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Â öèêëi ðîáiò àâòîðàìè áóëî çàïðîïîíîâàíi ìåòîäè ðîçâ'ÿçàííÿ äëÿ ðÿäó ìàòðè÷-
íèõ ðiâíÿíü, ÿêi íàé÷àñòiøå òðàïëÿþòüñÿ â ïðàêòè÷íèõ çàñòîñóâàííÿõ. Äëÿ ¨õ
ïîáóäîâè âèêîðèñòàíî àïàðàò ìàòðè÷íèõ ëàíöþãîâèõ äðîáiâ. Áóëè òàêîæ îäåðæàíi
åôåêòèâíi äîñòàòíi îçíàêè çáiæíîñòi [4] öèõ iòåðàöiéíèõ ñõåì äî ðîçâ'ÿçêó ðiâíÿíü.
Ïðîïîíó¹ìî ïiäõiä, ÿêèé äîïîìîæå ñóòò¹âî óòî÷íèòè óìîâè, çà ÿêèõ îá÷èñëþâàëüíi
ñõåìè áóäóòü çáiæíèìè. Âií áàçó¹òüñÿ íà ïåðåòâîðåííi îäíîïåðiîäè÷íèõ ìàòðè÷íèõ
ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ äî ìàòðè÷íèõ ëàíöþãîâèõ äðîáiâ iç áëî÷íèìè åëåìåí-
òàìè. Âäà¹òüñÿ îäåðæàòè íîâó äîñòàòíþ îçíàêó çáiæíîñòi äî ðîçâ'ÿçêó iòåðàöiéíèõ
ìåòîäiâ äëÿ ïîëiíîìiàëüíèõ ìàòðè÷íèõ ðiâíÿíü n−ãî ïîðÿäêó. Ïðîâåäåíî ÷èñëîâi
åêñïåðèìåíòè, ÿêi ïiäâåðäæóþòü òåîðåòè÷íi ìiðêóâàííÿ òà ïðàêòè÷íó åôåêòèâíiñòü
çàïðîïîíîâàíî¨ ñõåìè.

Êëþ÷îâi ñëîâà: ìàòðè÷íi ðiâíÿííÿ, êðèòåði¨ çáiæíîñòi íàáëèæåíèõ ìåòîäiâ äî ðîç'ÿç-
êó, ïåðiîäè÷íi ìàòðè÷íi ëàíöþãîâi äðîáè.

1. Âñòóï

Íàéïðîñòiøi ìàòðè÷íi ðiâíÿííÿ ðîçâ'ÿçóâàëè ùå ó äðóãié ïîëîâèíi ÕIÕ ñòîëiò-
òÿ [2], [3]. ×åðåç òå, ùî íå áóëî çàãàëüíîãî ïiäõîäó i ìåòîäiâ ðîçâ'ÿçàííÿ ðiâíÿíü
âèãëÿäó

AnX
n +An−1X

n−1 + . . .+A1X +A0 = 0, (1)

(òóò êîåôiöi¹íòè Ai ∈ Rp×p(i = 1,m) òà íåâiäîìi X ∈ Rp×p çàäàíi íàä êiëüöåì
íåêîìóòàòèâíèõ ìàòðèöü), êîæíå ðiâíÿííÿ ðîçâ'ÿçóâàëè äëÿ êîíêðåòíîãî ÷àñòêîâî-
ãî âèïàäêó.

2. Ðîçâèíåííÿ ðîçâ'ÿçêiâ ìàòðè÷íèõ ðiâíÿíü ó íåïåðåðâ-

íi äðîáè

Äëÿ áàãàòüîõ êëàñiâ ïîëiíîìiàëüíèõ ìàòðè÷íèõ ïiâíÿíü âäà¹òüñÿ ïîäàòè ¨õíi
ðîçâ'ÿçêè íåñêií÷åíèìè ìàòðè÷íèìè ëàíöþãîâèìè äðîáàìè [5], [6], à íàáëèæåíi
çíà÷åííÿ îäåðæàòè øëÿõîì îá÷èñëåííÿ ïåâíî¨ êiëüêîñòi ïîâåðõiâ äðîáó.

Íàïðèêëàä, ÿêùî ââåñòè äî ðîçãëÿäó ìàòðè÷íå ïîëiíîìiàëüíå ðiâíÿííÿ äðóãîãî
ïîðÿäêó

XAX +X +B = 0, (2)

äå A,B � êâàäðàòíi íåíóëüîâi ìàòðèöi pîçìiðíîñòi p × p iç äiéñíèìè åëåìåíòàìè,
à X ∈ Rp×p � íåâiäîìà ìàòðèöÿ, òî ïiñëÿ áàãàòüîõ åêâiâàëåíòíèõ ïåðåòâîðåíü äëÿ
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ðîçâ'ÿçêó (2) îäåðæó¹ìî òàêå ðîçâèíåííÿ â îäíîïåðiîäè÷íèé ìàòðè÷íèé ëàíöþãîâèé
äðiá:

X = −
E

E −
E

E −
E

E−. . .

·BA

·BA

·B. (3)

Ðîçãëÿäà¹òüñÿ òàêîæ ðiâíÿííÿ âèãëÿäó

AX2 +BX + C = 0, (4)

äå A,B,C òà X � ìàòðèöi ðîçìiðíîñòi p × p. Äëÿ ðîçâ'ÿçêó (4) îäåðæóþòü òàêå
ðîçâèíåííÿ â ìàòðè÷íèé ëàíöþãîâèé äðiá:

X = −
E

B −A ·
E

B −A ·
E

B −A ·
E

B−. . .

· C
· C

· C
· C (5)

Äëÿ íåêàíîíi÷íîãî ìàòðè÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

X2A+XB + C = 0, (6)

äå � A,B,C i X, ÿê i â ïîïåðåäíüîìó âèïàäêó, ¹ ìàòðèöÿìè ðîçìiðó p× p, îòðèìàíî
ðîçâèíåííÿ ðîçâ'ÿçêó â íåïåðåðâíèé ìàòðè÷íèé ëàíöþãîâèé äðiá

X = −C ·
E

B − C ·
E

B − C ·
E

B − C ·
E

B−. . .

·A
·A

·A
(7)

Ðîçâ'ÿçîê ñèìåòðè÷íîãî êâàäðàòíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó íåêàíîíi÷íîãî
âèãëÿäó

AX +XB +XFX + C = 0. (8)

Òóò A,B,C, F òà X � ìàòðèöi ðîçìiðó p×p, ìîæíà ïîäàòè ìàòðè÷íèì ëàíöþãîâèèì
äðîáîì

X = −F−1B +
E

A− F−1B +
E

A− F−1B+. . .

· (AF−1B − C)F

· (AF−1B − C) (9)

À äëÿ äèñêðåòíîãî ðiâíÿííÿ Ðiêêàòi âèãëÿäó

ATXA−X −ATXB
(
R+BTXB

)−1
BTXA+Q = 0, (10)
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äå A,B,C,R,Q i X � ìàòðèöi ðîçìiðó p × p, îäåðæóþòü ðîçâèíåííÿ ó íåñêií÷åíèé
äâîïåðiîäè÷íèé ìàòðè÷íèé íåïåðâíèé äðiá

X = Q+AT ·
E

A−1BR−1BT +A−1
E

Q+AT ·
E

A−1BR−1BT+. . .

(11)

Ðîçâ'ÿçîê ìàòðè÷íîãî ïîëiíîìiàëüíîãî ðiâíÿííÿ n−ãî ïîðÿäêó (1) ìîæå áóòè
ïîäàíèé îäíîïåðiîäè÷íèì ìàòðè÷íèì ãiëëÿñòèì ëàíöþãîâèì äðîáîì [1] iç n − 1
ãiëêàìè ðîçãàëóæåííÿ

X = P0 +

n−1∑
k=1

Pk ·
E

P0 −Qk +
n−1∑
k=1

Pk ·
E

P0 −Qk+. . .

(12)

Òóò Pk ∈ Rm×m(k = 0, 1, ...n − 1) òà Qk ∈ Rm×m(k = 1, 2, ...n − 1) � êâàäðàòíi
ìàòðèöi ç íåâiäîìèìè åëåìåíòàìè. �õíi çíà÷åííÿ ¹ ðîçâ'ÿçêàìè ñèñòåìè ëiíiéíèõ
àëãåáðè÷íèõ ðiâíÿíü [5], ñêëàäåíèõ iç êîåôiöi¹íòiâ ðiâíÿííÿ.

Äëÿ ìàòðè÷íîãî ïîëiíîìiàëüíîãî ðiâíÿííÿ n-ãî ïîðÿäêó íåêàíîíi÷íîãî âèãëÿäó

Xn +Xn−1An−1 +Xn−2An−2 + ...+XA1 +A0 = 0, (13)

äå ìàòðèöi Ai ∈ Rp×p (i = 0, 1, . . . , n − 1), X ∈ Rp×q, à n ≥ 2 � öiëå ÷èñëî, ìîæå
áóòè òàêîæ ïîäàíèé îäíîïåðiîäè÷íèì ìàòðè÷íèì ãiëëÿñòèì ëàíöþãîâèì äðîáîì iç
n− 1 ãiëêàìè ðîçãàëóæåííÿ

X = P0 +

n−1∑
k=1

E

P0 −Qk +
n−1∑
k=1

E

P0 −Qk+. . .

· Pk

· Pk (14)

Òóò P0 ∈ Rm×m òà Qk ∈ Rm×m(k = 1, 2, ..., n− 1) � êâàäðàòíi ìàòðèöi ç íåâiäîìèìè
åëåìåíòàìè. À ¨õíi çíà÷åííÿ ¹ ðîçâ'ÿçêàìè ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü,
ñêëàäåíèõ iç êîåôiöi¹íòiâ ðiâíÿííÿ.

Íàâåäåíi ðîçâèíåííÿ ðîçâ'ÿçêiâ ìàþòü ôîðìàëüíèé õàðàêòåð áåç äåòàëüíîãî
âèâ÷åííÿ çáiæíîñòi âiäïîâiäíèõ ìàòðè÷íèõ ëàíöþãîâèõ äðîáiâ.

3. Êðèòåði¨ çáiæíîñòi

Çâè÷àéíî æ äëÿ îöiíêè çáiæíîñòi òàêèõ ìàòðè÷íèõ äðîáiâ (3), (5), (7), (9), (11),
(12), (14) ìîæíà çàñòîñîâóâàòè äîñòàòíi îçíàêè [4], îäåðæàíi ðàíiøå äëÿ ìàòðè÷íèõ
ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ çàãàëüíîãî âèãëÿäó

n∑
k1=1

Ak(1)

E

Bk(1)
+

n∑
k2=1

Ak(2)

E

Bk(2)
+. . .

+
n∑

km=1

Ak(m)

E

Bk(m)
+. . .

Ck(m)

Ck(2)

Ck(1)
(15)
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Òóò X � áàíàõîâèé ïðîñòið êâàäðàòíèõ ìàòðèöü ïîðÿäêó p× p íàä ïîëåì êîïëåñíèõ
÷èñåë, k(i) = k1k2...ki � ïîçíà÷åííÿ äëÿ ìóëüòèiíäåêñiâ, Ak(i)

, Bk(i)
, Ck(i)

∈ X � öå
êâàäðàòíi íåâèðîäæåíi ìàòðèöi ðîçìiðó p× p.

Òåîðåìà 1. ßêùî äëÿ ∥X∥ ∈ (0,
n∑

k1=1

∥Ak1
∥
∥∥Ck(s+1)

∥∥] iñíó¹, ïðè÷îìó ëèøå îäèí

ðîçâ'ÿçîê ïîëiíîìiàëüíîãî ìàòðè÷íîãî ðiâíÿííÿ (1), òî ðîçâèíåííÿ çà iòåðàöiéíîþ
ïðîöåäóðîþ ó ÌÃËÄ (13) ç åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìîâè∥∥∥B−1

k(s)

∥∥∥ ≤
1

1 +
n∑

ks+1=1

∥∥Ak(s+1)

∥∥ ∥∥Ck(s+1)

∥∥ (s = 1, 2, 3...) (16)

çáiãà¹òüñÿ äî öüîãî ðîçâ'ÿçêó.
Öÿ îçíàêà ¹ ìàòðè÷íèì àíàëîãîì âiäîìî¨ òåîðåìè Ïðiíãñãåéìà [10], [11] äëÿ

çâè÷àéíèõ ëàíöþãîâèõ äðîáiâ. ßê ñâiä÷àòü ÷èñëîâi åêñïåðèìåíòè, äëÿ îïèñàíîãî
êëàñó ðiâíÿíü ðåàëüíi äiàïàçîíè çáiæíîñòi iòåðàöiéíèõ ïðîöåäóð ñóòò¹âi øèðøi âiä
òåîðåòè÷íèõ.

Ïåðiîäè÷íi ëàíöþãîâi [9], [11], [12] i ìàòðè÷íi ëàíöþãîâi äðîáè, êðiì òîãî, ùî
¹ îêðåìèì öiêàâèì îá'¹êòîì äëÿ äîñëiäæåíü, ùå ìàþòü âåëèêi ïåðñïåêòèâè â
îá÷èñëþâàëüíèõ çàñòîñóâàííÿõ. Òîìó ðîçãëÿíåìî ¨õ äîêëàäíiøå.

Îçíà÷åííÿ 3. Íåïåðåðåâíèé äðiá

a1

b1 +
a2

b2+
. . .

+
ak

bk +
a1

b1+
. . .

+
ak

bk +
a1

b1+
. . .

(17)

íàçèâà¹òüñÿ ïåðiîäè÷íèì ëàíöþãîâèì äðîáîì.
Íàäàëi áóäåìî ââàæàòè a1, a2, · · · , ak âiäìiííèìè âiä íóëÿ i ïðàãíóòèìåìî ñôîð-

ìóëþâàòè óìîâè çáiæíîñòi, à òàêîæ çíà÷åííÿ äðîáó ó âèïàäêó éîãî çáiæíîñòi.
Òåîðåìà 2. Ëàíöþãîâèé äðiá

1 +
a

1 +
a

1 +
a

1+
. . .

(18)
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çáiãà¹òüñÿ [12] çà âèíÿòêîì òîãî âèïàäêó, êîëè a = −
1

4
− c, äå c � äiéñíå öiëå ÷èñëî.

À ÿêùî çáiãà¹òüñÿ, òî äî çíà÷åííÿ 1
2 , ïîçàÿê a = −

1

4
i äîðiâíþ¹ îäíîìó iç çíà÷åíü

− 1± (1 + 4a)1/2

2
,

ÿêå ìà¹ áiëüøèé ìîäóëü, ÿêùî a ̸= −
1

4
.

Iíôîðìàöi¨ ïðî äîñëiäæåííÿ çáiæíîñòi ãiëëÿñòèõ ïåðiîäè÷íèõ äðîáiâ ïðàêòè÷íî
íåìà¹. Òîìó öåé àñïåêò òåîði¨ ðîçãëÿäàòè íå áóäåìî. Ðîçãëÿíåìî çáiæíîñòi ìàòðè÷-
íèõ ëàíöþãîâèõ äðîáiâ.

Òóò âiäðàçó âàðòî çàóâàæèòè, ùî ôîðìàëüíi óçàãàëüíåííÿ íå äàþòü ðåçóëüòàòó
� äîñëiäæåííÿ çáiæíîñòi ïåðiîäè÷íîãî äðîáó çà êëàñè÷íîþ ñõåìîþ [12] çâîäèòüñÿ äî
òî÷íîãî ðîçâ'ÿçàííÿ êâàäðàòíîãî ìàòðè÷íîãî ðiâíÿííÿ. À öå ñàìà ñîáîþ çàäà÷à íå
íàáàãàòî ïðîñòiøà âiä çáiæíîñòi äðîáiâ. Ïðîòå äëÿ öi¹¨ ìåòè ìîæíà ñêîðèñòàòèñÿ
ïðèíöèïîì ìàæîðàöi¨, îïèñàíèì ó [5], äåùî ìîäèôiêóâàâøè éîãî ç âðàõóâàííÿì
ñïåöèôiêè ïåðiîäè÷íèõ ìàòðè÷íèõ ëàíöþãîâèõ äðîáiâ.

Íà ïî÷àòêó ðîçãëÿíåìî äåÿêi ïîíÿòòÿ i îçíà÷åííÿ. Íåõàé X � áàíàõîâà àëãåáðà
êâàäðàòíèõ ìàòðèöü ïîðÿäêó p íàä ïîëåì C.

Îçíà÷åííÿ 4. Íåïåðåðâíèé äðiá

E

B1 +
E

B2+ . . . +
E

Bk +
E

B1 +
E

B2+ . . . +
E

Bk+. . .

Ak

A2

A1

Ak

A2

A1 (19)

íàçèâàòèìåìî ïåðiîäè÷íèì ìàòðè÷íèì ëàíöþãîâèì äðîáîì.
Òóò Ai, Bi ∈ X � êâàäðàòíi íåâèðîäæåíi p × p ìàòðèöi. Íàäàëi ââàæàòèìåìî

A1, A2, · · · , Ak âiäìiííèìè âiä íóëÿ.
Îçíà÷åííÿ 5. Ïåðiîäè÷íèé ÌËÄ íàçèâà¹òüñÿ àáñîëþòíî çáiæíèì, ÿêùî çái-

ãà¹òüñÿ íàñòóïíèé ðÿä, ñêëàäåíèé ç éîãî ïiäõiäíèõ äðîáiâ

∞∑
ν=0

∥Dν+1 −Dν∥ . (20)

Îçíà÷åííÿ 6. Áóäåìî ãîâîðèòè, ùî îäèí ïåðiîäè÷íèé ÌËÄ G ìàæîðó¹ iíøèé
ÌËÄ D, ÿêùî iñíó¹ òàêå íåâiä'¹ìíå öiëå ÷èñëî n0 i äåÿêà äîäàòíà ñòàëà M , ùî äëÿ
âñiõ öiëèõ n òà m òàêèõ, ùî n ≥ n0 i m ≥ n0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∥Dn −Dm∥ ≤ M ∥Gn −Gm∥ , (21)

äå Di, Gi � ïiäõiäíi äðîáè íåñêií÷åíèõ ÌËÄ D òà G, âiäïîâiäíî.
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Ó âèãëÿäi ÷àñòêîâîãî âèïàäêó ìîæíà ïåðåôîðìóëþâàòè òåîðåìó ìàæîðàöi¨ ãië-
ëÿñòèõ ëàöþãîâèõ ìàòðè÷íèõ äðîáiâ [4] òàê.

Òåîðåìà 3 (Îçíàêà ìàæîðàöi¨). ßêùî äëÿ ïåðiîäè÷íîãî ÌËÄ (19) âèêî-
íó¹òüñÿ óìîâà âèãëÿäó (21) òà iñíó¹ òàêèé àáñîëþòíî çáiæíèé ÷èñëîâèé ëàíöþãîâèé
äðiá

b̂0 +
∞
D
s=1

ai

bi
(22)

iç çíàêîñòàëèìè ÷àñòèííèìè ÷èñåëüíèêàìè, ùî{
D̂−1

s,m ≥
∥∥D−1

s,m

∥∥ > 0; s = 1, 2, ...; m = s+ 1; s+ 2, ...,

∥As∥ ≤ |âs| ; s = 1, 2, ....,
(23)

òî öåé ÌËÄ òàêîæ àáñîëþòíî çáiæíèé.

Òàêå òâåðäæåííÿ ìîæíà âèêîðèñòîâóâàòè äëÿ äîñëiäæåííÿ ïåðiîäè÷íèõ ÌËÄ.
ßê ïðèêëàä çàñòîñóâàííÿ ïðèíöèïó ìàæîðàöi¨ ðîçãëÿíåìî îäíîïåðiîäè÷íèé ìàòðè÷-
íèé ëàíöþãîâèé äðiá

E +
E

E +
E

E +
E

E+. . .

·A
·A

·A (24)

Òåîðåìà 4. ßêùî äëÿ îäíîïåðiîäè÷íîãî ÌËÄ (24) iñíó¹ òàêå äîäàòíå ÷èñëî a,
ùî âèêîíó¹òüñÿ óìîâà

∥A∥ < a, (25)

òî öåé äðiá àáñîëþòíî çáiæíèé.

Äîâåäåííÿ. Ââåäåìî äî ðîçãëÿäó ÷èñëîâèé ëàíöþãîâèé äðiá

D̂ = 1−
a

1−
a

1−
a

1−. . .

(26)

ç ïîçèòèâíèìè åëåìåíòàìè a.
Ñïî÷àòêó äîâåäåìî âèêîíàííÿ íåðiâíîñòi (25){

D̂−1
s,m ≥

∥∥D−1
s,m

∥∥ > 0; s = 1, 2, ...; m = s+ 1; s+ 2, ...,

∥As∥ ≤ |âs| ; s = 1, 2, ....,

Ñïðàâäi, îñêiëüêè âs = −a äëÿ âñiõ s = 1, 2, · · · , òî ∥As∥ ≤ |âs| âèêîíó¹òüñÿ çãiäíî
ç óìîâîþ. Äîâåäåìî òåïåð ïî iíäóêöi¨ âèêîíàííÿ íåðiâíîñòi D̂−1

s,m ≥
∥∥D−1

s,m

∥∥ > 0.
Íàñïðàâäi, äëÿ s = m ìàòèìåìî

∥Dm,m∥ = ∥E∥ = 1 = D̂m,m.
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Íåõàé òåïåð 0 <
∥∥∥D−1

k,m

∥∥∥ ≤ D̂−1
k,m. Òîäi

∥∥∥D−1
k−1,m

∥∥∥ =
∥∥∥(E +D−1

k,mA)−1
∥∥∥ =

∥∥∥∥∥∥
∞∑
j=o

(−D−1
k,mA)j

∥∥∥∥∥∥ ≤
∞∑
j=o

(
∥∥∥D−1

k,m

∥∥∥ ∥A∥)j ≤

≤
∞∑
j=o

∣∣∣D̂−1
kmâk)

∣∣∣j = ∞∑
j=o

(D̂−1
kma)j =

1

1− D̂−1
k,mâk

= D̂−1
k−1,m.

Ùî é òðåáà áóëî äîâåñòè. □
Òâåðäæåííÿ, äîâåäåíi â òåîðåìàõ, äàþòü çìîãó ñóòò¹âî ïîñëàáèòè óìîâè, çà

ÿêèõ ìîæëèâà çáiæíiñòü ïåðiîäè÷íèõ ãiëëÿñòèõ i ìàòðè÷íèõ ãiëëÿñòèõ ëàíöþãîâèõ
äðîáiâ.

Ðîçãëÿíåìî òåïåð k−ïåðiîäè÷íèé ìàòðè÷íèé ëàíöþãîâèé äðiá íåêàíîíi÷íîãî
âèãëÿäó çàïèñàíèé äëÿ êîìïàêòíîñòi ó ôîðìi Ðîäæåðñà [9]

D = A1 ·
E

B1
· C1 +

A2 ·
E

B2
· C2 + · · ·+ Ak ·

E

Bk
· Ck +

+
A1 ·

E

B1
· C1 +

A2 ·
E

B2
· C2 + · · ·+ Ak ·

E

Bk
· Ck + . . .

(27)

Òóò òàêîæ ìîæíà ïåðåôîðìóëþâàòè òåîðåìó ìàæîðàöi¨ íåêàíîíi÷íèõ ãiëëÿñòèõ
ëàöþãîâèõ ìàòðè÷íèõ äðîáiâ iç ïîïåðåäíüîãî ïàðàãðàôà ó âèãëÿäi.

Òåîðåìà 5 (Îçíàêà ìàæîðàöi¨). ßêùî äëÿ ÌËÄ (27) iñíó¹ òàêèé àáñîëþòíî
çáiæíèé ÷èñëîâèé ëàíöþãîâèé äðiá

b̂0 +
∞
D
s=1

ai

bi
(28)

iç çíàêîñòàëèìè ÷àñòèííèìè ÷èñåëüíèêàìè, ùî{
D̂−1

s,m ≥
∥∥D−1

s,m

∥∥ > 0; s = 1, 2, ...; m = s+ 1; s+ 2, ...,

∥As∥ ∥Cs∥ ≤ |âs| ; s = 1, 2, ....,
(29)

òî öåé íåêàíîíi÷íèé ïåðiîäè÷íèé ÌËÄ òàêîæ àáñîëþòíî çáiæíèé.
ßê ïðèêëàä çàñòîñóâàííÿ ïðèíöèïó ìàæîðàöi¨ äëÿ öüîãî âèãëÿäó äðîáiâ ðîçëÿ-

íåìî îäíîïåðiîäè÷íèé ìàòðè÷íèé ëàíöþãîâèé äðiá

E +A ·
E

E +A ·
E

E +A ·
E

E+. . .

· C
· C

· C (30)

Òåîðåìà 6. ßêùî äëÿ ÌËÄ (30) iñíó¹ òàêå äîäàòíå ÷èñëî a, ùî âèêîíó¹òüñÿ
óìîâà

∥A∥ ∥C∥ < a, (31)

òî öåé äðiá àáñîëþòíî çáiæíèé.
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Òàáëèöÿ 1

Ðåçóëüòàòè îá÷èñëåííÿ äëÿ ÷èñëîâîãî åêñïåðèìåíòó 1

Êiëüêiñòü ïîâåðõiâ ∥Xk −Xk−1∥
5 5.876449e-01
7 6.992783e-02
9 9.843659e-03
14 8.851078e-05
18 1.872369e-06
21 1.038970e-07
23 1.529269e-08
26 8.646308e-10
33 1.049942e-12
35 1.555262e-13

Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòüñÿ çà ñõåìîþ àíàëîãi÷íîþ äî äîâåäåííÿ òåîðå-
ìè 4.

Ââåäåìî òåïåð äî ðîçãëÿäó ìàòðè÷íèé îäíîïåðiîäè÷íèé ãiëëÿñòèé äðiá

B0 +

n∑
k=1

Ak ·
E

Bk +
n∑

k=1

Ak ·
E

Bk+. . .

· Ck

· Ck (32)

Òóò Ai, Bi, Ci ∈ X � êâàäðàòíi íåâèðîäæåíi p × p ìàòðèöi. Íàäàëi áóäåìî ââàæàòè
A1, A2, · · · , An âiäìiííèìè âiä íóëÿ.

Ïðèêëàä 1. Â ñåðåäîâèùi ïàêåòà MatLab ïðîâåäåíî ÷èñëîâèé åêñïåðèìåíò ç
äîñëiäæåííÿ øâèäêîñòi çáiæíîñòi äðîáó óòâîðåíîãî çà ðåêóðåíòíîþ ôîðìóëîþ

X = B0 +A1 ·
E

B1 +X
· C1 +A2 ·

E

B2 +X
· C2;

ç ìàòðè÷íèìè êîåôiöi¹íòàìè

B0 =

12.7 −7.3 −5
0.22 8.1 12.5
9.22 −10.234 −0.2

 ; A1 =

 2 6 −5
0.5 1.22 −2.51
0.234 −0.13 2.2

 ;

B1 =

 −0.5 1 0.2
1.236 −1.33 7.232
−8.256 1.1 1.267

 ; C1 =

 0.2 1.6 −5.2
0.15 2.22 −1.51
1.234 0.413 2.2


A2 =

 2.1 6 5
0.5 −1.22 2.51

−0.234 5.13 −2.2

 ; B2 =

 −1.5 1 2.2
1.236 −1.33 0.232
−0.256 1.1 1.267

 ;

C2 =

 −2 0.6 1.5
1.5 1.322 1.051
1.234 1.513 1.29

 .



ÍåäàøêîâñüêèéÌ.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2022. Âèï. 30 87

Ðåçóëüòàòè ÷èñåëüíîãî åêñïåðèìåíòó ó ïî÷àòêîâîìó íàáëèæåííi

X0 =

0 0 0
0 0 0
0 0 0


ïîäàíi â òàáë. 1.

Ó ïiäñóìêó îäåðæàíî òàêå íàáëèæåíå çíà÷åííÿ X:

Xk =

11.1156 −7.4563 −6.7028
0.9431 8.3674 12.1098
7.2984 −10.7480 −0.3390

 .

Ó öüîìó âèïàäêó ∥B−1∥ = 2.318533e− 01 i (1 + ∥a1∥+ ∥a2∥)−1 = 1.220035e− 02.
Õî÷à ìàòðè÷íà îçíàêà çáiæíîñòi òèïó Ïðiíãñãåéìà çíîâó íå âèêîíó¹òüñÿ � øâèäêiñòü
çáiæíîñòi äîñèòü âèñîêà.

Òåîðåìà 7. ßêùî äëÿ îäíîïåðiîäè÷íîãî ãiëëÿñòîãî ëàíöþãîâîãî äðîáó (32)
âèêîíó¹òüñÿ óìîâà

det (Dk,∞) ̸= 0, (i = 1, 2, ...; k = 1, 2, ..., n), (33)

òî iñíó¹ åêâiâàëåíòíèé éîìó îäíîïåðiîäè÷íèé ìàòðè÷íèé ëàíöþãîâèé äðiá iç áëî÷-
íèìè åëåìåíòàìè.

Äîâåäåííÿ. Äðiá (32) ¹ êîìïîçèöi¹þ [10] äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü

T (wi+1) = B0 +

n∑
k=1

Ak

(
Bk(wi)

)−1

·Ck (i = 1, 2, ....n) (34)

Âðàõîâóþ÷è, ùî ïðàâèëüíi ìàòðè÷íi ñïiââiäíîøåííÿ

diag(Pi +Qi) = diag(Pi) + diag(Qi) (i = 1, 2, ..., n)

diag(λ · Pi) = λ · diag(Pi) (i = 1, 2, ..., n)

[diag(Pi)]
−1

= diag(P−1
i ) (i = 1, 2, ..., n),

(35)

äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ (34) ìîæíà ïîäàòè ó ìàòðè÷íié ôîðìi

T (wi+1) = B0 +
(
A1, A2, ..., An

)
·diag

[(
Bi + T (wi)

)−1
]
·


C1

C2

...
Cn

 (i = 1, n).

Àáî æ

T (wi+1) = B0 +
(
A1, A2, ..., An

)
·diag

[(
Bi + T (wi)

)]−1

·


C1

C2

...
Cn

 . (36)

×è ó ðîçãîðíóòîìó âèãëÿäi

T (wi+1) = B0 +
(
A1, A2, ..., An

)
×

×


B1 + T (wi) 0 ... 0

0 B2 + T (wi) ... ...
... ... ... 0
0 ... 0 Bn + T (wi)


−1

·


C1

C2

...
Cn

 .
(37)
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Çâiäêè

T (wi+1) = B0+
(
A1, A2, ..., An

)
·

[
B1 0 ... 0
0 B2 ... ...
... ... ... 0
0 ... 0 Bn

+

+


E 0 ... 0
0 E ... ...
... ... ... 0
0 ... 0 E

 · T (wi)

]−1

·


C1

C2

...
Cn


(38)

T (wi+1) = B0 +

(
A1 A2 ... An

)
·
[
diag(Bk) + E · T (wi)

]−1

.


C1

C2

...
Cn

 .

Iç âðàõóâàííÿì (36) i (38) äðiá (32) ïåðåïèøåòüñÿ ó âèãëÿäi òàêîãî ìàòðè÷íîãî
ëàíöþãîâîãî äðîáó

B0 +
(

A1 A2 ... An

)
·

(
E ·B0 + diag(Bk) +

(
A1 A2 ... An

)
×

×
(
E ·B0 + diag(Bk) + ...

)−1

 C1

...
Cn

)−1
 C1

...
Cn

 .

(39)

Ùî é òðåáà áóëî äîâåñòè. □
Òåîðåìà 8. ßêùî äëÿ ∥X∥ ∈

(
0,
∥∥(A1, A2, . . . , An

)∥∥ ∥∥(C1, C2, . . . , Cn

)∥∥) iñíó¹,

ïðè÷îìó ëèøå îäèí ðîçâ'ÿçîê äåÿêîãî ïîëiíîìiàëüíîãî ìàòðè÷íîãî ðiâíÿííÿ, òî
ðîçâèíåííÿ çà iòåðàöiéíîþ ïðîöåäóðîþ (34) ó ÌÃËÄ ç åëåìåíòàìè, ùî çàäîâîëüíÿ-
þòü óìîâè∥∥∥(E ·B0 + diag(B1, B2, . . . , Bn)

)−1
∥∥∥ ≤

≤
1

1 + ∥(A1, A2, . . . , An)∥ ∥(C1, C2, . . . , Cn)∥
(s = 1, 2, . . . ),

(40)

çáiãà¹òüñÿ äî öüîãî ðîçâ'ÿçêó
Äîâåäåííÿ. ßêùî çàñòîñóâàòè ìàòðè÷íèé àíàëîã îçíàêè Ïðiãñãåéìà ç òåîðåìè 1

äî ìàòðè÷íîãî ëàíöþãîâîãî äðîáó (38) ç áëî÷íèìè åëåìåíòàìè îäðàçó, òî îòðèìó¹ìî
óìîâó (40). □

Ïðèêëàä 2. Â ñåðåäîâèùi ïàêåòà MatLab ïðîâåäåíî ÷èñëîâèé åêñïåðèìåíò ç
ïðàêòè÷íîãî äîñëiäæåííÿ êîðåêòíîñòi òâåðäæåííÿ òåîðåìè 7. Äëÿ

B0 =

 2 −3 −3.4
1.22 5.1 2.5
1.22 −2.1234 −3.2

 ;A1 =

 2 6 −5
0.5 1.22 −2.51

0.234 −0.13 2.2

 ;

B1 =

 −2.5 1 0.2
1.236 −1.33 7.232
−8.256 1.1 1.267

A2 =

 −2 6 5
0.5 −1.22 2.51

−0.234 5.13 −2.2

 ;
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B2 =

 −12.5 1 20.2
10.236 −11.33 70.232
−2.256 11.1 15.267


îá÷èñëåííÿ ïðîâîäèëè çà ðåêóðåíòíîþ ôîðìóëîþ

X = B0 +
(
E E

)
∗
(
B1 +X 0

0 B2 +X

)−1

∗
(
A1

A2

)
.

Ðåçóëüòàòè ÷èñåëüíîãî åêñïåðèìåíòó ó ïî÷àòêîâîìó íàáëèæåííi

X0 =

0 0 0
0 0 0
0 0 0


ïîäàíî â òàáë. 2.

Òàáëèöÿ 2

Ðåçóëüòàòè îá÷èñëåííÿ äëÿ ÷èñëîâîãî åêñïåðèìåíòó 2

Êiëüêiñòü ïîâåðõiâ ∥Xk −Xk−1∥
4 1.678430e-01
5 3.266798e-03
7 9.919585e-06
10 3.086268e-09
12 1.455713e-11
13 1.000581e-12
14 6.772405e-14

Ó ïiäñóìêó îäåðæàíî òàêå íàáëèæåíå çíà÷åííÿ X:

Xk =

20.4332 −8.8879 −4.4330
0.1974 11.1223 12.5611
10.2910 −100.3508 −0.3699

 .

Ó öüîìó âèïàäêó ∥B−1∥ = 8.133122e − 02 = i (1 + ∥a1∥ + ∥a2∥)−1 = 5.482948e − 02.
Õî÷à ìàòðè÷íà îçíàêà çáiæíîñòi òèïó Ïðiíãñãåéìà i íå âèêîíó¹òüñÿ � øâèäêiñòü
çáiæíîñòi ¹ äîñèòü âèñîêà.

Âèÿâëÿ¹òüñÿ, ùî â áàãàòüîõ ïðàêòè÷íèõ çàñòîñóâàííÿõ çàìiñòü äâîïåðiîäè÷íèõ
äðîáiâ ìîæíà âèêîðèñòîâóâàòè ðåêóðåíòíi ñïiââiäíîøåííÿ, ÿêi ïðèâîäÿòü äî çàïèñó
ðîç'ÿçêiâ îäíîïåðiäè÷íèìè ëàíöþãîâèìè äðîáàìè.

Äëÿ ïiäòâåðäæåííÿ öüîãî ôàêòó ðîçãëÿíåìî äâîïåðiîäè÷íèé ìàòðè÷íèé ëàíöþ-
ãîâèé äðiá, ÿêèé îäåðæóþòü íà ïiäñòàâi äðîáîâî-ëiíiéíîãî ïåðåòâîðåííÿ

s = s(w) =
E

B1 +
E

B2 + w
·A2

·A1. (41)
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Öå ïåðåòâîðåííÿ ìîæíà òàêîæ ïîäàòè òàê

s(w) =
(
B1 + (B2 + w)−1A2

)−1
(B2 + w)−1(B2 + w)A1 =

=
(
(B2 + w)B1 + (B2 + w)(B2 + w)−1A2

)−1
(B2 + w)A1.

Àáî

s(w) =
(
(B2 + w)B1 +A2

)−1
(B2 + w)A1 =

=
(
(B2 + w)B1 +A2

)−1[
(B2 + w)B1B

−1
1 A1 +A2B

−1
1 A1 −A2B

−1
1 A1

]
.

I äàëi

s(w) =
(
(B2 + w)B1 +A2

)−1[
(B2 + w)B1 +A2 −A2

]
B−1

1 A1 =

= B−1
1 A1 −

(
(B2 + w)B1 +A2

)−1
A2B

−1
1 A1.

Îòæå, îäåðæó¹ìî òàêèé çàêîí êîìïîçèöi¨

s(w) = B−1
1 A1 −

E

A2 +B2B1 + wB1
·A2B

−1
1 A1. (42)

Îäåðæàíèé ðåçóëüòàò ñóòò¹âî ïîëåãøó¹ àíàëiç çáiæíîñòi iòåðàöiéíèõ ïðîöåñiâ,
ÿêi îòðèìóþòü íà ïiäñòàâi çàñòîñóâàííÿ äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü âèãëÿäó (42)
i äàþòü ðîçâèíåííÿ ó äâîïåðiîäè÷íi ìàòðè÷íi íåïåðåðâíi äðîáè.

Òàáëèöÿ 3

Ðåçóëüòàòè îá÷èñëåííÿ äëÿ ÷èñëîâîãî åêñïåðèìåíòó 3

Êiëüêiñòü ïîâåðõiâ ∥Xk −Xk−1∥
6 9.898141e-01
7 7.056699e-04
10 9.853182e-06
11 1.281833e-07
12 7.029520e-09
25 9.309512e-11
40 4.772174e-12

Ïðèêëàä 3. Çà äîïîìîãîþ ïàêåòà MatLab ïðîâîäèëè ðîçðàõóíêè çà ôîðìóëàìè

X = B0 +
(
B1 + (B2 +X)−1A2

)−1

A1;

òà

X = B0 +B−1
1 A1 −

(
A2 +B2B1 +XB1

)−1

A2B
−1
1 A1

iç ìàòðè÷íèìè êîåôiöi¹íòàìè

B0

4.25 −3 −3.4
1.22 5.1 2.5
1.22 −2.1234 −3.2

 ;A1 =

 2 6 −5
0.5 1.22 −2.51
0.234 −0.13 2.2

 ;



ÍåäàøêîâñüêèéÌ.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2022. Âèï. 30 91

B1

 −2.5 1 0.2
1.236 −1.33 7.232
−8.256 1.1 1.267

 ;A2 =

 −2 6 5
0.5 −1.22 2.51

−0.234 5.13 −2.2

 ;

B2

 −12.5 1 20.2
10.236 −11.33 70.232
−2.256 11.1 15.267

 .

Íà ïiäñòàâi îá÷èñëåíü ó ïî÷àòêîâîìó íàáëèæåííi

X0 =

0 0 0
0 0 0
0 0 0


îäåðæàíî ðåçóëüòàòè ïîäàíi â òàáë. 3

Â îáîõ âèïàäêàõ îäåðæàíî îäíàêîâi çíà÷åííÿ ïiäõiäíèõ äðîáiâ 2i−ãî òà i−ãî
ïîðÿäêiâ, âiäïîâiäíî, òà îñòàòî÷íå çíà÷åííÿ

Xk =

 40.5136 109.4032 −109.8997
219.0145 679.5859 −634.9544
25.6099 73.3453 −74.6716

 .

4. Âèñíîâêè

Íàâåäåíi òåîðåòè÷íi äîñëiäæåííÿ i ÷èñëîâi åêñïåðèìåíòè ïiäòâåðäæóþòü, ùî
ç âèêîðñòàííÿì òåîði¨ ïåðiäè÷íèõ ëàíöþãîâèõ äðîáiâ âäà¹òüñÿ ñóòò¹âî ïîñëàáèòè
óìîâè çáiæíîñòi ìàòðè÷íèõ ëàíöþãîâèõ äðîáiâ â öiëîìó òà óòî÷íèòè êðèòåði¨
çáiæíîñòi äî ðîçâ'ÿçêó iòåðàöiéíèõ ñõåì äëÿ ìàòðè÷íèõ ðiâíÿíü ïîáóäîâàíèõ íà
¨õíié ïiäñòàâi.
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In the cycle of works, the authors proposed solution methods for a number of matrix
equations that are most often found in practical applications. For their construction, the
apparatus of matrix continued fractions was used. This direction made it possible to build
iterative procedures for the approximate calculation of solutions of matrix equations. In
addition, it is possible to obtain an analytical record of the solution of the equation in
the form of an expansion into an in�nite periodic matrix branched continued fraction and
to study its properties. E�ective and su�cient signs of the convergence of these iterative
schemes to the solution of the equations were also obtained. However, these features were
based on the use of properties of the general appearance of branched fractions, which are
non-periodic in the general case. This paper proposes an approach that allows you to
signi�cantly specify the conditions under which the computational process of �nding a
solution will converge. It is based on the proposed transformations of one-period matrix
branched continued fractions with n branching branches to equivalent matrix continued
fractions with block elements.Thanks to this, it is possible to obtain new su�cient signs
of convergence of periodic branched matrix continued fractions of the general form with n
branching branches. This is achieved by constructing majoring continued fractions with
numerical elements and then using the corresponding numerical signs of convergence of
ordinary periodic continued fractions. The obtained results were applied to the calculation
of approximate solutions of n-th order polynomial matrix equations of the general form.
A number of numerical experiments have been conducted that con�rm the theoretical
considerations and practical e�ectiveness of the proposed scheme.

Key words: matrix equations, convergence criteria of approximate methods to solution,
periodic matrix continued fractions.


