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Çàïðîïîíîâàíî iäåþ ïîáóäîâè äâîêðîêîâèõ ìåòîäiâ äëÿ ìiíiìiçàöi¨ ôóíêöié áàãà-
òüîõ çìiííèõ. Ïîáóäîâàíî îäèí óçàãàëüíåíèé ìåòîä i äâà êîìáiíîâàíèõ ìåòîäè,
ÿêi  ðóíòóþòüñÿ íà âiäîìèõ ìåòîäàõ ìiíiìiçàöi¨ ôóíêöié. Âèêîíàíî òåîðåòè÷íå
äîñëiäæåííÿ çàïðîïîíîâàíèõ àëãîðèòìiâ. Òàêîæ äîâåäåíî, ÿê âèáið êîíêðåòíîãî
àëãîðèòìó âïëèâà¹ íà øâèäêiñòü çáiæíîñòi.

Êëþ÷îâi ñëîâà: ìåòîä Íüþòîíà, ðiçíèöåâèé ìåòîä, ïîäiëåíà ðiçíèöÿ, ìåòîä Ñòåôôåí-
ñåíà.

1. Âñòóï
Ðîçâ'ÿçóþ÷è ðåàëüíi çàäà÷i ïðàêòèêè, íàòðàïëÿ¹ìî íà çàäà÷à ìiíiìiçàöi¨ ôóíê-

öié áàãàòüîõ çìiííèõ. Çíàéòè òî÷íèé ðîçâ'ÿçîê çàäà÷ íà åêñòðåìóì âäà¹òüñÿ äóæå
ðiäêî. Íàÿâíiñòü îá÷èñëþâàëüíî¨ òåõíiêè äàëà çìîãó äîñèòü åôåêòèâíî çíàõîäèòè
íàáëèæåíi ðîçâ'ÿçêè òàêèõ çàäà÷ iç íàïåðåä çàäàíîþ òî÷íiñòþ. Ñüîãîäíi iñíó¹
íèçêà àëãîðèòìiâ, ÿêà äîïîìàãà¹ âèáðàòè åôåêòèâíèé àëãîðèòì äëÿ ðîçâ'ÿçóâàííÿ
òàêèõ çàäà÷ [1, 3, 4]. Öå çàçâè÷àé iòåðàöiéíi ìåòîäè. Iñíóâàííÿ çíà÷íî¨ êiëüêîñòi
ìåòîäiâ ðîçâ'ÿçóâàííÿ çàäà÷ ìiíiìiçàöi¨ ôóíêöié áàãàòüîõ çìiííèõ ñâiä÷èòü ïðî òå,
ùî íå iñíó¹ óíiâåðñàëüíîãî àëãîðèòìó i ÿê çâè÷àéíî ïîáóäóâàòè òàêèé àëãîðèòì
íåìîæëèâî. Ìè ðîçãëÿíóëè íîâèé ïiäõiä äî ïîáóäîâè êîìáiíîâàíèõ àëãîðèòìiâ [2],
ùî äà¹ çìîãó äîñëiäæóâàòè íîâi àëãîðèòìè, ÿêi åôåêòèâíiøi çà áàçîâi, â ñåíñi
êiëüêîñòi îá÷èñëåíü. Ó ïîâiäîìëåííi ïîáóäîâàíî êëàñ äâîêðîêîâèõ àëãîðèòìiâ äëÿ
ðîçâ'ÿçóâàííÿ çàäà÷ ìiíiìiçàöi¨ ôóíêöi¨ áàãàòüîõ çìiííèõ.

2. Ôîðìóëþâàííÿ çàäà÷i
Ðîçãëÿíåìî çàäà÷ó áåçóìîâíî¨ ìiíiìiçàöi¨

f(x) −→ min,

x ∈ Rn.
(1)

Çàãàëüíîâiäîìèìè ìåòîäàìè ðîçâ'ÿçóâàííÿ çàäà÷i (1) ¹ ãðàäi¹íòíèé ìåòîä, ìåòîä
Íüþòîíà òà ¨õíi ìîäèôiêàöi¨ [1, 2]. Ìè ðîçãëÿíåìî íîâó iäåþ ïîáóäîâè ìåòîäiâ
ðîçâ'ÿçóâàííÿ çàäà÷i (1), à ñàìå

uk = Φ(xk);

xk+1 = xk − f ′(xk, uk)
−1f ′(xk);

k = 0, 1, ...,

(2)
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äå Φ(x) îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ óìîâó

∥Φ(x)− x∗∥ ≤ K ∥x− x∗∥τ

τ ∈ [1, 2],
(3)

f ′(x, u) - ïîäiëåíà ðiçíèöÿ âåêòîð-ôóíêöi¨ f ′(x) [5].

3. Îá ðóíòóâàííÿ çáiæíîñòi ìåòîäó (2)

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)};

2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) iñíó¹ f ′(x, y)−1, à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

4) äëÿ âñiõ x ∈ D ôóíêöiÿ Φ(x) çàäîâîëüíÿ¹ óìîâó
∥Φ(x)− x∗∥ ≤ K ∥x− x∗∥τ , τ ∈ [1, 2],K-äåÿêà êîíñòàíòà, ùî 0 < K < ∞;

5) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó qτ = BMK ∥x0 − x∗∥τ < 1.

Òîäi ñïðàâäæó¹òüñÿ îöiíêà

∥xk − x∗∥ ≤ q(τ+1)k−1 ∥x0 − x∗∥ , k = 0, 1, ..., (4)

äå x∗ - ðîçâ'ÿçîê çàäà÷i(1).

Äîâåäåííÿ. Íåõàé îòðèìàëè xk. Òîäi, âðàõîâóþ÷è óìîâó f ′(x∗) = 0, îäåðæèìî

∥xk+1 − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ ≤

≤
∥∥f ′(xk, uk)

−1
∥∥ ∥f ′(xk, uk)(xk − x∗)− f ′(xk) + f ′(x∗)∥ ≤

≤ B ∥(f ′(xk, uk)− f ′(xk, x
∗))(xk − x∗)∥ ≤ BMK ∥xk − x∗∥1+τ

.

Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Äëÿ k = 0 ìà¹ìî

∥x1 − x∗∥ ≤ BMK ∥x0 − x∗∥1+τ
= qτ ∥x0 − x∗∥ = q(1+τ)1−1 ∥x0 − x∗∥ .

Íåõàé äëÿ äåÿêîãî k ≥ 1 âèêîíó¹òüñÿ íåðiâíiñòü

∥xk − x∗∥ ≤ q(τ+1)k−1 ∥x0 − x∗∥ .

Òîäi

∥xk+1 − x∗∥ ≤ BMK ∥xk − x∗∥1+τ ≤ BMKq((1+τ)k−1)(1+τ) ∥x0 − x∗∥1+τ ≤

≤ q(1+τ)k+1−1 ∥x0 − x∗∥ .

Îòæå, âèêîíó¹òüñÿ îöiíêà (4). �
Öiêàâèìèi ó öüîìó âèïàäêó ¹ êîíêðåòíi âàðiàíòè îïåðàòîðà Φ(x).



ÁàðòiøÌ., Êîâàëü÷óêÎ., ÎãîðîäíèêÍ.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2021. Âèï. 29 15

4. Ïåðøèé âèáið îïåðàòîðà Φ(x)
Ðîçãëÿíåìî âèïàäîê, êîëè äëÿ îá÷èñëåííÿ uk âèêîðèñòàíî ãðàäi¹íòíèé ìåòîä.

Òîäi îòðèìà¹ìî òàêèé àëãîðèòì:

uk = xk − αkf
′(xk);

xk+1 = xk − f ′(xk, uk)
−1f ′(xk);

k = 0, 1, ....

(5)

Äëÿ (5) ìà¹ âèêîíóâàòèñÿ òàêå:

f(uk)− f(xk) ≤ −ϵαk ∥f ′(xk)∥
2
;

ϵ ∈ (0; 1).

Ó öüîìó âèïàäêó ïiä ÷àñ âèêîíàííÿ âiäïîâiäíèõ óìîâ ìà¹ ñïðàâäæó¹òüñÿ îöiíêà

∥uk − x∗∥ ≤ C ∥xk − x∗∥ , (6)

äå C < 1.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:
1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)};
2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) iñíó¹ f ′(x, y)−1, à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

4) äëÿ âñiõ x, y ∈ D ôóíêöiÿ f(x) ñèëüíî îïóêëà i

µ ∥x− y∥2 ≤ (f ′(x)− f ′(y), x− y) ≤ L ∥x− y∥2 ;
5) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó

q = BMC ∥x0 − x∗∥ < 1, äå C-äåÿêà êîíñòàíòà, òàêà ùî C ∈ (1− µ
L , 1).

Òîäi ñïðàâäæó¹òüñÿ îöiíêà

∥xk − x∗∥ ≤ q2
k−1 ∥x0 − x∗∥ , k = 0, 1, ..., (7)

äå x∗ - ðîçâ'ÿçîê çàäà÷i(1).
Äîâåäåííÿ. Àíàëîãi÷íî äî ïîïåðåäíüî¨ òåîðåìè, ìè îòðèìà¹ìî

∥xk+1 − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ ≤ BM ∥uk − x∗∥ ∥xk − x∗∥ .

Âèêîðèñòàâøè îöiíêó (6), ìîæåìî çàïèñàòè

∥xk+1 − x∗∥ ≤ BMC ∥xk − x∗∥2 .

Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.
Äëÿ k = 0 ìàòèìåìî

∥x1 − x∗∥ ≤ BMC ∥x0 − x∗∥2 ≤ q ∥x0 − x∗∥ = q2
1−1 ∥x0 − x∗∥ .

Íåõàé äëÿ k ≥ 1 âèêîíó¹òüñÿ îöiíêà

∥xk − x∗∥ ≤ q2
k−1 ∥x0 − x∗∥ .
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Òîäi

∥xk+1 − x∗∥ ≤ BMC ∥xk − x∗∥2 ≤ BMCq2
k+1−2 ∥x0 − x∗∥2 ≤ q2

k+1−1 ∥x0 − x∗∥ .

Îòæå, âèêîíó¹òüñÿ îöiíêà (7). �
Ïîñëiäîâíiñòü {xk} , k = 0, 1, ... êâàäðàòè÷íî çáiãà¹òüñÿ äî ðîçâ'ÿçêó çàäà÷i. Ìîæíà
çàóâàæèòè, ùî àëãîðèòì (5) çà ñâî¹þ ñòðóêòóðîþ íàãàäó¹ ìåòîä Ñòåôôåíñåíà. Â
íàñòóïíîìó àëãîðèòìi âèáið äðóãî¨ òî÷êè äëÿ ïîáóäîâè ìàòðèöi ïîäiëåíèõ ðiçíèöü
âèçíà÷à¹ìî àëãîðèòìîì, ùî àâòîìàòè÷íî âðàõîâó¹ íàáëèæåííÿ ïîñëiäîâíîñòi {xk}
äî ðîçâ'ÿçêó x∗. Êiëüêiñòü îá÷èñëåíü íà êîæíié iòåðàöi¨ ïðàêòè÷íî åêâiâàëåíòíi,
à çíàìåííèê çáiæíîñòi äëÿ çàïðîïîíîâàíîãî àëãîðèòìó ìåíøèé íiæ âiäïîâiäíèé ó
ìåòîäi Ñòåôôåíñåíà.

5. Äðóãèé âèáið îïåðàòîðà Φ(x)
Ðîçãëÿíåìî ùå îäèí âàðiàíò ìåòîäó (2), à ñàìå

uk = xk − f ′(xk, xk − αf ′(xk))
−1f ′(xk);

xk+1 = xk − f ′(xk, uk)
−1f ′(xk);

k = 0, 1, ....

(8)

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè:
1) f(x) ∈ C1(D), äå D = {x ∈ Rn, f(x) ≤ f(x0)};
2) ∥f ′(x, y)− f ′(x, z)∥ ≤ M1∥y − z∥ äëÿ âñiõ x, y, z ∈ D;

3) iñíó¹ f ′(x, y)−1, à òàêîæ
∥∥f ′(x, y)−1

∥∥ ≤ B äëÿ âñiõ x, y ∈ D;

4) ∥f ′(x, y)∥ ≤ M2 äëÿ âñiõ x, y ∈ D;

5) ïî÷àòêîâå íàáëèæåííÿ x0 çàäîâîëüíÿ¹ óìîâó
q = BM1

√
1 + αM2 ∥x0 − x∗∥ < 1.

Òîäi ñïðàâäæó¹òüñÿ îöiíêà

∥xk − x∗∥ ≤ q3
k−1 ∥x0 − x∗∥ , k = 0, 1, ..., (9)

äå x∗ - ðîçâ'ÿçîê çàäà÷i(1).
Äîâåäåííÿ. Ó öüîìó âèïàäêó ñïðàâäæó¹òüñÿ

∥uk − x∗∥ ≤
∥∥f ′(xk, xk − αf ′(xk))

−1 (f ′(xk, xk − αf ′(xk))− f ′(xk, x
∗)) (xk − x∗)

∥∥ ≤

≤ BM1 ∥xk − αf ′(xk)− x∗∥ ∥xk − x∗∥ ≤ BM1(1 + αM2) ∥xk − x∗∥2 .

Îòæå, òåïåð ìîæíà çàïèñàòè

∥xk+1 − x∗∥ =
∥∥xk − x∗ − f ′(xk, uk)

−1f ′(xk))
∥∥ =

∥∥f ′(xk, uk)
−1

∥∥ ·
· ∥(f(xk, uk))− f(xk, x

∗))(xk − x∗)∥ ≤ BM1 ∥uk − x∗∥ ∥xk − x∗∥ ≤

≤ (BM1)
2(1 + αM2) ∥xk − x∗∥3 .

Äëÿ äîâåäåííÿ òåîðåìè òàêîæ âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.
Äëÿ k = 0 ìà¹ìî

∥x1 − x∗∥ ≤ (BM1)
2(1 + αM2) ∥x0 − x∗∥3 ≤ q2 ∥x0 − x∗∥ = q3

1−1 ∥x0 − x∗∥ .
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Íåõàé äëÿ k ≥ 1 âèêîíó¹òüñÿ

∥xk − x∗∥ ≤ q3
k−1 ∥x0 − x∗∥ .

Òîäi

∥xk+1 − x∗∥ ≤ (BM1)
2(1 + αM2) ∥xk − x∗∥3 ≤ (BM1)

2(1 + αM2)q
3k+1−3 ∥x0 − x∗∥3 ≤

≤ q3
k+1−1 ∥x0 − x∗∥ .

Òåîðåìà äîâåäåíà, îöiíêà (9) âèêîíó¹òüñÿ. �
Çàóâàæèìî, ùî ïðè n = 1 iíäåêñ åôåêòèâíîñòi çàïðîïîíîâàíîãî àëãîðèòìó äîðiâíþ¹
3
√
3, ùî ¹ áiëüøèì íiæ äëÿ êëàñè÷íîãî ìåòîäó Íüþòîíà òà ðiçíèöåâîãî ìåòîäó, äëÿ

ÿêèõ iíäåêñ åôåêòèâíîñòi äîðiâíþ¹
√
2. ßêùî ó (8) çàìiíèòè ñòàëèé âèáið ìíîæíèêà

α íà âèáið öüîãî ìíîæíèêà íà êîæíîìó êðîöi ç óìîâè îäíîâèìiðíî¨ ìiíiìiçàöi¨, îñü
òàêîãî âèãëÿäó αk = argminαf(xk − αf ′(xk)), öå äàñòü çìîãó çìåíøèòè çíàìåííèê
çáiæíîñòi ìåòîäó Ñòåôôåíñåíà, à òàêîæ äëÿ çàïðîïîíîâàíîãî íàìè àëãîðèòìó.

6. Âèñíîâîê
Îòæå íàâåäåíà ìåòîäèêà ïîáóäîâè ìåòîäiâ äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i áåçóìîâíî¨

ìiíiìiçàöi¨ ôóíêöié áàãàòüîõ çìiííèõ iç íàäêâàäðàòè÷íîþ øâèäêiñòþ çáiæíîñòi.
Äîâåäåíî òåîðåìè ïðî øâèäêiñòü çáiæíîñòi ó çàãàëüíîìó âèïàäêó òà ïðè âèáîði
êîíêðåòíîãî îïåðàòîðà Φ(x).
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Large number of descent methods are developed to solve the unconstrained minimiza-
tion problem. The most popular and investigated are descent methods. Among the classical
methods we distinguish gradient type methods. Quasi Newton methods. di�erence meth-
ods as one dimensional methods and methods which using second derivate matrix and
building on Newton base. To solve a task minimization function there are a number of
methods, these are methods of descent, the classical of which are gradient, Newtonian type
methods, di�erence methods, methods of Quasi-Newtonian type, various modi�cations of
the named methods, etc. The number of methods and their modi�cations is constantly
increasing. Unfortunately, there is no universal method for solving such problems. De-
pending on the characteristics of the function, the requirements for the �nal result, the
available computing power, etc., to solve a speci�c problem of minimization, choose one
or another method, which in our opinion will be e�ective in terms of the requirements
for the solution. We investigate and o�er approach for building new class of methods for
solving unconstrained minimization problem. It bases on the fact than on each iteration
we can use information about calculated function's value of function using one dimen-
sional method(especially gradient) and some other descent method (some of Newton type
method).

Key words: Newton's method, divided di�erence, Ste�ensen's method.


