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A tractable method of solving two-person games defined on a product of staircase-
function spaces is presented. The spaces can be finite and continuous as well. The method
is based on stacking equilibria of “short” two-person games, each defined on an interval
where the pure strategy value is constant. First, a two-person game is formalized, in which
the players’ strategies are staircase functions. In such a game, the set of the player’s
pure strategies is a continuum of staircase functions of time. The time can be thought
of as it is discrete. The four theorems allowing to fulfill the stacking are proved for the
case of pure-strategy equilibria. Second, the set of possible values of the player’s pure
strategy is discretized so that the game becomes defined on a product of staircase-function
finite spaces. To formalize a method of solving two-person games defined on a product
of staircase-function finite spaces, it is then proved that the game is solved as a stack
of respective equilibria in the “short” bimatrix games. The equilibria in this case are
considered in general terms, so they can be in mixed strategies as well. The stack is any
combination (succession) of the respective equilibria of the “short” bimatrix games. Apart
from the stack, there are no other equilibria in this “long” bimatrix game. The stack is
always possible, even when only time is discrete (and the set of pure strategy possible
values is continuous). An example is presented to show how the stacking is fulfilled for
a case of when every “short” bimatrix game has a single pure-strategy equilibrium. The
presented method, further “breaking” the initial (“long”) game defined on a product of
staircase-function finite spaces, makes it completely tractable.

Key words: game theory, payoff functional, staircase-function strategy, bimatrix game.

1. INTRODUCTION

Two-person games are models of processes where two sides (personified and referred
to as persons or players) struggle for optimizing the distribution of the limited resources
[1, 2]. Bimatrix games are the simplest two-person games wherein equilibrium, efficiency,
profitability, and eventual optimality of their solutions are well-studied [1, 3, 4]. Infinite or
continuous two-person games (where the players’ payoff functions are surfaces, which may
have also discontinuities, defined on finite-dimensional Euclidean subspaces) are more
complicated as, opposed to bimatrix games, an equilibrium is not always determinable
and feasible [4, 5]. Therefore, the best choice is to approximate such games to finite ones,
which are easily rendered to bimatrix games [4, 6]. Nevertheless, even a bimatrix game
solution, if it is in mixed strategies, is not always practicable due to finite horizon of the
game iterations (actions, plays, etc.) [1, 2, 7, 8]. Moreover, if the game has more than
one solution, a problem of the solution selection comes open [5, 9, 10]. Furthermore,
if at least two solutions are symmetric, they may be quite unstable due to cooperation
between the players is excluded [1, 5, 10, 11].

If the player’s pure strategy is a function (commonly, it is a function of time), this is
a far more complicated case of the two-person game. In such games, the player’s payoff
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is a functional [8, 12, 13]. Each player’s functional maps every pair of functions (pure
strategies of the players defined on a time interval) into a real value. When each of the
players possesses a finite set of such function-strategies, the game might be rendered
down to a bimatrix game [3, 4, 6, 8]. Obviously, such rendering is impossible if the set

of the player’s function-strategies is either infinite or continuous.
If to break a time interval, on which the pure strategy is defined, into a set of subin-

tervals, on which the strategy could be approximately considered constant, the game
is not simplified much because of the continuity of possible values of the strategy on a
subinterval. However, the continuity might be removed also by sampling [3, 4, 6, 14].
The set of function-strategies becomes thus finite.

2. MOTIVATION

In practical reality, the number of factual actions of the players in any game has a
natural limit regardless of the form of pure strategies used in the game [1, 2, 7, 8, 15].
Nevertheless, if the rules of a system which is game-modeled are defined and administered
beforehand, the administrator is likely to define (or constrain) the form of the strategies
players will use [12, 16, 17].

In the simplest case, the player’s pure strategy is a short action whose duration is
negligible and thus is represented as just a time point. This case is exhaustively studied
as bimatrix games [1, 5, 10, 15, 18]. In a more complicated case, the player’s pure
strategy is a function of time [8, 13], so the player’s action is a complex process. A way
to appropriately administer the players’ actions is to constrain them to staircase functions
whose points of discontinuities (breakpoints) have to be the same for both the players
[13, 16, 19]. Along with the discrete time, possible values of the player’s pure strategy
should be discrete as well. Then the set of the player’s possible (complex) actions is
finite, indeed. So, the game can be represented as a bimatrix game, in which the player’s
selection of a pure strategy means using a staircase function on a time interval whereon
every pure strategy is defined. Obviously, the number of the player’s pure strategies
in the bimatrix staircase-function game grows immensely as the number of breakpoints
(“stair” intervals) or/and the number of possible values of the player’s pure strategy
increases. For instance, if the number of intervals is 5, and the number of possible values
of the player’s pure strategy is just 4, then there are 4° = 1024 possible pure strategies
at this player, where every strategy is a 5-interval 4-staircased function of time. The
respective bimatrix 1024 x 1024 game even in this trivialized case appears to be big
enough. In a more real example, when every strategy, say, is a 10-interval 8-staircased
function of time, the respective bimatrix 1073741824 x 1073741824 staircase-function
game appears to be intractably gigantic. Indeed, every player possessing more than a
billion pure strategies is not capable of making proper decisions. All the more so since
there are 1152921504606846976 (more than a quintillion, i.e., 10'®) situations in the
game. This means that, instead of rendering to a bimatrix game, a tractable method of
solving two-person games defined on a product of staircase-function finite spaces should
be suggested.

3. GOALS AND TASKS TO BE FULFILLED

Issuing from the impracticability of rendering finite two-person games with staircase-
function strategies to bimatrix games, the goal is to develop a tractable method of solving
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two-person games defined on a product of staircase-function finite spaces. For achieving
the goal, the following six tasks are to be fulfilled:

1. To formalize a two-person game, in which the players’ strategies are staircase
functions. In such a game, the set of the player’s pure strategies is a continuum of
staircase functions of time. Herein, the time can be thought of as it is discrete.

2. To discretize the set of possible values of the player’s pure strategy so that the
game be defined on a product of staircase-function finite spaces.

3. To formalize a method of solving two-person games defined on a product of
staircase-function finite spaces.

4. To exemplify it.

5. To discuss applicability and significance of the method.

6. To make an appropriate conclusion on it.

4. A TWO-PERSON GAME WITH STAIRCASE-FUNCTION STRATEGIES

In a two-person game, in which the player’s pure strategy is a function of time, let
each of the players use time-varying strategies defined almost everywhere on interval
[t1; t2] by ta > t1. Denote a strategy of the first player by z (¢) and a strategy of the
second player by y (t). These functions are presumed to be bounded, i.e.

Amin < T (t) < Gmax by Omin < Gmax (1)
and
bmin < ) (t) < bmax by bmin < bmaxa (2)

defined almost everywhere on [t1; t2]. Besides, the square of the function-strategy is
presumed to be Lebesgue-integrable. Thus, pure strategies of the player belong to a
rectangular functional space of functions of time:

X = {$ (t)a te [th t2]7 tl < t2 * Qmin < x (t) g Amax by Amin < amax} C
C Lo [tl; tz] (3)

and

Y = {y (t)7 t e [tl; t2]7 tl < t2 : bmin < y(t) < bmax by bmin < bmax} C
C ]LQ [tl; tQ] (4)

are the sets of the players’ pure strategies.
The first player’s payoff in situation {z (¢), y (¢)} is K (z (¢), y (¢)) presumed to be
an integral functional [19, 20]:

K@y = [ f@. v, du). )
[t1; t2]
where f (2 (t), y(t), t) is a function of x (t) and y (¢) explicitly including ¢. The second

player’s payoff in situation {z (t), y(¢t)} is H (x (t), y (t)) presumed to be an integral
functional also:

H(z(t), y(t) = / gz (t), y(@), t)du(t), (6)

[t1; to]
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where g (x (t), y(t), t) is a function of = (t) and y (¢) explicitly including ¢. Therefore,
the continuous two-person game

{X Y AK (@), y@), H(z(®), y®)}) (7)

is defined on product
X xYC LQ [tl; tz] X LQ [tl; t2] (8)

of rectangular functional spaces (3) and (4) of players’ pure strategies.

First, it is presumed that game (7) is administered so that the players are forced
to use pure strategies x (t) and y (¢) such that they both change their values for a finite
number of times. Denote by N the number of intervals at which the player’s pure strategy
is constant, where N € N\ {1}. Then the player’s pure strategy is a staircase function
having only N different values. If {T(i)}izl are time points at which the staircase-
function strategy changes its value, where

=70 < 7MW <« 70 <7 WN=D 2 (N) — g, (9)

then 4
T, = (T(l)> by i =0, N (10)

are the values of the first player’s strategy, and
vi=y(r?) by i=0 N (11)

are the values of the second player’s strategy. The staircase-function strategies are right-
continuous [20, 21]:
lim (T(i) + 5) =z (T(i)) (12)
e>0
e—0
and
~ (i) ) - ( <z‘>)
g1>r8 y (T +e yl7 (13)
e—
fori =1, N — 1, whereas
lim (T(i) - 6) # (T(i)> (14)
e>0
e—0
and 4 ,
lim y (T(l) — 5) +uy (T(’)) (15)
e>0

e—0

fori =1, N — 1. As an exception,

81i>r101 x (T(N) - 6) =z (T(N)) (16)
e—0

and
lim y (T(N) — 6) =y (T(N)> , (17)

e>0
e—0

so xy—1 = xn and yy—_1 = yn-. Then constant values (10) and (11) by (9) mean that
game (7) can be thought of as it is a succession of N continuous games

<{[amin; amax]a [bmin; bmax]}v {K (aia Bz), H(aiv ﬂl)}> (18)
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defined on product
[amin; amax] X [bmin; bmax} (19)
by
a; =T (t) S [amin; amax] and Bi =Y (t) S [bmin; bmax]
Vit e [T(i’l); T(i)) for i=1, N—1 and Vt e [T(Nfl); T(N)] , (20)
where the factual first player’s payoff in situation {«;, 5;} is
Klaws)= [ o 0dul) ¥i-T N-1 (21)
[rG-1; r(@)
and
Klan, ix)= [ Fax. fw 0du (o) (22)
[rv-1; 7(™]
S0
N-1
K@y =Y [ fla b ode®+
=1 [r-1); 7()
[ e ax Dduto (23)
[rv-1; 7]
instead of (5), and the factual second player’s payoff in situation {a;, §;} is
Hiow 6)= [ glaw B 0du() vi=-T V-1 (24)
[rG=1; r)
and
H (aNa BN) = / g (aNa ﬂNa t) d:u (t)7 (25)
[rv-1; 7]
S0
N-1
He®,y@) =Y [ ol b )+
=1 [r(-1; )
n / g(an, By, H)du () (26)

[r(N=1); (W)

instead of (6). In other words, if every optimal (with respect to equilibrium [1, 15])
situation in pure strategies in game (7) on product (8) by conditions (1)-(6) is (or
forced to be) of staircase functions satisfying conditions (9)—(17), then this game is
equivalent to the succession of N games (18) by (9)—(17) and (20)-(26). In this case

game (7) can be represented by the succession of games (18).
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Theorem 1. If each of N games (18) by (9)—(17) and (20) - (26) has a single equi-
librium situation in pure strategies, and game (7) on product (8) by conditions (1)—(6)
is equivalent to the succession of these games, then the equilibrium situation in pure
strategies in game (7) is determined by independently finding pure-strategy equilibria in
N games (18), whereupon these equilibria are successively stacked.

Proof. First, the equivalency means that game (7) has only staircase pure-strategy
equilibria. Next, it should be proved that game (7) has a pure-strategy equilibrium
situation, which is a successive stack of the N “short” games (18). Let {af, Bf}il be
pure-strategy equilibria in games (18) by (9)—(17) and (20)—(26). Then

K (ai, B7) < K (af, f})

v a; € [a/min; anlax] and Vi = lyiN (27)
and
H(afv Bl) < H(O‘;ﬁa 5:)
v ﬁl S [bmin; bmax] and Vi = 137N7 (28)
ie.,
K (o, B7) = / F(an, B2, 6)du(t) <
[7(1—1); Tm)
< / flad, B, tydu(t) =
[rG-1; r®)
K (an, By) = / F (ans Bl ) dpu () <
[r(N=D; 7(M)]
< / F ey, Bl £)du(t) =
[rv=1; 7(M)]
= K (o, B%), (30)
and
H(al, 8) = / g(al, iy ) du(t) <

[rG-1; ()
< / g(aZ, Br, tydu(t) =
['r('ifl); T(@))

=H(af, BF) Vi=1, N —1, (31)
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H(ak, By) = / gy, B, O du(t) <

[r(N=1); 7(N)]

< / g (o, Bly, D) du(t) =

[r(N=1); 7]

= H (ay, By)- (32)
So,
N
S K (o, B) <Y K(af, B]) (33)
=1 =1
and
N N
ZH(OJ, 51’)<ZH(0‘:7 Bi).- (34)
i=1 i=1

Therefore, the successive stack of pure-strategy equilibria {o, 5;‘}5\;1 is a pure-strategy
equilibrium in game (7). Obviously, games (18) can be solved independently, whose
equilibria are stacked afterwards to form the pure-strategy equilibrium in game (7). O

In fact, Theorem 1 claims that if each of N “short” games (18) has a single pure-
strategy equilibrium, then the solution of game (7) can be determined in a simpler way,
by solving games (18) and successively stacking their equilibria. They are solved in
parallel (independently), without caring of the succession. The question of whether the
stacked equilibrium in game (7) is single or not is answered by the following assertion.

Theorem 2. If each of N games (18) by (9)—(17) and (20) - (26) has a single equi-
librium situation in pure strategies, and game (7) on product (8) by conditions (1)—(6)
is equivalent to the succession of these games, then the equilibrium situation in pure
strategies in game (7) is single being the successive stack of the “short” games equilibria.

Proof. Now, the pure-strategy equilibrium in game (7) is constructed according to
Theorem 1, i.e., it is the successive stack of pure-strategy equilibria {a}, ﬁz*}fil Let
this equilibrium be referred to as the {a, ﬁ;‘}il—stack equilibrium. Suppose that there
is another pure-strategy equilibrium in game (7). First, let this equilibrium differ from the
{af, ﬂ;‘}fvzl—stack equilibrium in just that the first player uses some a,&o) € [@min; Gmax)
instead of o, by some k € {1, N}. So, this is the

{{a}kv Bi }ie{m}\{k} U {aéo), G }} -stack equilibrium,

which means that
ie{T, N}\{k}

< Y K +K (o, 5) (35)
ie{T, N}\{k}
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and
Z H (a7, i)+ H (a;io), 5k) <
ie{T, N}\{k}

< > H@n g +H (o), 5), (36)
ie{T, N\ {k}

ie.,
K (s, ) < K (af, B7)
Yoy € [amin; amax] and Vi € {17 N}\{k} (37)
and
K (ak:a 6;) < K (CY;CO), ﬁ;) v Q€ [amin; amax] (38)

along with (27) and

H(af, Bi) < H (o7, 57)

2

V B; € [bmin; bmax] and Vi€ {1, N}\ {k} (39)
and
# (o, 5) < H (af, B7) ¥ B € [bmini b (40)

along with (28). Inequalities (38) and (40) imply that {ag)), BZ} is a pure-strategy
equilibrium at the k-th interval (in the k-th game), which is impossible due to every
interval has a single pure-strategy equilibrium. The impossibility of the other pure-
strategy equilibrium for the second player in such a case is proved symmetrically.

Second, suppose that the other pure-strategy equilibrium differs from the {o, 5}
(0)
k

N
i=1

— stack equilibrium in that the first player uses some «;,’ € [amin; Gmax] instead of ay,

by some k € {1, N} and the second player uses some B}SO) € [bmin; bmax] instead of 57
by some h € {1, N}. So, this is the

{{a;‘, B:}ie{ﬁ}\{k} U {ozg)), ﬁ,(co) }} -stack equilibrium (41)
if h =k, and is the
* * 0 * * 0
{{ai’ Bi }ie{ﬁ}\{k, h} U {041(C )7 ﬂk} U {Q}m ;(L )}}
-stack equilibrium (42)
if h # k. Thus, (41) means that
> Kl )+ K (an 8”) <
ie{T, N}\{k}

< Y K +K (of, 8”) (43)
ie{T, N}\{k}



Romanuke V.

ISSN 2078-5097. Bicr. JIbsis. yi-ry. Cep. npuxi. marem. ta imd. 2021. Bum. 29 75
and
> H(a g+ (af Bi) <
ie{T N \(k}
< Y HEn s+ (o, 5), (44)
ie{T, N\ (k}
i.e., inequalities (37) and inequality
K (ak, lgo)) <K (a,(co), ﬁ,(co)) V ag € [@min; max] (45)
hold along with (27) and inequalities (39) and inequality
H (a,ﬁo’, Bk) <H (agn, }f)) Y Br € [brnin; brmas] (46)

hold along with (28). Inequalities (45) and (46) imply that {aéo), ,(CO)} is a pure-strategy

equilibrium at the k-th interval (in the k-th game), which is impossible. If (42) is true,

then
> Ko B)+ K (an 8)+ K (an, 8”) <
ie{T, N}\{k, r}
* * 0 * * 0
< Z K (of, i)+K(al(c)a /3k>+K(ah7 /SL))
ie{1, N}\{k, h}
and

> Hap )+ H (o Bi) + H(af, ) <
ie{T, N}\{k, h}

< > @+ E (0, 5) 1 (o, 6),
i {T NPk, 1)

i. e., inequalities

K (ai, B7) < K (af, ff)
V 0 € [amin; amax] and Vi€ {1, N}\{k, h}

and inequality
K (a, B7)+ K (an, 8)) <K (o, 87) + K (af, 6”)
v Qg € [a/min; anlax] and Y Qp € [a/min; anlax]
hold along with (27) and inequalities

H(a:7 Bl) <H(O‘;‘k= B:)
V B; € [bmin; bmax] and Vi€ {1, N}\{k, h}

(47)

(49)

(51)
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and inequality

# (0, 6) + H (0f, f) < H (o, 57) + H (g, 5)
v Bk S [bmin; bmax] and Y ﬁh S [bmin; bmax} (52)

hold along with (28). Plugging oy = «j, in the left side of inequality (50) and plugging
By = ,(10) in the left side of inequality (52) gives inequalities (38) and (40), which
are impossible due to {al(co), ﬁ,’;} is not a pure-strategy equilibrium. Therefore, the

supposition about (41) and (42) is contradictory.
Next, suppose that the other pure-strategy equilibrium differs from the {of, 5}

stack equilibrium in that the first player uses some a,&?) € [Amin; @max| instead of a,*cl by

some kq € {1, N} and some a,(c? € [amin; @max| instead of 0‘22 by some ko € {17 N}.

The respective

{{os, B b, iy U0l 81, U {0l 61,

N
i=1"

-stack equilibrium (53)
means that
Yo Kl B+ K (s BL) + K (on,s Br,) <
i€{T, N}\{k1, k2}
< Y KB +K (o 8) + K (o) 8,) (54)

i€{T, N}\{k1, k2}
and
S H g+ H () B) +H (af), i) <
i€{T, N}\{k1, k2}

< Y H@e+H(, 5 )+ H (ol 8,). (9)
i€{T, N\ {k1, k2}

i.e., inequalities

K(ai7 51*) < K(O‘fv Bz*)
¥ Qi € [Gmin; amax] and Vi€ {T, N}\ {k1, ko} (56)

and inequality
K (an,, B;,) + K (an, B7,) < K (), 87, ) + K (o), B
kis Pl k2s Pky) X k10 Pk k2 ? Mk
v Ay S [amin; amax] and ¥V A, S [amirﬁ amax] (57)
hold along with (27) and inequalities

H(afv Bl) < H(O‘;J B:)
V B; € [bmin; bmax] and Vi € {1, N}\ {ki, ko} (58)
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and inequality

H (0‘1(@?)’ 5k1) + H (a,(j;% 5k2> <H (a’(“?)’ le) T H (ak2 , 5k2)
V ﬂkl S [ min» bmax] aﬂd V Bkg € [bmin; bmax} (59)
hold along with (28). Plugging oy, = a,(~C ) in the left side of inequality (57) and plugging
Bk, = By, in the left side of inequality (59) gives inequalities

K (ars B,) <K (af B1,) ¥ an, € [min tumas] (60)
and
H (o, i) < H (), B1,) ¥ Br, € Binins bunas], (61)

which are impossible due to {a,&?), le} is not a pure-strategy equilibrium. Therefore,

the supposition about (53) is contradictory. The impossibility of the other pure-strategy
equilibrium for the second player in such a case (of two intervals) is proved symmetrically.
The impossibility of other pure-strategy equilibria differing from the {o, B} }i]\il—stack
equilibrium in that the players use some other values at intervals is proved symmetrically
as well. (]

So, Theorem 2 along with Theorem 1 allows obtaining the single pure-strategy solu-
tion of game (7) directly from equilibria in games (18). Does the equilibrium singularity
in games (18) change when the single pure-strategy equilibrium of game (7) is already
known? This question is answered by the following assertion.

Theorem 3. If game (7) on product (8) by conditions (1) - (6) and (9)—(17) has a
single equilibrium situation in pure strategies, then each of N games (18) by (9)—(17)
and (20)—-(26) has a single pure-strategy equilibrium, which is the respective interval
part of the game (7) equilibrium.

Proof. Let game (7) have a single {a}, BF }f;l—stack equilibrium. This implies that
inequalities (33) and (34) hold. Plugging a; = o Vi € {1, N} \{k.} in the left side of
inequality (33) and plugging f3; = B Vi € {1, N} \ {k.} in the left side of inequality
(34) gives inequalities

K (ak*v BZ*) < K (alt;*v ﬁz*) \V’Oék* S [amin; amax] (62)

and
H (alt*a Bk*) < H (a;:;*v 62*) VIBk* S [bmin§ bmax]7 (63)
whence {az*, B;} is a pure-strategy equilibrium at the k.-th interval (in the k.-th
game) for every k, € {1, N'}.
Suppose that 3 kg € {1, N} such that {oc,(c?, B;O} is an equilibrium by ak (0) # g, .
Then inequalities

K (are, Bi,) <K (s B1,) ¥ any € [mins @umas] (64)

and

(% ; ﬁko) < (ako ; %) V Bro € [Dmin; Dmax] (65)
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hold, whence inequalities
> K (ow,, Br.) + K (ax,, B5,) <
ko €{T, N\ {ko}
< Y Kl )k (o) 81, (66)
ke €{T, N }\{ko}
and
> H(ap B) +H (af) By) <
ke €{T, NP\ {ko}
< Y H(eh )+ (of) 8) (67)
k*E{ﬁ}\{ko}

must hold as well. However, inequalities (66) and (67) imply that there is the

{{a;‘, B;}ie{ﬁ}\{ko} U {oz,(c?, ,BZO}} -stack equilibrium,
which is impossible. Supposing that {aéo), ,(CO)} is an equilibrium by ak) # aj and

61&2) # By, leads to inequalities

K (ary, 8) <K (af), B) ¥ a, € [amins mand (68)
and
0 0
H (af), Bro) < H (f)), B) ¥ Bro € Brnins bunas] (69)

whence impossible inequalities
Z K (ak*v ﬁ;}k*) +K (akm 6](:3)) <
ke €{T, N }\{ko}

< Y K(an )+ K (o, 52) (70)

ko e{T NP\ {ko}

and

Z H (O‘Zw ﬁk*) (ozko ) ﬁko) <

ke €{1, N P\ {ko}

< Y Hg B+ (af) 8Y) (71)
ko€ {T, N\ {ko}

imply the impossibility of the

{{af, BF }ie{ﬁ}\{ko} U {a,(c?)), B,(c? }} -stack equilibrium.

The impossibility of other pure-strategy equilibrium cases in “short” games (18) is proved
symmetrically. (]
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The case when every “short” game has just a single pure-strategy equilibrium seems
to be rarer than, say, the case with multiple equilibria. This, however, does not diminish
the importance of Theorem 1 along with Theorem 2 and Theorem 3. These assertions
allow to build a simpler proof of a more generalized assertion.

Theorem 4. If each of N games (18) by (9) - (17) and (20) —(26) has a nonempty set
of equilibrium situations in pure strategies, and game (7) on product (8) by conditions
(1)—(6) is equivalent to the succession of these games, then every pure-strategy equilib-
rium in game (7) is a stack of any respective N equilibria in games (18). Apart from the
stack, there are no other pure-strategy equilibria in game (7).

Proof. Let the i-th game have J; equilibria {a;‘ji, B };]=1 by Ji € N, where o, €

1Ji
[amin; amax]; ﬁ:}? S [bmin; bmax}- Then

K (aia /Bj],) < K (a:jp ﬁ:}L) vOéi S [amin; amax] (72)
and
H (a;‘kjﬁ 51) g H (O‘;,‘kjia ﬁz*jz) vﬂz € [bmin; bmax]a (73)
whence
N N
D K (ai, 85,) <YK (o, 85 (74)
i=1 =1
and
N N
> H(op,, Bi) <Y _H (a3, B5,)- (75)
=1 =1

Inequalities (74) and (75) directly imply the
{ajji, B }Z]\; -stack equilibrium (76)

for every j; € {ﬁ} by i =1, N. Apart from stacks (76), there are no other pure-
strategy equilibria in game (7) owing to Theorem 3 along with Theorem 2. (]

It is quite obvious that Theorems 1-4 are valid for any two-person games whose
players are constrained (forced) to use staircase-function strategies, i.e., they are valid
for bimatrix games (with staircase-function strategies) as well. It remains only to study
a possibility of equilibria in mixed strategies in such bimatrix games.

5. REPRESENTATION BY A SUCCESSION OF BIMATRIX GAMES

Along with discrete time intervals, players may be forced to act within a finite subset
of possible values of their pure strategies. That is, these values are

aM=1) < 4D

amin = al? < oM <@ < < <a™) = qpax (77)

and
bmin = b(o) < b(l) < b(2) <... < b(Qil) < b(Q) = bmax (78)

for the first and second players, respectively (M € N and @ € N). Then the succession of
N continuous games (18) by (9) —(17) and (20) — (26) becomes a succession of N bimatrix

games
<{{“(ml)}f:1’ {b(ql)}fj}a {Ki, H}> (79)
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with first player’s payoff matrices K; = [kimq]( M4+1)%(Q+1) whose elements are

Kimg = / £ (a0, 0070, ) dpa(8) for i =T, N1 (80)

[rG=1); )

and

Fmg = / 7 (a0, 56D, ) dp (1), (81)

[r(N=1); 7(N))

and with second player’s payoff matrices H; = [himq]( whose elements are

M41)x(Q+1)

Rimg = / g (a<m*1>, pla—1, t) du(t) for i=1, N—1 (82)

[rG-1; 7))

and
hvma = [ o (a0 ) du) (33)
[rN=1); 7(™)]

It is well-known that a finite two-person game always has an equilibrium either in pure
or mixed strategies. So, if game (7) is made equivalent to a series of bimatrix games (or,
in other words, is represented by a succession of bimatrix games), then it is easy to see
that, unlike the representation with continuous games (18) by (9)—(17) and (20)—(26),
the game always has a solution (at least, in mixed strategies).

Theorem 5. If game (7) on product (8) by conditions (1)—(6) is equivalent to the
succession of N bimatrix games (79) by (80)—(83), then the game is always solved as a
stack of respective equilibria in these bimatrix games. Apart from the stack, there are
no other equilibria in game (7).

Proof. An equilibrium situation in the bimatrix game always exists, either in pure or
mixed strategies. Denote by

7

Ui = [u('m)} 15 (M+1)

and

7

1x(Q+1)

the mixed strategies of the first and second players, respectively, in bimatrix game (79).
The respective sets of mixed strategies of the first and second players are

M+1
U= {Ui eRMHLui™ >0, Y w™ = 1} (84)
m=1
and
Q+1
Z = {zieRQ“;zgq) > 0, sz‘”:l}, (85)
q=1

soU; €U, Z; € Z, and {U;, Z;} is a situation in game (79), where J; equilibria exist,
Ji €N. Let {Uy;,, Z3;, ) | be equilibria in N games (79) by (80) - (83), where

Ut = {u(m)*

174 174 :|1><(M+1) (86)
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and {()
Z: = |zP"

74 174

} c 2. (87)
1x(Q+1)

Henceforward, the proof is similar to that in Theorem 4. For equilibria {U}; , Z;;, }1 )
by (86) and (87), inequalities
T
Ui K- (Z};,) =
M4+1Q+1

Z Z kmqu(m)zz(]ql =

m=1 gq=1

=3 > ™" / 7 (a0, 0070, ) da (1) <

m=1g¢=1 [ri=D; £())
M+1Q+1
S [ (e, -
m=1 ¢=1 [rG=1; 7))
M+1Q+1
- Z Zklmq Wigs ” Z(Jq)*
m=1 g=1
=U;, K- (iji)T vVU; = {ugm)]lx(MH) €U fori=1, N —1, (88)
Uy Ky - (Z;,) =
M+1Q+1
Z Z kquuN Z](\?zj\; =
m=1 gq=1
M+1Q+1
=Y s [ s (e, ) dute) <
m=1 ¢=1 [r¥=1); 7))
M+1Q+1
<Yl [ (e ) dut)
m=1 ¢=1 [r(N=1); (V)]
M+1Q+1
=SS b -
m=1 q=1
= U, K- (Z;,)" v Ux = [uf”] (89)
1x(M+1)

and inequalities

T
U;, o H; - ZT =
M+1Q+1

- Z Zhlmqu o z(q =

m=1 g=1
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S [ e, i <

[rG=1; 7))

M+1Q+1
< Z Z ff)* z(;ll)* / g (a(m*D7 pla=1), t) du(t) =

m=1 gq=1 [7(7:71);7_(1:))

M+1Q+1
L (@ _
qu 7]7 iji
m:

—Uy -H,-(Z5) VZi= [Zi(q)}lx(ml) €Z fori=1, N—1, (90)
Uiy, Hiv 25 =
M4+1Q+1
S 0 -
m=1 g=1
M+1Q+1
=D D i / g (a(m’”, pla=h, t) du (t) <
m=1 g=1 [T(N—l); 7_(N)]
M+1Q+1 (
Z Z ul\?;erJN / g (a(m_l), b(q_l), t) dp (t) =
m=1 g=1 [T(N—l);T(N)]
M+1Q+1
S bl -
quuNJN ENjn
m=1 g=1
— * * T . (q)
= Uk, M- (Zhgy) " VZn = {ZN ]1X(Q+1) €z (91)

hold. So, inequalities
s T T
Ui Ki- (Zj;) +Un-Ky-(Zy;,) =

1
N—-1M+1Q+1 M+1Q+1
SCETS 3p X

m=1 g=1

N—1 [ M+1Q+1
= ui('m)zi(;?* / f (a(m—l)’ b(q—l)7 t) du(t) | +
i=1

F(i=1); £()
[rG=D;r®)

+ uy 2 / f (a(m‘”, pla=b), t) du () <

[T(Nfl); T(N)]
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u”n:)* Z(i)* / f (a(m_l), pla—1 t) du (t) |+
[rG-1; 7®)

M+1Q+1
+ u%z\j NJ*N / f (a(mfl)’ pla—b), t) dp (t) =

[r(N=1); 7(N)]

= kzmqugn)*zz(i)*_F
i=1 m=1 g=1
M+1Q+1 @

(m)x_(q)*

+ kquuNj Nj =
m=1 g=1 N Y (92)
N—-1 T

= Us, K- (Z;kjl) +
=1

* * T
+UNjN Ky - (ZNJN)
and

N—-1

> U W2

=1

* T
N—-1M+1Q+1

_ Z Z Z Rimqtl E;n)* (q)

i=1 m=1 g=1

M+1Q+1
£ w4 =
m=1 g=1

= w5 / g (a0, B ) dp (1) |+

[rG-1; ()

M+1Q+1
F S [ g (am e e <
m=1 g=1 [T(N 0, T(N)]

< uE;n)*zqu)* / g (a(m_l), pla=1), t) du (t) |+
' [r(=1; 7))

M+1Q+1

+ 0D uie e / g (a0, B, 1) dp (1) =

m=1 g=1 [T(N—l);T(N)]
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N—-1M+1Q+1

=20 20 D g

i=1 m=1 g=1
+1Q+1
(m)* _(@)* _

= g e = (93)

Z s ’qu)

— * .

+UNjN “Hy - (ZNjN)
hold as well. Therefore, the stack of successive equilibria {UU . L, }i\; | Isan equilibrium
in game (7). The sub-assertion of that, apart from such stacks, there are no other
equilibria in game (7) is proved similarly to Theorem 3 along with Theorem 2. (I

Clearly, inequalities (72) and (73) by ¢ =1, N are a partial case of inequalities (88)—
(91). Inequalities (74) and (75) are a partial case of inequalities (92) and (93). In a
way, Theorem 5 is a generalization of Theorem 4 for the case of finite game (7), which
is correspondingly defined a product of staircase-function finite spaces. Nevertheless,
stacking up pure-strategy equilibria and mixed-strategy equilibria of (M + 1) x (Q + 1)
bimatrix games (79) can be cumbersome. The best case is when every “short” game has
a single pure-strategy equilibrium.

6. EXEMPLIFICATION

To exemplify how the suggested method solves bimatrix games defined on a product
of staircase-function spaces (which are obviously finite), consider a case in which ¢ €
[0.97; 27], the set of pure strategies of the first player is

X ={z(t), te[0.9m 2r]: 5< x(t) <8} C Ly [0.97; 2n] (94)
and the set of pure strategies of the second player is
Y ={y(t), t€[0.97m; 27]: 3<y(t) <5} CLy[0.97; 27]. (95)
The first player’s payoff functional is
K(x(t), y(t) = / sin () cos (0.009zyt) dy (1) (96)
(0.97; 27]
and the second player’s payoff functional is
Hz(t), y(t) = / sin (0.22yt) dpu (1), (97)
(0.97; 27]
The players are forced to use pure strategies x (t) and y (¢) such that
z(t)e{64+02 - (m 1)}m 1 C[5; 8 (98)

and
y(t) e {3+02-(¢—D},L, C 3 5], (99)
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and they can change their values only at time points

1=

OR 110

{T } = {0or+0aim) Y, (100)

Consequently, this game can be thought of as it is defined on rectangular lattice
{5402 (m—1)}e_; x{3+02-(q—1)},-, C [5; 8] x [3; 5], (101)

that is this game is a succession of 11 finite 16 x 11 (bimatrix) games

(a3 poy ), By =
B <{{5 +02:(m = Doy, 3402 (¢ 1)}21:1} L Hz‘}> (102)

11

with first player’s payoff matrices {Kl = [kimq]mxn}, ) whose elements are
1=
Kimq = / f (a<m—1>, pla=b), t) dp () =
[0.9740.1-(i—1)7; 0.97+0.1im)
= / J(B+02-(m—=1),3+02-(¢q—1), t)du(t) =
[0.9740.1-(i—1)m; 0.97+0.1im)
= / sin(5t 4+ 0.2+ (m — 1) t) x

[0.9740.1-(i—1)7; 0.97+0.14m)
X oS (0.009t(5 +0.2-(m—1))(3+0.2-(q— 1)))du (t) =
= / sin((4.8 +0.2m) t) x
[0.9740.1-(¢—1)7; 0.97+40.1¢m)
x c0s(0.009¢ (4.8 + 0.2m) (2.8 4 0.2¢) )dp (¢) for i =1, 10 (103)
and
K11mg = / sin((4.8 +0.2m) t) X

[1.97; 27]
x c0s(0.009¢ (4.8 4 0.2m) (2.8 4 0.2¢) ) dp (¢) (104)

11
and with second player’s payoff matrices {Hl = [himqhﬁxn} whose elements are

1=

himq = / g (a“”‘”, b1, t) dp (t) =
[0.9740.1-(i—1)7; 0.97+0.147)

= / g(5+02-(m—1),3+02-(¢—1), t)du(t) =

[0.97+0.1-(i—1)7; 0.97+0.1ir)
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- / sin(O.?t(5+0.2-(mf 1)(3+02-(q— 1))>du (t) =

[0.9740.1-(i—1)7; 0.97+0.14m)

= / sin(0.2¢ (4.8 + 0.2m) (2.8 + 0.2¢) )dp (t)
[0.9740.1-(i—1)7; 0.9740.1i)
for i =1, 10 (105)
and
Pi1mg = / sin(0.2¢ (4.8 + 0.2m) (2.8 4 0.2¢) ) dp (¢). (106)

[1.97; 27]

The 16 x 11 bimatrix games (102) with (103) —(106) are solved in pure strategies, whereas
every game has a single pure-strategy equilibrium. The stack of the 11 first player’s
equilibrium strategies in each of those 16 x 11 bimatrix games is shown in Fig.1. The
stack of the 11 second player’s equilibrium strategies is similarly shown in Fig. 2. These
stacks are the factual single pure-strategy equilibrium (of staircase time functions) in the
initial game. The players’ payoffs are shown in Fig.3. The eventual payoff of the first
player is approximately 1.83203383, whereas the second player receives approximately
3.03719908558.

80 x (1)

Fig. 1. The stack of the 11 first player’s equilibrium pure strategies as the equilibrium staircase-
function pure strategy z* (¢)

The example clearly shows (especially when seeing Fig.1 and Fig.2) that solving a
succession of bimatrix games is far easier than tackling games whose players’ pure strate-
gies look like those staircase functions in Fig.1 and Fig.2. Even if not every bimatrix
game has a single equilibrium, a solution of the initial game is built in the same way as
(94) —(106). The only difference is that then there will be multiple stacked equilibria,
which commonly induce instability of the players’ behavior [5, 9, 10]. The behavior in-
stability is a serious problem in noncooperative games having multiple equilibria differing
in the player’s payoffs [1, 15, 22]. It is particularly solved by equilibria refinement with
using domination efficiency along with maximin and the superoptimality rule [10].
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44

4.2

4 —

38

3.6

Fig. 2. The stack of the 11 second player’s equilibrium pure strategies as the equilibrium
staircase-function pure strategy y™* (t)

0.9
0.8-

PR .
01- N gy

1

1n Lin 1.2n 131 1.4m 1.5 1L6m 1.7n 1.8m 191 2m

Fig. 3. The first player’s payoffs (stars) and the second player’s payoffs (squares) at the end of
every interval and their cumulative sum (thicker polyline)

7. DISCUSSION

Just like in the considered example, stacking the “short” games’ pure-strategy equi-
libria (by Theorem 4) is fulfilled trivially. When there is at least an equilibrium in mixed
strategies for an interval (that actually falls within conditions of Theorem 5), the stacking
is fulfilled as well implying that the resulting pure-mixed-strategy solution (equilibrium)
of game (7) is realized successively, interval by interval, spending the same amount of
time to implement both pure strategy and mixed strategy solutions (equilibria).

Continuous games are ever struggled to be approximated or rendered to finite games
not just for the sake of simplicity itself [3, 4, 6]. The matter is the finite approxima-
tion or rendering makes solutions tractable so that they can be easily implemented and
practiced [7, 8, 19, 22]. However, even a finite (that is, bimatrix) game may be not
tractable due to gigantic number of situations in game (as it is exemplified in Motiva-
tion). So, the presented method, further “breaking” the initial game defined on a product
of staircase-function finite spaces, makes it completely tractable. The tractability does
not depend on the number of (time) intervals. Unless the sets of possible values of play-
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ers’ pure strategies are of order of hundreds or thousands (when searching for equilibria
in a “short” bimatrix game may take a few seconds and more), the method is entirely
applicable. Moreover, the presented method is a significant contribution to the mathe-
matical game theory and practice for avoiding too complicated solutions resulting from
game continuities and functional spaces of pure strategies. This is similar to preventing
Einstellung effect in modeling [13, 23]. The “breaking” of the initial game defined on
a product of staircase-function finite spaces into a succession of “short” bimatrix games
herein “deeinstellungizes” such noncooperative two-person games.

8. CONCLUSION

A two-person game defined on a product of staircase-function finite spaces is equiv-
alent to a bimatrix game. However, players’ payoff matrices in this game are built very
slowly, so it is impracticable to find any solutions in such games. On the other hand, the
two-person game is equivalent to the succession of “short” bimatrix games, each defined
on an interval where the pure strategy value is constant. Thus, owing to Theorem 5
(along with Theorem 3 and Theorem 4), the solution (equilibrium) of the initial game
can be obtained by stacking the solutions (equilibria) of the “short” bimatrix games. The
stack is always possible, even when only time is discrete (and the set of pure strategy
possible values is continuous). Moreover, any combination of the respective equilibria of
the “short” bimatrix games is an equilibrium of the initial two-person game.

A similar question of solving games on a product of staircase-function finite spaces
should be studied for the case of three players. Then the presented assertions and con-
clusions might be just adapted to trimatrix games, which model processes of practically
optimizing the distribution of the limited resources among three sides as well as bimatrix
games do for two sides. Theorems 1-3, however, are expected to have less practical
impact for trimatrix games due to the equilibrium singleness is less likely in this case.
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ITPU ABOX OCIB HA JOBYTKY HEITEPEPBHUX I
CKIHYEHHUX IIPOCTOPIB CXOAMHKOBUX ®YHKIIII

B. Pomanrok

Odecvka nayionasvha axademis 36’a3xky im. O. C. Ilonosa,
eys. Kysueuna, 1, Odeca, Yrpaina, 65029,
e-mail: romanukevadimv@gmail.com

3apOIOHOBAHO JOiJIBHUNA METO/ PO3B’si3yBaHHs irop ABox 0cCi6 Ha J0OyTKYy LIPOCTO-
piB cxommakoBux ¢yuKnii. Ili mpocTopum MOoXyTh OyTH CKIHYEHHHMH Ta HECKIHIEHHU-
mMu. MeToa 3aCHOBaHUI HA CKJIEIOBAHHI piBHOBAr “KOpOTKHX’ irop ABOX OCi0, KOXKHA
3 SIKWX BH3HAYEHA HA iHTepBasi, Jge 3HadeHHs uucTol crpareril mocriitmi. Cnoovarky
dopmanizoBaHo rpy ABOX 0cCib, y sKiif cTpaTerii rpaBIiB € CXOMUHKOBUMH (DYHKIIAMH. Y
TaKift Tpi MHOXKHMHOIO YHCTUX CTPATErilt rpaBIsl € KOHTHHYYM CXOAMHKOBUX (DYHKIiH wTacy.
Yac npuiiMaeTbca JUCKpeTHUM. J0BeIeHO YOTHPH TEOPEeMH, AKi JAIOTh 3MOTY BUKOHYBATH
CKJIEHKY JuIsl BUMAAKY PiBHOBAr y dmcrux crparerisx. /lasi MHOXXHHA MOXKJIMBHX 3HAYEHD
qucTOl cTpareril TpaBumsl JUCKPETU3YETHCS TaK, W0 Ipa CTa€ BH3HAYMEHOIO HA JOOYTKY
CKIHYEHHHUX MPOCTOPIB CXOAWHKOBUX (yHKIH. Jlna dopmamizaril MeToay po3B’s3yBaHHS
irop gBox 0cCi6 Ha AOOYTKY CKIHYEHHHX HIPOCTOPIB CXOJUHKOBHX (DYHKIHH JOBOJUTHCS
TBep/2KeHHs IIPO Te, IO BiANOBigHA I'pa PO3B’A3YETHCS K CKJEHKa BiANOBIAHUX piBHOBAT
“koporkux”’ GiMarpuuHHX irop. Y TakOMy BHIAJKY PIBHOBArW PO3IJIsIJAIOTHCS 3arajioM,
mo3asK BOHM MOXYTh OyTu nomaHi # y 3mimanux crpareriax. CkielKa € JI0BiIbHOIO
xoMbGinaniero (mocaigoBricTo) Bignosiguux pisroBar “xoporkux” Gimarpmunmx irop. Kpim
TaKol CKJIelKH, y “moBriit” 6imarpuyHiil rpi inmux piBHOBar HeMmae. lla ckieiika 3aBxKau
MOXKJIUBA, HABITH SIKIIO JUCKPETHUM € jmumie Jac (I MHOKMHA MOXKJIMBUX 3HAUEHB IHCTOL
crparerii € HemepepsHOW). HaBeneHO NpPUKJIAJ, SKHH JEMOHCTPYE, SIK BHKOHYETBHCS
CKJICIOBAHHS JJIs1 BUIAJKY, KOJTH KOXKHA “KOPOTKA” OGiMaTpWYHA I'pa Ma€ €IUHY PiBHOBATY
y 4mcTEx crparerisx. Taxwmii merox, mani “posbusaroun” Buxinmy (“mosry”) Gimarpmany
rpy, BU3HAYEHY Ha JOOYTKY CKiHYEHHUX IIPOCTOPIB CXOJUHKOBUX (DYHKITi, HaTae 1l mOBHOT
3MiCTOBHOCTI.

Karowost caosa: Teopis irop, dymkiionas surpamis, crpareris y ¢opmi cxommHKOBOT
byuknil, 6imarpuana rpa.



