ìè
ïðîïîíó¹ìî íîâèé ïiäõiä äëÿ ïîáóäîâè êîìáiíîâàíèõ àëãîðèòìiâ, ÿêi åôåêòèâíi â
ñåíñi êiëüêîñòi îá÷èñëåíü äëÿ ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ ïîðiâíÿíî ç áàçîâèìè.
Çàïðîïîíîâàíî êëàñ òðèêðîêîâèõ àëãîðèòìiâ ðîçâ'ÿçóâàííÿ çàäà÷ ìiíiìiçàöi¨ ôóíê-
öi¨ áàãàòüîõ çìiííèõ. Çàïðîïîíîâàíi àëãîðèòìè áiëüø åôåêòèâíî âèêîðèñòîâóþòü
iíôîðìàöiþ, îòðèìàíó íà êîæíié iòåðàöi¨, ïðî çíà÷åííÿ ôóíêöi¨, ¨¨ ïîõiäíèõ, ïîäi-
ëåíèõ ðiçíèöü íà êîæíié iòåðàöi¨.

2. Ôîðìóëþâàííÿ çàäà÷i
Ðîçãëÿíåìî çàäà÷ó áåçóìîâíî¨ ìiíiìiçàöi¨

f(x) −→ min, x ∈ Rn. (1)

Çàãàëüíîâiäîìèìè ìåòîäàìè ðîçâ'ÿçóâàííÿ çàäà÷i (1) ¹ ãðàäi¹íòíèé ìåòîä, ìåòîä
Íüþòîíà òà ¨õíi ìîäèôiêàöi¨ òîùî [3�5]. Âèêîðèñòîâóþ÷è iíôîðìàöiþ ïðî óæå
âiäîìi ìåòîäè, ìè ïîáóäó¹ìî íîâèé êëàñ ìåòîäiâ, ÿêèé äà¹ çìîãó âèáðàòè åôåêòèâ-
íèé àëãîðèòì â ñåíñi êiëüêîñòi îá÷èñëåíü äëÿ ðîçâ'ÿçóâàííÿ êîíêðåòíî¨ çàäà÷i (1),
à ñàìå

uk = Φ(xk);

vk = xk − f ′(xk, uk)
−1f ′(xk);

xk+1 = argmin
γ

f(uk + γ(vk − uk));

k = 0, 1, ...,

(2)
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äå Φ(x) îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ óìîâó

∥Φ(x)− x∗∥ ≤ K ∥x− x∗∥τ ,
τ ∈ [1, 2],

(3)

f ′(x, y) � ïîäiëåíà ðiçíèöÿ ïåðøîãî ïîðÿäêó âåêòîð-ôóíêöi¨ f ′(x) [5]; x∗ � ðîçâ'ÿçîê
çàäà÷i (1).

3. Îá ðóíòóâàííÿ çáiæíîñòi ìåòîäó (2)
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:
1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)}, x0 � ïî÷àòêîâå íàáëèæåííÿ;

2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M1∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) m ∥x− y∥2 ≤ (f ′(x)−f ′(y), x−y) ≤ M ∥x− y∥2, äå 0 < m ≤ M äëÿ âñiõ x, y ∈ D;

4) iñíó¹ f ′(x, y)−1 , à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

5) äëÿ âñiõ x ∈ D îïåðàòîð Φ(x) çàäîâîëüíÿ¹ óìîâó ∥Φ(x)− x∗∥ ≤ K ∥x− x∗∥τ ,
τ ∈ [1, 2], K � äåÿêà êîíñòàíòà, ùî 0 < K < ∞;

6) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó

qτ = L(f(x0)− f(x∗)τ < 1,

äå L =
MB2M2

1K
22τ

m1+τ .
Òîäi ñïðàâäæó¹òüñÿ îöiíêà

f(xk)− f(x∗) ≤
k∏

i=1

γ
(1+τ)k−i

i q(1+τ)k−1(f(x0)− f(x∗)), k = 0, 1, ...,

äå γi ∈ (0, 1] i x∗ � ðîçâ'ÿçîê çàäà÷i(1).
Äîâåäåííÿ. Iç óìîâè ñèëüíî¨ îïóêëîñòi ôóíêöié âèïëèâà¹ iñíóâàííÿ òî÷êè x∗,

òîäi f ′(x∗) = 0, f(x∗) ≤ f(x) äëÿ âñiõ x ∈ D.
Íåõàé äëÿ k ≥ 1 îòðèìàëè xk, òîäi îäåðæèìî

∥vk − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ =

∥∥f ′(xk, uk)
−1

∥∥ ∥(f ′(xk, uk)−

−f ′(xk, x
∗))(xk − x∗)∥ ≤ BM1 ∥(uk − x∗)(xk − x∗)∥ ≤ BM1K ∥xk − x∗∥1+τ

.

Âèêîðèñòàâøè óìîâó (3), îòðèìà¹ìî

f(x)− f(x∗) =

∫ 1

0

1

τ
(f ′(x∗ + τ(x− x∗))− f ′(x∗), τ(x− x∗))dτ ≥

≥ m

∫ 1

0

τ ∥x− x∗∥2 dτ =
m

2
∥x− x∗∥2

i

∥x− x∗∥2 ≤ 2

m
(f(x)− f(x∗)).

Îäíî÷àñíî

f(x)− f(x∗) =

∫ 1

0

1

τ
(f ′(x∗ + τ(x− x∗))− f ′(x∗), τ(x− x∗))dτ ≤ M

2
∥x− x∗∥2 .
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Òåïåð ìîæåìî çàïèñàòè

f(vk)− f(x∗) ≤ M

2
∥vk − x∗∥2 ≤ M

2
(BM1K ∥xk − x∗∥1+τ

)2 ≤

≤ M(BM1K)2

2
∥xk − x∗∥2(1+τ) ≤ M(BM1K)2

2
(
2

m
(f(xk)− f(x∗))1+τ ≤

≤ M(BM1K)22τ

m1+τ
(f(xk)− f(x∗))1+τ = L(f(xk)− f(x∗))1+τ .

Îòðèìà¹ìî
(f(xk+1)− f(x∗)) ≤ γk+1L(f(xk)− f(x∗))1+τ . (4)

Îñêiëüêè f(xk+1) ≤ min{f(uk), f(vk)}, òî γk+1 ≤ 1.
Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.
Äëÿ k = 0 ìàòèìåìî

(f(x1)− f(x∗)) ≤ γ1L(f(x0)− f(x∗))1+τ ≤ γ1q
τ (f(x0)− f(x∗)).

Íåõàé äëÿ äåÿêîãî k ≥ 1 âèêîíó¹òüñÿ óìîâà

f(xk)− f(x∗) ≤
k∏

i=1

γ
(1+τ)k−i

i q(1+τ)k−1(f(x0)− f(x∗)). (5)

Òîäi çãiäíî ç (4) i (5)

(f(xk+1)− f(x∗)) ≤ γk+1L(f(xk)− f(x∗))1+τ ≤ γk+1L(

k∏
i=1

γ
(1+τ)k−i

i q(1+τ)k−1·

·(f(x0)− f(x∗)))1+τ ≤
k+1∏
i=1

γ
(1+τ)k−i+1

i q(1+τ)k+1−1(f(x0)− f(x∗)).

Îòæå, âèêîíó¹òüñÿ îöiíêà çáiæíîñòi i òåîðåìà äîâåäåíà. □
Öiêàâi, ó öüîìó âèïàäêó, êîíêðåòíi âàðiàíòè îïåðàòîðà Φ(x).

4. Ïåðøèé âèáið îïåðàòîðà Φ(x)
Ðîçãëÿíåìî âèïàäîê, êîëè äëÿ îá÷èñëåííÿ uk âèêîðèñòàíî ãðàäi¹íòíèé ìåòîä

Φ(xk) = xk − αkf
′(xk); τ = 1.

Òîäi îòðèìà¹ìî íàñòóïíèé àëãîðèòì:

uk = xk − αkf
′(xk);

vk = xk − f ′(xk, uk)
−1f ′(xk);

xk+1 = argmin
γ

f(uk + γ(vk − uk));

k = 0, 1, ....

(6)

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:
1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)};
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2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M1∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) m ∥x− y∥2 ≤ (f ′(x)−f ′(y), x−y) ≤ M ∥x− y∥2, äå 0 < m ≤ M äëÿ âñiõ x, y ∈ D;

4) iñíó¹ f ′(x, y)−1 , à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

5) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó

q = L(f(x0)− f(x∗) < 1,

äå L =
2MB2M2

1

m2 .
Òîäi ñïðàâäæó¹òüñÿ îöiíêà

f(xk)− f(x∗) ≤
k∏

i=1

γ2k−i

i q2
k−1(f(x0)− f(x∗)), k = 0, 1, ...,

äå γi ∈ (0, 1] i x∗ � ðîçâ'ÿçîê çàäà÷i (1).
Äîâåäåííÿ. Iç óìîâè ñèëüíî¨ îïóêëîñòi ôóíêöié âèïëèâà¹ iñíóâàííÿ òî÷êè x∗,

òîäi f ′(x∗) = 0, f(x∗) ≤ f(x) äëÿ âñiõ x ∈ D.
Íåõàé äëÿ k ≥ 1 îòðèìàëè xk, òîäi îäåðæèìî

∥vk − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ =

∥∥f ′(xk, uk)
−1

∥∥ ∥(f ′(xk, uk)−

−f ′(xk, x
∗))(xk − x∗)∥ ≤ BM1 ∥(uk − x∗)(xk − x∗)∥ ≤ BM1q1 ∥xk − x∗∥2 .

Ó íàøîìó âèïàäêó ∥uk − x∗∥ ≤ q1 ∥xk − x∗∥ äå q1 < 1.
Îñêiëüêè

∥uk − x∗∥2 ≤ 2

m
(f(uk)− f(x∗)),

(f(vk)− f(x∗)) ≤ M

2
∥vk − x∗∥2 ,

òî òåïåð ìîæåìî çàïèñàòè

f(vk)− f(x∗) ≤ M

2
∥vk − x∗∥2 ≤ M

2
(BM1q1 ∥xk − x∗∥2)2 =

=
M(BM1q1)

2

2
∥xk − x∗∥4 ≤ M(BM1q1)

2

2
(
2

m
(f(xk)− f(x∗))2 ≤

≤ M(BM1q1)
22

m2
(f(xk)− f(x∗))2 < L(f(xk)− f(x∗))2.

Îòæå,
(f(xk+1)− f(x∗)) ≤ γk+1L(f(xk)− f(x∗))2, (7)

äå γk+1 ≤ 1.
Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Äëÿ k = 0 ìàòèìåìî

(f(x1)− f(x∗)) ≤ γ1L(f(x0)− f(x∗))2 ≤ γ1q((f(x0)− f(x∗)).

Íåõàé äëÿ äåÿêîãî k ≥ 1 âèêîíó¹òüñÿ óìîâà

f(xk)− f(x∗) ≤
k∏

i=1

γ2k−i

i q2
k−1(f(x0)− f(x∗)). (8)
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Òîäi çãiäíî ç (7) i (8)

f(xk+1)− f(x∗) ≤ γk+1L(f(xk)− f(x∗))2 ≤ γk+1L(

k∏
i=1

γ2k−i

i q2
k−1×

×(f(x0)− f(x∗)))2 ≤
k+1∏
i=1

γ2k−i+1

i q2
k+1−1(f(x0)− f(x∗)).

Îòæå, âèêîíó¹òüñÿ îöiíêà çáiæíîñòi i òåîðåìà äîâåäåíà. □

5. Äðóãèé âèáið îïåðàòîðà Φ(x)

Ðîçãëÿíåìî ùå îäèí âàðiàíò ìåòîäó (2), à ñàìå

uk = xk − f ′(xk, xk − αf ′(xk))
−1f ′(xk);

vk = xk − f ′(xk, uk)
−1f ′(xk);

xk+1 = argmin
γ

f(uk + γ(vk − uk));

k = 0, 1, ....

(9)

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè:

1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)};
2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M1∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) m ∥x− y∥2 ≤ (f ′(x)−f ′(y), x−y) ≤ M ∥x− y∥2, äå 0 < m ≤ M äëÿ âñiõ x, y ∈ D;

4) iñíó¹ f ′(x, y)−1 , à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

5) ∥f ′(x, y)∥ ≤ M2 äëÿ âñiõ x, y ∈ D;

6) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó

q = L(f(x0)− f(x∗) < 1,

äå L =
2
√
MB2M2

1 (1+αM2)√
m3

.

Òîäi ñïðàâäæó¹òüñÿ îöiíêà

f(xk)− f(x∗) ≤
k∏

i=1

γ3k−i

i q3
k−1(f(x0)− f(x∗)), k = 0, 1, ...,

äå x∗ � ðîçâ'ÿçîê çàäà÷i(1).
Äîâåäåííÿ. Íåõàé äëÿ äåÿêîãî k > 1 îòðèìà¹ìî xk

∥uk − x∗∥ =
∥∥xk − x∗ − f ′(xk, xk − αf ′(xk))

−1f ′(xk)
∥∥ =

=
∥∥f ′(xk, xk − αf ′(xk))

−1 (f ′(xk, xk − αf ′(xk))− f ′(xk, x
∗)) (xk − x∗)

∥∥ ≤

≤ BM1 ∥xk − αf ′(xk)− x∗∥ ∥xk − x∗∥ ≤ BM1(1 + αM2) ∥xk − x∗∥2 .

Îòæå, òåïåð ìîæíà çàïèñàòè

∥vk − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ =

∥∥f ′(xk, uk)
−1

∥∥ ·
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· ∥(f ′(xk, uk))− f ′(xk, x
∗))(xk − x∗)∥ ≤ BM1 ∥uk − x∗∥ ∥xk − x∗∥ ≤

≤ (BM1)
2(1 + αM2) ∥xk − x∗∥3 .

Îñêiëüêè

∥uk − x∗∥2 ≤ 2

m
(f(uk)− f(x∗)),

òî

(f(vk)− f(x∗)) ≤ M

2
∥vk − x∗∥2 .

Îòðèìà¹ìî

f(vk)− f(x∗) ≤ M

2
∥vk − x∗∥2 ≤ M

2
((BM1)

2(1 + αM2) ∥xk − x∗∥3)2 =

=
M(BM1)

4

2
(1 + αM2)

2 ∥xk − x∗∥6 ≤ M(BM1)
4

2
(1 + αM2)

2(
2

m
(f(xk)− f(x∗))3 =

=
4M(BM1)

4

m3
(1 + αM2)

2(f(xk)− f(x∗))3 = L2(f(xk)− f(x∗))3.

Çâiäñè
(f(xk+1)− f(x∗)) ≤ γk+1L

2(f(xk)− f(x∗))3. (10)

Äëÿ äîâåäåííÿ òåîðåìè òàêîæ âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðè
k = 0

(f(x1)− f(x∗)) ≤ γ1L
2(f(x0)− f(x∗))3 ≤ γ1q

2(f(x0)− f(x∗))3.

Íåõàé äëÿ äåÿêîãî k ≥ 1 âèêîíó¹òüñÿ óìîâà

f(xk)− f(x∗) ≤
k∏

i=1

γ3k−i

i q3
k−1(f(x0)− f(x∗)). (11)

Òîäi çãiäíî ç (10) i (11)

f(xk+1)− f(x∗) ≤ γk+1L
2(f(xk)− f(x∗))3 ≤ γk+1L

2(

k∏
i=1

γ3k−i

i q3
k−1×

×(f(x0)− f(x∗)))3 ≤
k+1∏
i=1

γ3k−i+1

i q3
k+1−1(f(x0)− f(x∗)).

Îòæå, âèêîíó¹òüñÿ îöiíêà çáiæíîñòi i òåîðåìà äîâåäåíà.
□

Çàóâàæèìî, ÿêùî ó (9) ïàðàìåòð α âèáðàòè òàêèì, ùî çìiíþ¹òüñÿ àíàëîãi÷íî ÿê
ó ãðàäi¹íòíîìó ìåòîäi, òî öå äàñòü çìîãó çìåíøèòè çíàìåííèê çáiæíîñòi ìåòîäó.

6. Âèñíîâîê
Íà ïiäñòàâi çàïðîïîíîâàíîãî ó [1, 2] ïiäõîäó äî ïîáóäîâè ìåòîäiâ ðîçâ'ÿçóâàííÿ

çàäà÷ áåçóìîâíî¨ ìiíiìiçàöi¨ ôóíêöi¨ áàãàòüîõ çìiííèõ çàïðîïîíîâàíî ñõåìó òðèêðî-
êîâèõ àëãîðèòìiâ iç íàäêâàäðàòè÷íîþ øâèäêiñòþ çáiæíîñòi. Äîâåäåíî çáiæíiñòü ó
çàãàëüíîìó âèïàäêó. Òàêîæ ðîçãëÿíóòî ÷àñòêîâi âèïàäêè, à ñàìå òðèêðîêîâèé ìåòîä
ç íàäêâàäðàòè÷íîþ çáiæíiñòþ íà áàçi ãðàäi¹íòíîãî ìåòîäó, à òàêîæ íà áàçi ìåòîäó
Ñòåôåíñåíà. Äîâåäåíî çáiæíiñòü çàïðîïîíîâàíèõ ìåòîäiâ.
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The article considers the solving to the problem of unconstrained minimization of a

function of many variables. Well-known methods for solving such problems are gradient

methods and Newton's methods. But all existing methods have their advantages and

disadvantages and solve well di�erent classes of problems. In previous works, we proposed

a three-step method. On each iteration, it uses the information about the function and

the function's derivatives obtained at the previous iteration more e�ciently. Using the

same approach as in the three-step algorithm, we propose new methods. In the article, we

presented a general scheme of construction of new three-step methods and two particular

variants. Given the conditions of the method's convergence and proved convergence in the

general case.

As a basic method, we use the method of divided di�erences and gradient method in

the �rst case; the Ste�ensen method and method of divided di�erences in the second. The

main calculations of function and its derivatives are made in the �rst method of divided

di�erences. So the three-step method reaches the solution in fewer steps than the basic

method if it is used alone.

In both cases, theorems of convergence are proved. Also, we showed that the rate of

convergence of the new-proposed algorithms is greater or equal then the rate of convergence

of basic methods.

Numerical experiments were done and their results proved the theoretical research.

Key words: gradient method, divided di�erences, iterative-di�erence methods, and three-

step methods.


