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Íà ïiäñòàâi àíàëiçó ïðÿìèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ çàäà÷ äîâåäåíî
àêòóàëüíiñòü ðîçðîáêè ìåòîäiâ ïîáóäîâè äâîñòîðîííiõ àïðîêñèìàöié, ÿêi ãàðàíòîâàíî
ìiñòÿòü ðîçâ'ÿçêè òàêèõ çàäà÷. Â íié ðîçâ'ÿçóâàííÿ âàðiàöiéíî¨ çàäà÷i ìåòîäàìè
iíòåðâàëüíîãî àíàëiçó ç âèêîðèñòàííÿì êâàäðàòóðíèõ ôîðìóë çàñíîâàíå íà çâåäåííi
òàêî¨ çàäà÷i äî çàäà÷i ìiíiìiçàöi¨ âiäïîâiäíî¨ iíòåðâàëüíîçíà÷íî¨ ôóíêöi¨ áàãàòüîõ
çìiííèõ øëÿõîì ïîáóäîâè äîñòàòíüî âóçüêèõ iíòåðâàëüíèõ ðîçøèðåíü [2] øóêàíî¨
ôóíêöi¨ òà ¨¨ ïîõiäíèõ ìiæ ñóìiæíèìè âóçëàìè êâàäðàòóðè òà ¨¨ çàëèøêîâîãî ÷ëåíà.
Äëÿ öüîãî âèêîðèñòàíî ìåòîäè ñïëàéí � ôóíêöié [6].

Äâîñòîðîííþ àïðîêñèìàöiþ [9] ðîçâ'ÿçêó âàðiàöiéíî¨ çàäà÷i îòðèìàíî øëÿõîì
ðîçâ'ÿçóâàííÿ ¨¨ iíòåðâàëüíîãî àíàëîãà. Äëÿ ïîáóäîâè öüîãî iíòåðâàëüíîãî àíàëîãà
âèêîðèñòàíî âiäïîâiäíi iíòåðâàëüíi åðìiòîâi ñïëàéíè òðåòüîãî ñòåïåíÿ òà iíòåðâàëüíå
ðîçøèðåííÿ çàëèøêîâîãî ÷ëåíà êâàäðàòóðíî¨ ôîðìóëè. Äîöiëüíiñòü òàêîãî ïiäõîäó
ìà¹ óçãîäæóâàòèñÿ ç òî÷íiñòþ êâàäðàòóðíî¨ ôîðìóëè, ÿêó çàñòîñîâó¹ìî äëÿ âèäiëåííÿ
ãîëîâíî¨ ÷àñòèíè ôóíêöiîíàëà âàðiàöiéíî¨ çàäà÷i, òîìó ùî â ïðîòèëåæíîìó âèïàäêó
öå ïðèâîäèòü äî ñóòò¹âîãî çðîñòàííÿ îáñÿãó îá÷èñëåíü. Iíòåðâàëüíèé àíàëîã òàêî¨
âàðiàöiéíî¨ çàäà÷i ðîçâ'ÿçó¹ìî ìåòîäàìè ìiíiìiçàöi¨ âiäïîâiäíî¨ iíòåðâàëüíîçíà÷íî¨
ôóíêöi¨ áàãàòüîõ çìiííèõ.

Çàïðîïîíîâàíèé àëãîðèòì ìîäèôiêîâàíî çãiäíî ç âèñíîâêîì òåîðåìè ç [12] ïðî
äèíàìiêó ïðîìiæíèõ òî÷îê çàëèøêîâîãî ÷ëåíà ôîðìóëè Òåéëîðà ïðè ñòèñíåííi ó
òî÷êó iíòåðâàëó ðîçêëàäó ôóíêöi¨.

Ïîáóäîâàíî iíòåðâàëüíi ìåòîäè ëîêàëiçàöi¨ ôóíêöiîíàëüíèõ íåâèçíà÷åíîñòåé äëÿ
ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ çàäà÷ iç óìîâàìè, ÿêi ïîòðåáóþòü ñèíõðîííîãî ðîçâ'ÿçóâàí-
íÿ îïòèìiçàöiéíèõ çàäà÷. Ðîçâ'ÿçàíî êîíòàêòíó çàäà÷ó òåðìîïðóæíîñòi ç âðàõóâàí-
íÿì òåïëîóòâîðåííÿ ó òåïëîâîìó êîíòàêòi òië. Çíàéäåíî çàêîí ðîçïîäiëó ñòèñêàëü-
íî¨ ñèëè, çà ÿêîãî ñïðàöþâàííÿ áóäå ìiíiìàëüíèì, òåìïåðàòóðà íà ìåæi ïiâïðîñòîðiâ
íå ïåðåâèùèòü çàäàíèõ êðèòè÷íèõ çíà÷åíü, ïðîöåñ ãàëüìóâàííÿ âiäáóäåòüñÿ çà íàé-
ìåíøèé ÷àñ.

Êëþ÷îâi ñëîâà: iíòåðâàë, iíòåðâàëüíå ðîçøèðåííÿ ôóíêöi¨, ïðÿìi ìåòîäè, äâîñòîðîííÿ
àïðîêñèìàöiÿ, ñïëàéí, iíòåðâàëüíèé ñïëàéí.

1. Âñòóï

Îäíèì ç îñíîâíèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ ñêëàäíèõ ìàòåìàòè÷íèõ çàäà÷ âèãëÿäó

F (x) ≺ f, (1)

äå îïåðàòîð F : (D ⊂ Rn) → (G ⊂ Rm) , (≺ ∈ { =, ̸=, <, >, ≤, ≥,≡,≈,→, · · · }
òîùî), ïîëÿãà¹ ó âèäiëåííi òàêî¨ éîãî îñíîâíî¨ àäèòèâíî¨ ÷àñòèíè F , ùî ìåòîäè
ðîçâ'ÿçàííÿ áëèçüêî¨, â ïåâíîìó ñåíñi âiäñòàíi, çàäà÷i

F (x) ≺ f, (2)
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äå F (x) ≡ F (x) + r(x), âiäîìi. Çîêðåìà, òàê îòðèìó¹ìî ðiçíèöåâi ìåòîäè, ìåòîäè
ñêií÷åííèõ i ãðàíè÷íèõ åëåìåíòiâ, ïðÿìi ìåòîäè ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ çàäà÷ i
çàäà÷ îïòèìàëüíîãî óïðàâëiííÿ. Àëå ðîçâ'ÿçêè çàäà÷i (2) ¹ ëèøå íàáëèæåííÿìè äî
âiäïîâiäíèõ ðîçâ'ÿçêiâ çàäà÷i (1). Òîìó çàäà÷à ïîáóäîâè äâîñòîðîííiõ àïðîêñèìà-
öié ðîçâ'ÿçêiâ çàäà÷i (2), ÿêi ãàðàíòîâàíî ìiñòÿòü âiäïîâiäíi ðîçâ'ÿçêè çàäà÷i (1),
àêòóàëüíà. Ñó÷àñíi ìåòîäè ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè ãîëîâíî çàñíîâàíi íà iíòåð-
âàëüíié ìàòåìàòèöi [1]. Âîíè ìàþòü øèðîêèé ñïåêòð çàñòîñóâàíü i â áàãàòüîõ
âèïàäêàõ äàþòü âè÷åðïíi ðåêîìåíäàöi¨ ùîäî âèáîðó ñòðàòåãi¨ i ìåòîäiâ íàáëèæåíèõ
îá÷èñëåíü. Áëèçüêèìè äî íèõ ¹ äâîñòîðîííi îá÷èñëþâàëüíi ìåòîäè, ÿêi òàêîæ
íàëåæàòü äî ïðÿìèõ ìåòîäiâ îöiíêè òî÷íîñòi ïîõèáêè îá÷èñëåíü. Åôåêòèâíèìè
ìåòîäàìè ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè ¹ ìåòîäè ìàòåìàòèêè ôóíêöiîíàëüíèõ iíòåðâà-
ëiâ [7].

Ïîáóäîâó òàêèõ äâîñòîðîííiõ àïðîêñèìàöié ðîçâ'ÿçêiâ çàäà÷i (1) ìè âèêîíàëè çà
äîïîìîãîþ ìåòîäiâ ïîáóäîâè ¨õ iíòåðâàëüíèõ ðîçøèðåíü òà iíòåðâàëüíèõ ðîçøèðåíü
¨õíiõ ïîõiäíèõ. Äëÿ öüîãî âèêîðèñòàíi ìåòîäè ñïëàéí�ôóíêöié [4].

2. Ôîðìóëþâàííÿ çàäà÷i

Íåõàé, íàïðèêëàä, ïîòðiáíî ðîçâ'ÿçàòè âàðiàöiéíó çàäà÷ó Ëàãðàíæà çíàõîäæåí-

íÿ ìiíiìóìó ôóíêöiîíàëà J(y) =
b∫
a

f (x, y, y′) dx çà ãðàíè÷íèõ óìîâ y(a) = ya,

y(b) = yb. Äî öi¹¨ íàéïðîñòiøî¨ çàäà÷i âàðiàöiéíîãî ÷èñëåííÿ

b∫
a

f (x, y, y′) dx → min (3)

ïðè
y(a) = ya, y(b) = yb (4)

çâîäèòüñÿ âåëèêà êiëüêiñòü äîñèòü ñêëàäíèõ çàäà÷. Çîêðåìà, äî íå¨ çâîäèòüñÿ
êðàéîâà çàäà÷à çíàõîäæåííÿ ðîçâ'ÿçêó ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

d

dx
(p(x) y′) + q(x) y = f(x) (5)

ïðè êðàéîâèõ óìîâàõ (4), äå p(x), q(x), f(x) ∈ C[a, b], ïðè÷îìó p(x) > 0
êîëè a ≤ x ≤ b; çàäà÷à Øòóðìà�Ëióâiëëÿ çíàõîäæåííÿ íåòðèâiàëüíîãî ðîçâ'ÿçêó
äèôåðåíöiàëüíîãî ðiâíÿííÿ

(p(x) y′)′ + (q(x) + λ ρ(x)) y = 0 (6)

ïðè îäíîðiäíèõ êðàéîâèõ óìîâàõ

α0 y(a) + α1 y
′(a) = 0, β0 y(b) + β1 y

′(b) = 0, (7)

äå p(x) > 0, |α0|+ |α1| ̸= 0, |β0|+ |β1| ̸= 0, p(x), q(x), ρ(x) � íåïåðåðâíi ôóíêöi¨ à λ �
ïàðàìåòð. Äëÿ çàäà÷i (5) � (4) ôóíêöiîíàë

J(y) =

b∫
a

f (x, y, y′) dx =

b∫
a

(
p(x) (y′)2 − q(x) y2 + 2 f(x) y

)
dx,
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à äëÿ çàäà÷i (6) � (7)

J(y) =

b∫
a

f (x, y, y′) dx =

b∫
a

(
p(x) (y′)2 − (q(x) + λ ρ(x)) y2

)
dx.

Êðiì òîãî, çàäà÷àØòóðìà�Ëióâiëëÿ ÷àñòî âèíèêà¹ ó âèïàäêó ðîçâ'ÿçóâàííÿ ðiâíÿíü
ìàòåìàòè÷íî¨ ôiçèêè. Äàëi áóäå ç'ÿñîâàíî, ùî iíòåðâàëüíi ìåòîäè ëîêàëiçàöi¨
ôóíêöiîíàëüíèõ íåâèçíà÷åíîñòåé ó âèïàäêó ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ çàäà÷ ïðèí-
öèïîâî íå âiäðiçíÿþòüñÿ äëÿ ðiçíèõ êëàñiâ òàêèõ çàäà÷.

Ðîçâ'ÿçóâàííÿ çàäà÷ âàðiàöiéíîãî ÷èñëåííÿ ÷àñòî çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ
äèôåðåíöiàëüíèõ ðiâíÿíü Åéëåðà � Ëàãðàíæà. Îäíàê ðîçâ'ÿçóâàííÿ êðàéîâèõ
çàäà÷, ÿêi âèíèêàþòü, ïîðîäæó¹ íèçêó ñêëàäíèõ ïðîáëåì: ÿâíèé ðîçâ'ÿçîê ó
êâàäðàòóðàõ âäà¹òüñÿ îòðèìàòè ðiäêî, çàñòîñóâàííÿ ÷èñåëüíèõ ìåòîäiâ ïîðîäæó¹
ïîõèáêè àïðîêñèìàöié, ïîõèáêè ìåòîäó, âèíèêàþòü ïðîáëåìè ñòiéêîñòi òîùî. Îñîá-
ëèâî ðåëü¹ôíî öi ïðîáëåìè ïðîÿâëÿþòü ó âèïàäêó ðîçâ'ÿçóâàííÿ ðiâíÿííÿ Åéëåðà
äëÿ âàðiàöiéíèõ çàäà÷ ç áàãàòüìà çìiííèìè. Òîìó äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ
âàðiàöiéíèõ çàäà÷ çàñòîñîâóþòü ïðÿìi ìåòîäè, áiëüøiñòü ç ÿêèõ ïîëÿãà¹ â ïåðåõîäi
äî åêâiâàëåíòíèõ çàäà÷ íà åêñòðåìóì ôóíêöi¨ áàãàòüîõ çìiííèõ. Òàêèì ¹ ìåòîä
Åéëåðà, ìåòîä Ðiòöà, ìåòîä ãðàäi¹íòíîãî ñïóñêó òîùî. Âñi öi ìåòîäè ïîáóäîâàíi
çà ìåòîäèêîþ, ÿêà îïèñàíà ó âñòóïi. Çîêðåìà, ó ìåòîäi Åéëåðà îïåðàòîðîì F (x) ¹
ôóíêöiîíàë

J(y) =

b∫
a

f (x, y, y′) dx,

îïåðàòîðîì F êâàäðàòóðíà ôîðìóëà iíòåãðàëà ôóíêöiîíàëà J(y), à r(x) � çàëèøêî-
âèé ÷ëåí öi¹¨ êâàäðàòóðíî¨ ôîðìóëè; ó ìåòîäi Ðiòöà îïåðàòîðîì F (x) ¹ ôóíêöiîíàë

J(y), îïåðàòîðîì F ðåçóëüòàò îá÷èñëåííÿ iíòåãðàëà
b∫
a

f (x, y, y′) dx ó ïðèïóùåííi,

ùî ðîçâ'ÿçîê çàäà÷i (1) ¹ y =
n∑

i=1

ai φi(x), äå ai � êîíñòàíòè, {φi(x)}∞i=1 � ïîâíà

ñèñòåìà ôóíêöié â îáëàñòi D âèçíà÷åííÿ ôóíêöiîíàëà J(y), òà âèêîíóþòüñÿ óìîâè
(2), à r(x) � ïîõèáêà àïðîêñèìàöi¨ ó òàêîìó ïðèïóùåííi. Î÷åâèäíî, ùî â òàêèõ
ìåòîäàõ äîäàòêîâî ùå âèíèêàþòü ïîõèáêè àïðîêñèìàöi¨ ïîõiäíèõ íåâiäîìîãî ðîç-
â'ÿçêó çàäà÷i (1)�(2), íàïðèêëàä, çà äîïîìîãîþ âiäïîâiäíèõ ïîäiëåíèõ ðiçíèöü, òà
ïîõèáêè àïðîêñèìàöi¨ ïîõiäíèõ ðîçâ'ÿçêó öi¹¨ çàäà÷i ó âiäïîâiäíèõ ïðîìiæíèõ òî÷êàõ
¨¨ çàëèøêîâîãî ÷ëåíà. Îöiíêà ïîõèáêè ìåòîäó Ðiòöà � äîñèòü âàæêà çàäà÷à [7].
Çàóâàæèìî ëèøå, ùî òî÷íiñòü ðîçâ'ÿçêó, îòðèìàíîãî çà äîïîìîãîþ öüîãî ìåòîäó,
ñóòò¹âî çàëåæèòü âiä âäàëîãî âèáîðó êîîðäèíàòíèõ ôóíêöié φi(x) i çàãàëîì çðîñòà¹
çi çáiëüøåííÿì ¨õíüî¨ êiëüêîñòi.

Àëå íàâiòü áåç âðàõóâàííÿ òàêèõ ïîõèáîê äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ç çàäîâi-
ëüíîþ òî÷íiñòþ öi¹¨ âàðiàöiéíî¨ çàäà÷i ïîòðiáíî ðîçâ'ÿçóâàòè çàäà÷ó íà åêñòðåìóì
ôóíêöi¨ áàãàòüîõ çìiííèõ, ÿêà çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ñèñòåìè íåëiíiéíèõ àëãåá-
ðè÷íèõ ðiâíÿíü âåëèêî¨ ðîçìiðíîñòi, ùî ïîðîäæó¹ ïðîáëåìó âèáîðó �õîðîøîãî�
ïî÷àòêîâîãî íàáëèæåííÿ òîùî.

Îòæå, âñå öå ïîòðåáó¹ ðîçðîáêè òàêèõ ìåòîäiâ ïîáóäîâè äâîñòîðîííiõ àïðîêñèìà-
öié, ÿêi ãàðàíòîâàíî ìiñòÿòü ðîçâ'ÿçêè çàäàíî¨ âàðiàöiéíî¨ çàäà÷i. Îñíîâè ïîáóäîâè
òàêèõ ìåòîäiâ çàïðîïîíîâàíî â [9].
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3. Çàãàëüíà ñõåìà ðîçâ'ÿçàííÿ çàäà÷i

3.1. Ëîêàëiçàöi¨ ôóíêöiîíàëüíèõ íåâèçíà÷åíîñòåé

äëÿ ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ çàäà÷

Îñíîâè ïîáóäîâè òàêèõ ìåòîäiâ çàêëàäåíi â [9, 11, 12]. Äëÿ ðîçâ'ÿçóâàííÿ
âàðiàöiéíèõ çàäà÷ ëîêàëiçàöiÿ ôóíêöiîíàëüíèõ íåâèçíà÷åíîñòåé [10] ïîëÿãà¹ â ðåàëi-
çàöi¨ ìåòîäiâ äâîõ íàñòóïíèõ ïiäïóíêòiâ.

3.2. Ïîáóäîâà iíòåðâàëüíèõ ðîçøèðåíü ðîçâ'ÿçêó çàäà÷i

òà éîãî ïîõiäíèõ

Ðîçâ'ÿçóâàííÿ âàðiàöiéíî¨ çàäà÷i ìåòîäàìè iíòåðâàëüíîãî àíàëiçó ç âèêîðèñòàí-
íÿì êâàäðàòóðíèõ ôîðìóë  ðóíòó¹òüñÿ íà çâåäåííi òàêî¨ çàäà÷i äî çàäà÷i ìiíiìiçà-
öi¨ âiäïîâiäíî¨ iíòåðâàëüíîçíà÷íî¨ ôóíêöi¨ áàãàòüîõ çìiííèõ øëÿõîì ïîáóäîâè äîñ-
òàòíüî âóçüêèõ iíòåðâàëüíèõ ðîçøèðåíü øóêàíî¨ ôóíêöi¨ y(x) òà ¨¨ ïîõiäíèõ ìiæ
ñóìiæíèìè âóçëàìè êâàäðàòóðè òà çàëèøêîâîãî ÷ëåíà Rn (rξ) öi¹¨ êâàäðàòóðè.
Iíòåðâàëüíå îöiíþâàííÿ çàëèøêîâîãî ÷ëåíà Rn (rξ) êâàäðàòóðè ïîòðåáó¹ ïîáóäîâè
iíòåðâàëüíèõ ðîçøèðåíü âiäïîâiäíèõ ïîõiäíèõ ïiäiíòåãðàëüíî¨ ôóíêöi¨ f(x, y(x),
y′(x)). Äàëi òàê îòðèìàíó çàäà÷ó ðîçâ'ÿçó¹ìî âiäïîâiäíèìè ìåòîäàìè iíòåðâàëüíîãî
àíàëiçó.

Áóäåìî ââàæàòè, ùî çíà÷åííÿ yi (i = 0, 1, · · · , n) ôóíêöi¨ y(x) ó âóçëàõ ñiòêè
Ω = {xi| x0 = a < x1 < x2 < · · · < xn = b} íàì âæå âiäîìi; ôóíêöiÿ y(x), íàïðèêëàä,
òðè÷i íåïåðåðâíî äèôåðåíöiéîâíà íà ïðîìiæêó [a, b]. Ïîáóäó¹ìî íà iíòåðâàëi [a, b]
åðìiòîâèé êóái÷íèé ñïëàéí s(x), çíà÷åííÿ ÿêîãî i éîãî ïåðøî¨ ïîõiäíî¨ ó âóçëàõ ñiòêè
çáiãàþòüñÿ çi çíà÷åííÿìè ôóíêöi¨ y(x) òà ¨¨ ïåðøî¨ ïîõiäíî¨, òîáòî s(xi) = y(xi),
s′(xi) = y′(xi), i = 0, 1, ..., n. Îñêiëüêè ó âóçëàõ ñiòêè s(xi) = y(xi), òî çãiäíî ç
òåîðåìîþ Ðîëëÿ íà êîæíîìó iíòåðâàëi Xi = [xi−1, xi], (i = 1, · · · , n) iñíó¹ òàêà
òî÷êà ξi, ùî s′(ξi) = y′(ξi). Àíàëîãi÷íî (äèâ. òåîðåìó 3.8.1 ç [2] ), íà êîæíîìó
iíòåðâàëi xi−2 < x < xi (i = 2, 3, · · · , n) iñíó¹ òàêà òî÷êà ηi, ùî s′′(ηi) = y′′(ηi).
Äëÿ äîñòàòíüî ãëàäêèõ ôóíêöié y(x) òà ¨õ åðìiòîâèõ êóái÷íèõ ñïëàéíiâ âèêîíóþòüñÿ
òàêi ñïiââiäíîøåííÿ [6]:∥∥∥s(r)(z)− y(r)(z)

∥∥∥
∞

= o
(
h4−r

)
, (r = 0, 1, 2, 3), (8)

s(z) = z (1− z)2hi mi + z2(z − 1) h mi+1 + (1− z)2(2 z + 1) h xi + z2(3− 2 z) h yi+1,

s′(z) = 6 z (1− z) (yi+1 − yi)/hi + (1− 4 z + 3 z2)mi − (2 z − 3 z2)mi+1,

s′′(z) = (6 (1− 2 z) (yi+1 − yi)/hi − (4− 6 z)mi − (2− 6 z)mi+1)/hi,

s′′′(z) = 6 (mi+1 +mi − 2 (yi+1 − yi)/hi)/h
2
i , (9)

s(z) =
1

6
(1− z)3h2Mi +

1

6
z3h2Mi+1 + (yi −

1

6
h2Mi) (1− z) + (yi+1 −

1

6
h2Mi+1) z,

s′(z) = (yi+1 − yi)/hi − hi ((2− 6 z + 3 z2)Mi + (1− 3 z2)Mi+1)/6,

s′′(z) = Mi (1− z) +Mi+1 z,

s′′′(z) = (Mi+1 −Mi)/hi,
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äå h = max hi, z = (x − xi)/hi, yi = y(xi), mi = s′(xi), Mi = s′′(xi), i =
0, 1, ..., n− 1.

Ó âóçëàõ ñiòêè Ω äðóãà ïîõiäíà òàê ïîáóäîâàíîãî ñïëàéíà, âçàãàëi êàæó÷è,
ðîçðèâíà, òîáòî öåé ñïëàéí ¹ êóái÷íèì ñïëàéíîì äåôåêòó 2. Êîíêðåòíi çíà÷åííÿ
îöiíîê (8) iíòåðïîëÿöi¨ ôóíêöi¨ y(x) ó âóçëàõ ñiòêè Ω åðìiòîâèìè êóái÷íèìè ñïëàé-
íàìè çàëåæíî âiä ãëàäêîñòi öi¹¨ ôóíêöi¨ íàâåäåíi ó òàáë. (äèâ. [6], òàáë. 2.5).

Òàáëèöÿ 1

Çíà÷åííÿ îöiíîê iíòåðïîëÿöi¨ ôóíêöi¨ y(x) ó âóçëàõ ñiòêè Ω

Êëàñ
ôóíêöi¨ R0 R1 R2 R3

C1[a, b] 3h
8

ω(y′) 3
2
ω(y′) � �

W 2
∞[a, b] h2

16
∥y′′(x)∥∞ 0.2475 h ∥y′′(x)∥∞ � �

C1C2
Ω[a, b] h2

32
ω(y′′) 0.12375 h ω(y′′) 4

3
ω(y′) �

C1W 3
Ω,∞[a, b] h3

96
∥y′′′(x)∥∞ 0.032302 h2 ∥y′′′(x)∥∞

8h
27

∥y′′′(x)∥∞ �

C1C3
Ω[a, b] h3

192
ω(y′′′) 0.016151 h2ω(y′′′) 4h

27
ω(y′′′) ω(y′′′)

C1W 4
Ω,∞[a, b] h4

384
∥y′′′′(x)∥∞

√
3

216
h3 ∥y′′′′(x)∥∞

h2

12
∥y′′′′(x)∥∞

1
2
h ∥y′′′′(x)∥∞

Ó öié òàáëèöi ωi(y) = max
x̄, ¯̄x∈Ωi

|y(x̄)− y(¯̄x)| � êîëèâàííÿ ôóíêöi¨ y(x) â îáëàñòi Ωi,

ω(y) = max
i

ωi(y), à Rr � âåëè÷èíè o
(
h4−r

)
, (r = 0, 1, 2, 3) ôîðìóëè (8). Î÷åâèäíî,

ω(y(r)) ⊆ ω(y(r)([a, b])), äå ω(y(r)([a, b])) � iíòåðâàëüíå ðîçøèðåííÿ ïîõiäíî¨ y(r)(x)
íà iíòåðâàëi [a, b].

Îäíàê òðàïëÿþòüñÿ âèïàäêè, êîëè âiäîìi ëèøå çíà÷åííÿ ôóíêöi¨ ó âóçëàõ
ñiòêè Ω. Òîäi íåâiäîìi çíà÷åííÿ ïîõiäíèõ ó âóçëàõ ñiòêè çàìiíþ¹ìî âiäïîâiäíèìè
ïîäiëåíèìè ðiçíèöÿìè ỹ(k)(x), ÿêi àïðîêñèìóþòü öi çíà÷åííÿ ç âèñîêîþ òî÷íiñòþ.
Ââàæàþ÷è ¨õ çíà÷åííÿìè ïîõiäíèõ ó âóçëàõ ñiòêè, áóäó¹ìî òàêèé ñïëàéí s∆(x), ùî
s∆(xi) = y(xi), s

′
∆(xi) = ỹ′(xi), i = 0, 1, ..., n. Äîâåäåíî [6], ùî åðìiòîâi êóái÷íi

ñïëàéíè s(x), s∆(x) i ¨õíi ïåðøi äâi ïîõiäíi íà iíòåðâàëi Xi = [xi, xt+1] îöiíþþòüñÿ
òàê:

|s∆(x)− s(x)| ≤ z (1− z) h max
j=i,i+1

|y′(xj)− ỹ′(xj)| ,

|s′∆(x)− s′(x)| ≤ ((1− z) |1− 3 z|+ z |2− 3 z|) max
j=i,i+1

|y′(xj)− ỹ′(xj)| ,

|s′′∆(x)− s′′(x)| ≤ |6 z − 4| |y′(xi)− ỹ′(xi)| /hi + |2− 6 z| |y′(xi+1)− ỹ′(xi+1)| /hi.

Çà ïðèïóùåííÿì, ôóíêöiÿ y(x) òðè÷i íåïåðåðâíî äèôåðåíöiéîâíà, òîìó äëÿ íå¨
i ¨¨ ïîõiäíèõ íà êîæíîìó ïðîìiæêó Xi âèêîíóþòüñÿ iíòåðâàëüíi óìîâè Ëiïøèöÿ

ω(y(j)(Xi)) ≤ L
(j)
i ω(Xi), (j = 0, 1, 2, 3), äå L

(j)
i � êîíñòàíòè Ëiïøèöÿ. Îòæå,

âèêîíóþòüñÿ óìîâè òåîðåìè 3.6 ç [2]. Òîìó

W (y(j)(x), Xi) ⊆ y(j)(xi) + y(j+1)(Xi) (Xi − xi), (j = 0, 1, 2, 3),

äå W (y(j)(x), Xi) � îáëàñòü çíà÷åíü ôóíêöi¨ y
(j)(x) íà ïðîìiæêó Xi. Ñïëàéí s(x) íà

êîæíîìó ïðîìiæêó Xi. íåïåðåðâíî äèôåðåíöiéâíèé, òîìó äëÿ íüîãî i éîãî ïîõiäíî¨
íà êîæíîìó ïðîìiæêó Xi òàêîæ âèêîíóþòüñÿ iíòåðâàëüíi óìîâè Ëiïøèöÿ

ω(s(j)(Xi)) ≤ L̃
(j)
i ω(Xi), (j = 0, 1).
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Îòæå,

W (s(j)(x), Xi) ⊆ s(j)(xi) + s(j+1)(Xi) (Xi − xi), (j = 0, 1).

Îñêiëüêè s(xi) = y(xi), s′(xi) = y′(xi), i = 0, 1, ..., n, òî, âðàõîâóþ÷è
öi âêëþ÷åííÿ òà (8), iíòåðâàëüíi ðîçøèðåííÿ ïîõiäíèõ y(j)(Xi) íà ïðîìiæêàõ Xi

àïðîêñèìó¹ìî iíòåðâàëüíèìè ðîçøèðåííÿìè âiäïîâiäíèõ ïîõiäíèõ ñïëàéíà s(x) íà
òèõ ñàìèõ ïðîìiæêàõ. Äëÿ ïiäâèùåííÿ òî÷íîñòi iíòåðâàëüíå ðîçøèðåííÿ äðóãî¨
ïîõiäíî¨ ôóíêöi¨ y(x) íà ïðîìiæêó Xi = [xi−1, xi] ìîæíà çàìiíèòè iíòåðâàëüíèì
ðîçøèðåííÿì äðóãî¨ ïîõiäíî¨ ïîáóäîâàíîãî ñïëàéíà íà ïðîìiæêó [xi−2, xi]; òðåòüî¨
ïîõiäíî¨ öi¹¨ ôóíêöi¨ íà ïðîìiæêó Xi = [xi−1, xi] � iíòåðâàëüíèì ðîçøèðåííÿì
òðåòüî¨ ïîõiäíî¨ ñïëàéíà íà ïðîìiæêó [xi−3, xi]. Äîöiëüíiñòü òàêîãî ïiäõîäó ìà¹
óçãîäæóâàòèñÿ ç òî÷íiñòþ êâàäðàòóðíî¨ ôîðìóëè, ÿêó çàñòîñîâó¹ìî äëÿ âèäiëåííÿ
ãîëîâíî¨ ÷àñòèíè ôóíêöiîíàëà J(x), òîìó ùî â ïðîòèëåæíîìó âèïàäêó öå ïðèâîäèòü
äî ñóòò¹âîãî çðîñòàííÿ îáñÿãó îá÷èñëåíü. Îäíàê íà ïðîìiæêó [x0, x1] äëÿ äðóãî¨
ïîõiäíî¨, òà íà ïðîìiæêó [x1, x2] äëÿ òðåòüî¨ ïîõiäíî¨ âñå æ òðåáà çàñòîñîâóâàòè
ïîïåðåäíþ ìåòîäèêó. Çàóâàæèìî, ùî ñïëàéí s(x) ìîæíà åôåêòèâíî ïîáóäóâàòè,
ââàæàþ÷è íåâiäîìèìè çíà÷åííÿ s′′(x) ó âóçëàõ ñiòêè [8].

Îñêiëüêè çàäà÷ó ìiíiìiçàöi¨ òàê îòðèìàíî¨ iíòåðâàëüíîçíà÷íî¨ ôóíêöi¨ ðîçâ'ÿçó-
¹ìî iíòåðâàëüíèìè ìåòîäàìè i òîìó íàì âiäîìi ëèøå iíòåðâàëè Xi òàêi, ùî xi ∈
Xi, (i = 1, · · · , n), òî íà ïiäñòàâi çíàéäåíîãî ñïëàéíà s(x) áóäó¹ìî âiäïîâiäíèé
iíòåðâàëüíèé ñïëàéí s̄(x) [5]. ßêùî âiäîìà îöiíêà íîðìè ∥y(x)∥p,∞, òî äàëi áóäó¹ìî

òàêó iíòåðâàëüíó ôóíêöiþ r̄j(x), ùî y(j)(x) ∈s̄(j)(x)+r̄j(x). Äëÿ öüîãî âèêîðèñòîâó-
¹ìî âèñíîâîê òåîðåìè 1.

Òåîðåìà 1 [4]. Íåõàé y ∈ W p
∞[a, b], 1 ≤ p ≤ n + 1, i ñïëàéí s ∈ Sk

n iíòåðïîëþ¹

ôóíêöiþ y i ¨¨ ïîõiäíi äî k − 1 ïîðÿäêó, âêëþ÷íî. Òîäi∥∥∂j(y(x)− s(x))
∥∥
∞ ≤ Kjh

p−j ∥y(x)∥p,∞ ,

äå Kj � êîíñòàíòè, ÿêi íå çàëåæàòü âiä y(x)i h.

Íà ïiäñòàâi öi¹¨ òåîðåìè òà òåîðåìè âêëàäåííÿ ç W p
2 ó L∞ äîâåäåíî [5], ùî

r̄j(x) = [−1, 1] min{Kjh
p−j ∥y(x)∥p,∞ , Kkh

p−k ∥y(x)∥p,2 (x− xi)
k−j/(k − j)!}

äëÿ âñÿêîãî x ∈ [xi, xi+1], i = 0, 1, · · · , n − 1. Îòæå, òàê ïîáóäîâàíî ñìóãè, ÿêi
ìiñòÿòü çíà÷åííÿ j-¨ ïîõiäíî¨ ôóíêöi¨ y(x).

ßêùî çàëèøêîâèé ÷ëåí êâàäðàòóðíî¨ ôîðìóëè ìiñòèòü ïîõiäíi ôóíêöi¨ y(x)
âèùèõ ïîðÿäêiâ ó ïåâíèõ ïðîìiæíèõ òî÷êàõ, òî àíàëîãi÷íî áóäó¹ìî i çàñòîñîâó¹ìî
ñïëàéíè âèùèõ ñòåïåíiâ.

3.3. Çâåäåííÿ âàðiàöiéíî¨ çàäà÷i äî çàäà÷i ìiíiìiçàöi¨ ií-

òåðâàëüíîçíà÷íî¨ ôóíêöi¨

Äëÿ ðîçâ'ÿçóâàííÿ âàðiàöiéíî¨ çàäà÷i (3)�(4) çàïðîïîíîâàíèìè âèùå ìåòîäàìè
iíòåðâàëüíîãî àíàëiçó ïîòðiáíî áóäóâàòè ñïëàéí, ñòåïiíü ÿêîãî âèçíà÷à¹òüñÿ ïî-
ðÿäêîì ñòàðøî¨ ïîõiäíî¨ ôóíêöi¨ y(x), ùî âõîäèòü ó çàëèøêîâèé ÷ëåí âiäïîâiäíî¨
êâàäðàòóðíî¨ ôîðìóëè. Ç îãëÿäó íà öå äîöiëüíî âèêîðèñòîâóâàòè êâàäðàòóðíi
ôîðìóëè ïðÿìîêóòíèêiâ, àáî òðàïåöié, ùî ïîòðåáó¹ ïîáóäîâè êóái÷íèõ ñïëàéíiâ.
Öå ñóòò¹âî ñïðîùó¹ âèãëÿä ôóíêöi¨, ÿêó ïîòðiáíî ìiíiìiçóâàòè, òà çìåíøó¹ îáñÿã
îá÷èñëåíü.
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Íåõàé F (x) ¹ ïîçíà÷åííÿì ïiäiíòåãðàëüíî¨ ôóíêöi¨ ôóíêöiîíàëà

J(y(x)) =

b∫
a

f (x, y, y′) dx

ÿê ôóíêöi¨ àðãóìåíòó x. Òîäi, âèêîðèñòàâøè äåÿêó êâàäðàòóðíó ôîðìóëó, ïîñëi-
äîâíî îòðèìà¹ìî

J(y) =

b∫
a

F (x)dx =

b∫
a

f(x, y(x), y′(x)) dx =

n∑
i=0

ci F (xi) +Rn, (10)

äå xi � òî÷êè ðîçáèòòÿ ïðîìiæêó iíòåãðóâàííÿ; ci � êîíñòàíòè öi¹¨ êâàäðàòóðíî¨
ôîðìóëè; Rn = c̄n F

(k)(ξ), äå êîíñòàíòà c̄n òàêà, ùî lim
n→∞

c̄n = 0; ξ = a+ θ(b− a), äå

θ ∈ (a, b). ßêùî R̄n iíòåðâàëüíå îöiíþâàííÿ íà iíòåðâàëi [a, b] çàëèøêîâîãî ÷ëåíà
Rn, òî

b∫
a

F (x)dx ⊂
n∑

i=0

ci F (xi) + R̄n.

Íåõàé ôîðìóëà (10) ¹ êâàäðàòóðíîþ ôîðìóëîþ òðàïåöié, òîáòî, c0 = cn =
1, c1 = c2 = · · · = cn−1 = 2, h1 = h2 = · · · hn = h, xi = a + i h, i = 0, 1, · · · , n;

Rn = −h3

(
n∑

i=1

F ′′(ξi)

)
/12 =(b − a)3F ′′(η)/(12 n2), ξi ∈ (xi−1, xi), η ∈ [a, b].

Âðàõîâóþ÷è âèçíà÷åííÿ ôóíêöi¨ F (x), îòðèìà¹ìî:

F ′′(x) =
d

dx
fx

′
+

d

dx
(f ′

yy
′) +

d

dx
(f ′

y′y′′) =

= f ′′
xx + (f ′′

yx + f ′′
yyy

′)y′ + 2 f ′′
yy′y′y′′ + f ′

yy
′′ + (f ′′

xy′ + f ′′
y′y′y′′) y′′ + f ′

y′y′′ =

= f ′′
xx + (f ′′

yx + f ′′
yyy

′)y′ + (2 f ′′
yy′y′ + f ′

y + f ′′
xy′ + f ′′

y′y′y′′ + f ′
y′) y′′, (11)

äå

f ′
zi =

∂

∂zi
f(z1, z2, z3), f

′′
zizj =

∂2

∂zi∂zj
f(z1, z2, z3), (i, j = 1, 2, 3).

Îá÷èñëèìî iíòåðâàëüíi ðîçøèðåííÿ ïîõiäíèõ y
(j)
i (x), (j = 1, 2, 3) íà êîæíîìó

iíòåðâàëi Xi çãiäíî ç ìåòîäèêîþ, ÿêà îïèñàíà â ïiäïóíêòi 3.2. Iíòåðâàëüíå îöiíþâàí-

íÿ çàëèøêîâîãî ÷ëåíà Rn âèêîíó¹òüñÿ çà ôîðìóëîþ Rn = −h3

(
n∑

i=1

F ′′(ξi)

)
/12,

òîìó ùî iíòåðâàëüíå îöiíþâàííÿ íà âñüîìó ïðîìiæêó [a, b] ¹ îá'¹äíàííÿì iíòåðâà-
ëüíèõ ðîçøèðåíü âiäïîâiäíèõ ôóíêöié íà âóçüêèõ iíòåðâàëàõ Xi, äå âiäõèëåííÿ ¨õ
âiä îáëàñòi çíà÷åíü W (F ′′, Xi) ôóíêöi¨ F ′′(x) íà ïðîìiæêó Xi íåçíà÷íå. Öå äà¹
çìîãó ìiíiìiçóâàòè iíòåðâàëüíå ðîçøèðåííÿ çàëèøêîâîãî ÷ëåíà Rn. Ïiäñòàâèìî
ó (10) çàìiñòü ξi, y(ξi), y′(ξi), y′′(ξi), âiäïîâiäíî, iíòåðâàëè Xi, Si, S′

i, S′′
i , äå

Si, S′
i, S′′

i � iíòåðâàëüíi îöiíþâàííÿ íà iíòåðâàëàõ Xi ñïëàéíiâ s(x), s′(x), s′′(x),
i âñi äi¨ çàìiíèìî íà âiäïîâiäíi äi¨ íàä iíòåðâàëàìè. Ó ïiäñóìêó îòðèìà¹ìî òàêèé
iíòåðâàë R̄n, ùî Rn ⊆ R̄n. Îòæå, âðàõóâàâøè âèñíîâêè, îòðèìàíi â ïiäïóíêòi 3.2,
ìà¹ìî òàêó òåîðåìó.
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Òåîðåìà 2. ßêùî ðîçâ'ÿçîê y(x) çàäà÷i (3)�(4) òðè÷i íåïåðåðâíî äèôåðåíöi-

éîâíèé íà ïðîìiæêó [a, b], òî y(xi) ⊆ Yi, äå Yi (i = 0, 1, ..., n) � iíòåðâàëüíèé

ðîçâ'ÿçîê íà ó òî÷öi xiçàäà÷i

n∑
i=0

ci f(xi, Yi, S
′
i) + R̄i → min . (12)

Òóò S′
i � iíòåðâàëüíi ðîçøèðåííÿ ó âóçëàõ êâàäðàòóðíî¨ ôîðìóëè ïîõiäíî¨ ñïëàéíà,

ïîáóäîâàíîãî çà ôîðìóëàìè (9); R̄n � iíòåðâàëüíå îöiíþâàííÿ çàëèøêîâîãî ÷ëåíà
Rn, îòðèìàíå ç âèêîðèñòàííÿì iíòåðâàëüíèõ ðîçøèðåíü ñïëàéíiâ s(x), s′(x), s′′(x)
çà ìåòîäèêîþ, îïèñàíîþ âèùå.

Çàäà÷ó (12) ðîçâ'ÿçó¹ìî âiäïîâiäíèìè iíòåðâàëüíèìè ìåòîäàìè ìiíiìiçàöi¨.
Çàóâàæåííÿ 1. Âèñíîâêè òåîðåìè 3 äàþòü çìîãó ìîäèôiêóâàòè çàïðîïîíîâàíèé

àëãîðèòì.
Òåîðåìà 3 [12]. Íåõàé âiäîáðàæåííÿ F : D ⊂ Rn → Rm (k+1)� ðàç íåïåðåðâíî

äèôåðåíöiéîâíå çà Ôðåøå â îêîëi D0 ⊂ D äåÿêî¨ òî÷êè x; âñi ÷àñòèííi ïîõiäíi

(k+1)-ãî ïîðÿäêó âñiõ éîãî êîìïîíåíò fi, (i = 1, n) íå äîðiâíþþòü òîòîæíî íóëþ

i íå âèêîíó¹òüñÿ õî÷à á îäíà ç ðiâíîñòåé fi(0) = 0, f ′
i(0) = 0, · · · , f

(k−1)
i (0) = 0.

Òîäi, ÿêùî x+∆ ∈ D0, òî

lim θ(k)
∆→0

=
1

k + 1
, (13)

äå x+ θ(k) ∆, (0 < θ(k) < 1) ïðîìiæíà òî÷êà çàëèøêîâîãî ÷ëåíà ó ôîðìóëi Òåéëîðà

ðîçêëàäó öüîãî âiäîáðàæåííÿ â îêîëi òî÷êè x.
Ñïðàâäi, îñêiëüêè øèðèíè iíòåðâàëiâ Xi ìàëi, òî ó äðóãié ïîõiäíié çàëèøêîâîãî

÷ëåíà Rn = −h3 (
∑n

i=1 F
′′(ξi)) /12 ïðîìiæíi òî÷êè ξi ó öèõ iíòåðâàëàõ, çãiäíî ç

òåîðåìîþ 3, ïðèéìåìî ðiâíèìè ξi = xi−1 + 1
3 (xi − xi−1). Âíàñëiäîê öüîãî çàäà÷à

(12) ñòà¹ çàäà÷åþ ìiíiìiçàöi¨ ÷èñëîâî¨ ôóíêöi¨ áàãàòüîõ çìiííèõ ïðè óìîâàõ (4).
Ïîáóäóâàâøè iíòåðâàëüíå ðîçøèðåííÿ çàëèøêîâîãî ÷ëåíà Rn íà iíòåðâàëàõ

Ξi = xi−1 + 1
3 [xi−1, xi], îòðèìó¹ìî iíøó ìîäèôiêàöiþ öüîãî ìåòîäó. Àíàëîãi÷íî

ìîäèôiêó¹ìî ìåòîä i ïðè çàñòîñóâàííi êâàäðàòóðíèõ ôîðìóë âèùèõ ïîðÿäêiâ òî÷-
íîñòi.

3.4. Iíòåðâàëüíi ìåòîäè äëÿ ðîçâ'ÿçóâàííÿ âàðiàöiéíèõ

çàäà÷ ç óìîâàìè, ÿêi ïîòðåáóþòü óçãîäæåíîãî ðîç-

â'ÿçóâàííÿ îïòèìiçàöiéíèõ çàäà÷

Íåõàé ïîòðiáíî çíàéòè òàêó ôóíêöiþ g(x), çà ÿêî¨ ôóíêöiîíàë

I =

b∫
a

G(x, g, z) dx (14)

íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ, äå

z(x) =

x∫
a

g(τ) dτ, (15)

g(a) = g0, z(b) = z0, (16)
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ïðè÷îìó äëÿ âiäîìèõ ôóíêöié t̄i(x, g, z), (i = 1, m) îäíî÷àñíî ïîòðiáíî çíàéòè
òàêå íàéìåíøå b, çà ÿêîãî

t̄i(x, g, z) ≤ Ki, (i = 1, m) (17)

äëÿ âñiõ x ∈ [a, b].
Óìîâè âèãëÿäó (15) ÷àñòî òðàïëÿþòüñÿ â áàãàòüîõ çàäà÷àõ íàóêè i òåõíiêè.

Ôîðìàëüíî çàäà÷ó (14)�(16) ìîæíà ðîçãëÿäàòè ÿê íàéïðîñòiøó çàäà÷ó âàðiàöiéíîãî
÷èñëåííÿ äëÿ äâîõ íåâiäîìèõ ôóíêöié g(x), z(x), ÿêi îäíàê ¹ çàëåæíèìè (ñïiââiäíî-
øåííÿ (15)); íåâiäîìi òàêîæ g(b) òà z(a). Â óìîâi (15) âåðõíÿ ìåæà iíòåãðàëà çìiííà,
òîìó ¨¨ íå ìîæíà ðîçãëÿäàòè ÿê äîäàòêîâó óìîâó ó âèãëÿäi ðiâíîñòi òà çàñòîñîâóâàòè
âiäïîâiäíî ìåòîä ìíîæíèêiâ Ëàãðàíæà. Íàÿâíiñòü óìîâè (17) ùå áiëüøå óñêëàäíþ¹
çàäà÷ó.

Íåõàé u(x) � ïåðâiñíà ôóíêöi¨ g(x). Òîäi y′(x)=u′(x)=g(x), òîìó çàäà÷à (14)�(16)
ç óðàõóâàííÿì çàìiíè

y(x) =

x∫
a

g(τ) dτ (18)

åêâiâàëåíòíà òàêié çàäà÷i âàðiàöiéíîãî ÷èñëåííÿ. Ïîòðiáíî çíàéòè ôóíêöiþ y(x), çà
ÿêî¨ ôóíêöiîíàë

I =

b∫
a

F (x, y, y′) dx (19)

íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ, ÿêùî

y′(a) = g0, y(b) = z0. (20)

Òóò
F (x, y, y′) = G(x, g, z),

äå
y′(x) = g(x), y(x) = z(x).

Äëÿ çíàõîäæåííÿ y(x) òðåáà ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ Åéëåðà [6]

F ′
y − F ′′

y′′x − F ′′
y′′yy

′ − F ′′
y′′y′y′′ = 0. (21)

Ïîñòiéíi iíòåãðóâàííÿ âèçíà÷à¹ìî ç óìîâ (20).
Äàëi ðîçãëÿäà¹ìî I òà y ÿê ôóíêöi¨ âåðõíüî¨ ìåæi b, òîáòî I = I(b), y(x) = y(x, b).

Ôóíêöiÿ I = I(b) íå ìîíîòîííà. Ïiñëÿ ïiäñòàâëåííÿ y òà y′ ó íåðiâíîñòi

ti(x, y, y
′) ≤ Ki, (i = 1, m), (22)

äå
ti(x, y, y

′) ≤ t̄i(x, g, z), (i = 1, m),

(òóò y(x) = z(x), y′(x) = g(x)), îòðèìó¹ìî íåðiâíîñòi

fi(x, b) ≤ Ki, (i = 1, m). (23)



ÑåíüîÏ., Ìåëüíè÷èíÀ.

184 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2021. Âèï. 29

Ìiíiìiçóþ÷è ôóíêöiîíàë I=I(b) ïî b, îòðèìà¹ìî íóëüîâå íàáëèæåííÿ äî ðîçâ'ÿçêiâ
íåðiâíîñòåé (23), ÿêi ïîòðiáíî ðîçâ'ÿçàòè ùîäî b ïðè âñiõ x ∈ [a, b]. Îáèäâi öi
äîïîìiæíi çàäà÷i ìîæíà ðîçâ'ÿçàòè, îöiíþþ÷è iíòåðâàëüíi ðîçøèðåííÿ ôóíêöié
I(b), fi(x, b), ÿê çàïðîïîíîâàíî ó ïiäðîçäiëi 3.3. Ïðè i > 1 ÷àñòî ïîïåðåäíüî
òðåáà â (23) âèêîíàòè óñåðåäíåííÿ. ßêùî æ çàäà÷ó (19)�(20) ðîçâ'ÿçó¹ìî ïðÿìèìè
ìåòîäàìè, òî íåðiâíîñòi âèãëÿäó (23) íàáóâàþòü íàáàãàòî ïðîñòiøîãî âèãëÿäó, àëå
òàê îòðèìó¹ìî ëèøå íàáëèæåíèé ðîçâ'ÿçîê.

Íàïðèêëàä, ðîçãëÿíåìî êîíòàêòíó çàäà÷ó òåðìîïðóæíîñòi ç âðàõóâàííÿì òåïëî-
óòâîðåííÿ ïðè òåïëîâîìó êîíòàêòi òië ç ïðàöi [3].

Ïðèêëàä. Äâà ïiäïðîñòîðè 1 òà 2 ñòèñêàþòüñÿ ðîçïîäiëåíîþ ñèëîþ q(τ) i
ïiäïðîñòið 1 êîâçà¹ çi øâèäêiñòþ ν(τ) ïî ïiâïðîñòîðó 2. Òðåáà çíàéòè çàêîí
ðîçïîäiëó ñòèñêàëüíî¨ ñèëè, çà ÿêîãî ñïðàöþâàííÿ áóäå ìiíiìàëüíèì, òåìïåðàòóðà
íà ìåæi ïiâïðîñòîðiâ íå ïåðåâèùèòü çàäàíèõ êðèòè÷íèõ çíà÷åíü, ïðîöåñ ãàëüìóâàí-
íÿ âiäáóäåòüñÿ çà íàéìåíøèé ÷àñ.

Íåõàé T � ÷àñ, ïðîòÿãîì ÿêîãî ðóõ ïðèïèíèòüñÿ. Òðåáà çíàéòè òàêó ôóíêöiþ
q(τ), çà ÿêî¨ ôóíêöiîíàë

I =

T∫
0

ν(τ) (K1 +K2 t (τ, q(τ), ν(τ))) q(τ) dτ (24)

íàáóâà¹ íàéìåíøîãî çíà÷åííÿ, äå

ν(τ) = ν0 −
f

m

τ∫
0

q(x) dx, (25)

q(0) = 0, ν(T ) = 0, (26)

t(τ, q(τ), ν(τ)) = c ν(τ) q(τ) p(τ),

îáìåæåííÿ íà êðèòè÷íó òåìïåðàòóðó

ti(τ, q(τ), ν(τ)) ≤ K̄i, (i = 1, 2), (27)

p(τ) � âiäîìà ôóíêöiÿ òà c, K1, K2, K̄1, K̄2, m, ν0 � âiäîìi êîíñòàíòè [3].
Íåõàé

y(x) =

x∫
0

q(τ) dτ,

òà y′(x) = q(x). Ôóíêöiîíàë (24) çàïèøåìî òàê:

I =

T∫
0

(
ν0 −

f

m
y(x)

)
(K1 +K2 c y

′(x))

(
ν0

f

m
y(x)

)
p(x) y′(x) dx.

Ðiâíÿííÿ Åéëåðà (21) íàáóâà¹ òàêîãî âèãëÿäó:

(a1 y
2 − a2 y + a3)

′ y′ p′(τ) + 2 (a1 y
2 − a2 y + a3) (y

′ p(τ))′ = 0, (28)
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äå a1, a2, a3 âiäïîâiäíi êîíñòàíòè. Âðàõóâàâøè ìåõàíi÷íó ñóòü çàäà÷i, ðiâíÿííÿ
(28) íàáóâà¹ òàêîãî âèãëÿäó:(

ln

(√
K2 c

(
f

m
y − ν0

)))′

(ln p(τ))′ + (ln (y′ p(τ)))′ = 0. (29)

Ðîçâ'ÿçó¹ìî öå äèôåðåíöiàëüíå ðiâíÿííÿ. Ó öüîìó âèïàäêó ñòàëi iíòåãðóâàííÿ
âèçíà÷à¹ìî ç óìîâ (26). Äàëi ðîçãëÿäà¹ìî I òà y ÿê ôóíêöi¨ âåðõíüî¨ ìåæi T , òîáòî
I = I(T ), y = y(x, T ). Ôóíêöiÿ I = I(T ) íå ìîíîòîííà. Ïiñëÿ ïiäñòàâëåííÿ y òà y′

ó íåðiâíîñòi ti(x, y, y
′) ≤ K̄i (i = 1, 2) îòðèìà¹ìî íåðiâíîñòi fi(x, b) ≤ K̄i (i = 1, 2).

Ìiíiìiçóâàâøè ôóíêöiîíàë I = I(T ) ïî T , îäåðæèìî íóëüîâå íàáëèæåííÿ äî
ðîçâ'ÿçêiâ öèõ íåðiâíîñòåé, ÿêi ïîòðiáíî ðîçâ'ÿçàòè ùîäî T ïðè âñiõ x ∈ [0, T ].

Îäíàê ðiâíÿííÿ Åéëåðà (29) ÷àñòî àíàëiòè÷íî ðîçâ'ÿçàòè íåìîæëèâî. Â òàêîìó
âèïàäêó çàäà÷ó (24) � (26) ðîçâ'ÿçó¹ìî çà ìåòîäèêîþ, ÿêà îïèñàíà â ïóíêòi 3.1,
ðîçáèâøè ïîïåðåäíüî âèáðàíèé iíòåðâàë [0, T ] íà iíòåðâàëè Ti, (i = 0, n; [0, T ] =⋃n

i=0 Ti). Îòæå, çà óìîâ

y(T ) =
m

f
v0, y

′(0) = 0

ðîçâ'ÿçó¹ìî òàêó çàäà÷ó:

n∑
i=0

ci (v0 −
f

m
Yi) (K1 +K2 c S′

i (v0 −
f

m
Yi) pi) S

′
i + R̄n → min, (30)

äå pi = p(τi); Yi, S
′
i, R̄n � iíòåðâàëüíi ðîçøèðåííÿ ðîçâ'ÿçêó, ïîõiäíî¨ ñïëàéíà s(t) ó

òî÷êàõ τi ∈ [0, T ] òà çàëèøêîâîãî ÷ëåíà êâàäðàòóðíî¨ ôîðìóëè.
Ïåðåâiðÿ¹ìî âèêîíàííÿ îáìåæåíü ti(τ, q(τ), v(τ)) ≤ K̄i (i = 1, 2). ßêùî öi óìîâè

íå âèêîíóþòüñÿ, òî T çáiëüøó¹ìî i ïðîöåñ ïîâòîðþ¹ìî äî ïåðøîãî âèêîíàííÿ öèõ
îáìåæåíü.
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This paper, based on the analysis of direct methods for solving variational problems,
shows the relevance of developing methods for constructing two-sided approximations,
which de�nitely contain the solutions of such problems. In it there is the solution of a
variational problem by methods of interval analysis using quadrature formulas is based on
reducing this problem to the problem of minimizing the corresponding interval-valued func-
tion of many variables by constructing rather narrow interval extensions [2] of the desired
function and its derivatives between adjacent quadrature nodes and its residual term. For
this purpose, the methods of spline functions were used [6].

The two-sided approximation [9] of the solution of the variational problem is obtained
by solving its interval analogue. To construct this interval analogue, the corresponding
interval Hermitian splines of the third degree and the interval expansion of the residual
term of the quadrature formula were used. The expediency of such an approach should be
consistent with the accuracy of the quadrature formula, which is used to highlight the main
part of the functional of the variational problem, because otherwise it leads to a signi�cant
increase in the amount of calculations. The interval analogue of this variational problem is
solved by methods of minimization of the corresponding interval-valued function of many
variables.

The proposed algorithm is modi�ed according to the conclusions of Theorem from the
[12] on the dynamics of intermediate points of the residual term of Taylor's formula when
compressed to the point of the interval of the decomposition of the function.

There are constructed interval methods of localization of functional uncertainties in
solving variational problems with conditions that require synchronous solution of opti-
mization problems. The contact problem of thermoelasticity is solved taking into account
heat generation at thermal contact of bodies. There is found the law of distribution of
compressive force, at which the operation will be minimal, the temperature at the bound-
ary of the half-spaces will not exceed the set critical values, the braking process will take
place in the shortest time.

Key words: interval, interval extension of a function, direct methods, two-sided approxi-
mation, spline, interval spline.


