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In view of the growing role of unmanned aerial vehicles in the military sphere and the
increasing automation of enterprises, the problem of improving control quality is urgent.
Matrix equations and systems of matrix equations are widely used in some applied dis-
ciplines, in particular, in optimization problems of control systems. However, there is no
universal approach to solving all problems of this class: only methods of solving the most
popular matrix equations, such as the Sylvester, Riccati, and Lyapunov equations, have
been developed. There is an opportunity to explore this topic in more detail in the papers
of Beavers A.N., Denman E.D., Boichuk A.A., Krivosheya S.A. and Kramer K. In one of our
previous articles, a method for solving systems of algebraic equations over the field of real
numbers was proposed. In this paper, the previously considered approach is generalized,
and an approximate solution scheme for systems of polynomial matrix equations of the
second degree with many unknowns is presented. A recurrent formula for calculating the
approximate solution of systems in the form of a continued matrix fraction is also given.
The convergence of the proposed method is investigated based on Vorpitsky’s sufficient
condition. The results of numerical experiments that confirm the validity of theoretical
calculations and the effectiveness of the proposed scheme for the approximate solution of
matrix equations are presented.

Key words: iterative method, systems of matrix equations, matrix equations of the second
degree.

1. INTRODUCTION

A lot of applied problems [1], [3], [4] come down to solving systems of algebraic equa-

A, X+ A x,x, X Xo o+ AL xox, X X+ Ao x, Xo X+
+ A1 x,x, XoXp + ...+ Al,XanXZ + A1,X1X1 + A x,Xo+...+
+ A1 x, X0+ 411 =0

Agx,x, XP+ Ao x, x, X Xo + .o+ Ao x, x, X1 X + Ao x,x, Xo X1+
+ Ao xyx, XoXn + .o+ Ao x, x, X2+ Ag x, X1 + Az x, Xo + ...+
+ A x, Xn + A2 1 =0
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tions. Therefore, it is difficult to overestimate the role of methods for finding solutions
of such systems in applied mathematics. In [6], a new iterative scheme for solving sys-
tems of polynomial equations of the second degree by developing a solution into a chain
matrix fraction was presented. A similar approach can be used to solve systems of ma-
trix equations that arise in many theoretical and applied disciplines, for example, in the
theory of linear Hamiltonian systems, calculus of variations, in the optimal control prob-
lems, filtering problems, in control theory stabilization of linear systems problems and
others [5].

Let us consider a system of n polynomial-matrix equations of the second degree:
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Apnxix, Xi+ Anx,x, X1 Xo + oo+ Anxy x, X1 X+ A x,x, Xo X1+
+ Anxx, XoXn + oo+ Apx, x, X2+ Apx, X1+ Anx, X+ +
+ An,Xan + A'n,l = O;

Unknown X;(i = 1,2,...,n) and coefficients 4; x,x,, Aix, (1 =1,2; 4,5 =1,2,...,n)
are real square noncommutative matrices, which have dimension m x m.

2. COMPUTATIONAL SCHEME OF THE METHOD

We apply some elementary transformations to the system of matrix polynomial equa-
tions (1) and present it in the form

A xox, Xh A xox Xo+ .o+ Aux, x Xn + A x,
As x,x, X1+ Ao x,x, Xo + ...+ Ax x, x, X + Ao x,
. Xa+
Anxix, X1+ An xox, X2+ + Ap x, x X + A x,

Al x x, X1+ AL xox, Xo+ .o+ AL x, x, Xn + Al x,
Ao x,x, X1+ Ax x,x, Xo + .. 4+ Ao x, x, X + A2 x,

+
An,XlXQXl + An,X2X2X2 +...+ An,XnXQXn + An,Xg

A x o x, X1+ AL x,x, Xo+ ...+ A x, x, Xn + A1.x, Aia

Ao x,x, X1+ A2 x,x, Xo + ...+ As x, x, Xn + A2 x,, X Ag 1

Anxix, X1+ Anxox, Xo+ ...+ An x, x, Xn + An x, Ana

or

Aix,x, Aixixs - Aixix, A x,x: Al xexs - AL xex,
Ao xx, Aaxix, - A2xx, Ao x,x, A2 xox, - A2 x0x,
. . X1+ . . X . Xo+

Anx.x, Anxixs - Anxix, Anxox, Anxoxs - AnXoX,

A x.x, Aixox, - Aix,x,
Ao x,x, Az x,x, - A2x,x,

Anx,x1 Anx.xs - Anx,.X.

Al,Xl Al,X2 Al,Xn X1 Ap
Ao x, Asx, ... Asx, Xo As

Anx, Anx, - Apnx
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Let us introduce the following notation

AiLxox, Aixax, - Alxgx, Al x,x, Aixex, - AlLxox,
Ao xix, Azxix, oo A2xx, Ao xox, A2 xox, oo A2xox,
Blz . . R . 7B2: 9
Anxix, Anxix, - Anxix, A xoxy Anxox, - Anxox,
Avx,x, Aix,x, - Aix,x, Arx, Aix, oo Aix,
Ao x,x, Azx,x, - A2x,x, Ao x, Aax, ... Asx,
Bn: . . . . 7Bn+1: . . . . )
Apx,x, Anx,xs --- Anx,x, Anx, Apnx, ... Anx,
T
Y =—( A1 A . Ann)

X, X, !
X2 X2
. = ( By, By ... B, ) o : + Bn+1 Y. (3)
Xn Xn
Product ( Bi By ... B, )o( X1 X ... X, )T denotes the sum Y B;X;.

i=1
Thus to find the solution of the equation (1) based on (3) we can develop the following
algorithm:

1. Set the admissible error € > 0;
2. Set the initial approximation, valid square matrices Xi(o) (i=1,2,...,n);

3. Establish counter k = 1;

4. Calculate Xi(l) (i=1,2,...,n) by the fomula

1 0 —1
s o
X2 X2
. = ( Bl B2 N Bn ) o . + Bn+1 Y. (4)
Xr(zl) X’r(LO)

5. Check the condition HXi(l) — Xi(O)H <e (i=1,2,...,n). If the condition is not

satisfied, set the counter £ = k + 1, assign to matrices Xi(o) values of matrices
XZ-(I)(i =1,2,...,n) and go to the step 4, otherwise return XZ-(l)(i =1,2,...,n).
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3. CONVERGENCE OF SCHEME FOR SYSTEMS OF MATRIX EQUA-
TIONS OF THE SECOND DEGREE

Let A be certain real nondegenerate square matrix with dimension mn x mn, vector
F be a vector with dimension mn x m over a field of real numbers. The operation A~'F
will sometimes be denoted as % for convenience. Then (3) can also be written as

Y
(X1 Xz X, ) = B
Byj1+( BiBy...By Jo( X1 X2... X, )

By using (5)the solution can be written as the following continued fraction

T Y| Y|
X1 Xo ... X, = +( B1 By... B,
( 1 A2 ) |Bn+1 ( 1 D2 O|Bn+1
Y
|Bn+1

in a compact form of Pringsheim’s notation.

The convergence of the iterative process (4) requires the convergence of the operator
continued fraction (6).

Vorpitsky’s sufficient condition for convergence was generalized in paper [2]. This
feature can be used in the analysis of the convergence of the matrix continued fraction
(6):

Theorem 1. The matrix continued fraction

- Akl ‘ Akle Ak1k2 kl
+ .+
k; > iz >

ko=1 k=1
is absolutely convergent if the condition

1 .
HAklk2---le < @ (Z: 132737”'; kl = ]_,2,...,’/7,)

is satisfied.
Let us apply the theorem (1) to the continued fraction (6). Obviously, this continued
fraction will coincide absolutely if the condition

|(BiB: .. Ba)o(Bu) Y| < i. (7)

is satisfied.
Substituting the values of By, Ba,...,Bnt1,Y into the inequality (7), we obtain a
sufficient condition for the convergence of the matrix continued fraction (5).

4. COMPUTATIONAL EXPERIMENTS

The above algorithm was implemented in the FreeMat environment. Let us consider
the following prepared test examples to demonstrate its applicability and effectiveness:
Example 1. Let us consider a system of matrix equations that has the form
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A x,x, XT+ A x 0 X1 Xo + Ay x x, X Xs + Ay x,x, Xo X+
+A1.x,x, X5 + A1 x, x5, X2 X3 + A1 x,x, X3 X1 + A1 x,x, X3 Xo+
+ A1 xx: X5+ A1 x, X1+ A1 x, Xo + A1 x, X3+ A1 1 = 0;
Ao x,x, X3+ Ao x, x, X1 Xo + Ao x, x; X1 X5 + A2 x,x, Xo X1+
+ A2 x,x, X5 + Aot x, x5 X2 X3 + Az x,x, X3 X1 + Aa x;x, X3 Xo+ (8)
+ A2 x, x5 X3 + Ao x, X1 + Az x, Xo + Az x, X3+ Az 1 = 0;
Az x,x, X3+ Az x, x, X1 X0 + Az x, x, X1 X3 + Az x,x, Xo X1+
+A3 x,x, X3 + A3 x,x, X2 X3 + A3 x,x, X3 X1 + A3 x,x, X3 Xo+
+ A3 x,x, X5 + A3 x, X1 + Az x, Xo + A3 x, X3+ A3 1 =0,

-10 3 2 0 1 -1
A1 x,x, = ( 3 9211 ), A1 x,x, = ( _98 _3 ), A1 x, x5 = ( 1 -1 ),

2 1 2 1 -3 -1
AL x,x, = < 0 92 >, At x,x, = ( 11 -3 >7 Al xo x5 = < 1 ;

A 30.3 -5.8
=1 -110.8 60.24

~12 0
Az1 = ( ~110.5 —535 >
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Table 1

Results of approximate solving the matrix equation (8)

€ Number of iterations, n | Approximate solution, X, Error

X, = 8.7144 16.8973
—4.1322 —8.3556
—2.9606 —4.1526

0.1 68 Xy = 12979 23001 0.07881265
X, = 0.0285 —1.9902
—0.1192  0.8400
X, = 8.6991 16.8649
—4.1245 —8.3401
—2.9580 —4.1451

0.01 84 Xy = 19962 23058 0.00877181
Xy = 0.0330 —1.9804
—0.1216  0.8363
X, = 8.6977 16.8618
—4.1237 —8.3386
—2.9578 —4.1444

0.001 99 Xy = 12961 2.3055 0.00098755
X, = 0.0334 —1.9795
—0.1218  0.8359
X, = 8.6975 16.8614
—4.1237 —8.3385
—2.9577 —4.1443

0.0001 115 X5 = 19960 2.3054 0.00009654
Xy = 0.0335 —1.9794
—0.1218  0.8358
X, = 8.6975 16.8614
—4.1236 —8.3384
—2.9577 —4.1443

0.00001 131 Xy = 12960 2.3054 0.00000943
X, = 0.0335 —1.9794
—0.1218  0.8358

14 ~1.2 3.9 L1 0
A37X1_(0 ~1.1 > A37X2_< 0 21 ) A37X3_< 1 45 >

A — 328 535
3=\ 415 —413 /-

Let us put the initial approximation

18 0 -18 1 —0.8 —0.8
X1_< 0 1.8>’X2_< 1 1.8>’X3_<—0.8 0.8)'
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Then by using the iterative process (4), we obtain the results in the table 1.
Example 2. Let us suppose that we have a system of matrix equations of the second
order

Al x i x XE+ AL x o X Xo + Al x, xs X1 X5 + Ar xox, Xo X+
+ A1 x,x, X5 + A1 x, x5 X2 X3 + A1 x5 x, X3 X1 + A1 x,x, X3 Xo+
+ A1 X x5 X5+ A1 x, X1+ A1 x, Xo + A1 x, X3+ A1 1 = 0;
Ao x,x, X3+ Ao x, x, X1 X0 + Ao x, x, X1 X3 + A2 x,x, Xo X1+
+ A2, x,x, X5 + Aot x, x5 X2 X3 + Az x,x, X3 X1 + Az x,x, X3 Xo+ (9)
+ A2 x, x5 X5 + Ao x, X1 + Az x, Xo + Az x, X3 + Az 1 = 0;
Az x,x, XE+ Az x, . X1 X0 + Az x, x, X1X3 + A3 x,x, Xo X1+
+ A3 x,x, X5 + Az x,x, X2 X3 + A3 x,x, X3 X1 + Az x5 x, X3 Xo+
+ A3 x,x, X5 + Az x, X1+ Az x, Xo + A3 x, X3+ Az 1 =0,

where
—11 30 2 0 0 1 -10
A1>X1X1: 3 —211 0 7A1,X1X2: -31 -2 0 ’Al,X1X3: -1 -1 0],
0 0 2 0 0 1 001
210 2 10 -3 —-10
Aa=[020) 4 xwa=[-11 30 A= 1 20]
001 0 01 0 01
0 —-20 —4 10 3 =20
Aix,x,=1-2 10, Aix;x,=| -2 2 0 ), A1 x;x,=(-3 20 |,
0 03 001 0O 02
1.4 -5 0 —0.02 14 -3 0
Arx,=| 0. 03 —22 0 Avx,= 2 —25 0 Arxo=[-53 110
0 10 0 01
34.46 —5.780 0
A= —124.74 62.24 0 ,
0 0 —-29
-2 10 -3 -2 0 —4 -3 0
A2,X1Xl— 22 -1 0 A2,X1X2: —2 1 0 7A2,X1X3: 3 —1 0|,
01 0 0 -1 0 01
2 0 0 100 0 -2 0
AQ’XQXI 011 O AZ,X2X2: 010 7A2,X2X3: -2 0 0],
0O 0 2 001 0 0 1
110 -2 =10 3 -2 0
As xox,=1—2 3 0 |, A2 x,x,= 3 00 |, 42 x,x, 4 1 0|,
001 0 01 0 01
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Table 2
Results of approximate solving the matrix equation (9)
€ Number of Approximate solution, X, Error
iterations, n

27.5273  61.1999 0
Xi1=| —12. 2029 —27.2371 0
0 2.7373
-9. 2275 —19.1793 0

0.1 224 4. 1112 8.7282 0 0.02382976
0 0.1747
—5. 5102 —15.0802 0
2.4213 6.6774 0
0 0 0.7347
27.5274  61.2002 0
—12.2030 —27.2373 0
0 0 2.7373
—9.2275 —19.1794 0

0.01 234 Xo= 4.1113 8.7282 0 0.00834828
0 0 0.1747
—5.5102 —15.0803 0
X3=| 24213 6.6774 0
0 0 0.7347
27.5275  61.2003 0
X = —12.2030 —27.2373 0
0 0 2.7373
—9.2275 —19.1794 0

0.001 240 Xo=| 4.1113 8.7282 0 0.00018689
0 0 0.1747
—5.5103 —15.0804 0
X3=| 24213 6.6774 0
0 0 0.7347
27.5275  61.2003 0
X, =|-12.2030 —27.2373 0
0 0 2.7373
—9.2275 —19.1794 0

0.0001 248 Xo=| 4.1113 8.7282 0 0.00006919
0 0 0.1747
—5.5103 —15.0804 0
X3=| 24213 6.6774 0
0 0 0.7347

—0.006 —3.5 0 -1 4 0 51 1.2 0

Ay x,= 3 20 |, Adox,=| 9 —0.0091 0 |, Ay x,=| 1.1 1.5 0 |,
0 0 2 0 01 0 0-2
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Table 2

Results of approximate solving the matrix equation (9). Continue

€ Number of Approximate solution, X, Error
iterations, n
27.5275  61.2003 0
X1=| —12.2030 —27.2373 0
0 0 2.7373
—9.2275 —19.1794 0
0.00001 253 Xo= 4.1113 8.7282 0 0.00000813
0 0 0.1747
—5.5103 —15.0804 0
Xy=| 24213  6.6774 0
0 0 0.7347
—13.688 8.9 0
Ag1=|—108.3909 —47.3818 0 1,
0 0 —17
-2 —-13 0 3-4 0 2 -7 0
A3,X1X1: -1 10 7A3,X1X2: 0 5 0 7A3,X1X3: 4 5 01,
0 01 0 0 —1 0 0 1
4 2 0 2 1 0 -3 -2 0
Asxox, = -1 3 0 [[Asx,x,=(1 =5 0 |, A3x,x,=|-3 1 0],
0 01 0 0 15 0 0 1
2 2 0 —4 -5 0 2 -2 0
As x,x,=[-6 =7 0 |, A3 x,x, 0 1 0 |,Asx,x,=(1 2 0],
0 0 2 0 01 0 0 1
1 410 -1.2 39 0 1.1 0.078 O
Asx,=[ 0074 =1.1 0 |, A5 x,=| 011 210 0 |, A5x,=| 1 45 0|,
0 01 0 01 0 01
32.878 53.222 0
Agy = |(-43.428 —49.41 0
0 0 —18
Let us put the initial approximation
1.8 0 0 -1.8 1 0 -09 =09 O
X,=| 018 0] x,= 118 0 Xs=[ -1 09 o0
0 0 18 0 0 0.8 0 0 09

Then by using the iterative process (4), we obtain the results in the table 2.
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5. CONCLUSIONS

In this paper systems of polynomial matrix equations of the second degree with many
unknowns are considered. The scheme for solving nonlinear systems is proposed and re-
current relations for finding their approximate solutions over the field of noncommutative
matrices are obtained. The convergence of the continued fractions used in the compu-
tational scheme is investigated. Numerical experiments that confirm the effectiveness of
the proposed approach are conducted.
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CXEMA HABJIM2KEHOI'O PO3B’4I3YBAHHS CUCTEM
MATPNYHUX PIBHAHDb APYI'OI'O ITIOPAAKY

A. HepamkoBcbka, A. Kyxapcbka

Jveiecorutl Hayionarvrul yrisepcumem iment leana Pparka,
eya. Ywuieepcumecvka, 1, Jlveis, 79000,
e-mail: anastasiya.nedashkovska@Inu. edu.ua,
anastasiia.kukharska@Ilnu.edu.ua

Marpuuni piBHAHHS Ta CHCTEMH MATPHYHHUX DIBHSHD MIHPOKO BHKOPHCTOBYIOTH B
3a/ja4ax OnTuMizarii cucreM kepyBaHH«. [IpoTe yHiBepCcaIbHOrO IigX0ay 10 PO3B’sA3YBAHHS
BCiX 3a/a4 IbOr0 KJIACYy He icHye: pPO3POOJIEHO JiMIlle MeTOau PO3B’si3yBaHHs HaNOiIbIL
NOMYJISPHAX MATPUYHUX PiBHAHB, HAIPUKJIAJ, piBHsSIHb Pikkari Ta JIanmyHnoBa. Y3aramabHe-
HO PO3IJISHYTHH paHime MeToj PO3B’sa3yBaHHS CHCTEM aJreOpUYHMAX DIBHAHL HAJ IOJIEM
AificHUX 4Ymces i 3alpPOIIOHOBAHO CXEMY JJIsi CHCTEM IIOJiHOMIaJbHUX MATPUYHHUX DiBHSIHb
APYTOro CTymeHs 3 OaraTbMa HeBimoMuMu. TakoXK HaBeJeHA PEKYpPEeHTHA (hOpMyma s
0649uCIeHHsT HAOJIN>KEHOTO PO3B’SI3Ky CHUCTEM Yy BUIJISIZI JIAHI[FOTOBOI'O MATPUYIHOTO JpPODY.
JlocaiazkeHo 30i2KHICTD 3aIPONIOHOBAHOTO MeTOy. HaBeneHO pe3ybTaT YUCEeTbHUX eKCIIe-
PHMEHTIB, [0 HiATBEPAKYIOTH OOIDYHTOBAHICTH TEOPETHIHHX PO3PAXYHKIB Ta edeKTHUB-
HICTH 3aMPOIOHOBAHOT CXEMH.

Karowosi caosa: iTepariiiHuii MeTOI, CHCTEMH MATPUYHUX PIiBHAHb, MATPUYHI PIBHIHHS
JAPYTOro mOpsijiKy.



