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In this article, we propose a di�erence method with successive approximation of the

inverse operator for �nding an approximate solution of the nonlinear least squares problem.

Classical methods are e�ective for such problems, but still there are types of problems for

which they cannot be applied. Besides, these methods require calculation of the inverse

matrix or solving a system of linear equations at each iteration, which complicates the task.

Hence, the considered method consists of two parts: �nding approximation to the solution

and to the inverse operator. The �rst part uses the �rst-order divided di�erence of the

function instead of Jacobian. The analysis of local convergence of the proposed method

is carried out under the classical Lipschitz conditions. This method was also applied for

solving test problems, especially with nondi�erentiable parts, to show its e�ectiveness and

properties. For comparison, the number of iterations for the Secant method and the method

with the approximation of the inverse operator for di�erent initial approximations is shown.

Finally, the proposed method can be used for regression analysis problems and in the study

of some physical processes if there are di�culties with calculating the derivatives of a non-

linear function and with �nding the inverse operator of the divided di�erence.

Key words: Nonlinear least squares problem, approximation of the inverse operator, di�er-

ence methods, local convergence, Lipschitz conditions.

1. Introduction

In this article, we propose a method for �nding the solution of the nonlinear least
squares problem [1,2]

min
x∈Rp

f(x) :=
1

2
F (x)TF (x), (1)

where residual function F : D ⊆ Rp → Rm (m ≥ p) is continuously di�erentiable and
nonlinear on x. Denote by Fi(x) an i-th component of the function F (x). The problem
is to determine x∗ ∈ D for which

f(x∗) = min
x∈Rp

f(x).

Such problems often appear during the investigation of physical processes or in statistical
analysis.

This problem is well studied for general cases. One of the e�ective methods is the
Gauss-Newton method

xk+1 = xk − (F ′(xk)TF ′(xk))−1F ′(xk)TF (xk), k = 0, 1, . . . , (2)
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which was proposed by Friedrich Gauss in 1809 [2]. It is a modi�cation of Newton's
method and does not require the calculation of the second-order derivative. However,
in some cases, due to the peculiarities of the nonlinear functions (for example, F can
be nondi�erentiable), it is sometimes impossible to use the Gauss-Newton method for
solving problem (1).

The main goal of this article is to provide a convergence analysis of the iterative
method for solving the problem (1), which using an approximation of the Fr�echet deriva-
tive and an approximation of the inverse operator. We investigate the convergence of the
proposed method under the classical Lipschitz conditions. Numerical experiments using
the test problems are also presented and a comparison of the results against the Secant
method for solving the nonlinear least squares problem [3,5, 7] is conducted.

2. Convergence of the Secant type method with succes-

sive approximation of the inverse operator

To �nd an approximate solution of the problem (1), the following modi�cation of the
Gauss-Newton method was proposed and studied in [5, 7]

xk+1 = xk − (F (xk, xk−1)TF (xk, xk−1))−1F (xk, xk−1)TF (xk), k = 0, 1, . . . . (3)

Here, x−1, x0 ∈ D are given initial approximations; F (xk, xk−1) is the divided di�erence
of the �rst order of the function F (x) at the points xk, xk−1.

The Gauss-Newton method (2) and the Secant method (3) for solving the nonlinear
least-squares problem require the calculation of the inverse matrix or solving system of
linear equations, which is not always easy to compute. For such cases, we suggest to �nd
an approximation to the inverse operator using iterative methods.

The inverse operator A−1 of a linear operator A can be approximated by Newton's
method [11]:

Ak+1 = Ak(2E −AAk), k = 0, 1, . . . , (4)

where E is the identity operator and A0 is initial approximation to A−1. The same publi-
cation describes Newton's method with successive approximation of the inverse operator
for solving a nonlinear equation

xk+1 = xk −AkF (xk),

Ak+1 = Ak(2E − F ′(xk+1)Ak), k = 0, 1, . . . .
(5)

Here, A0 is an initial approximation to the inverse operator (F ′(x∗))−1; x0 is an initial
approximation to the exact solution of the equation F (x) = 0.

The method with successive approximation of the inverse operator consists of two
main parts: the �rst one is for �nding an approximation to the problem's solution and
the second part is for approximating the inverse operator.

In [8], we propose the Secant method with approximation of the inverse operator for
solving (1)

xk+1 = xk −AkB
T
k F (xk),

Ak+1 = Ak[2E −BT
k+1Bk+1Ak], k = 0, 1, . . . .

(6)

Here, Bk = F (xk, xk−1); x−1, x0 are given initial approximations to x∗; A0 is an initial
approximation to (F ′(x∗)TF ′(x∗))−1, for example A0 = (BT

0 B0)−1; E is an identity
matrix. The case of Bk = F ′(xk) is described in the article [3].
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We will conduct an investigation of the local convergence of the method (6) for prob-
lems with zero residual under the classical Lipschitz conditions for the �rst-order divided
di�erences.

Thus, the condition for the divided di�erence operator F (x, y)

||F (x, y) − F (u, v)|| ≤ L(||x− u|| + ||y − v||) ∀x, y, u, v ∈ D,

is called the Lipschitz condition in the domain D with the Lipschitz constant L. Let
U(x0, r) = {x : ||x− x0)|| < r} be a ball of radius r with center at x0. Then,

1. the condition ||F (x, y) − F ′(x0)|| ≤ L(||x − x0|| + ||y − x0||) ∀x, y ∈ U(x0, r) is
called the center Lipschitz condition in the ball U(x0, r) with the constant L;

2. the condition ||F ′(x0)−1F (x, x0) − I|| ≤ L||x − x0|| ∀x ∈ U(x0, r) is called the
radius Lipschitz condition in the ball U(x0, r) with the constant L.

The conditions described above are called the classical Lipschitz conditions [9].
Theorem 1. Let F be a nonlinear operator de�ned on an open convex set D of a

Banach space Rp with values in a Banach space Rm. Assume that:
1) a problem (1) has a solution x∗ ∈ D, such that F (x∗) = 0, an operator

A∗ = [F ′(x∗)TF ′(x∗)]−1 exists and

∥A∗∥ ≤ B; (7)

2) in the closed ball U(x0, r) = {x : ∥x− x∗∥ ≤ r0}, where

r0 = max{∥x0 − x∗∥, ∥x−1 − x∗∥, ∥A0 −A∗∥},

the following conditions are satis�ed:

max{∥F ′(x∗)∥, ∥F ′(x∗)T ∥} ≤ C, (8)

∥F ′(x∗) − F (x, y)∥ ≤ L(∥x− x∗∥ + ∥y − x∗∥); (9)

3) initial approximations x−1, x0 and A0 are such that

q < 1, (10)

where
q = max{a1r0, a2}, a1 = C2 + (B + r0)(3CL + 2L2r0),

and
a2 = C2r0 + (B + r0)2[4CL + 4L2r0].

Then, sequences {xk} and {Ak} converge to x∗ and A∗, respectively. Moreover, the
following estimates are ful�lled

∥xk − x∗∥ ≤ qckr0, ∥Ak −A∗∥ ≤ qgkr0, (11)

where

c−1 = −1, c0 = 0, ck = ck−2 + ck−1, k = 1, 2, . . . , gk = ck−1 + 1, k = 0, 1, . . . .

Proof. The proof is performed by mathematical induction. It follows from

∥x0 − x∗∥ ≤ r0 = qc0r0, ∥A0 −A∗∥ ≤ r0 = qg0r0,
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so x0 ∈ U(x0, r) and (11) is true for k = 0. Suppose that xk ∈ U(x0, r) and the estimate
(11) is true for k ≥ 0. Because of q < 1, then

rk = max{∥xk − x∗∥, ∥Ak −A∗∥} ≤ r0.

Considering (7) and the de�nition of r0, we get

∥Ak∥ ≤ ∥A∗∥ + ∥Ak −A∗∥ ≤ B + rk ≤ B + r0. (12)

We obtain from the �rst equality of (6) and Taylor's formula

x∗ − xk+1 = x∗ − xk + AkB
T
k (F (xk) − F (x∗)) =

= x∗ − xk + AkB
T
k F (xk, x∗)(xk − x∗) =

= [E −AkB
T
k F (xk, x∗)](x∗ − xk). (13)

It follows from

F ′(x∗)TF ′(x∗) −BT
k F (xk, x∗) = F ′(x∗)TF ′(x∗) −BT

k F
′(x∗) +

+BT
k F

′(x∗) −BT
k F (xk, x∗) =

= [F ′(x∗)T −BT
k ]F ′(x∗) + BT

k [F ′(x∗) − F (xk, x∗)],

and taking into account the conditions of the theorem and the inequality

∥BT
k ∥ ≤ ∥F ′(x∗)T ∥ + ∥BT

k − F ′(x∗)T ∥ ≤ C + L(∥x∗ − xk∥ + ∥x∗ − xk−1∥), (14)

we obtain

∥F ′(x∗)TF ′(x∗) −BT
k F (xk, x∗)∥ ≤ CL(2∥x∗ − xk∥ + ∥x∗ − xk−1∥) + (15)

+L2(∥x∗ − xk∥ + ∥x∗ − xk−1∥)∥x∗ − xk∥.

Based on conditions (8), (9), the estimates (12), (14), (15) and since

E −AkB
T
k F (xk, x∗) = A∗F

′(x∗)TF ′(x∗) −AkB
T
k F (xk, x∗) =

= Ak[F ′(x∗)TF ′(x∗) −BT
k F (xk, x∗)] +

+(A∗ −Ak)F ′(x∗)TF ′(x∗),

we have that

∥E −AkB
T
k F (xk, x∗)∥ ≤ ∥Ak∥∥F ′(x∗)TF ′(x∗) −BT

k F (xk, x∗)∥ +

+∥F ′(x∗)T ∥∥F ′(x∗)∥∥A∗ −Ak∥ ≤

≤ C2∥A∗ −Ak∥ + (16)

+(B + ∥A∗ −Ak∥)[CL(2∥x∗ − xk∥ + ∥x∗ − xk−1∥) +

+L2(∥x∗ − xk∥ + ∥x∗ − xk−1∥)∥x∗ − xk∥].
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We obtain from (13) and (16) that

∥x∗ − xk+1∥ ≤ ∥E −AkB
T
k F (xk, x∗)∥∥x∗ − xk∥ ≤

≤
[
C2∥A∗ −Ak∥ + (B + ∥A∗ −Ak∥)[CL(2∥x∗ − xk∥ + ∥x∗ − xk−1∥) +

+L2(∥x∗ − xk∥ + ∥x∗ − xk−1∥)∥x∗ − xk∥]
]
∥x∗ − xk∥ ≤

≤
[
C2∥A∗ −Ak∥ + (B + ∥A∗ −Ak∥)(3CL + 2L2∥x∗ − xk∥) ×

×∥x∗ − xk−1∥
]
∥x∗ − xk∥ ≤

≤
[
C2∥A∗ −Ak∥ + (B + r0)(3CL + 2L2r0)∥x∗ − xk−1∥

]
∥x∗ − xk∥ ≤

≤
[
C2qgkr0 + (B + r0)(3CL + 2L2r0)qck−1r0

]
qckr0 <

<
[
C2 + (B + r0)(3CL + 2L2r0)

]
qck+ck−1r20 = qck+1r0. (17)

Thus,

∥x∗ − xk+1∥ ≤ qck+1r0 < r0

and

xk+1 ∈ U(x0, r).

We obtain from the second equality (6)

A∗ −Ak+1 = (A∗ −Ak)F ′(x∗)TF ′(x∗)(A∗ −Ak) −Ak(F ′(x∗)TF ′(x∗) −BT
k+1Bk+1)Ak.

Considering the last assumption, estimates (8), (9), and (17), we attain

∥A∗ −Ak+1∥ ≤ ∥Ak∥2∥F ′(x∗)TF ′(x∗) −BT
k+1Bk+1∥ +

+∥F ′(x∗)T ∥∥F ′(x∗)∥∥A∗ −Ak∥2 ≤
≤ C2∥A∗ −Ak∥2 + (B + ∥A∗ −Ak∥)2[2CL(∥x∗ − xk∥ +

+∥x∗ − xk+1∥) + L2(∥x∗ − xk∥ + ∥x∗ − xk+1∥)2] ≤

≤ C2q2gkr20 + (B + r0)2[4CLqckr0 + 4L2q2ckr20] <

<
[
C2r0 + (B + r0)2[4CL + 4L2r0]

]
qckr0 = qgk+1r0.

That is, (11) is ful�lled for k+1. The convergence of sequences {xk} and {Ak} follows
from the estimate (11) for k → ∞. □

3. Numerical Results

We apply the considered methods for solving test problems for the cases when m = p
and m ̸= p. The �rst two problems can not be solved by the Gauss-Newton method,
because they contain nondi�erentiable parts. We use the condition ||xk+1 − xk|| ≤ ε,
where ε = 10−8, for stopping the computational process.
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Table 1

Approximations to the solution by the method (3), residuals
and divided di�erences for Example 4

k xk ∥F (xk)∥ F (xk, xk−1)

0 (1.0, 1.6) 3.28665389

[
1.88878889 −1.0

1.0 3.31101111

]
1 (1.26714515, 2.50458079) 0.82873749

[
2.37825626 −1.0

1.0 4.21569191

]
2 (1.14292999, 2.33992414) 0.12312023

[
2.52118625 −1.0

1.0 4.95561605

]
3 (1.15847877, 2.36137145) 0.00350551

[
2.41251988 −1.0

1.0 4.81240671

]
4 (1.15936717, 2.36182509) 1.76618586e− 05

[
2.42895706 −1.0

1.0 4.83430766

]
5 (1.15936085, 2.36182434) 5.58477895e− 09

[
2.42983913 −1.0

1.0 4.83476054

]
6 (1.15936085, 2.36182434) 1.35691205e− 14

[
2.42983276 −1

1 4.83476011

]

Calculations were performed using Python 3.9.2 and 2,4 GHz 8-Core Intel Core i9/64
GB.

Example 4. Consider a system of nonlinear equations

x2
1 − x2 + 1 +

1

9
|x1 − 1| = 0, (18)

x2
2 + x1 − 7 +

1

9
|x2| = 0.

The solution of this problem is x∗ ≈ (1.15936717, 2.36182509).
For initial approximations, we use x0 = (1.0, 1.6) and x−1 = (0.9999, 1.5999). The

Table 1 shows the results obtained by the method (3) at each iteration.
Let us apply the method (6) for the system of equations from Example 4. Table 2

shows the results of the Secant type method with successive approximation of the inverse
operator for the problem (18) with the same initial approximations.

Example 5. Consider a system of nonlinear equations, when m ̸= p:

x2
1 + 3x2 − 7 + |2.5 − 2x1| = 0,

2x2e
x1+1 − x2

2 − |
√
−x1x2 + 1.5x2 − 2| = 0, (19)

x2
1x2 − |x2| = 0.

For this problem x∗ = (−1; 0.5).
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Table 2

Approximations to the solution by the method (6), residuals and divided
di�erences for Example 4

k xk ∥F (xk)∥ F (xk, xk−1)

0 (1.0, 1.6) 3.28665389

[
1.88878889 −1

1 3.31101111

]
1 (1.26714515, 2.50458080) 0.82873751

[
2.37825626 −1.0

1.0 4.21569191

]
2 (1.15445344, 2.39294403) 0.15270233

[
2.53270971 −1.0

1.0 5.00863594

]
3 (1.15861503, 2.36306145) 0.00605964

[
2.42417958 −1.0

1.0 4.86711659

]
4 (1.15935080, 2.36183880) 7.13645916e− 05

[
2.42907694 −1.0

1.0 4.83601136

]
5 (1.15936085, 2.36182435) 3.62087881e− 08

[
2.42982277 −1.0

1.0 4.83477426

]
6 (1.15936085, 2.36182434) 1.25322626e− 13

[
2.42981257 −1

1 4.83475321

]

Table 3 shows results for Example 5 with di�erent initial approximations. Additional
starting point is calculated by formula x−1 = x0 − 0.0001.

Table 3

The number of iterations and time to obtain an approximation to the solution
x∗ = (−1; 0.5) by both methods with the accuracy ε = 10−8

Initial approximation
Method (3) Method (6)

Iterations Time Iterations Time
x0 = (−0.5,−3.0) 9 0.00687 11 0.00771
x0 = (−0.5,−3.5) 10 0.00701 12 0.00782
x0 = (−2.0,−0.5) 8 0.00503 9 0.00574
x0 = (−2.5, 3.0) 11 0.00749 12 0.00825
x0 = (−2.5,−1.0) 10 0.00684 11 0.007
x0 = (−4.6, 3.6) 14 0.01116 15 0.00994
x0 = (−2.2, 8.2) 14 0.00966 15 0.00978
x0 = (−2.4, 4.0) 13 0.00851 13 0.00825

For the test problems from [4], we give the number of iterations for calculating the
approximate solution using the di�erence methods (3) and (6). We consider problems
with zero and non-zero residuals.

The following test problems were used for numerical calculations [4]:
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Table 4

The number of iterations to obtain an approximation to the solutions of the test
problems by both methods with the accuracy ε = 10−8

Problem
Method (3) Method (6)

Iterations Time Iterations Time
Rosenbrock function

p = 2, m = 2, x0 = (1, 10)
3 0.00213 3 0.0013

x∗ = (1, 1), f(x∗) = 0

Beale function
p = 2, m = 3, x0 = (1.0,−1.5)

11 0.00696 16 0.00886
x∗ = (3, 0.5), f(x∗) = 0

Helical valley function
p = 3, m = 3, x0 = (1.0,−0.2,−3.0)

6 0.00555 9 0.00791
x∗ = (1, 0, 0), f(x∗) = 0

Gaussian function
p = 3, m = 15, x0 = (−3.0, 1.0,−1.0)

13 0.1179 14 0.06232
x∗ = (0.4, 1, 0), f = 1.12793...10−8

Freudenstein and Roth function

10 0.00547 13 0.00631
p = 2, m = 2, x0 = (10, 8)
x∗ = (5, 4), f(x∗) = 0

Box three-dimensiomal function

10 4.78794 12 3.82081
p = 3, m = 250, x0 = (0.5, 9, 2)

x∗ = (1, 10, 1), f(x∗) = 0

1. Rosenbrock function

F1(x) = 10(x2 − x2
1),

F2(x) = 1 − x1.

2. Beale function

Fi(x) = yi − x1(1 − xi
2),

where y1 = 1.5, y2 = 2.25, y3 = 2.625.

3. Helical valley function

F1(x) = 10[x3 − 10Θ(x1, x2)],

F2(x) = 10[(x2
1 + x2

2)1/2 − 1],

F3(x) = x3,
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Θ(x1, x2) =


1

2π
arctan

x2

x1
, if x1 > 0,

1

2π
arctan

x2

x1
+ 0.5, if x1 < 0.

4. Gaussian function

Fi(x) = x1e
−x2(ti−x3)

2/2 − yi, ti = (8 − i)/2.

5. Freudenstein and Roth function

F1(x) = −13 + x1 + ((5 − x2) − 2)x2,

F2(x) = −29 + x1 + ((x2 + 1)x2 − 14)x2.

6. Box three-dimensional function

Fi(x) = e−tix1 − e−tix2 − x3

(
e−ti − e−10ti

)
, ti = 0.1i.

Table 4 shows number of iterations for �nding the solution of the described functions
by methods (3), (6), where ε = 10−8.

4. Conclusions

This article describes the nonlinear least squares problem and the methods for �nd
an approximation to its solution. The classical Gauss-Newton method and the Secant
method require calculations of inverse matrix or solving system of linear equations. Given
this, the Secant type method with the successive approximation of the inverse operator
is proposed and studied. This method is tested on problems with zero and non-zero
residuals, with di�erent numbers of unknowns and equations. The method with the
successive approximation of the inverse operator takes more iterations than the basic
Secant method, but it does not require to solve the system of linear equations or to
calculate the inverse matrix at each iteration. This is the main advantage of the proposed
method.
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Çàïðîïîíîâàíî ðiçíèöåâèé ìåòîä ç ïîñëiäîâíîþ àïðîêñèìàöi¹þ îáåðíåíîãî îïåðà-

òîðà äëÿ ïîøóêó íàáëèæåíîãî ðîçâ'ÿçêó íåëiíiéíî¨ çàäà÷i ïðî íàéìåíøi êâàäðà-

òè. Äîñëiäæåíî éîãî çáiæíiñòü i ïðîâåäåíî ÷èñëîâèé åêñïåðèìåíò. Êëàñè÷íi ìåòîäè

ðîçâ'ÿçóâàííÿ åôåêòèâíi, ïðîòå iñíóþòü òèïè çàäà÷, äëÿ ÿêèõ ¨õ íåìîæëèâî çàñòîñó-

âàòè. Òàêîæ öi ìåòîäè ïîòðåáóþòü îá÷èñëåííÿ îáåðíåíî¨ ìàòðèöi àáî ðîçâ'ÿçóâàííÿ

ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü íà êîæíié iòåðàöi¨, ùî ìîæå óñêëàäíèòè ïîøóê

íàáëèæåíîãî ðîçâ'ÿçêó. Íà ïðîòèâàãó ¨ì çàïðîïîíîâàíèé ìåòîä âèêîðèñòîâó¹ çàìiñòü

ÿêîáiàíà ïîäiëåíó ðiçíèöþ ïåðøîãî ïîðÿäêó âiä íåëiíiéíî¨ ôóíêöi¨. Ðîçãëÿíóòèé

ìåòîä ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí: ïåðøà ÷àñòèíà ïðèçíà÷åíà äëÿ çíàõîäæåííÿ íàáëè-

æåíü äî ðîçâ'ÿçêó; äðóãà � âèêîðèñòîâó¹ àïðîêñèìàöiþ îáåðíåíîãî îïåðàòîðà çàìiñòü

ðîçâ'ÿçóâàííÿ ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü ÷è ïîøóêó îáåðíåíî¨ ìàòðèöi.

Ïðîâåäåíî àíàëiç ëîêàëüíî¨ çáiæíîñòi òà ç'ÿñîâàíî ïîðÿäîê çáiæíîñòi çàïðîïîíîâàíîãî

ìåòîäó çà êëàñè÷íèõ óìîâ Ëiïøèöÿ. Âèêîíàíî ÷èñëîâèé åêñïåðèìåíò íà òåñòîâèõ

çàäà÷àõ äëÿ âèâ÷åííÿ ðåàëüíèõ âëàñòèâîñòåé ìåòîäó. Òàêîæ äåÿêi çàäà÷i ìiñòèëè

íåäèôåðåíöiéîâíó ÷àñòèíó. Íàâåäåíî êiëüêiñòü iòåðàöié íåîáõiäíó äëÿ îá÷èñëåííÿ

íàáëèæåíîãî ðîçâ'ÿçêó ç äîïîìîãîþ ìåòîäó õîðä i ìåòîäó ç àïðîêñèìàöi¹þ îáåðíåíîãî

îïåðàòîðà, à òàêîæ ðåçóëüòàòè ïðè ðiçíèõ ïî÷àòêîâèõ íàáëèæåííÿõ. Îñíîâíîþ
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ïåðåâàãîþ çàïðîïîíîâàíîãî ìåòîäó ¹ òå, ùî éîãî ìîæíà çàñòîñîâóâàòè äî çàäà÷

ðåãðåñiéíîãî àíàëiçó i ó äîñëiäæåííi äåÿêèõ ôiçè÷íèõ ïðîöåñiâ ó âèïàäêó, êîëè

âèíèêàþòü òðóäíîùi ç îá÷èñëåííÿì ïîõiäíèõ âiä íåëiíiéíî¨ ôóíêöi¨ òà çi çíàõîäæåí-

íÿì îáåðíåíîãî îïåðàòîðà.

Êëþ÷îâi ñëîâà: íåëiíiéíà çàäà÷à ïðî íàéìåíøi êâàäðàòè, àïðîêñèìàöiÿ îáåðíåíîãî

îïåðàòîðà, ïîäiëåíà ðiçíèöÿ, ðiçíèöåâi ìåòîäè, ëîêàëüíà çáiæíiñòü, óìîâè Ëiïøèöÿ.


