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3anponoHOBAHO if1ef0 MOOYI0BYU JABOKPOKOBUX METOJIB Ajs MiHiMizarii dyHkIii 6ara-
ThOX 3MiHHUX. [l0Oyg0BaHO OxMH y3arajbHEHUH MeTOJ i JBa KOMOIHOBAHMX METO.H,
AKI I'DYHTYIOTbCA Ha BiOMHX MeTomax MiHimizanil ¢ymkniii. BukoHano teoperuydne
JOCJII/PKeHHsT 3aIPOIOHOBAHUX ajropurTMmiB. Takoxk moBemeHo, sk BuOIp KOHKDPETHOIO
AJITOPUTMY BIUIMBAE HA MIBUAKICTH 361>KHOCTI.

Karouosi caosa: meron HeroTona, pizuunesuit meron, mogisena pizuurs, merog Credden-
ceHa.

1. Bcrym

Po3p’sa3yroun peanbHi 331249l MPAKTUKN, HATPAILIAEMO HA 33a4a MiHimizamii dhyHK-
1iif 6ararhbOX 3MIHHWX. JHANUTH TOYHWN PO3B’I30K 33a9 HA EKCTPEMYM BIAETHCS TyKe
pinko. HasBHicTh 009MCIIOBAIBHOI TEXHIKK [1aj1d 3MOrY JIOCUTHb €(DEKTUBHO 3HAXOIUTH
HabOJIMKEH] PO3B’S3KM TaKMX 3a/ad i3 Hamepen 3agaHoto toddicrio. Croromsi ichye
HHU3Ka AJTOPUTMIB, IKa JOMOMAra€ BUOPATH e(pEeKTUBHUN aJITOPUTM i PO3B’A3yBaHHS
rakux 3ama4 [1,3,4]. Ile 3a3euuaii irepariiini Meronn. IcHyBaHHS 3HAYHOI KiabKOCTI
METOMIB PO3B’A3yBaHHs 337a4 MiHiMizaril GyHKII# 6araTbox 3MiHHUX CBiIYUTH PO TE,
10 HE iCHY€ YHIBEPCAJBHOIO AJTOPUTMY i fK 3BUYANHO MOOYAyBaTH TAKUN AJITOPUTM
HEMOXKJIUBO. Mu po3riisinyJin HOBUIA 1iaxin 10 100y 0B KOMOIHOBAHUX aJIropuTMis [2],
IO 7A€ 3MOT'Y MIOCTiM:KyBAaTH HOBI aJarOpuTMH, #AKi edexkTuBHimm 3a 06a30Bi, B ceHci
KiIbKOCTI O69nc/ieHnb. Y MOBIAOMJIEHH] 1OOY/I0BAHO KJIaC JBOKPOKOBHX AJTOPUTMIB JIjIs
pO3B’sa3yBaHHs 33424 MiHiMizamii GpyHKINT 6araTbox 3MiHHUX.

2. ®OPMYJIIOBAHHST 3AJAYI

Pozrnsgnemo 3amaay 6e3ymoBHOl Minimizaril

f(x) — min,
r e R".

(1)

BarasbHOBIIOMEMEU MeTOLaMu PO3B’sa3yBanHs 3aza4i (1) € rpaiienTHuUil MeTom, MeTo[
Hbiorona ra ixui moumudikauii [1,2]. Mu posriszHemo HoBy izero 1obynoBu MeToiiB
po3B’a3yBanus 3ama4i (1), a came

ug = ®(zg);
Tpp1 = ok — f (2, un) L (2); (2)
k=0,1,..,
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e ®(z) omeparop, AKuii 33J0BOJIHHSIE YMOBY

[@(z) —2*|| < K |lz —2*|"
T €1,2],

f'(x,u) - noginena pizawuma BekTop-byukmii f/(x) [5].

3. OBI'PYHTYBAHHS 3BIKHOCTI METOIY (2)
Teopema 1. Hexaif BHKOHYIOTHCS YMOBH:

1) f(x) € CY(D), me D ={x € R", f(z) < f(x0)};

2) f"(@,y) = f'(@, 2)|| < Mlly — || st peix x,y, 2 € D;

3) icaye f'(z,y)" !, a Takox Hf’(m,y)_lH < B s Bcix x,y € D;

4) mrsa Beix x € D ¢ynknis ©(x) 3a10B0aBHSIE YMOBY
|®(x) —2z*|| < K ||z —z*||", 7 € [1,2],K-1esaka koncranra, mo 0 < K < oo;

5) nouyarkose HaBJIIDKEHHS To 3a,[0B0JbHsAe yMoBy " = BMK |lzo — z*||” < 1.

Toni copaBIKy€EThCS OIIIHKA
k_
|zp — ¥ < ¢V 7w — 2*|, k= 0,1, ..., (4)

Je ¢ - po3s’si30ok 3a1a4i(1).
Josedenns. Hexait orpumanu xy. Toxi, Bpaxosytoun ymosy f'(z*) = 0, onep:kumo

@ri1 — 2| = [Jor — 2% — f/ (2, ue) "' (21)]] <

S|\ @rywr) M| 1 (s wne) (e — %) = (k) + £/ (2%)]| <
< BI|(f (@p, ur) = [ (g, 2") (@ — 2*)| < BMK [log — 27|77
Bacrocyemo mMeros MaremMaTudHol iHayKiil. s k = 0 maemo
lz1 — 2% < BMK [[wg — 2" |7 = q" [|lzo — 2| = ¢ " [|lag — 27| .
Hexaii s gesikoro k > 1 BUKOHY€THCS HEPIBHICTH
o — 2 < g7 g — 27
Toui
||J3k+1 _ x*|| < BMK ||$k . x*”1+r < BMKq((HT)’tl)(HT) on . x*||1+T <
< ¢ g — .

Orike, BUKOHYETHCS OLiHKA (4). O
IMikaBumui y 1bOMy BUIIAJKY € KOHKpETHI BapianTu oneparopa @ ().
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4. TIEPILINIT BUBIP OIIEPATOPA ®(x)

Posrngaremo Bumagok, Kon i OOYMCIEHHS U, BHKOPHCTAHO T'PAJIEHTHHUIE METO..
Toni orpuMmaemMo Takuii aIrOPUTM:

ug =z, — ag f'(xr);
Tpgr =z — f(xr,ue) " f (k); (5)
k=0,1,....

s (5) Mae BUKOHYBATHCS TaKe:

2
flur) = fax) < —ean || f (2]
e € (0;1).
Y 1npoMy BHUIAAKY IIiJ 9aC BUKOHAHHS BiIIMOBIHUX YMOB MA€ CIPABIKYETHCSA OITIHKA
ue — 2% < C'lla, — 2™, (6)

ne C < 1.
Teopema 2. Hexaif BHKOHYIOTHCA YMOBH:

1) f(z) € CY(D), ne D = {z € R", f(x) < f(z0)};
2) 1" (@,y) = f'(z,2)|| < Mlly — 2| ana Beix z,y, 2 € D;
3) icaye f'(z,y)" !, a Takox Hf’(m,y)_ln < B s BCix x,y € D;
4) s Beix x,y € D ¢ynknia f(z) cuapHO omykia i
plle=yl® < (f'(2) = f'(y), 2 —y) < Lle—y|*;
5) moYaTkoBe HAOGIZKEHHS X 38/JOBOJBHSAE YMOBY
q= BMC ||z — x*|| < 1, ge C-pesaxa xoucranra, raka mo C € (1 — £,1).
Tomi copaBIKY€ETHCS OIIHKA

k
log — 2| <! lxo — 2",k =0,1,..., (7

Je x* - po3B’s30K 3aa4i(1).
Jlosederns. AHanoriyHo 10 mOIEPEIHbOI TEOPEMHU, MU OTPUMAEMO

lonss —2° = |2k — 2% — /(o) (@) | < BM Jlug — 27|z — 27
Buxopucrasmu oninky (6), MOYKeMO 3anucaru
ks — 27l < BMC ay — 2.

3acToCyEMO METOM, MaTeMaTUIHOl 1HIyKIIl.
Insg k = 0 marumemo

17
ey — %] < BMC |leg — 2| < g lo — 27| = ¢~ o — 7.
Hexaii a1 k > 1 BUKOHYETHCS OLIHKA

.
ok — 2| < ¢* 7 [lao — 2™
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Tomi
k+1_ k+1_
|lzk1 — 2% < BMC |lag — 27||* < BMCq> 7 [lwg — ™| < ¢* " [lwo — 2*].

Orxe, BuKOHY€eThCs onjnka (7). O
IMocninosnicrs {zk},k = 0,1, ... KBagpaTudHo 30ira€Tbea 40 PO3B’a3Ky 3aga4i. MoxkHa
3ayBayKUTH, 10 aaroputM (5) 3a CBOEIO cTpyKTypoio Haramye meron Creddencena. B
HaCTYITHOMY aJropuTMi BUOIp APYyroi TOYKM /Jisi TTOOY/IOBM MATPHII MMOMIIJIEHUX Pi3HUIb
BHU3HAYAEMO ANITOPATMOM, IO ABTOMATHYIHO BPAXOBYE HAONMKEHHST MOCTimOBHOCTI {2y }
10 po3B’sa3ky x*. KinpkicTh obumcaeHb Ha KOXKHIiM iTeparfil IpakKTUIHO eKBiBaJeHTHI,
a 3HAMEHHHUK 30i?KHOCTI JjisT 3aIIPOIIOHOBAHOIO AJTOPUTMY MEHINWH HiK BiAMOBIAHUI y
meromi Creddencena.

5. JIpyruil BUBIP OIIEPATOPA O(z)

Posrisaemo mie oqun BapianT mMerony (2), a came
up = — [ (e, wn — af (@) (@n);
T = T — [ (g, ) " f (20); (8)

k=0,1,...

Teopema 3. Hexaif BHKOHYIOTHCS YMOBH:

1) f(z) € CY(D), ne D = {z € R", f(z) < f(zo)};

2) f"(@,y) = f'(@, 2)|| < Mally — 2| At Beix @y, z € D;

3) icaye f'(z,y)" !, a Takox Hf’(m,y)_lH < B s Bcix x,y € D;
4) || f' (@, y)ll < Mz gns seix z,y € D;

5) movarkoBe HAO/IMXKEHHS T( 3a/[0BOJILHSIE YMOBY

g = BM;i1+ aMs ||xg —x*|| < 1.

Toni copaBIKy€ETHCS OIIIHKA,
k_
o — | < ¢* Hlwo —2*|, k= 0,1,.., (9)

Je T - po3B’si30k 3aa4i(1).
Zlosederns. Y 1IbOMY BUMAIKY CIPABIKYETHCS

g — || < ||/ (@r mp — oof ()1 (F (wp, 2 — f ' (2n)) = [/ (@p, 7)) (2 — 27) || <
< BM |z — oof (w1) — a*|| lz, — 2% || < BMy(1+ aMy) ||z, — 27|
Orxke, Tenep MOXKHA 3aUCATH
[@pgr — 2% = |Jok — 2% — f/(@r,we) 7 F (@) || = ||/ (@r, we) 7] -
N (f (@, ur)) = f(@g, 7)) (@, —2¥)|| < BM [|lug, — 2*|| lag — 27| <
< (BM1)*(1+ o) [z — 27|

st moBeIeHHST TeOPEMH TAKOXK BHKOPHCTAEMO METOJ MATEMATHIHOL 1HTYKITil.
s k = 0 maemo

1
lzr — 2| < (BM1)*(1+ abs) |lzo — 2*|* < ¢° [|lzo —27|| = ¢ " ||z — 27|
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Hexait qy1g k > 1 BukoHy€eThCS
e — 2| < ¢ flwo — 2.
Tomi
i — 2| < (BMp)?(1+ aby) o — 2*° < (BM1)2(1+ aMa)g® " 3 ||lzg — 2| <

k41_
o

Teopema nosezena, oinka (9) BUKOHYETHCS. O
SayBaxkumo, o upu 7 = 1 injgekc epeKTUBHOCTI 3aIlIPOIIOHOBAHOI0 aJIlOPUTMY JOPIBHIOE
\3/?:, 10 € OLIBIUM HiXK IS KJIACUYIHOTO MeToay HbIOTOHA Ta pi3HUIEBOTO METOIY, MJIs
AKHUX 1HIeKC e(PeKTUBHOCTI TOPIiBHIOE V2. Skmio y (8) 3aminuTu crajuii BuGIp MHOKHUKA,
« Ha BUOIpP I[bOTO MHOXKHUKA, HA, KOKHOMY KPOIIl 3 YMOBU OJHOBUMIPHOI MiHiMi3aIlil, OCh
TAKOrO BUTTAMY ) = argmingf(zy — af’(zy)), me 1acTh 3MOry 3MEHIIUTH 3HAMEHHUK
36ixku0CTi MeTogy Creddencena, a TakoxK st 3aIPOIOHOBAHOIO HAME AJITOPUTMY.

6. BUCHOBOK

Orxke HABeIEHA METOAMKA MOOYIOBU METO/IIB [IJisi PO3B’A3yBaHHS 3a71a9i 0€3yMOBHOI
Mirimizarmii ¢yHKIN OaraTbox 3MIiHHAX i3 HAAKBAIPATHIHOIO IMIBUIKICTIO 30i2KHOCTI.
JloBeieHO TeopeMHu MPO MIBUAKICTH 3012KHOCTI y 3arajbHOMY BHIAJKY Ta Ipu BHOOPI
KOHKpeTHOro omeparopa P(x).
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Large number of descent methods are developed to solve the unconstrained minimiza-
tion problem. The most popular and investigated are descent methods. Among the classical
methods we distinguish gradient type methods. Quasi Newton methods. difference meth-
ods as one dimensional methods and methods which using second derivate matrix and
building on Newton base. To solve a task minimization function there are a number of
methods, these are methods of descent, the classical of which are gradient, Newtonian type
methods, difference methods, methods of Quasi-Newtonian type, various modifications of
the named methods, etc. The number of methods and their modifications is constantly
increasing. Unfortunately, there is no universal method for solving such problems. De-
pending on the characteristics of the function, the requirements for the final result, the
available computing power, etc., to solve a specific problem of minimization, choose one
or another method, which in our opinion will be effective in terms of the requirements
for the solution. We investigate and offer approach for building new class of methods for
solving unconstrained minimization problem. It bases on the fact than on each iteration
we can use information about calculated function’s value of function using one dimen-
sional method(especially gradient) and some other descent method (some of Newton type
method).

Key words: Newton’s method, divided difference, Steffensen’s method.



