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A stochastic approximation procedure and a limit generator of the original problem
are constructed for a system of stochastic differential equations with Markov switching
and impulse perturbation under noclassical approximation conditions with control, which
is determined by the condition for the extremum of the quality criterion function. The
control problem using the stochastic optimization procedure is a generalization of the con-
trol problem with the stochastic approximation procedure, which was studied in previous
works of the authors. This generalization is not simple and requires non-trivial approaches
to solving the problem. In particular we discuss how the behavior of the boundary process
depends on the pre-limiting stochastic evolutionary system in the ergodic Markov environ-
ment. The main assumption is the condition for uniform ergodicity of the Markov switching
process, that is, the existence of a stationary distribution for the switching process over
large time intervals. This allows one to construct explicit algorithms for the analysis of the
asymptotic behavior of a controlled process. An important property of the generator of the
Markov switching process is that the space in which it is defined splits into the direct sum
of its zero-subspace and a subspace of values, followed by the introduction of a projector
that acts on the subspace of zeros. For the first time, a model of the control problem
for the diffusion transfer process using the stochastic optimization procedure for control
problem is proposed. A singular expansion in the small parameter of the generator of the
three-component Markov process is obtained, and the problem of a singular perturbation
with the representation of the limiting generator of this process is solved

Key words: random evolution, nonclassical approximation conditions, stochastic optimiza-
tion procedure, Markov process.

1. INTRODUCTION

Analyzing the state of the art concerning asymptotic properties of stochastic evolu-
tion models reveals that a complete theory is still to be worked out. Well understood are
the models which are given by stochastic differential equations with Markov switchings
and impulse or continuous-type perturbations in the classical schemes of averaging or
diffusion approximation [2]-[4]. Also, the asymptotic behavior was investigated of im-
pulse processes with Markov switchings under the conditions of Levy approximation [1],
[8]-[11]. Thus, it seems natural to develop a theory of evolution equations with Markov
switchings and random perturbations in nonclassical approximation schemes. Estab-
lishing convergence of the stochastic optimization procedure is an important puprose of
system analysis in the uncertainties, which can be modeled using an ergodic Markov
environment. The relevance of determining new properties and generalizations of op-
timization algorithms that use random-ness in the process of finding the optimum is
evidenced by numerous applications in control theory, information transfer theory, and
also in solving nonparametric problems of mathematical statistics. In present article,

© Chabanyuk Y., Nikitin A., Khimka U., Krasiuk B., 2021



Chabanyuk Y., Nikitin A., Khimka U., Krasiuk B.
20 ISSN 2078-5097. Bicu. JIbsis. yu-ty. Cep. npuksa. marem. ta ind. 2021. Bun. 29

we focus on the study of the evolutionary system in the form of a perturbed controlled
impulse process with Markov switching under the conditions of the existence of a single
extremum point of the function for assessing the quality of control. We consider some
prelimit evolution models with a small normalization parameter. We find the form of
the limit generators for the impulse processes and the control of dynamical system in the
schemes of the Levy approximation, and the stochastic optimization. Further, we provide
conditions which ensure weak convergence of a controlled evolution model with Markov
switching and impulse perturbation (assuming uniqueness of the equilibrium point for
the quality criterion for which the stochastic optimization procedure is given). It is im-
portant that the asymptotic behavior of the limit process is concluded with the help of
the analysis of parameters of the pre-limit system [13].

1.1. MODEL PROBLEM

We investigate the stochastic evolution system in the ergodic Markovian environment
given by a stochastic evolutionary equation [7],[8], [10]

dy" (t) = C(y"(1), (/<)) + dn" (t,u" (1)), (1)

where y°(t) is a solution, x(t), ¢ > 0, is a uniformly ergodic Markov process, that is
defined on a standard phase space (X, X) [3] by the generator

Qp(x) = g) / Pz, dy)[o(x) — o(y)
X

on the Banach space B(z) of real valued bounded functions with the supremum norm
l[o(z)|| = sup |o(z)]
rzeX

u®(x)is a control function. A stochastic kernel P(z, B), x € X, B € X defines uniformly
ergodic embedded Markov chain z,, = z(7,), n > 0, that has stationary distribution
p(B), B € X. Stationary distribution 7(B), B € X for Markov process z(t), t > 0, is
defined by relation [3]

r(dz)q(x) = ap(e), q = / r(de)q(z).

X
The impulse perturbation process n°(t), t > 0, is given by the relation

t

17 (s () = /775(8, u(s), x(s/e*))ds (2)

0

where a set of processes with independent increments n°(¢t,u,z), t >0, x € X, u € U, is
determined by the generators

Ie(x)p(u,w) =2 / o(u,w +v) — p(u, w)*(dv, x), (3)
R

where x € X and the following Levy’s approximation conditions are satisfied ([2,3]):
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L1. The approximation of averages [4]

/vl“a(dv,x) = cay(z) + %(az(z) + 04(z)), Oa(x) = 0, € = 0,
R

and
/vzfa(dum) =e(b(z) + 0p(x)), Op(x) = 0, £ = 0,
R

L2. The condition imposed on the distribution function

/ 9(0)T=(dv, ) = 2(Ty(2) + 0,()), 0,(x) = 0, & =0,
R

for all g(v) € C?(R) (the space of real-valued bounded functions such that g(v)/|v|*> — 0,
|v] = 0), where measure I'y(z) is bounded for all g(v) € C?*(R) and is defined by the
relation (functions from the space C%(R) separate the measures):

Ty(x) = / 9(v)To(dv, 2), g(v) € CP(R);
R

L3. The uniform quadratic integrability

sup lim v*To(dv,z) = 0.
c— 00
l[v|>c

As an example of a random variable that satisfies the conditions of the Levy approx-
imation[5], we can cite the following o

P{a =b} = &?p,

P{a=ca; +%b1} =1-&2p.

Then we have:
Ea = cay + (bp + by) + o(e?),

Ea” = &(0°p + af) + o(c?).

These moment conditions characterize Levy approximation.
If a3 = 0, we obtain
Ea = &%(bp + by) + o(e?),

Eo? = 2b*p + o(?),

2 we have moment conditions characterize Poison approximation:

and assuming € = ¢
Ea = g(bp + b1) + 0(),
Ea? = 2b%p + o(8).

In general, Poisson approximation conditions have a form
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P1. The approximation of averages:
be = / ol (dv) = elb + 67],
R

and
Ce = / 02T (dv) = elc + 67],
R
where
b < 400,c < 400.

P2. Asymptotic representation for intensivity kernel
@:iégwwﬁmozgwg+%]

for each g € C3(R).

0. 0c, 05 satisfies condition

|05] — 0, e—0.

P3. Absence of diffusion component at limit generator
c:= / 02T (dv).
R

P4. Uniformly quadratic integrability:

lim v?T°(dv) = 0.
€= Jlv|>c
2. STOCHASTIC OPTIMIZATION PROCEDURE FOR CONTROL FUNC-
TION

We assume that control function u(t)[6] for equation (1) defines by quality criterion
G(y,z,u), that has unique extremum for each value of process y and for each state x of
Markov process z(t) at interval [7;, 7;11), that is

u(t) = ugy(t) = argextG(z, y, u(t))
for [1;, Tit1).

We assume also that G(-,-,u) € C?(RY). Then u(t) is completely determined by
system

IG(y(t), z(t), u(t) _ _
s =0 (k=1,d) (4)

So we consider stochastic optimization procedure [9, 12] for control function w(t)
du (t) = a(t) V) Gy (1), z(t/e%), u® (t))dt, (5)

where

vﬁ(t)G('v su) = (G(, 7uz+) = G(u))/28(t), i = 1,d,
ut =uiB(t)e;, e; = (0,...,1,0,...,0), i = 1,d.

&)
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General initial conditions has a form
y(0) = yo; x(0) = zo; u(0) = uo.
Functions «(t), 8(t), t > 0 are satisfying relations
alt) =0, B(t) =0
at t — oo.

3. MAIN RESULTS

Theorem 1. We assume the balance condition
/W(dx)al(x) =0
X

holds true,
C(y,z) € C(RY, X, a(t) =0, B(t) =0

at t — 0o, and quality criterion G(y,u, ) € C(R?, X, R9).
Then weak convergence

(" (1), u"(8),n° () = (§(t), &(t), (1)), € =0,
holds true, where limit process (§(t), 4(t),7(t)) is defined by generator
Me(y, u, w) = Lp(y, u, w) + Bio(y, u, w)

where
L@(ya U, w) = C(y)(p(yv U, w) + F(p(y, U, w)>

Cy)e(y) = Cy)¢' (),

1 .
Lop(u,w) = oy, (u, w) + 50, (u,w) + /[@(u, w +v) = p(u, w)|To(dv),

2
R

i — / 7(dz) (a2(z) — ao(x)),
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fo(w) = [ m(dn)To(o.2),
X

Bio(y, u,w) = a(t)Vaw Gy, u)e, (y, u, w),

Ve Gly,u) = /Vﬁ(t)G(y,u,x)w(dx).
X

Consequence 1. Limit process (4(t),4(t)) for control problem (5), (6), (7), is de-
termined by stochastic differential equation

dj(t) = a(g(t))dt + dn((5(t), a(t))), (9)

da(t) = a(t)V i G(E), a(t))dt, (10)

under initial conditions (7).
Consequence 2. Assuming that impulse perturbation process y(t), defined at series
scheme by stochastic differential equation

dy* (1) = Cy" (1), w(t/e?), us (t))dt + dn® (¢, u" (1)),

with control determined by stochastic optimization procedure (5) and {C(y,z,u),
G(y,r,u)} C C202(RY, X, RY).
Then weak convergence

(y= (@), u= () = (§(t),a(t)), € =0,

holds true, where ¢ is small enough, and limit process (§(t), @(t)) is determined by gen-
erator

ayu) = [ wldr)aly. u,2)
b'e
on test functions o(y,u) € C*?(R%, R?).
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SAJAYA KEPYBAHHS AJIf1 IMITYVJIBCHOT O IIPOLIECY
B YMOBAX IIPOITEAYPU CTOXACTUYHOI OIITUMI3AIIIL
TA HEKJIACUYHUX CXEM AIIPOKCUMAIIIL
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st cucremMu eBOMIONiHUX PIBHSHD 3 IMIIyJIbCHAM 30yPEHHAM y CXeMi HEeKJIaCHIHOT at-
pokcuMariil moby0BaHO MPOIEAYPY CTOXACTUYHO! ONTHUMI3AIl Ta TPAHUYIHUN TeHepaTop 3
KEePYBAaHHSAM, 1[0 BU3HAYAECTHCS YMOBOIO €KCTPpeMyMy (DYHKINI KpUTepio aKocTi. 3amada
KEepYBaHHsS 3 BUKOPUCTAHHSIM IMPOIEAyPU CTOXACTHYHOI OnTuUMisalil € y3arajbHEeHHsIM
3a/1a4i KepyBaHHs 32 JOIIOMOTOIO MPOIEIYPH CTOXACTUYHOI allpOKCUMAILT, SAKY JOCIIiIKY-
BaJIX B momepenHix mpamsx aBropis. lle y3aranpmeHus me € mpoctuM i morpebye meTpu-
BiaJIbHOIO MigXOAy 1m0 BHUpimeHHd npobsemu. 30KpeMa, MH OOTOBODIOEMO, SIK IIOBeiHKA
IPAHUYHOIO IMPOLECY 3AJIEXKUTH Bij JOIPAHUYHOI CTOXACTUYHOI €BOJIOLIHHOT cucreMu B
eproJuYHOMY MapKOBCBKOMY cepefoBuili. (OCHOBHE NPHUIYIIEHHSA — yMOBa DPiBHOMipHOT
€ProJUYHOCTI IPOIeCy MapKOBCHKOTO IME€pPEMHUKAHHS, TOOTO iCHYBaHHS CTAlliOHAPDHOTO PO3-
MOZIJTy 1151 IPOIieCy IePEMUKAHHS HA BeJIMKHUX IpoMikkax gacy. lle mae 3mory mobyxyBaru
SIBHI QJITOPUTMH JIJIsI AHAJI3Y aCUMITOTHYIHOI MOBEAiHKY KEPOBAHOTO IpoIiecy. Bmepie po3-
pobJieHO MOmesb 33434 KEPYBAHHS 3 IMIIyJIbCHUM IPOIECOM 3 BHKOPHUCTAHHSIM IPOIELYDH
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CcTOXacTUIHOI onTuMizaril 3a/4a4i KepyBaHHs. Y miJACYMKYy OTPHMAHO T€HEPATOD TPHUKOMIIO-
HEHTHOI'0 MapKOBCBHKOTO IIPOIECY, PO3B’sI3aHO 3a/4aMy CHHIYISPHOrO 30yPEHHS 3 IOJAHHIM
IPAHMYHOIO T€HEPATOPA I[HOIO IIPOIIECY.

Ka10081 €060 BUIIAJIKOBA €BOJIIOLisI, HEKJIACHYH] CXE€MHU AaIPOKCHMAIIl, IpoIeaypa CTo-
XaCTUIHOI ONTHMi3aIlil, MapKOBCbKHI IIpOIIEC.



